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Abstract—We propose low-complexity detectors for large
MIMO systems with BPSK or QAM constellations. These detectors work at the bit level and consist of three stages. In the
first stage, maximum likelihood decisions on certain bits are
made in an efficient way. In the second stage, soft values for the
remaining bits are calculated. In the third stage, these remaining
bits are detected by means of a heuristic programming method
for high-dimensional optimization that uses the soft values (“softheuristic” algorithm). We propose two soft-heuristic algorithms
with different performance and complexity. We also consider a
feedback of the results of the third stage for computing improved
soft values in the second stage. Simulation results demonstrate
that, for large MIMO systems, our detectors can outperform
state-of-the-art detectors based on nulling and canceling, semidefinite relaxation, and likelihood ascent search.

ŝML (y) = arg min ky − Hsk2 .

(2)

s∈S Nt

where s ∈ S is the transmit symbol vector (here, S denotes
a finite symbol alphabet), y ∈ CNr is the received vector,
H ∈ CNr ×Nt is the channel matrix, and n ∈ CNr is a
noise vector. The MIMO model (1) is relevant to multiantenna wireless systems [1], orthogonal frequency-division
multiplexing (OFDM) systems [2], and code-division multiple
access (CDMA) systems [2]. Here, we consider the detection
of s from y under the frequently used assumptions that the
channel matrix H is known and the noise n is independent
and identically distributed (iid) circularly symmetric complex
Gaussian, i.e., n ∼ CN (0, σn2 INr ), where σn2 is the noise
variance and INr is the Nr × Nr identity matrix.

ML detection is infeasible for larger MIMO systems because
its computational complexity grows exponentially with Nt .
This is also true for efficient implementations of ML detection
using the sphere-decoding algorithm [3].
Among the suboptimum detection methods, linear equalization methods [4] often perform poorly because each symbol
is quantized individually. Detection using decision-feedback
equalization, also known as nulling-and-canceling (NC), outperforms linear equalization but is still inferior to ML detection [4]. NC implementations with reliability-based symbol
ordering include V-BLAST [5], [6] and dynamic NC [7].
Detectors based on lattice reduction have polynomial average complexity and tend to outperform equalization-based
detection [8], [9]. Detectors based on semidefinite relaxation
(SDR) [10] exhibit excellent performance but are significantly
more complex than equalization-based detectors. The “subspace marginalization with interference suppression” (SUMIS)
soft-output detector [11] has a low and fixed (deterministic)
complexity. The suboptimum multistage detectors proposed in
[12] can achieve near-optimum performance with a complexity
much lower than that of sphere decoding. A survey of MIMO
detection using heuristic optimization (or programming) methods, such as genetic algorithms, short-term or reactive tabu
search, simulated annealing, particle swarm optimization, and
1-opt local search, is given in [13]. In particular, several
adaptations of genetic algorithms to MIMO detection have
been proposed (see [14] and references therein).
Recently, large MIMO systems with several tens of antennas have attracted increased attention due to their high
capacity. Suboptimum detection methods for large MIMO
systems include local search algorithms such as likelihood
ascent search (LAS) [15], [16] and reactive tabu search [17],
as well as a belief propagation algorithm [18].

A. State of the Art

B. Contribution

The result of maximum-likelihood (ML) detection, which
minimizes the error probability for equally likely transmit
vectors s ∈ S Nt , is given by [1]

Extending our work in [19], we present low-complexity
detectors for large MIMO systems using a BPSK or QAM
symbol alphabet S. The proposed MIMO detectors operate
at the bit level and consist of three stages as depicted in
Fig. 1. The first stage performs partial ML detection. Let
the bit vector b̂ML = (b̂ML,k ) denote the ML solution at
bit level that corresponds to ŝML as described in [20]. In
the first stage, certain bits b̂ML,k are calculated by means of
the iterative algorithm presented in [21]. We reformulate that
algorithm in terms of lower and upper bounds that also play
an important role in the following stages. (We note that in

Index Terms—Multiple-input multiple-output systems, large
MIMO systems, MIMO detection, spatial multiplexing, OFDM,
ICI mitigation, heuristic programming, genetic algorithm.

I. I NTRODUCTION
Multiple-input/multiple-output (MIMO) systems for wireless communications have received considerable interest [1]. A
MIMO system with input dimension Nt and output dimension
Nr can be described by the input-output relation
y = Hs + n ,

(1)
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Stage 2
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b̂k , k ∈ D
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b̂

Soft-heuristic
detection
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Fig. 1. Block diagram of the proposed MIMO detector. D and D denote the
sets of indices k of, respectively, the detected and undetected bits bk at a
given iteration.

contrast to [21], where a single-input single-output system with
intersymbol interference was considered and the undetected
bits were subsequently detected using a linear or decisionfeedback equalizer, here we consider a MIMO system and
replace the equalizer by a novel bit-level detector consisting
of the second and third stages shown in Fig. 1.)
In the second stage, soft values βk for the undetected bits
are calculated from the lower and upper bounds.
In the third stage, the undetected bits bk are detected by
means of an iterative “soft-heuristic” optimization algorithm
that uses the ML bits b̂ML,k and soft values βk produced by
the first two stages. We propose two soft-heuristic algorithms
with different performance and complexity. Both algorithms
are based on principles used to solve large-scale optimization
problems and are therefore especially suitable for large MIMO
systems. The sequential soft-heuristic algorithm is a soft-input
version of the greedy optimization algorithm presented in [22],
however using an improved (nongreedy) order of decisions
inspired by the Nelder-Mead algorithm [23]. The genetic
soft-heuristic algorithm [19] is a soft-input and otherwise
modified version of the genetic algorithm presented in [24].
It is substantially different from genetic algorithms previously
proposed for MIMO detection [14], [25], [26] in that it uses
the results of the first two stages for an improved initialization
and includes a local search procedure that produces improved
candidate solutions even for very small population sizes. The
reduced population sizes result in a low complexity and make
the algorithm suited to large MIMO systems. In the sequential
soft-heuristic algorithm, the bits detected by the third stage are
fed back to the second stage in order to obtain improved soft
values. A similar feedback can also be used with the genetic
soft-heuristic algorithm.
The proposed MIMO detectors are shown via simulation to achieve near-optimum bit error rate (BER) performance for large MIMO systems. In spatial-multiplexing multiantenna systems, they outperform detectors based on NC,
SDR, SUMIS, and LAS, with growing advantages over NC,
SDR, and SUMIS for larger systems and a strongly reduced
complexity compared to ML detection (i.e., sphere decoding).
For intercarrier interference mitigation in OFDM systems, they
significantly outperform minimum mean-square error (MMSE)
equalization based detection and achieve effectively ML performance just as NC, SDR, SUMIS, and LAS; moreover, by
exploiting the diagonal dominance of the channel matrix, they
are much less complex than NC, SDR, SUMIS, and LAS.
This paper is organized as follows. In Section II, we review
the partial ML detection method of [21] (Stage 1) and describe

the generation of soft values (Stage 2). In Sections III and
IV, two soft-heuristic algorithms for Stage 3 are developed.
In Section V, the performance of the proposed detectors is
assessed experimentally in comparison to ML detection and
state-of-the-art suboptimum detection.
II. PARTIAL ML D ETECTION AND G ENERATION OF S OFT
VALUES
For a QAM symbol alphabet S, where |S| = 2B with an
even B = log2 |S|, there is a unique vector v = (v1 · · · vB )T
∈ CB such that every symbol s ∈ S can be written as [20]
s =

B
X

vm b̆m (s) = vT b̆(s) ,

(3)

m=1

T
with a bit vector b̆(s) = b̆1 (s) · · · b̆B (s) ∈ {−1, 1}B that
provides a unique binary representation of the symbol s. The
complex vector v only depends on |S|: e.g., v = (1 j)T
for |S| = 4, v = (2 1 2j j)T for |S| = 16, and v =
(4 2 1 4j 2j j)T for |S| = 64. For |S| ≥ 16, the binary
representation defined by (3) is not a Gray mapping. Although
BPSK is not a special case of QAM, it is nevertheless a (trivial)
special case of (3), with B = 1, v = (1), and b̆1 (s) = s.
Let sp = (s)p denote the pth element of s. For QAM or
BPSK, using (3) for each sp , a binary representation of the
MIMO system in (1) is obtained as [20]
y = Ab + n .
Here, A , H ⊗ vT ∈ CNr ×BNt (⊗ denotes the Kronecker
product) is an equivalent channel matrix and b = b(s) ,
T
b̆T (s1 ) · · · b̆T (sNt ) ∈ {−1, 1}BNt is the binary representation of the transmit symbol vector s. For BPSK, b = s and
A = H. The ML detection rule (2) can now be equivalently
formulated at the bit level as
arg min ky − Abk2 .

b̂ML (y) =

(4)

b∈{−1,1}BNt

A. Partial ML Detection
The first stage of the proposed MIMO detector computes
some elements b̂ML,k of the ML detection result b̂ML (y) in
(4) in an efficient manner. This is done by means of the
algorithm proposed in [21], which will now be reviewed. In
what follows, let z , AH y and G , AHA. Furthermore, let
I , {1, . . . , BNt } denote the index set of the elements of
T
b = b̆T (s1 ) · · · b̆T (sNt ) = (b1 · · · bBNt )T , and denote by
bk , zk , and Gk,l , with k, l ∈ I, the elements of b, z, and
G, respectively. As explained in the following, we expand the
ML metric ky − Abk2 with respect to a specific bit bk , with
k ∈ I arbitrary but fixed [21]. Let I∼k , I\{k} = {1, . . . , k −
1, k + 1, . . . , BNt } and b∼k , (b1 · · · bk−1 bk+1 · · · bBNt )T .
We have
ky − Abk2 = kyk2 − f (b) ,
with
f (b) , 2 ℜ{zH b} − bT Gb
= 2bk ℜ{zk } − Gk,k b2k −
|{z}
1

X

bk Gk,l bl

l∈ I∼k

3

−

X

bk′ Gk′,k bk + 2

k′ ∈ I∼k

−

X

X

bk′ ℜ{zk′ }

•

k′ ∈ I∼k

X

bk′ Gk′,l bl .

(5)

k′ ∈ I∼k l∈ I∼k

The ML detection rule (4) can then be rewritten as
b̂ML (y) =

arg max f (b)

(6)

b∈{−1,1}BNt

=

arg max



bk ψk (b∼k ) + ρk (b∼k ) ,

(7)

For all other k ∈ D, b̂ML,k cannot be determined in this
manner; here, D is not changed.

This iterative procedure is initialized with D = ∅ (thus, D = I).
It is terminated if no new bits can be detected. Let DML denote
the index set of the detected ML bits after termination, i.e.,
of all b̂ML,k detected in the partial ML detection stage. The
corresponding bounds Lk (DML ) and Uk (DML ) satisfy
Lk (DML ) < 0 and Uk (DML ) > 0 ,

for all k ∈ D ML , (13)

because otherwise a bit would have been detected.
Note that by updating D after each bit detection, as
with
!
proposed
in [21], the already detected bits are used to produce
X
(8) successively tighter bounds Lk (D) and Uk (D) within a given
ψk (b∼k ) , 2 ℜ{zk } −
ℜ{Gk,l }bl
iteration step. After detection of a bit b̂ML,k0 at position k0 , the
l∈ I∼k
X X
X
new bounds Lk (D(new) ) and Uk (D(new) ) for D(new) = D ∪ {k0 }
(new)
bk′ Gk′,l bl .
ℜ{zk′ }bk′ −
ρk (b∼k ) , 2
= D∼k0 ) can be calculated recursively by
(equivalently, D
k′ ∈ I∼k l∈ I∼k
k′ ∈ I∼k
means of the update relations (cf. (11), (12))

Because ψk (b∼k ) and ρk (b∼k ) do not involve bk , (7) shows L (D(new) ) = L (D) − 2 ℜ{G
k
k
k,k0 } b̂ML,k0 − |ℜ{Gk,k0 }|
how the function maximized by b̂ML depends on bk . In
(14)
particular, assuming that ψk (b̂ML,∼k ) 6= 0, it follows from the

(new)
) = Uk (D) − 2 ℜ{Gk,k0 } b̂ML,k0 + |ℜ{Gk,k0 }| ,
presence of bk ψk (b∼k) in (7) that b̂k = b̂ML,k if and only if Uk (D
(15)
b̂k = sgn ψk (b̂ML,∼k ) . Thus, the ML solution b̂ML satisfies
(new)
.
for all k ∈ D

b̂ML,k = sgn ψk (b̂ML,∼k ) ,
(9)
The bits detected by the above algorithm equal the corresponding elements of the ML detection result b̂ML (y); of
for all k such that ψk (b̂ML,∼k ) 6= 0. (If ψk (b̂ML,∼k ) = 0, course, they are not necessarily correct. It is a priori unknown
breaking the tie either way still leads to an ML decision, i.e., which of the BN bits b can be detected, i.e., the index set
t
k
the ML solution is not unique.)
DML is a priori unknown. However, some general observations
Of course, b̂ML,∼k is unknown and thus (9) cannot be can be made. From (11) and (12), it can be concluded that
directly used for determining b̂ML,k . However, it follows from the bounds L (D) and U (D) are close to each other if
k
k
(8) that ψk (b̂ML,∼k ) can be bounded according to
the real parts of the off-diagonal elements of G in the kth
Lk (D) ≤ ψk (b̂ML,∼k ) ≤ Uk (D) ,
(10) row, ℜ{Gk,l }, l 6= k, are small. If additionally ℜ{zk } is
not close to 0, it is very likely that either Lk (D) ≥ 0 or
where
! Uk (D) ≤ 0 and thus an ML decision on bk can be made. In
X
X
particular, if H has orthogonal columns and BPSK modulation
Lk (D) , 2 ℜ{zk } −
|ℜ{Gk,l }| −
ℜ{Gk,l } b̂ML,l
is used (A = H), the matrix G = AHA is diagonal. Here,
l∈ D∼k
l∈ D∼k
Lk (D) = Uk (D) = 2ℜ{zk }, and thus an ML decision on
(11)
! all bk , k = 1, . . . , BNt can be made in a single iteration.
X
X
We also note that |D ML | grows with the total number of bits,
Uk (D) , 2 ℜ{zk } +
|ℜ{Gk,l }| −
ℜ{Gk,l } b̂ML,l .
Nt B = Nt log2 |S|.
l∈ D∼k
l∈ D∼k
As previously observed in [21], the probability of a de(12)
tection tends to decrease with increasing signal-to-noise ratio
Here, D ⊆ I and D = I\D denote the sets of indices of the al(SNR). In fact, as the noise power decreases, the probability
ready detected and still undetected bits, respectively. In particthat Lk (D) ≥ 0 or Uk (D) ≤ 0 decreases, and thus the number
ular, if Lk (D) ≥ 0, it follows from (10) that ψ
 k (b̂ML,∼k ) ≥ 0 of decisions decreases [21]. (However, the reliability of the
and thus (recall (9)) b̂ML,k = sgn ψk (b̂ML,∼k ) = 1. Similarly, decisions increases with the SNR.)
if Uk (D) ≤ 0, then ψk (b̂ML,∼k ) ≤ 0 and thus b̂ML,k = −1.
This suggests the following iterative detection scheme [21]. In B. Generation of Soft Values
each iteration, consider all k ∈ D (where D = I \ D may be
For detection of the bits bk , k ∈ D ML that were not detected
updated repeatedly during the iteration as explained presently),
by
the
partial ML detection stage (Stage 1), we first generate
and take the following actions:
soft values βk ∈ R (Stage 2). The soft values will constitute an
• For k ∈ D such that Lk (D) ≥ 0, set b̂ML,k = 1 and update
input to Stage 3. For a given k ∈ DML , let xk , ψk (b̂ML,∼k )
the index set D according to D(new) = D ∪ {k} (it follows for brevity. We recall from (9) that b̂ML,k = sgn(xk ) for
(new)
= D∼k ).
that D
all k such that xk 6= 0. Because xk is unknown except for
the fact that Lk (DML ) ≤ xk ≤ Uk (DML ) (see (10)), we
• For k ∈ D such that Uk (D) ≤ 0, set b̂ML,k = −1 and
model
that is uniformly distributed
 xk as a random variable

update D (and, thus, D) as stated previously.
on Lk (DML ), Uk (DML ) . Note that this interval includes 0
b∈{−1,1}BNt

4

because of (13). We now define the soft value βk as the
expected value of b̂ML,k , i.e.,
βk , E{b̂ML,k } = E{sgn(xk )} ,

k ∈ D ML .

The “soft decision” βk = E{sgn(xk )}, k ∈ D ML can be viewed
as the counterpart of the hard decision b̂ML,k = sgn(xk ) that
was made for k ∈ DML in Stage 1. The soft values βk can
be easily calculated from the bounds Lk (DML ) and Uk (DML ):
using the uniform distribution of xk , we obtain
βk = 1· Pr(xk > 0) + (−1) · Pr(xk < 0)
=

Lk (DML ) + Uk (DML )
,
Uk (DML ) − Lk (DML )

k ∈ D ML .

(16)

Note that −1 < βk < 1. The bounds and, thus, the soft values
in (16) are also valid if no ML bits are detected in Stage 1, but
the tightness of the bounds and the quality of the soft values
improve if more bits are detected.
III. T HE S EQUENTIAL S OFT-H EURISTIC A LGORITHM
The task of Stage 3 is to determine the bits bk , k ∈ DML
not detected in Stage 1. In [21], a linear or decision-feedback
equalizer is used for this task. Here, for improved performance
in large MIMO systems, we propose two alternative softinput heuristic algorithms that make use of the soft values βk ,
k ∈ DML computed in Stage 2. The sequential soft-heuristic
algorithm (SSA) described in this section is a soft-input
version of the greedy algorithm presented in [22]. As in [22],
a solution vector is generated in a bit-sequential (recursive)
manner by detecting one bk , k ∈ D ML in each recursion step;
the corresponding decision is never reconsidered. However, the
SSA employs a different initialization that takes into account
the results of Stages 1 and 2. Furthermore, it uses an improved
(nongreedy) order of decisions inspired by the Nelder-Mead
algorithm [23]. Finally, it performs a continuous update of the
soft values via a feedback from Stage 3 to Stage 2.
A. Initialization
The greedy algorithm of [22] (adapted to our bit alphabet
{−1, 1}) uses the zero vector as the initial input vector.
In contrast, the initial input vector b̃ used by the SSA is
composed of the ML bits b̂ML,k , k ∈ DML detected in Stage 1
and the soft values βk , k ∈ D ML calculated in Stage 2, i.e.,
(
b̂ML,k , k ∈ DML
b̃k ≡ (b̃)k =
(17)
βk ,
k ∈ D ML .
B. Statement of the SSA
Let D ⊇ DML denote the index set of all bits b̂k detected
so far, which consist of the ML bits b̂ML,k (index set DML )
and the suboptimum detection results obtained so far in the
present Stage 3 (index set D \ DML ). In each recursion step,
the SSA detects one of the as yet undetected bits bk , k ∈ D.
The iterated vector b that provides the input to the recursion
step considered is given as (cf. (17))
(
b̂k , k ∈ D
(18)
bk =
βk , k ∈ D ,

where the b̂k , k ∈ D are the bits detected so far and the βk are
(k)
soft values. The SSA now produces a modified vector b
in which the soft value βk contained in b at some k ∈ D is
replaced by a hard bit b̂k ∈ {−1, 1}:
(
bl , l ∈ D or l ∈ D ∼k
(k)
(k)
bl ≡ (b )l =
(19)
b̂k , l = k .
Finally, the index sets are updated according to D(new) = D ∪
(new)
{k} and D
= D ∼k .
It remains to determine the “best” index k ∈ D and the
“best” bit value b̂k ∈ {−1, 1}. Motivated by (6), the greedy
strategy [22] chooses the k and b̂k yielding the largest increase
in f (·). The SSA takes a different approach that is inspired by
the Nelder-Mead optimization algorithm [23]. First, the k and
b̂k producing the maximum decrease of f (·) are determined;
then, this “worst decision” is inverted by setting the bit b̂k
to the respective other value. As will be shown in Section
V-E, this strategy yields a significantly better performance than
the greedy strategy. An intuitive explanation might be that
avoiding these worst decisions reduces error propagation.
For a formal statement, we define the gain function
(k) 
gk (b̂k ) , f b
− f (b) , k ∈ D ,
(20)
which characterizes the increase in f (·) obtained by replacing
(k)
b with b . Inserting (18) and (19) into (20), with f (b) as
given by (5), and using the fact that b̂2k = 1 yields
gk (b̂k ) = 2(b̂k − βk ) ℜ{zk } −

X

ℜ{Gk,l } b̂l

l∈D

−

X

ℜ{Gk,l }βl

l∈ D∼k

!


− βk2 − 1 Gk,k ,

k ∈D .

(21)
A recursion step of the SSA can now be stated as follows.
1) Compute the index k ∈ D corresponding to the smallest
gain:

kopt = arg min ĝk , with ĝk , min gk (1), gk (−1) .
k∈D

2) At kopt , choose the bit value with the larger gain, i.e.,
(
1, gkopt (1) ≥ gkopt (−1)
b̂kopt =
(22)
−1, gkopt (1) < gkopt (−1) .

3) Update the index sets D and D according to D(new) =
(new)
D ∪ {kopt } and D
= D∼kopt .
(new)

4) For all k ∈ D
, update the bounds Lk (D) and Uk (D)
using the update relations (14) and (15), respectively:
Lk (D(new) ) = Lk (D) − 2 ℜ{Gk,kopt } b̂kopt − |ℜ{Gk,kopt }|




Uk (D(new) ) = Uk (D) − 2 ℜ{Gk,kopt } b̂kopt + |ℜ{Gk,kopt }| .
(new)

from the
5) Recalculate soft values βk(new), k ∈ D
updated bounds Lk (D(new) ) and Uk (D(new) ) as follows.
If Lk (D(new) ) ≥ 0, set βk(new) =1; if Uk (D(new) ) ≤ 0,
set βk(new) = −1 (this is motivated by the partial ML
detection algorithm); otherwise obtain βk(new) from (16),

5


 
i.e., βk(new) = Lk (D(new) ) + Uk (D(new) ) / Uk (D(new) ) −
Lk (D(new) ) . The fact that after each recursion step
(i.e., new decision), the soft values βk for the as yet
(new)
undetected bits bk , k ∈ D
are improved using
the updated bounds Lk (D(new) ) and Uk (D(new) ) can be
viewed as a feedback from Stage 3 to Stage 2.
6) Recalculate gains gk(new) (1) and gk(new) (−1) for all k ∈
(new)
D
according to expression (21), i.e.,
X
gk(new) (b̂k ) = 2(b̂k − βk(new) ) ℜ{zk } −
ℜ{Gk,l } b̂l
−

X

ℜ{Gk,l }βl(new)

(new)

l∈ D∼k

!

l∈D (new)


− βk(new)2 − 1 Gk,k ,
k ∈D

(new)

βk , k ∈ D ML

b̂ML,k , k ∈ DML

Initialization
Prelim. start set generation


b̃1 , . . . , b̃Mmax

Local search



(i+1)

b1

 (1)
(1)
b1 , . . . , bMmax

GSA

(i+1)

, . . . , bM (i+1)

Crossover

.

Yes

This recursion stops when all bits have been detected
(new)
(D(new) = I, D
= ∅).
The SSA detector can be converted into a soft-output
detector via the approach described in [15]. The resulting soft
decisions (of the log-likelihood type) allow the SSA detector
to be combined with soft-input channel decoding.

Offspring
suitable?

No

Mutation
Local search
 (i)
(i)
b1 , . . . , b 3 M (i)
2

Selection

C. Interpretation
An interesting interpretation
can be obtained by writing

(21) as gk (±1) = ± 1 ∓ βk Ak + Bk , with
!
X
X
Ak , 2 ℜ{zk } −
ℜ{Gk,l } b̂l −
(23)
ℜ{Gk,l }βl
l∈D

l∈ D∼k



and Bk , − βk2 − 1 Gk,k . The bit decision (22) can then
be written as b̂kopt = sgn(Akopt ). This is reminiscent of the

ML bit decision b̂ML,k = sgn ψk (b̂ML,∼k ) in (9); however,
ψk (b̂ML,∼k ) is replaced by Akopt . Comparing the expression
of Akopt in (23) with that of ψk (b̂ML,∼k ) (see (8)), we see that
the only difference is the fact that some of the ML bits b̂ML,l
used in ψk (b̂ML,∼k ) are replaced by the suboptimum bits b̂l
or by the soft values βl .
IV. T HE G ENETIC S OFT-H EURISTIC A LGORITHM
The genetic soft-heuristic algorithm (GSA) is an alternative
to the SSA with better performance but higher complexity. It
is a soft-input version of the genetic optimization algorithm
presented in [24], and differs from that algorithm in its
initialization (which uses the results of Stages 1 and 2), the
local search algorithm, and the mutation operation. Also, it
contains a novel diversification operation that uses soft values.
Similar to [24], it adds to the genetic operations (crossover,
mutation, selection, and diversification [27]) a local search.
A block diagram of the GSA with initialization is shown in
Fig. 2. (The individual blocks will be explained in more detail
later in this section.)
procedure generates an
 (1) The initialization
(1)
initial start set b1 , . . . , bMmax of candidate solutions (CSs)
for the first iteration of the GSA, using the ML bits b̂ML,k ,
k ∈ DML from Stage 1 and the soft values βk , k ∈ D ML from
Stage 2. This is done in two steps: first, a preliminary initial

No



(i+1)

b1

(i+1)

, . . . , bM (i+1)

i=J ?
Yes
(J+1)

b1
Fig. 2. Block diagram of the GSA with initialization.


start set b̃1, . . . , b̃Mmax is generated; next, this preliminary
set is improved by a local search algorithm.
In iteration i of the GSA, the crossover, mutation,
and local
 (i)
(i)
search steps use the locally optimized CSs, b1 , . . . , bM (i) ,
to calculate M (i) /2 new CSs. Here, M (i) is assumed even
for simplicity, with M (i) ≤ Mmax . In the selection step,
identical CSs in the extended set consisting of the M (i)
previous CSs and the M (i) /2 additional CSs are removed,
and the best M (i+1) ≤ Mmax CSs—i.e., those with the largest
f (·) in (5)—are used as the start set for the next iteration.
Hence, the number of CSs in each start set and, therefore,
the complexity of each iteration are limited by Mmax , whereas
the quality of the CSs improves with progressing iterations.
After a predetermined maximum number J of iterations, the
best CS in the current CS set is used as the final result of
the GSA. Here, J represents a tradeoff between performance
and computing time. However, beyond a certain point, the
performance cannot be improved further by increasing J [27].
We will now describe the GSA in more detail.
A. Generation of the Preliminary Initial Start Set

Each CS in the preliminary initial start set b̃1, . . . , b̃Mmax
contains the ML bits b̂ML,k , k ∈ DML detected in Stage 1. The
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remaining bits (for k ∈ D ML ) are derived from the soft values
βk , k ∈ D ML calculated in Stage 2 by means of the following
modified version of the Chase algorithm [28], which yields
high CS diversity in an efficient way. The first CS b̃1 of the
preliminary initial start set is generated by quantizing the soft
values βk , k ∈ D ML . Thus, b̃1 is given by
(
b̂ML,k ,
k ∈ DML
b̃1,k =
(24)
sgn(βk ), k ∈ D ML .

For the CS b considered, an iteration of the 1-opt local search
algorithm can now be described as follows:

The remaining CSs b̃2, . . . , b̃Mmax are generated by interpreting
the absolute values of the soft values βk as reliability measures
and flipping unreliable bits. More precisely, let us denote
the indices k ∈ DML by k1 , k2 , . . . , kK , with K , DML
and with ordering according to increasing reliability, i.e.,
|βk1 | ≤ |βk2 | ≤ . . . ≤ |βkK |. Then b̃2 is formed by flipping
the two most unreliable bits in b̃1 :
(
−b̃1,k , k ∈ {k1 , k2 }
b̃2,k =
(25)
b̃1,k , k ∈ I∼k1 ,k2 .

The gain gk(new) for the next iteration can be easily
obtained by updating the gk according to
(
k = kopt
−gkopt ,
(new)
gk
=
gk + 8bk bkopt ℜ{Gk,kopt }, k 6= kopt .

Similarly, b̃3 is formed by flipping the four most unreliable
bits in b̃1 . Continuing this way, for each new b̃j, two more
bits—the most unreliable bits of those not flipped so far—are
flipped. The elements of the last CS b̃Mmax of the preliminary
initial start set are thus given by
(
−b̃1,k , k ∈ {k1 , k2 , . . . , k2 (Mmax −1) }
b̃Mmax ,k =
(26)
b̃1,k , k ∈ I∼k1 ,k2 , ... ,k2(Mmax −1) .
Here, Mmax is a design parameter that satisfies 2(Mmax −1) ≤
K and is determined empirically.
B. Local Search
An iterative local search algorithm is used to convert the
preliminary initial start set b̃1, . . . , b̃Mmax into the locally
 (1)
(1)
optimized initial start set b1 , . . . , bMmax , which serves as
the input to the GSA. (The same algorithm is also used to
improve the new CSs created by the crossover and mutation
operations, see Fig. 2 and Section IV-C.) The local search
procedure is executed for every CS individually.
To keep the complexity low, we use the simple 1-opt algorithm [22]; however, more powerful—and more complex—
algorithms like k-opt and randomized k-opt local search [22],
[24] can also be used. In each iteration step, for each existing
CS, the 1-opt algorithm attempts to find a better CS in which
one bit is flipped. Consider an existing CS b = (bl ), with
bl ∈ {−1, 1}, and a new CS b(k) that is derived from b by
flipping the bit bk for some k ∈ D ML , i.e.,
(
−bk , l = k
(k)
bl =
k ∈ D ML .
bl , l ∈ I∼k ,
Here, the optimum k ∈ D ML is obtained by maximizing gk ,
f (b(k) ) − f (b). Using (5) and the fact that b2l = 1 yields
!
X
ℜ{Gk,l }bl .
gk = −4bk ℜ{zk } −
l∈ I∼k

1) By an exhaustive search, find the index k ∈ DML with
the largest gain, i.e., kopt , arg maxk∈DML gk .
2) Flip the corresponding bit in b, i.e., form the new CS
b(kopt ) with elements
(
−bkopt , l = kopt
(kopt )
bl
=
bl ,
l ∈ I∼kopt .

This iterative process is terminated when all gk(new) are nonpositive, which indicates that no further increase of f (·) can
be achieved by flipping a single bit.
C. Crossover, Mutation, Selection
The first GSA stage (see Fig. 2) is the crossover operation.
According
to the uniform crossover algorithm [27], the current
 (i)
(i)
CS set b1 , . . . , bM (i) , of size M (i) , is randomly organized
into pairs of CSs. (If M (i) is odd, one of the CSs appears in
(i) (i)
two pairs.) Each CS pair bj , bj ′ produces an offspring CS b′
that inherits those bits that are equal in the parent CSs (note
that these bits include all ML bits b̂ML,k , k ∈ DML ), while
the remaining bits are chosen randomly. The current CS set is
then extended by the offspring
CSs. The size of the extended

(i)
set is given by Mext = (3/2)M (i) , where ⌈x⌉ denotes the
smallest integer not smaller than x.
In the subsequent mutation stage, a given offspring CS b′
generated by crossover is considered unsuitable if the Ham(i) (i) 
(i)
(i)
ming distance of the parents bj , bj ′ satisfies d bj , bj ′ ≤

(i) 
(i)
≤ 2 and d b′, bj ′ ≤ 2;
2. Indeed, this implies d b′, bj
thus, it is very likely that the bit-flipping modification of b′ by
means of the subsequent local search procedure (see Fig. 2)
(i)
(i)
results in bj or bj ′ . To avoid this situation, one additional
bit of b′ at a randomly chosen position k ∈ D ML is flipped. (We
(i)
(i)
note that in [24], the minimum Hamming distance d bj , bj ′
required in order to consider the offspring CS as suitable is
much larger than the value of 3 chosen here; also, the number
of bits flipped in each mutation step is much larger than 1.
However, in our experiments, we obtained better results with
our choice of mutation parameters.) Subsequently, all new
(additional) CSs created by the crossover and mutation stages
are optimized by another local search stage (see Fig. 2).
Finally, the selection
 stage reduces the extended set of
(i)
Mext = (3/2)M (i) CSs obtained by the local search
stage. First, identical CSs are removed. Let {b′1 , . . . , b′Q } with
(i)
If Q ≤ Mmax , this
Q ≤ Mext denote the resulting
 (i+1)CS set.(i+1)
set is used as the start set b1 , . . . , bM (i+1) for the next
iteration (hence, M (i+1) = Q). If Q > Mmax , the start set for
the next iteration is chosen as the Mmax CSs b′j with largest
f (b′j ) values (hence, M (i+1) = Mmax ). Thus, M (i+1) = Q
if Q ≤ Mmax and M (i+1) = Mmax if Q > Mmax ; note that
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M (i+1) ≤ Mmax is always satisfied. A similar approach was
used in [24].
The final result of the GSA is taken to be the best CS in
(J+1)
(J+1)
the CS set b1
, . . . , bM (J+1) obtained after the pre(J+1)
determined maximum number J of iterations, i.e., b1
.
Alternatively, a soft-output version of the GSA detector can be
established: using the max-log approximation
in
 (J+1) as described
(J+1)
[26], one can compute from the CS set b1
, . . . , bM (J+1)
soft information for use with a soft-input channel decoder.

[ν+1]

βk

, k ∈ D ML

Initialization
 [ν]
[ν]
b̃1 , . . . , b̃Mmax

[ν+1]

b1

GSA


[ν+1]

βk

A performance improvement can be achieved by an optional diversification stage. As shown in Fig. 3, this adds an
outer loop to the GSA. Let ν ∈ {1, 2, . . .} and the superscript
[ν]
denote the iteration
index for this outer loop. Furthermore,
 [ν−1]
[ν−1]
for ν ≥ 2, let b1
, . . . , bM (J+1) denote the CS set
obtained at the (ν − 1)st outer iteration after termination of
the (inner) GSA loop, i.e., at the output of the GSA’s
 selec[ν−1]
tion stage. The diversification stage calculates from b1
,
[ν−1]
. . . , bM (J+1) new soft values
[ν]

=

[ν]

1
M (J+1)

(J+1)
MX

m=1


[ν−1]

bm

k

,

k ∈ D ML .

These soft values are then used by the initialization stage
of
the GSA to calculate a new preliminary initial start set
 [ν]
[ν]
b̃1 , . . . , b̃Mmax for the next (νth) outer iteration. The
initialization stage is modified in that the first CS of this
new preliminary initial start set is chosen as the best CS
obtained fromthe previous (i.e. (ν − 1)st) outer iteration, i.e.,
[ν−1]
[ν−1]
the CS from b1
, . . . , bM (J+1) with largest f (·) value.
[ν−1]
Assuming for concreteness that this best CS is b1 , we
[ν]
[ν−1]
thus have b̃1 = b1 . The remaining CSs are constructed
by means of the scheme described in Section IV-A, using the
[ν]
new soft values βk . Let us again denote the indices k ∈ D ML
by k1 , k2 , . . . , kK , with K = DML and ordered such that
[ν]
[ν]
[ν]
[ν]
βk1 ≤ βk2 ≤ . . . ≤ βkK . The second CS b̃2 is then
given by (cf. (24))
(
b̂ML,k ,
k ∈ DML
[ν]
b̃2,k =
[ν] 
sgn βk , k ∈ D ML ;
[ν]

the third CS b̃3 is given by (cf. (25))
( [ν]
−b̃2,k , k ∈ {k1 , k2 }
[ν]
b̃3,k =
[ν]
b̃2,k , k ∈ I∼k1 ,k2 ;

and so on, until the last CS (cf. (26))
( [ν]
−b̃2,k , k ∈ {k1 , . . . , k2 (Mmax −2) }
[ν]
b̃Mmax ,k =
[ν]
b̃2,k , k ∈ I∼k1 , ... ,k2(Mmax −2) .
This outer loop iteration process is initialized at ν = 1 with
the preliminary initial start set of Section IV-A, based on the
original soft values βk , k ∈ DML . The process is terminated
after a predetermined maximum number V of iterations. The
[V +1]
best CS at that point, b1
, is used as the final result of the
extended GSA. Alternatively, soft information for a soft-input

[ν]

b1 , . . . , bM (J+1)

Diversification

D. Diversification

βk

βk , k ∈ D ML

b̂ML,k , k ∈ DML

, k ∈ D ML

[ν+1]
b1

No

ν =V ?
Yes
[V +1]

b1

Fig. 3. Block diagram of the extended GSA including a diversification stage
and an outer loop.

channel decoder is computed. The performance improvements
achieved by diversification will be demonstrated in Section V.
V. S IMULATION R ESULTS
We present simulation results demonstrating the uncoded
BER and computational complexity of the proposed detectors.
The MATLAB routines of the proposed detectors are available online at http://www.nt.tuwien.ac.at/about-us/staff/florianmeyer/.
A. Simulation Scenarios and Parameters
Two scenarios are considered: a spatial-multiplexing multiantenna system [1], [5] and an OFDM system with intercarrier interference (ICI) [2], [29]. In the spatial-multiplexing
scenario, the channel matrix H has iid Gaussian entries. In
the OFDM/ICI scenario, the MIMO system corresponds to
the transmission of a single OFDM symbol consisting of Nt
subcarriers over a doubly selective single-antenna channel,
with ICI due to the channel’s time variation [29]. Thus, the
dimension of the MIMO system is Nt × Nt , and the main task
of the MIMO detector is a mitigation of the detrimental effects
of ICI. The doubly selective fading channel is characterized
by a Gaussian wide-sense stationary uncorrelated scattering
(WSSUS) model with uniform delay and Doppler profiles
(brick-shaped scattering function) [30]. The maximum delay
(channel length) is τmax = 9, the cyclic prefix length is
LCP = 8, and the maximum Doppler frequency is 16% of
the subcarrier spacing. Because LCP = τmax − 1, intersymbol
interference is avoided [29]. For each transmit symbol vector
s, a new channel realization was randomly generated using
the method presented in [31]. The MIMO channel matrix H
depends on the impulse response of the doubly selective fading
channel as well as the (rectangular) transmit and receive pulses
as described in [32]. The entries of H are not independent
nor identically distributed; they exhibit a strong diagonal
dominance and an approximate band structure [29], which
leads to an approximate band structure of A.
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Fig. 4. Detection probability of partial ML detection for (a) a 16×16 spatial-multiplexing system and (b) a 64×64 OFDM/ICI system.

We compare the proposed detectors—hereafter briefly
termed “SSA” and “GSA”—with ML detection (2) using
the Schnorr-Euchner sphere decoder [33], [34]; the MMSE
detector [4]; the NC detector with MMSE nulling vectors
and V-BLAST ordering [6] using the efficient implementation described in [35]; an SDR-based detector with rank-one
approximation [10]; a three-stage LAS detector [15]; and the
SUMIS detector [11]. We did not simulate existing genetic
algorithms for MIMO detection, such as [25], [26], since they
assume large populations and are therefore infeasible for large
MIMO systems. MMSE detection, NC, and SUMIS require an
estimate of the noise variance σn2 ; however, the true value of
σn2 was used in our simulations. For the tuning parameter of
SUMIS [11], we used ns = 4 for systems of size 8 × 8 and
16×16 and ns = 1 (the approximation for large MIMO systems
[11]) for systems of size 32 × 32 and 64 × 64. The BER was
measured based on the transmission of 106 bits.
In the GSA, the number of CSs in the preliminary initial
start set was chosen as a function of the number |D ML | of
undetected bits after partial ML detection according to


|D ML |
+ 1.
(27)
Mmax = 0.8
2
This can be shown to imply that b̃Mmax differs from b̃1 in
at least 80% of the undetected bits, b̃k for k ∈ DML . The
number of GSA iterations was chosen as J = 18 for the spatialmultiplexing case and J = 9 for OFDM/ICI. Hereafter, GSA1
and GSA3 denote the GSA using V = 1 (no diversification)
and V = 3 (two diversification steps), respectively.
B. Performance of the Partial ML Detector
First, we study the effectiveness of the partial ML detection
stage (Stage 1). For a 16×16 spatial-multiplexing system and
a 64×64 OFDM/ICI system, we determined the empirical
probability PML that a bit is detected—no matter if correctly or
incorrectly—by the partial ML detection stage. Fig. 4(a) shows
PML versus the SNR for the spatial-multiplexing system using
BPSK, 4QAM, and 16QAM. It is seen that PML decreases
dramatically with increasing constellation size; in particular, it
is very small for 16QAM. Furthermore, as previously observed
in [21] and mentioned in Section II-A, PML decreases with
increasing SNR. Finally, further experiments (not shown)

demonstrated a weak decrease of PML for increasing system
size. Fig. 4(b) shows PML for the OFDM scenario. Here, the
equivalent channel matrix A exhibits an approximately banded
(quasi-banded) structure; as observed in Section II-A, this is
favorable for the ML detection stage. In fact, PML is seen
to be much higher than in the spatial-multiplexing scenario:
it is approximately 1 for BPSK and 4QAM and above 0.1
for 16QAM, for all considered SNRs. This shows that the
effectiveness of the partial ML detection stage is very different
in the two scenarios: in the OFDM scenario (quasi-banded
structure), the partial ML detection stage is able to detect
almost all or many bits; in the spatial-multiplexing scenario,
it is just a preprocessing stage that improves the performance
only slightly.
C. BER Performance in Spatial-Multiplexing Systems
Next, we assess the BER-versus-SNR performance of the
proposed detectors (SSA, GSA1, GSA3) and the state-of-theart detectors (NC, SDR, LAS, SUMIS, ML) in a spatialmultiplexing system. MMSE-based detection was not considered here because of its poor performance in large spatialmultiplexing systems. Fig. 5(a)–(c) shows results obtained for
BPSK and system dimensions 8×8, 16×16, and 64×64. It is
seen that at low and medium SNRs, the performance of the
proposed detectors (SSA and GSA) tends to be very similar,
close to that of SDR, LAS, SUMIS, and ML detection, and
better than that of NC. (The ML detector is not included in
Fig. 5(c) since it is too complex to simulate for the 64×64
system.) We note that for all three system dimensions, we
observed the BER performance of GSA3 (not shown) to be
effectively equal to that of GSA1.
Fig. 5(d)–(f) shows results for 4QAM. For all system
dimensions, SSA performs well only at low SNRs and exhibits
an error floor at high SNRs. This can be explained by the fact
(observed in Section V-B) that, for the spatial-multiplexing
scenario using 4QAM, only few bits are detected by Stage
1 at higher SNRs. This results in a poor quality of the soft
values, to which SSA is very sensitive. The performance of
GSA is more satisfactory. In fact, GSA1 outperforms the other
suboptimum detectors—including SDR and SUMIS—for the
8×8 system at low and medium SNRs and for the 16×16
and 64×64 systems at all displayed SNRs. For the 16×16
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Fig. 5. BER of various detectors for spatial-multiplexing systems: (a)–(c) BPSK, dimension (a) 8×8, (b) 16×16, and (c) 64×64; (d)–(f) 4QAM, dimension
(d) 8×8, (e) 16×16, and (f) 64×64.

system, GSA1 performs close to the ML detector at low and
medium SNRs, while GSA3 performs close to the ML detector
at all displayed SNRs. (Again, the ML detector was not
simulated for the 64×64 system.) The performance advantage
of GSA over NC, SDR and SUMIS increases with growing
system dimension. GSA3 tends to outperform GSA1 at high
SNRs; this effect is strongest for small system dimension and
disappears in the 64×64 system, where GSA1 and GSA3 (not
shown) perform equally well. Hence, diversification is most
helpful for small systems. For the 8×8 system, GSA exhibits
an error floor at high SNRs. The SNR range of the error
floor depends on the number of CSs used in the initialization
procedure, and thus, according to (27), also on |D ML | (which
increases with Nt B = Nt log2 |S|). For the 16×16 and 64×64
systems, the error floor occurs at SNRs higher than 16 dB,
which are not shown in Fig. 5.

For spatial-multiplexing systems using QAM constellations
larger than 4QAM, the proposed detectors perform worse than
NC. This is due to the poorer quality of the soft values for
increasing constellation size.
Further experiments (not shown) demonstrated that the
performance of a complexity-limited sphere decoder [34] is
poor in large MIMO systems if the abort condition of the
sphere decoder is chosen in such a way that the resulting
complexity is comparable with that of the proposed detectors.
D. BER Performance in OFDM/ICI Systems
For the OFDM/ICI scenario, Fig. 6 shows the BER-versusSNR performance obtained with BPSK and 4QAM in a 64×64
system. (We did not consider smaller systems because these
are less relevant in the OFDM/ICI scenario.) It is seen that the

10

10−1

10−3

MMSE
NC
SSA
SUMIS
SDR
LAS
GSA1

10−2

BER

10−2

BER

10−1

MMSE
NC
SSA
SUMIS
SDR
LAS
GSA1

10−4

10−3
10−4

10−515

20

25

10−515

30

20

25

SNR [dB]

SNR [dB]

(a)

(b)

30

Fig. 6. BER of various detectors for OFDM/ICI systems of dimension 64×64 using (a) BPSK and (b) 4QAM.

10−2

10−1

greedy SSA
SSA

BER

10−2

BER

10−3

greedy SSA
SSA

10−4

10−5 6

10−3

8

10

14

12

10−4 6

16

8

10

14

12

SNR [dB]

SNR [dB]

(a)

(b)

16

100

100

10−1

10−1

10−2

10−2

10−3
10−4
10−5 0

BER

BER

Fig. 7. BER of SSA and of SSA with greedy ordering for a 16×16 spatial-multiplexing system using (a) BPSK and (b) 4QAM.

GSAR 4QAM
GSA1 4QAM
GSAR BPSK
GSA1 BPSK
6
2
4

10−3
10−4

8

10

12

14

16

10−5 0

GSAR 4QAM
GSA1 4QAM
GSAR BPSK
GSA1 BPSK
6
2
4

8

SNR [dB]

SNR [dB]

(a)

(b)

10

12

14

16

Fig. 8. BER of GSA1 and GSAR for spatial-multiplexing systems using BPSK and 4QAM, of dimension (a) 8×8 and (b) 64×64.

BER curves of all detectors coincide, with the exception of
MMSE, which at higher SNRs performs significantly worse
than the other detectors. On the other hand, because of the
high detection rate PML of Stage 1 (which is due to the quasibanded structure of A, cf. Section V-B), the complexity of
SSA and GSA1 is significantly smaller than that of LAS
and SUMIS, and also much smaller than in the spatialmultiplexing case (cf. Section V-F). (For other suboptimum
detectors in the OFDM/ICI scenario that also exploit the quasibanded structure, see [29], [36] and references therein.) The
BER performance of GSA3 (not shown) was observed to be
effectively equal to that of GSA1.

E. Further Experiments
To verify the advantage of the Nelder-Mead ordering employed by SSA over the greedy ordering of [22], we compare
in Fig. 7 the BER-versus-SNR performance of SSA and an
SSA version using the greedy ordering. A 16×16 spatialmultiplexing system using BPSK and 4QAM is considered.
As can be seen, the Nelder-Mead ordering outperforms the
greedy ordering for SNRs larger than about 8 dB.
To assess the importance of Stages 1 and 2 in GSA
detection, Fig. 8 compares the BER-versus-SNR performance
of GSA1 and a GSA1 detector in which Stages 1 and 2 are
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Fig. 10. Average number of candidate solutions M (i) at the beginning of
GSA1 iteration i for 64 × 64 spatial-multiplexing systems using BPSK and
4QAM.

replaced by a random initialization. This latter detector,
briefly


t
termed GSAR, is initialized with Mmax = 0.8 BN
+1
2
randomly chosen bit vectors of length BNt in which all bits
are drawn iid with 0 and 1 equally likely; these vectors replace
the output of the initialization stage of GSA1 (upper box in
Fig. 2). Spatial-multiplexing systems of dimension 8 × 8 and
64 × 64 using BPSK and 4QAM are considered. It is seen that
GSAR performs worse than GSA1 for the 8×8 system but
almost equally well as GSA1 for the 64×64 system. Thus,
for spatial-multiplexing systems, Stages 1 and 2 in GSA1 are
most important for small system dimensions. Fig. 9 shows that
for 64×64 OFDM/ICI systems, the performance of GSA1 and
GSAR is identical. However, as will be seen in Section V-F
and Section V-G, the complexity of GSA1 is smaller than that
of GSAR. This is due to the “smart initialization” by Stages 1
and 2, which is very effective for OFDM/ICI systems because
of the high quality of the soft values produced by Stage 2 (cf.
Section V-B).
Finally, for GSA1, Fig. 10 shows the number of candidate
solutions M (i) (averaged over different simulations with SNR
values varied from 0 dB to 20 dB in steps of 5 dB) at the beginning of iteration i for a 64×64 spatial-multiplexing system
using BPSK or 4QAM. For the BPSK system, the number of
candidate solutions is rather small. This indicates that there are
only few local maxima, and thus the “searching in parallel”
approach of GSA1 cannot exploit its full potential. This agrees
with Fig. 5(c), which shows that the performance advantage
of GSA1 over SSA is very small. However, for the 4QAM
system, the number of candidate solutions (each corresponding
to a local maximum, cf. Section IV-B) is increased and, as can
be seen in Fig. 5(f), GSA1 exhibits excellent performance.

obtained by means of the Lightspeed toolbox [37] for MATLAB. (The kflop count for the SDR detector is not included
because our implementation of SDR uses an external toolbox
that cannot be accessed by the Lightspeed routines.) Note that
these kflop estimates should be interpreted with caution as they
are implementation-dependent. GSA1, GSA3, and GSAR used
J = 18 GSA iterations. The kflop counts for NC and SUMIS
were calculated as described in [35, Section V] and [11,
Section VII], respectively. In Table I, we distinguish between
the complexity of the operations performed when the channel
matrix H changes (termed “preparation complexity”) and the
complexity of the operations performed for each received
vector y (termed “vector complexity”).
From Table I, it is seen that the preparation complexity
of all proposed detectors (SSA, GSA1, GSA3) is equal, and
it is smaller than that of the other suboptimum detectors
(MMSE, NC, LAS, and SUMIS). The vector complexity of
SSA is much higher than that of MMSE and NC, comparable
to that of SUMIS, and much lower than that of LAS. The
vector complexity of GSA1 is higher than that of MMSE, NC,
SSA, LAS, and SUMIS; this is the price paid for the better
performance of GSA1. (The vector complexity of SDR can be
expected to be slightly lower than that of GSA1.) However,
the preparation complexity of GSA1 is significantly lower than
that of MMSE, NC, and LAS and slightly lower than that of
SUMIS. Furthermore, the vector complexity of GSA1 and of
GSA3 is significantly lower than that of ML detection (sphere
decoding) for system dimension 16 × 16 or larger. (The vector
complexity of the sphere decoder for the 32×32 and 64×64
systems is not shown in Table I because of the excessive
computational cost.) As expected, the vector complexity of
GSA3 is approximately three times that of GSA1.
The vector complexity of GSAR is higher than that of
GSA1. This is caused by a slower convergence of GSAR due
to its random initialization. Thus, the first two stages in GSA1,
in addition to improving the BER performance as discussed
in Section V-E, also result in a reduced complexity.
For GSA1 and GSA3, doubling the system dimension
N , Nt = Nr results in a (roughly) 8-fold increase in the
vector complexity; this suggests that the vector complexity
scales roughly cubically with the system dimension. We note
that a similar scaling behavior is exhibited by LAS [15], which

F. Computational Complexity for Spatial-Multiplexing Systems
Table I presents estimates of the complexity (kflop count)
of the different detectors for spatial-multiplexing systems of
dimension Nt = Nr ∈ {8, 16, 32, 64} using 4QAM. The
complexities of the proposed detectors, of LAS, and of ML
detection depend on the SNR. Therefore, we averaged the
kflop counts over different simulations with SNR values varied
from 0 dB to 20 dB in steps of 5 dB. The kflop count was
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P REPARATION C OMPLEXITY
(kflops per block preparation)
N t = Nr

MMSE

NC

LAS

SUMIS

SSA

GSA1

GSA3

GSAR

ML

8
16
32
64

15
110
834
6480

24
190
1504
11958

18
146
1156
9210

12
66
270
2130

4
32
262
2097

4
32
262
2097

4
32
262
2097

4
32
262
2097

3
22
175
1398

V ECTOR C OMPLEXITY
(kflops per received vector)
N t = Nr

MMSE

NC

LAS

SUMIS

SSA

GSA1

GSA3

GSAR

ML

8
16
32
64

1
3
12
49

1
5
20
81

28
233
1914
15601

7
41
295
2228

10
61
377
2557

41
341
2844
25038

122
1008
9274
82897

56
460
3965
30985

23
7603
–
–

TABLE I
Computational complexity (in kflops) of various detectors for spatial-multiplexing systems using 4QAM, with different dimensions Nt = Nr .

V ECTOR C OMPLEXITY
(kflops per received vector)
N t = Nr

MMSE

NC

LAS

SUMIS

SSA

GSA1

GSA3

GSAR

ML

8
16
32
64

1
3
12
49

1
5
20
81

28
222
1800
14600

7
41
295
2228

2
9
34
135

2
9
42
302

4
16
944
8458

10
70
564
4947

13
3061
–
–

TABLE II
Computational complexity (in kflops) of various detectors for OFDM/ICI systems using 4QAM, with different dimensions Nt = Nr . (The preparation
complexity is not shown because it equals that shown in Table I for the respective dimension.)

is known to scale as O(N 3 ), whereas the scaling behavior
of SDR-based detection is, in our case, O(N 7/2 ) [10]. The
preparation and vector complexities of NC [6] scale as O(N 3 )
and O(N 2 ), respectively. The vector complexity of SUMIS
scales as O(N 3 ) (assuming that the tuning parameter ns is
small in the sense that |S|ns ≪ N 2). For the SSA, doubling N
results in only an approximately 6-fold increase in the vector
complexity. Further experiments (not shown) suggest that the
scaling behavior of all proposed detectors with respect to the
constellation size is approximately cubic.
G. Computational Complexity for OFDM/ICI Systems
In Table II, we present complexity estimates for OFDM/ICI
systems of dimension Nt = Nr ∈ {8, 16, 32, 64}, again using
4QAM. The preparation complexity is not shown because
it is equal to that obtained for the corresponding spatialmultiplexing system of equal dimension (see Table I). Here,
we used only J = 9 GSA iteration steps for GSA1, GSA3,
and GSAR.
The vector complexity of SSA and GSA1 is seen to be
much smaller than that of all other detectors except MMSE and
NC. It is also much smaller than in the spatial-multiplexing
case shown in Table I. In both cases, the main reason is the
very effective and efficient partial ML detection performed
in Stage 1. In fact, as previously observed in Section V-B,
Stage 1 is able to make ML decisions for nearly all bits.
This is a major difference from the spatial-multiplexing case.
The vector complexity of GSA3 is smaller than that of
LAS for all considered system dimensions, and smaller than
that of SUMIS for dimensions N = 8 and N = 16. It is

furthermore smaller than in the spatial-multiplexing case, for
the reasons mentioned above. Even the vector complexity
of the randomly initialized GSAR is considerably smaller
than in the spatial-multiplexing case. The reason is that the
diagonally dominant channel matrix H results in a simpler
minimization problem, which yields a faster convergence of
the GSA iteration. In contrast to the proposed detectors, the
other suboptimum detectors (MMSE, NC, LAS, and SUMIS)
do not exploit diagonal dominance of H for a reduction of the
vector complexity. Thus, their vector complexity is as large or
nearly as large as in the spatial-multiplexing case. Finally, the
vector complexity of GSA1 and GSA3 is significantly lower
than that of ML (sphere decoding).
VI. C ONCLUSION
We presented low-complexity bit-level detectors for MIMO
systems employing a BPSK or QAM constellation. The detectors combine efficient partial ML detection [21], generation
of soft values, and a novel type of suboptimum detection
based on heuristic optimization and soft values (“soft-heuristic
optimization”). We proposed two alternative soft-heuristic algorithms, the sequential soft-heuristic algorithm (SSA) and the
genetic soft-heuristic algorithm (GSA). Due to their architecture and their use of efficient techniques for high-dimensional
optimization, the SSA and GSA are especially advantageous
for large MIMO systems. Moreover, their ability to exploit
diagonal dominance of the channel matrix for a complexity
reduction makes them attractive for ICI mitigation in OFDM
systems.
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We evaluated the performance of the SSA and GSA
for spatial-multiplexing multiantenna systems and OFDM/ICI
systems. In spatial-multiplexing systems using BPSK, the
SSA and GSA outperform MMSE detection and nulling-andcanceling (NC) and perform similar as semidefinite relaxation
(SDR) based detection, likelihood ascent search (LAS) based
detection, and the SUMIS detector. For 4QAM, the SSA
fails to perform satisfactorily whereas the GSA outperforms
MMSE, NC, SDR, LAS, and SUMIS at low-to-medium SNRs
and, for larger systems, at all considered SNRs. The SSA is
less complex than SDR and LAS and has a better scaling
behavior, whereas the GSA has a higher complexity than the
other suboptimum detectors.
In OFDM/ICI systems, the SSA and GSA significantly
outperform MMSE detection. Similarly to NC, SDR, LAS, and
SUMIS, they achieve effectively optimum (ML) performance
for BPSK and 4QAM. Furthermore, they are significantly
less complex than all other suboptimum detectors considered
except MMSE and NC.
Possible directions for further research include the use
of other high-dimensional optimization techniques within the
proposed detector architecture and the development of softinput/soft-output versions of the SSA and GSA for use in
iterative (turbo-like) receivers.
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