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Abstract—In order to estimate a transmission channel, a typical wireless communications system multiplexes a fixed pattern
of symbols known at the receiver within the data-symbols.
In Long Term Evolution (LTE), these reference symbols can
consume up to 14.2% of the total transmission bandwidth. In
this work, we investigate an optimal pilot-symbol pattern design
using a post-equalization Signal to Interference and Noise Ratio
(SINR) framework. We show how to choose the distance between
adjacent pilot-symbols close to optimally and how to distribute
the available power among pilot- and data-symbols at the same
time under time-variant channels. We confirm our analytical
solution by means of simulation. Compared to a system with a
fixed distance between pilot-symbols and unit power distribution,
the proposed system configuration yields significant gains in
terms of capacity.
Index Terms—LTE, Power distribution, OFDM.

I. I NTRODUCTION
Coherent detection is widely utilized in current systems for
mobile wireless communications. One of the most important
aspects of such a system is its pilot-symbol pattern. In this paper, we analyze state-of-the-art knowledge about pilot-symbol
patterns under time-variant channels.
A. Related Work
With an increasing amount of wireless communications
applications experiencing time-variant channels, also research
community addressed more of their contributions towards improvement of such systems. One of the key elements of every
coherent wireless communication system is channel estimation
that makes use of reference symbols inserted between the
data-symbols. In [1, 2], it was shown that equally spaced
pilot-symbols are optimal in terms of the channel estimation
Mean Square Error (MSE). Authors of [3] chose uncoded
Bit Error Ratio (BER) as the optimization criterion for their
placement of the pilot-symbols in the time direction. In [4]
various approaches for a general pilot-symbol placement are
summarized. Cosovic and Auer utilized capacity as the design
criterion for pilot-symbols in [5]. However, they used Signal to
Interference and Noise Ratio (SINR) approximation valid only
for high Signal to Noise Ratio (SNR) values and the utilized
model for channel estimation MSE is unnecessary complicated
and most importantly, they did not show the amount of pilotsymbols that is an optimal tradeoff between quality of the
channel estimates and utilized resources.
Authors of [6–9] showed how to distribute available power
among data and pilot-symbols given a certain pilot-symbol

pattern. The authors utilized the post-equalization SINR under
imperfect channel knowledge as the cost function to solve
the formulated problem. This relatively simple framework
allows to treat the problem analytically and to find a solution
independent of the actual channel realization.
B. Contribution
The main contributions of this paper are:
• We analyze performance of the state-of-the-art channel
estimators depending on the maximum Doppler spread.
• We provide analytical expression for the post-equalization
SINR including channel estimation error.
• By maximizing the constrained capacity, we derive a
close to optimal distance between adjacent pilot-symbols
in the time direction depending on the maximum Doppler
spread.
• As with our previous work, all data, tools, as well
implementations needed to reproduce the results of this
paper can be downloaded from our homepage [10].
The remainder of the paper is organized as follows. In
Section II, we describe the mathematical system model for
transmitting pilots and data over a Multiple Input Multiple
Output (MIMO) channel. In Section III, we briefly describe
the post-equalization SINR expression for Zero Forcing (ZF)
equalizers with imperfect channel knowledge. In Section IV,
we summarize our previous work on power distribution between pilot and data-symbols relevant for this work. We
formulate the optimization problem for optimal pilot-symbol
design in Section V. Finally, we present simulation results in
Section VI and conclude our paper in Section VII.
II. S YSTEM M ODEL
In this section, we briefly introduce a transmission model
suitable for our further derivation. A received symbol vector at
a discrete time index n transmitted over a flat and time-variant
MIMO channel can be written as
y [n] = H [n] Ws [n] + n [n] ,

(1)

where H [n] ∈ CNr ×Nt represents the MIMO channel matrix
at a discrete time index n. The precoding matrix is denoted
by W. The transmitted symbol vector is referred to as s [n].
The vector n [n] ∈ CNr ×1 denotes additive white zero mean
Gaussian noise with variance σn2 on antenna nr . The individual
channel coefficients hnr ,nt [n] are spatially uncorrelated and

are generated according to Jakes’ model with time autocorrelation function

∗
E hnr ,nt [n] hnr ,nt [n] = J0 (2πfd Ts (m − n)) ,
(2)

with matrix Ĝ [n] being equal to Ĥ [n] W [n].
Applying a ZF equalizer, Equation (9) leads to the SINR
on the m-th layer [8]

where J0 (·) denotes the zeroth order Bessel function. The
variable fd represents the maximal Doppler frequency and Ts
the symbol duration. The maximal Doppler frequency can be
obtained by the following expression
vmax fc
,
(3)
c0
where vmax is the maximal user velocity, fc the carrier
frequency, and c0 the speed of light.
We denote the effective channel matrix by
fd =

G [n] = H [n] W [n] .

(4)

Furthermore, the average power transmitted on each of the Nl
layers is denoted by σs2 . The power transmitted on each data
position is σd2 , while it is σp2 on each pilot position.

γm =

σs2
.

−1
H
(σn2 + σe2 σd2 ) eH
Ĝ
[n]
Ĝ
[n]
e
m
m
IV. P OWER A LLOCATION

In this section, we show how to distribute the available
power among data and pilot-symbols under flat and timevariant channels. Furthermore, we limit our discussion only
to an Least Squares (LS) channel estimator. Note that based
on the results shown in [8], all concepts can be easily applied
also to any linear channel estimators.
A channel estimate at a data position ĥd,j obtained via
linear interpolation of the channel estimates at adjacent pilot
positions can be mathematically expressed as
X
wj,i ĥp,i ,
(11)
ĥd,j =
i∈Pj

III. P OST- EQUALIZATION SINR
In this section, we consider a time-variant scenario
and briefly describe an analytical expression for the postequalization SINR of a MIMO system using a ZF equalizer
based on imperfect channel knowledge. More details can be
found in our previous work [8].
If perfect channel knowledge is available at the equalizer,
the ZF estimate of the data-symbol is given as

−1
H
H
ŝ [n] = G [n] G [n]
G [n] y [n] .
(5)
The data estimate ŝ [n] defined in Equation (5) results in a
post-equalization SINR of the m-th layer given as [11, 12]
γm =

σs2

,

−1
H
σn2 eH
G
[n]
G
[n]
e
m
m

(6)

where the vector em is an Nl × 1 zero vector with a one
on the m-th element. This vector extracts the signal on the
corresponding layer m after the equalizer.
Let us proceed to the case of imperfect channel knowledge.
We define the perfect channel as the channel estimate plus the
error matrix due to the imperfect channel estimation
H [n] = Ĥ [n] + E [n] ,

(10)

where Pj represents the set of the adjacent pilot positions
utilized for linear interpolation of the data-symbol located
at a position j. The variable wj,i is a interpolation weight
and it indicates how much a channel estimate at a position i
influences channel estimate at a position j.
Every pilot-symbol pattern leads to a certain MSE of a
channel estimator. In case of an LS channel estimator, the
MSE can be stated as [8]
σe2 = ce (D)

σn2
+ d (D, fd ) ,
σp2

(12)

where ce (D) and d (D, fd ) are real constants depending on
the distance D between adjacent pilot-symbols that determine
the performance of the channel estimators. The variable D denotes distance between two adjacent pilot-symbols. Clearly by
increasing power at the pilot-symbols, MSE becomes smaller,
but not smaller than the value of the variable d (D, fd ). In [8]
analytical expressions for ce (D) and d (D, fd ) were derived
as
Nd X
1 X
2
ce =
wj,i
,
Nd j=1

(13)

i∈Pj

(7)

where the elements of the matrix E [n] are random variables,
statistically independent of each other with zero mean and
variance σe2 . Inserting Equation (7) in Equation (1), the inputoutput relation changes to


y [n] = Ĥ [n] + E [n] W [n] s [n] + n [n] .
(8)

and

Since the channel estimation error matrix E [n] is unknown at
the receiver, the ZF solution is given again by Equation (5),
but channel matrix H [n] is replaced by its estimate Ĥ [n],
which is known at the receiver

−1
H
H
ŝ [n] = Ĝ [n] Ĝ [n]
Ĝ [n] y [n] ,
(9)

where Rj,i is a channel correlation coefficient between the
j-th and the i-th channel positions.
Simplifying the SINR expression, we obtain:

1
f σp2 , σd2 , D , (15)
γm,k =

−1
H
Nl eH
em
m G [n] G [n]

d=
1
Nd

Nd
X
j=1

(14)



1 − 2

X
i∈Pj

wj,i < {Rj,i } +

X X

wj,i wj,i0 Ri,i0  ,

i∈Pj i0 ∈Pj

for which the power allocation function f (poff , D) is given as

1.8

1
1
σd2

+

ce (D)
σp2



.

(16)

1.6

+ d (D, fd )

Note that the power allocation function is independent of the
channel realization.
V. P ILOT D ESIGN
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In this section, we analyze pilot-symbol patterns using our
post-equalization SINR framework. In general, certain amount
of resources like bandwidth and power are available for transmission of data and pilot-symbols. If more resources are used
for data transmission, there is less left for the transmission
of the pilot-symbols, leading to a degradation of the channel
estimation performance. Clearly, there is an equilibrium for
the distribution of the available resources.
It has been shown that equidistant pilot-symbols are optimal
in terms of capacity and MSE [1, 13]. Therefore, we consider
equidistant pilot patterns with distance D between adjacent
pilots. An example of such pattern is shown in Figure 1.
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Fig. 2. Coefficients ce (D) and d (D, fd ) over distance between two adjacent
pilot-symbols for an LS channel estimator for various maximum Doppler
frequencies.

include a penalty due to the bandwidth occupied by the pilotsymbols. The constrained channel capacity [15] is thus a
natural choice for the new cost function
C = B (D) log2 (1 + γm ) ,

D

D
pilot symbol

D

D
data symbol

Fig. 1. Pilot pattern with equidistant reference symbols represented by black
dots multiplexed within available resources with distance D.

The coefficient ce (D) from Equation (12) is purely determined by the pilot-symbol pattern and the coefficient d (D, fd )
is additionally dependent on the maximum Doppler frequency.
Figure 2 shows the behavior of these coefficients over distance
between two adjacent pilot-symbols. Let us first consider
ce (D). At low distances it grows rapidly with increasing distance between two pilot-symbols. At rather large distances, it
remains almost constant. The value of the coefficient d (D, fd )
strongly depends on the maximum Doppler frequency. For
fd = 0 Hz, which corresponds to time-invariant case, the variable d (D, fd ) is zero for all distance between pilot-symbols.
In this case, the saturation effect of the channel estimator does
not occur [8]. For non zero maximum Doppler frequencies, the
value of d (D, fd ) grows with increasing maximum Doppler
frequency. The curves are however not monotone due to the
assumed Jakes’ spectrum with the autocorrelation function
given by a Bessel function.
The optimal distance between two adjacent pilot-symbols
and power distribution between pilot and data-symbols cannot
be found exclusively by maximizing the post-equalization
SINR. This would lead to a solution with a small distance
between adjacent pilot-symbols, which would decrease the
available bandwidth for data transmission [14]. Therefore,
another type of a cost function is required which allows to

70

(17)

where B is the bandwidth utilized for the data transmission. Inserting the post-equalization SINR into the capacity
expression allows to consider the effect of the channel estimation error and power allocation in a very simple way. The
post-equalization SINR Equation (15) can be multiplicatively
decomposed into two parts, the channel independent power
allocation function Equation (16) and a function that depends
1
on the actual channel fh (G [n]) =
.
−1
H
Nl eH
em
m (G[n] G[n])
In order to maximize the system’s capacity without taking
into account an actual channel realization, we approximate
Equation (17) at high SNR by


C ≈ B (D) log2 f σp2 , σd2 , D fh (G [n])
(18)

2
2
≈ B (D) log2 f σp , σd , D + B (D) log2 (fh (G [n]))
and at low SNR by

C ≈ log2 (e) B (D) f σp2 , σd2 , D fh (G [n]) .

(19)

The only part influenced by changing the distance
between pilots and by adjusting
the power allocation

is B (D) log2 f  σp2 , σd2 , D
for high SNR and
B (D) f σp2 , σd2 , D for low SNR values, respectively.
Therefore, we define the cost function as


B (D) f (poff , D)
; SNR < SNRtr
2
2
fcost σp , σd , D =
B (D) log2 (f (poff , D)) ; SNR > SNRtr
(20)
where SNRtr is an SNR threshold value, at which the capacity
approximation for low SNR values is replaced by that at high
SNR values. With the above defined cost function, we can

formulate our optimization problem as

6



maximize

fcost σp2 , σd2 , D

subject to

Nd σx2 + Np σp2 = const
bandwidth = const

4

Since the optimization problem does not depend on the
instantaneous channel realization, it can be straightforwardly
solved offline.
Figure 3 shows optimal choice of the distance between
adjacent pilot-symbols over SNR for various values of the
maximum Doppler frequency. Two obvious trends can be
observed from the plot
• With increasing maximum Doppler frequency, the optimal distance between adjacent pilot-symbols is decreasing.
• With increasing SNR, the optimal distance between adjacent pilot-symbols is decreasing.
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Fig. 4. Optimal choice of the ratio of the pilot power and data power
over SNR for alues of the maximum Doppler frequency fd .
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TABLE I
S IMULATOR SETTINGS FOR FAST FADING SIMULATIONS
Parameter
Number of transmit antennas
Number of receive antennas
Receiver type
Channel type
Symbol duration (Ts )
Carrier frequency (fs )
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Fig. 3. Optimal choice of the distance between adjacent pilot-symbols D
over SNR for alues of the maximum Doppler frequency fD .

Figure 4 shows optimal choice of the ratio of the pilot power
σ2
and data power poff = σp2 over SNR for various values of
d
the maximum Doppler frequency. Two obvious trends can be
observed from the plot
• With increasing maximum Doppler frequency, the optimal power assigned to the pilot-symbols is decreasing.
• With increasing SNR, the optimal power assigned to the
pilot-symbols is decreasing.
VI. S IMULATION R ESULTS
In this section, we present simulation results and compare
the capacity of a system using an optimal distance between
adjacent pilot-symbols and with an optimal power distribution
between pilot and data-symbols, against a system using a
fixed distance between pilot-symbols and an unit distribution
of power among data and pilot-symbols. All data, tools and
scripts are available online [10] in order to allow other
researchers to reproduce the results shown in this paper. Table I
shows the most important simulator settings.

1
We chose the symbol duration to be Ts = 14
ms. This
symbol duration is used also in Long Term Evolution (LTE).
Capacities of two different systems are compared in Figure 5.
The solid lines represent a system using the optimal distance
between adjacent pilot-symbols and optimal power distribution
between pilot- and data-symbols. The optimal values for both
of the variables are shown in Figure 3 and Figure 4. The
dashed line in Figure 5 represents a system using a fixed
distance between adjacent pilot-symbols D = 7 and no power
distribution between pilot and data-symbols. We chose D = 7,
because this is the distance used in an LTE system [16].

VII. C ONCLUSION
In this paper, we tackled the problem of optimal pilotsymbol design for time-variant scenarios. We delivered an
analytical expressions for the optimal distance between adjacent pilot-symbols and the optimal power distribution between pilot-symbols and data-symbols. The optimal values
were confirmed by means of simulations and compared to a
system using a fixed distance between adjacent pilot-symbols
and unit power distribution. Such a system is significantly
outperformed by an optimal system in terms of capacity. In
this paper, we showed that at low SNR values the number
of necessary pilot-symbols can be decreased, but their power
have to be significantly increased compared to the power of
the data-symbols. On the other hand, at high SNR values, in
order to an obtain optimal system performance, pilot-symbols
pattern with higher density have to be utilized, though with
smaller power offset.

10

optimal D, poff
D=7, poff=0 dB

9

capacity [bit/s/Hz]

8

[4]
fd=0 Hz

7

[5]

6
5
fd=600 Hz

4

[6]

3
2

0

[7]

fd=1200 Hz

1
0

5

10

15
SNR [dB]

20

25

30

Fig. 5. Capacity versus SNR for system with optimal pilot distance D
between pilot-symbols and optimal power offset poff (solid line) and for
system with fixed distance between pilot-symbols (D = 7) and no power
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