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IDMA for the Multiuser MIMO-OFDM Uplink:
A Factor Graph Framework for Joint Data
Detection and Channel Estimation
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Abstract—Interleave-division multiple access (IDMA) has recently been proposed as a promising alternative to codedivision multiple access (CDMA). In this paper, we consider the
use of IDMA within a multiple-input multiple-output orthogonal frequency-division multiplexing (MIMO-OFDM) multiuser
system employing higher-order modulation and transmitting
over frequency-selective MIMO channels. Based on a factor
graph/message passing framework and the sum-product algorithm, we devise an iterative receiver that jointly performs
pilot-aided channel estimation, multiuser detection, and channel
decoding. The use of Gaussian message approximations results
in a receiver complexity that scales only linearly with the
number of users. A further complexity reduction is obtained
by a novel selective message updating scheme. We also present
a simulation-based comparison of the maximum rate achievable
with our MIMO-OFDM-IDMA receiver with the informationtheoretic capacity of the multiple-access channel. Finally, we
provide simulation results illustrating the bit error rate (BER)
performance of our receiver. It is observed that the proposed
turbo-like integration of channel estimation in the iterative multiuser detection and channel decoding scheme yields a dramatic
BER reduction, and that the proposed selective message updating
scheme results in a significant reduction of complexity.
Index Terms—Belief propagation, channel estimation, factor
graph, IDMA, interleave-division multiple access, iterative receiver, message passing, MIMO-IDMA, MIMO-OFDM, multiple
access, multiuser detection, spatial multiplexing, sum-product
algorithm.

I. I NTRODUCTION
A. Background and State of the Art
HIS paper considers a multiuser multiple-input multipleoutput (MIMO) uplink scenario where several users transmit data to a common base station over frequency-selective
MIMO channels. Base station and users are equipped with
multiple antennas, and user separation is achieved by means of
a recently introduced technique known as interleave-division
multiple access (IDMA) [1]. With IDMA, users are separated
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via user-specific interleavers combined with low-rate channel
coding. This is in contrast to code-division multiple access
(CDMA), where users are separated by means of user-specific
spreading sequences [2]. While CDMA and IDMA both offer
the potential to achieve diversity gains and to mitigate intercell interference, IDMA has some important advantages over
CDMA: it enables the use of multiuser detectors that are
significantly less complex than those required for CDMA [1],
[3]–[7], and it can outperform coded CDMA when iterative
(turbo) receivers are used [1], [4], [7]. Furthermore, IDMA can
be easily integrated into MIMO systems [8], and frequencyselective channels can be accommodated by combining IDMA
with orthogonal frequency-division multiplexing (OFDM) [9]–
[11]. Interleaver design for IDMA was discussed in [12] and
[13]. An ad hoc receiver design incorporating channel estimation for a BPSK-modulated single-antenna IDMA system was
presented in [14]. An extension of IDMA termed multi-layer
IDMA was proposed in [15]. A more detailed introductory
discussion of IDMA and further references can be found, e.g.,
in [3] and [15].
In coded multiuser systems, large performance gains can be
achieved by using an iterative turbo-style interaction between
multiuser detector and channel decoder [16], [17]. Previous
work on iterative IDMA receiver design [1], [7], [14], [15]
used minimum mean square error or soft rake equalizers
and was limited either to single-antenna systems or to BPSK
modulation or to the case of perfect channel state information
(CSI) at the receiver. In this paper, by contrast, we consider MIMO-IDMA systems with higher-order modulation to
achieve increased spectral efficiency, and we use OFDM as
the modulation format to accommodate frequency-selective
(time-dispersive) channels. For this transmission scenario, we
develop an iterative receiver using a factor graph/message
passing framework [18]–[20]. Via Gaussian approximations
[18], [19], we modify the sum-product algorithm to obtain
a computationally efficient message-passing receiver that performs joint multiuser detection, channel decoding, and pilotaided channel estimation, and whose complexity scales only
linearly with the number of users.
Our factor graph based receiver design follows the approach
proposed in [17], [20], [21], which has recently been pursued for various transmission scenarios (but not for MIMOOFDM-IDMA). More specifically, [22]–[24] have dealt with
joint data detection and channel estimation in single-user
single-antenna systems with flat fading, whereas the case
of frequency-selective channels has been addressed in [25]–
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[27] and—augmented with sparsity-exploiting techniques—
in [28]. Message-passing receivers for joint detection and
channel estimation in single-user MIMO-OFDM systems have
been studied in [29] and [30]. Based on a similar factor
graph framework, low-complexity soft-input/soft-output detection for linear channels (MIMO, doubly dispersive, etc.) has
been investigated in [31].
We furthermore propose a novel threshold-based selective
message update scheme to further reduce the complexity of
the iterative receiver. Related ideas to reduce the number of
message updates have been proposed for belief propagation
decoders for LDPC codes in [32]–[38]. Apart from being
formulated for LDPC decoders, these papers differ from our
method in that they do not use the posterior log-likelihood
ratio in the update criterion, do not consider designs with a
prescribed (fixed) complexity, and do not observe a simultaneous complexity reduction and performance improvement.
B. Contributions and Paper Organization
The main contribution of this paper is the combination of
MIMO-OFDM-IDMA with a factor graph based design of
iterative message passing receivers that perform joint detection/decoding and channel estimation. Our specific contributions can be summarized as follows.
•

Iterative MIMO-OFDM-IDMA receiver. We propose a receiver for MIMO-OFDM-IDMA with higher-order modulation. This receiver can be viewed as a reducedcomplexity approximation of the maximum a posteriori
(MAP) detector, which is optimal in the sense of minimum error probability but computationally infeasible.
We first develop a factor graph representation of the
MIMO-OFDM-IDMA system; then, we use this factor
graph and the sum-product algorithm to compute the
marginal probabilities required by the MAP detector.
Since the complexity of the sum-product algorithm grows
exponentially with the number of users, we propose
approximations for some of the messages to obtain a
complexity that scales only linearly with the number of
users.

•

Integrated channel estimation. Pilot-aided channel estimation is usually employed at the receiver to obtain an
estimate of the CSI required by the multiuser detector.
Rather than estimating the coefficients of the frequencyselective MIMO channels only once, our factor graph
based receiver incorporates pilot-aided channel estimation
into the factor graph and the sum-product algorithm,
thereby obtaining a successive refinement of the channel
estimates in the course of the receiver iterations. Thus,
our receiver performs iterative joint multiuser data detection/decoding and channel estimation for pilot-aided
MIMO-OFDM-IDMA.

•

Selective message updating. We propose a selective message update scheme in which only a subset of the messages is updated in each iteration of the sum-product algorithm. The messages are represented by log-likelihood
ratios (LLRs), and the LLRs to be updated are determined

adaptively via an LLR threshold. This yields a significant
reduction of computational complexity and makes it
possible to trade error performance against computational
efficiency in a flexible manner. Our selective message
update scheme typically leads to a complexity reduction
by a factor of 2 to 3 and, surprisingly, in certain cases to
a simultaneous bit error rate (BER) improvement by one
order of magnitude.
•

Performance assessment. We consider the information
rate achievable with IDMA as a performance metric
and compare it with the information-theoretic capacity
of the multiple-access channel. To obtain estimates of
the achievable rates of IDMA, we determine the signalto-noise ratio (SNR) thresholds achieved with our lowcomplexity iterative IDMA receiver combined with an
LDPC channel code of a given rate. We furthermore
provide simulation results to illustrate the performance
gains of our receiver relative to conventional IDMA
receivers. It is observed, in particular, that inclusion
of channel estimation in the iterative detection/decoding
scheme yields a dramatic improvement of reliability, and
selective message updating yields a significant reduction
of complexity.

We note that we have previously considered MIMO-IDMA
with turbo-demodulation [8], joint detection and channel estimation for IDMA in flat-fading channels [39], IDMA with
higher-order modulation and selective LLR updates [40], and
OFDM-IDMA [11]. However, none of these previous conference papers presented the full combination of joint detectionestimation for MIMO-OFDM-IDMA with higher-order modulation and selective message updates. Furthermore, these
publications provided neither an assessment of the achievable
IDMA sum rate nor a selective message update scheme with
fixed complexity.
This paper is organized as follows. The system model
and the IDMA transmitter and demodulator are presented in
Section II. In Section III, we construct the factor graph of
our system and derive the messages to be propagated along
the edges of the factor graph. Section IV develops message
approximations and a selective message update scheme. The
achievable sum rates of IDMA are studied in Section V.
Finally, Section VI demonstrates the performance of the proposed receiver by means of numerical simulations.
II. MIMO-OFDM-IDMA S YSTEM M ODEL
We consider a MIMO-OFDM-IDMA system for an uplink
multiple-access scenario with U users. Each user employs
MT transmit antennas for spatial multiplexing [41], and the
base station is equipped with MR receive antennas. Frequencyselective Rayleigh fading channels are assumed, and the equivalent discrete-time complex baseband domain (with symbolrate sampling) is considered throughout.
A. Transmitter
The MIMO-OFDM-IDMA transmitter for the uth user is
shown in Fig. 1. This transmitter extends the BPSK-based
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MIMO-OFDM-IDMA transmitter for the u th user.

MIMO-IDMA transmitter of [8] to OFDM modulation and
higher-order symbol alphabets.
1) Coding, interleaving, mapping: A length-J sequence
of information
bits of the uth user, denoted as b(u) ,
(u)
(u) T
b1 · · · bJ
, with u ∈ {1, . . . , U }, is encoded into a lengthL sequence of code bits. We assume that all information bit
sequences b(u) ∈ {0, 1}J are equally likely. The code is a
concatenation of a terminated, systematic convolutional code
of rate R1 = J/L̃ and a repetition code of (typically very low)
rate R2 = L̃/L. We assume L > L̃ > J. The overall code rate
equals R = R1 R2 = J/L < 1. The code bit sequence is then
passed through a user-specific interleaver π (u), which
yields
(u)
(u) T
(u)
the interleaved bit sequence c
, c1 · · · cL
. We can
express c(u) as
c(u) = C (u) (b(u) ) ,
(1)
where the one-to-one function C (u) (·) characterizes the combined effect of channel coding and interleaving. Different users
employ identical codes but different interleavers. The combination of low-rate repetition code and user-specific interleaver
replaces the spreading employed in CDMA systems.
Next, the coded and interleaved bit sequence c(u) is mapped
to a sequence of Lx = L/(MTB) complex symbol vectors
(u) T
(u)
x(u) [l] , x1 [l] · · · xMT [l] , l = 1, . . . , Lx ; here, B is the
number of bits per scalar symbol, which is related to the size
of the symbol alphabet S according to |S| = 2B. The transmit
(u)
symbol xi [l] ∈ S at the ith antenna (i ∈ {1, . . . , MT }) of the
uth user at symbol time l is obtained by mapping B successive
(u)
(u)
interleaved code bits cλ(l,i)+1 , . . . , cλ(l,i)+B , with λ(l, i) ,


(l − 1)MT + i − 1 B, to a symbol from S. This mapping
operation will be denoted as
(u) 
(u)
(2)
xi [l] = χ ci [l] ,

with the one-to-one symbol mapping χ and the
T bit vector
(u)
(u)
(u)
(symbol label) ci [l] , cλ(l,i)+1 · · · cλ(l,i)+B ∈ {0, 1}B .
With a slight abuse of notation, the transmit symbol vector
(across the antennas) of the uth user at symbol time l will be
similarly written as

x(u) [l] = χ c(u) [l] ,
(3)

T
(u)T
(u)T
where c(u) [l] , c1 [l] · · · cMT [l] .

2) OFDM modulation and pilot insertion: The data sym(u)
bols xi [l], l = 1, . . . , Lx , are transmitted at the ith antenna
of the uth user by means of OFDM modulation, i.e., the
(u)
l th symbol xi [l] modulates a corresponding subcarrier k.
In addition, to enable channel estimation, each user employs
MT Kp pilot subcarriers. Assuming that the pilot subcarriers

of different users are disjoint whereas Lx information-bearing
subcarriers are shared among all users, the total number of
subcarriers equals
K , Lx + U MT Kp .

(4)

The symbol (data or pilot) of user u that is transmitted at
antenna i and subcarrier k ∈ {0, . . . , K − 1} is denoted
(u)
as si [k]. Furthermore, the (data or pilot) symbol vector
associated with subcarrier k and comprising
all antennas is
T
(u)
(u)
denoted as s(u) [k] , s1 [k] · · · sMT [k] . The time-domain
signal of the uth user transmitted at the ith antenna is obtained
by applying an inverse discrete Fourier transform (IDFT) of
(u)
length K to the symbol sequence {si [k]}K−1
k=0 and inserting
a cyclic prefix of length Ncp .
3) Pilot and data arrangement: We use the arrangement
of data and pilot subcarriers shown in Fig. 2. A given user
employs Kp pilot subcarriers for a given antenna; thus, the
total number of pilot subcarriers (for all users and transmit
antennas) is U MT Kp , which we assume to be much smaller
than K (cf. (4)). The number Kp of pilots per user and per
antenna is usually chosen to be larger than the maximum
length of the impulse responses of all user channels. The
U MT Kp pilot subcarriers are arranged in Kp blocks, each
containing U MT pilot subcarriers (one for each user and
transmit antenna). More specifically, the Kp pilot subcarriers
for a given user and transmit antenna are located in Kp
different blocks that are spaced ∆ = ⌊ KpK−1 ⌋ subcarriers apart
(see Fig. 2). Each pilot subcarrier is used only by one user
for one transmit antenna whereas each data subcarrier is used
jointly by all users and all transmit antennas.1 The set of pilot
subcarriers employed by the uth user for the ith antenna is
(u)
given by Pi , {(u−1)MT +i+κ∆−1 | κ = 0, . . . , Kp −1};
1 This choice has been made for simplicity of exposition. The receiver
developed in what follows can be easily generalized to the case where different
users employ the same pilot subcarriers.

one block with UMT pilots for two pilot subcarriers
U users with MT antennas
for antenna i of user u

∆
(u –1)MT + i

Fig. 2. Arrangement of data subcarriers (white) and pilot subcarriers (grey).
Two pilot blocks (grey) of length U MT spaced ∆ subcarriers apart are shown.
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(u)

note that |Pi | = Kp . The pilot symbols are chosen equal for
(u)
all users and antennas, therefore s(u) [k] = p ei for k ∈ Pi ,
where p is the common pilot symbol and ei denotes the ith
(u)
unit vector of length MT . Note that for k ∈ Pi , the symbols at
(u)
all other antennas are zero, i.e., si′ [k] = 0 for i′ 6= i. Finally,
(u)
the union of all the (disjoint) sets Pi will be denoted as P;
note that |P| = U MT Kp .
(u)
The data symbols xi [l] are mapped to the data subcarrier
symbols according to
(u)

(u)

si [k] = xi [ℓk ] ,
for k 6∈ P, i ∈ {1, . . . , MT }, u ∈ {1, . . . , U },
where ℓk denotes the index of the symbol that is mapped to
subcarrier k.
4) Spectral efficiency: We define the spectral efficiency for
one user as the ratio of the number of information bits J to the
number of subcarriers K, i.e., ǫ , J/K. Using the definitions
and relations provided previously, we obtain


U MT Kp
ǫ = MT BR 1 −
.
K
Here, the expression in parentheses quantifies the loss in
spectral efficiency due to the pilot symbols. For fixed K,
the spectral efficiency decreases when the number U of users
increases. Decreasing the number Kp of pilots improves the
spectral efficiency but results in a poorer initial channel
estimate and hence may necessitate a larger number of receiver
iterations to achieve a performance target.
B. Channel and Demodulation
We assume frequency-selective fading and denote by Lch−1
the maximum discrete-time delay of all user channels (we
assume hereafter that the cyclic prefix length satisfies Ncp ≥
Lch ). The impulse response of the MIMO channel between
user u and the base station is given by the MR ×MT matrix
e (u) [ν], ν = 0, . . . , Lch − 1. Sometimes it will
sequence H
be convenient to use the length-Lch impulse response vector
between the ith transmit antenna of user u and the jth base
T
(u)
(u)
(u)
station antenna given by h̃j,i , h̃j,i [0] · · · h̃j,i [Lch − 1] ;
(u)
here h̃j,i [ν] denotes the (j, i)th element of H̃(u) [ν]. The
(u)
channel tap vectors h̃j,i are assumed mutually independent
(u)
and zero-mean complex Gaussian, i.e., h̃j,i ∼ CN (0, Ch̃ ),
where Ch̃ is a diagonal Lch × Lch matrix whose diagonal
elements correspond to the power delay profile (for simplicity
assumed identical for all users and antenna pairs). The associated frequency-domain channel coefficient vector is given
by
T
(u)
(u)
(u)
(u)
(5)
hj,i , hj,i [0] · · · hj,i [K −1] = Fh̃j,i ,
where the K × Lch matrix F consists of the first Lch columns
of the K ×K unitary DFT matrix,
 i.e., its elements are given
by (F)kν = √1K exp − j2πkν
for k ∈ {0, . . . , K − 1} and
K
ν ∈ {0, . . . , Lch −1}.
The receiver first removes the cyclic prefix and then performs a length-K DFT of the received signal. This results
in the frequency-domain receive vector sequence r[k], k =

0, . . . , K − 1, which consists of Lx vectors at the data subcarriers k ∈
/ P and U MT Kp vectors at the pilot subcarriers
(u)
k ∈ Pi , i.e.,
PU
(u)
(u)
/ P,

 u=1 H [k] x [ℓk ] + w[k] , k ∈
r[k] = H(u) [k] s(u) [k] + w[k] ,


(u)
k ∈ Pi , u ∈ {1, . . . , U }, i ∈ {1, . . . , MT } .
(6)
Here, H(u) [k], k = 0, . . . , K − 1, is the length-K unitary
e (u) [ν],
DFT of the time-domain channel impulse response H
ν = 0, . . . , Lch − 1 (zero-padded to length K) and w[k] is
a white noise sequence whose elements are independent and
identically distributed (i.i.d.) Gaussian with zero mean and
(u)
2
variance σw
. Since the pilot vector for k ∈ Pi was chosen
(u)
as s [k] = p ei , the receive vectors at the pilot subcarriers
are given by
(u)

(u)

r[k] = H(u) [k] p ei + w[k] = phi [k] + w[k] , k ∈ Pi ,
(7)
(u)
where hi [k] , H(u) [k]ei is the ith column of the channel
matrix H(u) [k].
The K vectors r[k] of length MR are stacked into the overall
T
receive vector r , rT [0] · · · rT [K−1] of length KMR . This
vector is the basis for the receiver processing steps discussed
in Sections III and IV.
III. FACTOR G RAPH F RAMEWORK
MIMO-OFDM-IDMA

FOR

Factor graphs are an intuitively appealing tool for representing the factorization of a function (e.g., probability density)
of many variables [18]. Marginals of the function can be
efficiently computed by means of the sum-product algorithm
[18], [19], which is a message-passing algorithm on the factor
graph. Here, we will apply the factor graph framework to
the design of a full-blown receiver for MIMO-OFDM-IDMA.
Based on an analysis of the statistical structure of the MIMOOFDM-IDMA system, we will construct the corresponding
factor graph and derive the messages to be propagated along its
edges according to the sum-product algorithm. This will lead
quite naturally to an iterative message-passing algorithm for
joint data detection, channel decoding, and pilot-aided channel
estimation.
A. Derivation of the Factor Graph
The MIMO-OFDM-IDMA receiver processes the overall
(u)
receive vector r and provides detected information bits b̂m ,
m = 1, . . . , J, for all users u = 1, . . . , U . The receiver we
propose is an approximation of the optimal (in the sense of
minimum bit error probability) MAP bit detector [21], [42]
(u)
(u)
b̂(u)
m = argmax p(bm |r) = U(βm ) ,
(u)

bm ∈{0,1}
(u)

m ∈ {1, . . . , J}, u ∈ {1, . . . , U }.

(8)

Here, p(bm |r) denotes the conditional probability mass func(u)
tion (pmf) of the information bit bm given r, U(·) is the unit
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(u)

step function, and βm is the posterior log-likelihood ratio
(LLR) defined as
(u)

(u)
, log
βm

p(bm = 1|r)
(u)
p(bm = 0|r)

.

(9)

T
In what follows, let b , b(1)T · · · b(U)T
and c , c(1)T

(U)T T
··· c
denote the vectors containing all information
bits and code bits, respectively, of all users; furthermore, let
T
X , (x(1) · · · x(U) ) with x(u) , x(u)T [1] · · · x(u)T [Lx ]
be the MT Lx × U matrix of all transmit vectors x(u) [l],
l ∈ {1, . . . , Lx }, u ∈ {1, . . . , U }. Similarly, we define the
MR K × MT U global channel matrix comprising all MIMO
channels H(u) [k], k ∈ {0, . . . , K − 1}, u ∈ {1, . . . , U } as

H , H(1) · · · H(U) ,
T
with H(u) , H(u)T [0] · · · H(u)T [K − 1] . (10)
(u)

The posterior bit probabilities p(bm |r) can be shown to be
given by
X Z
(u)
p(bm |r) ∝
p(r, H, X, c|b) dH .
(u)

∼bm

P

Here and subsequently, the notation ∼b(u) denotes summam
tion with respect to all unobserved variables in the summand
(u)
except bm (in the present case, these variables are X, c, and
(u)
all elements of b except bm ). Using the facts that b—c—
X—r is a Markov chain and the channel H is independent
of the transmit symbols, the joint pdf p(r, H, X, c|b) can be
further factorized as
p(r, H, X, c|b)
= p(r|H, X)

U
Y

u=1




p H(u) p x(u) |c(u) p c(u) |b(u) , (11)

where we exploited the independence of the channels and of
the data of the individual users. This high-level factorization
(at the level of vectors and matrices) can be represented by
a factor graph as shown in the part of Fig. 3 designated as
“High-Level Factor Graph.” Note that we use Forney-style
factor graphs in the spirit of [19], i.e., factors are represented
by boxes (also referred to as “function nodes”) and variables
are represented by directed edges. (The direction of the edges
bears no relevance to the factorization but rather indicates
the forward direction of the messages passed in the sumproduct algorithm.) We will next refine this factor graph to the
level of scalar variables by further factorizing the (conditional)
probability density functions (pdfs) and pmfs
in (11).

First, the conditional pmf p c(u) |b(u) corresponds to the
channel encoder and interleaver subsumed by the deterministic
mapping c(u) = C (u) (b(u) ) (cf. (1)); we thus have


(12)
p c(u) |b(u) = I c(u) = C (u) (b(u) ) .

Here, we used the indicator function I{·}, which equals 1
if its argument is true and 0 otherwise. The code constraint
I c(u) = C (u) (b(u) ) can be expressed in a more detailed
manner by using the code structure, in particular, a trellis/state
representation for the convolutional code [17], [18], [21].


Next, the conditional pmf p x(u) |c(u) corresponding to the
modulator mapping x(u) [l] = χ c(u) [l] reads (cf. (2))
(u)

p x

(u)

|c



Lx
MT Y
Y
 (u)
(u) 
I xi [l] = χ ci [l] .
=

(13)

i=1 l=1

An example for the refined factor graph portion corresponding
to (12) and (13) is shown in Blowup A in Fig. 3.
It remains to provide expressions for p(H(u) ) and
p(r|H, X). We will distinguish between the practical case of
pilot-aided channel estimation and the “genie” case of perfect
CSI (considered for purposes of comparison).
1) Pilot-aided channel estimation: For simplicity, we assume that the MIMO channel elements associated with different antenna pairs are independent; we can then write the
channel prior for each user as (cf. (5))
MR
MT Y
Y

(u) 
p hj,i ,
p H(u) =
i=1 j=1

(u) 

with p hj,i

=

Z

(u) 
(u) 
(u)
(u)
δ hj,i − Fh̃j,i p h̃j,i dh̃j,i .

(14)

Since the distribution of the time-domain channels was
(u)
assumed to be h̃j,i ∼ CN (0, Ch̃ ) (see Section II-B),

(u)
(u)
the pdf p hj,i can be explicitly determined as hj,i ∼
H
CN (0, FCh̃ F ). However, from a computational perspective,
it is advantageous to stick to the implicit Fourier transform
expression (14), whose factor graph representation is shown
in Blowup B in Fig. 3 (F denotes the Fourier transform node).
The channel transfer pdf p(r|H, X) factorizes into a data
part and a pilot part as
"
#
MR
Y
Y

p rj [k] H[k], X[ℓk ]
p(r|H, X) =
j=1

×

"

k6∈P

MT Y
U Y
Y

p rj [k]

u=1 i=1 k∈P (u)
i

#


(u)
hi [k]

,

(15)


with rj [k] , [r[k]]j , H[k] , H(1) [k] · · · H(U) [k] , and
X[l] , (x(1) [l] · · · x(U) [l]). The conditional pdfs in (15) can
be determined from (6) and (7), respectively:
!
MT
U X
X
(u)
(u)
2
hj,i [k]xi [ℓk ], σw ,
rj [k] H[k], X[ℓk ] ∼ CN
u=1 i=1

k 6∈ P,

rj [k]

(u)
hi [k]

∼ CN

(u)
phj,i [k],


2
,
σw

k∈

(u)
Pi .

These expressions are the basis for the refined factor graph
representation shown in Blowup C in Fig. 3.
2) Perfect CSI: For comparison purposes, it will be useful
to consider a genie system with perfect CSI at the receiver, i.e.,
the receiver knows all channel matrices H(u) [k] exactly. Since
in this case pilot symbols are not needed, we set Kp = 0,
which implies that K = Lx . The factorization of the joint
pdf p(r, H, X, c|b) and the associated factor graph for this
case are a simple modification of our previous results; they
are obtained by replacing the Gaussian channel distribution in
(14) by a point mass at the true channel vector.
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Blowup B: Prior Channel Distribution
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Blowup C: Channel Transfer Distribution
Fig. 3. Forney-style factor graph for a pilot-aided MIMO-OFDM-IDMA system with a rate-1/2 convolutional code (represented by the state-transition nodes
labeled T ), a rate-1/2 repetition code, 4-QAM modulation, and MT = MR = 2.

B. Messages
We will next calculate the messages to be propagated along
the edges of our factor graph according to the update rules
of the sum-product algorithm [18], [19]. Message updates are
performed at all nodes with one message per incident edge
(variable). These messages are passed in both directions along
the directed edges representing the corresponding variable,
with forward messages (in the direction of the edge) denoted
→
by µ(·) and backward messages (in the opposite direction of
←
the edge) denoted by
µ(·). For example, in Blowup A in Fig. 3,

→
(u)
the message µ c1 is passed from the interleaver node “π (u) ”

(u)

to a modulator node “χ” along the edge labeled “c1 ”. The
following discussion constantly refers
 to Fig. 3.
We start with the code constraint I c(u) = C (u) (b(u) ) . The
sum-product updates for the associated part of the factor graph
←
(u)
process the incoming messages µ(cq ) provided by the modulator nodes χ (see below). For decoding, it is advantageous
to convert these messages into (a priori) LLRs according to

←
(u)
←
µ cq = 1
ξq(u) = log ← (u)
.
µ cq = 0
After de-interleaving, as a result of the sum-product algorithm,
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the repetition code is decoded by summing up the corresponding LLRs at each repetition node (labeled “=” in Blowup A).
This yields the soft inputs for the BCJR decoding algorithm,
which soft-decodes the convolutional code using its trellis
structure [18], [43]. The BCJR algorithm, which is again an
(u)
instance of the sum-product algorithm, produces LLRs β̃m for
the information bits and LLRs for the convolutionally encoded
(u)
bits. The LLRs β̃m approximate the true posterior LLRs
(u)
βm in (9) and can be used to obtain tentative bit decisions
according to the MAP detection rule (8). The LLRs for the
convolutionally encoded bits are passed to the repetition nodes,
which compute the sum of all incoming LLRs except the one
for which the outgoing LLR is computed. The result of this
sum is an “extrinsic” LLR. The extrinsic LLRs
are interleaved
→
(the interleaved LLRs will be denoted by ξq(u) ) and converted
to belief messages according to [19], [20]
→
(u) 

exp ξq(u) cq
→
(u)
c(u)
=
µ cq
→
q ∈ {0, 1} .
,
1 + exp ξ(u)
q

These messages arepassed on to the modulator nodes χ. The
→
(u)
messages µ xi [l] passed from the modulator nodes χ to
the channel transfer node p(r|H, X) are obtained from the
→
messages µ cλ(l,i)+ζ , ζ ∈ {1, . . . , B}, as (cf. (2))
X
 (u)
→
(u) 
(u) 
I xi [l] = χ ci [l]
µ xi [l] =
(u)

ci

[l]∈{0,1}B

×

B
Y

→
(u)
µ cλ(l,i)+ζ

ζ=1
(u) 
(16)
= µ̄ χ−1 xi [l] ,

QB → (u)
(u) 
where µ̄ ci [l] , ζ=1 µ cλ(l,i)+ζ . The modulator nodes
furthermore perform soft demodulation, which corresponds to
the backward messages
X ← (u) 

←
(u)
µ cλ(l,i)+ζ =
µ xi [l] (u)
(u)
xi

(u)

∼cλ(l,i)+ζ

×

[l]=χ(ci

[l])

Y → (u)

µ cλ(l,i)+ζ ′ . (17)

ζ ′6=ζ


←
(u)
Expression (17) involves the messages µ xi [ℓk ] , k 6∈
P, which are passed from the channel transfer nodes
p(r[k]|H[k], X[ℓk ]) to the modulator nodes χ. These messages
are given by
X Z

←
→
(u)
µ xi [ℓk ] =
p(r[k]|H[k], X[ℓk ]) µ(H[k])
(u)

∼xi

[ℓk ]

→

×

µ(X[ℓk ])

→

(u)

µ xi [ℓk ]

 dH[k] ,

k 6∈ P. (18)


Q
→
→
→
(u)
In this expression, µ(H[k]) = j,i,u µ hj,i [k] and µ(X[l])
Q → (u) 
= i,u µ xi [l] denote the messages sent from the channel

state nodes p H(u) and the (de)modulator nodes χ, respectively, to the channel transfer nodes p(r[k]|H[k], X[ℓk ]) (see
Section IV); furthermore, the summation is with respect to all
(u)
elements of X[ℓk ] except xi [ℓk ]. For the case of perfect CSI

→

at the receiver, µ(H[k]) is a point mass at the true value of
the channel and hence (18) simplifies to
←

µ


(u)
xi [ℓk ]

=

X
(u)

∼xi

[ℓk ]

→

µ(X[ℓk ])
p(r[k]|H[k], X[ℓk ]) → (u)
,
µ xi [ℓk ]

k ∈ {0, . . . , K −1} . (19)

Inserting (16) into (18) and, in turn, inserting the result
into (17) yields a message update that takes the code bit
→
→
(u) 
beliefs µ cq
(equivalently, the extrinsic LLRs ξ(u)
=
q
→

µ (cq(u) =1)

log →

) from the channel decoder and yields improved
←
(u) 
code bit beliefs µ cq
(equivalently, improved extrinsic
(u)

µ (cq =0)
←

LLRs ξ(u)
q ). Hence, these message updates taken together
can be thought of as a soft-input/soft-output MIMO multiuser
detector. Since (16) and (17) involve only one antenna of one
user, the overall complexity of the MIMO multiuser detector
is dominated by (18). In particular, the sum in (18) involves
←
(u)
|S|MT U−1 terms, so the complexity of calculating µ xi [l]
is exponential in the number of transmit antennas MT and in
the number of users U . For example, |S|MT U−1 ≈ 2.7 ·108 for
the case of four users, two transmit antennas, and 16-QAM.
We note that it is possible to further expand the messages (18)
and (19) by using the refined factor graph shown in the left
part of Blowup C in Fig. 3. We do not specify these expanded
messages since, due to their exponential complexity, we will
instead use computationally less expensive approximate messages (to be developed in Section IV).
The channel transfer node p(r[k]|H[k], X[ℓk ]) furthermore
computes beliefs about the channel coefficients for all data
subcarriers:

→
Z
X

µ H[k]
←
(u)
µ hj,i [k] =
p(r[k]|H[k], X[ℓk ]) → (u) 
µ hj,i [k]
X[ℓk ]∈S MT U

→
(u)
(u)
× µ X[ℓk ] d ∼ hj,i [k] , k 6∈ Pi . (20)

R
(u)
Here, . . . d ∼ hj,i [k] denotes integration with respect to all
(u)
elements of H[k] except hj,i [k]. For the pilot subcarriers k ∈
(u)
Pi , the messages for the channel states are given by the
Gaussian distribution
(u)
r [k] 2 !
hj,i [k] − jp

←
(u)
(u)
µ hj,i [k] ∝ exp −
, k ∈ Pi . (21)
σ2
w

|p|2

It remains to specify the messages from the channel state
nodes to the channel transfer nodes for all data subcarriers.
These messages can be obtained from Blowup B as
Z
Y ← (u) 

→
(u) 
(u)
(u)
µ hj,i [k] = δ hj,i − Fh̃j,i
µ hj,i [k ′ ]
×

LY
ch −1

k′ 6=k


(u)
(u)
µ h̃j,i [ν] d ∼ hj,i [k] , k 6∈ P . (22)

→

ν=0


→
(u)
The messages µ hj,i [ν] involved in this expression will be
discussed in Section IV-A2.
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IV. L OW-C OMPLEXITY R ECEIVER
In general, the message updates (18), (20), and (22) are
too computationally complex for practical implementations.
Therefore, we next discuss two modifications of our iterative
receiver that yield a significant reduction of computational
complexity. First, we use Gaussian approximations for the
symbol and channel messages, so that closed-form integration
can be used to simplify the message updates. For Gaussian messages, it suffices to update and pass the mean and
(co)variance [19]; the corresponding (forward and backward)
→
←
→
←
messages will be denoted by m(·), m(·), σ(·), and σ(·).
The complexity of the multiuser detector resulting from the
Gaussian approximations is only linear in the number of users,
instead of exponential. The second modification we propose
achieves an additional complexity reduction by updating only
a subset of the messages; this subset is selected dynamically
during each iteration.
To justify the approach taken in this section, we note that
joint channel estimation and decoding is still far from being
fully understood. Several approaches have been proposed in
the literature based on expectation-maximization [26], variational message passing [29], and Gaussian approximations
[24], [27]. However, the overall receiver performance depends
also on the interplay with the equalizer employed and on the
quality of the initial channel estimates. Hence, currently no
general statement as to which scheme is preferable can be
made. Therefore, we stick to standard sum-product updates
with Gaussian approximations. Integrating channel estimation
into the message passing receiver creates numerous additional
cycles in the factor graph. In our framework, this problem is
mitigated by scheduling the updates of the channel messages at
later iterations and by performing selective message updates.





→
(u)
(u)
(u)
(u)
(u)
µ xi [ℓk ] ∝ G xi [ℓk ] m hi [k] − mi [k] , Ci [k] .

←

(23)

(i′,u′ )6=(i,u)


2→
(u)
(u)
(u)
e (u) [k] + σ 2 I ,
Ci [k] = xi [ℓk ] C hi [k] + C
w
i

where

e (u) [k] =
C
i

h→
 → (u′ )  →

(u′ )
(u′ )
σ xi′ [ℓk ] m hi′ [k] mH hi′ [k]

X

(i′,u′ )6=(i,u)

+



→

(u′ )

m xi′ [ℓk ]

1) Channel
transfer node: To simplify the calculation of
(u) 
µ xi [l] in (18) (alternatively, in (19)), we approximate the
→
(u) 
beliefs µ xi [l] in (16) by Gaussian distributions with the
same means and variances as those of the true beliefs. Using
(16), these means and variances are obtained as
X (u)
→
(u) 
(u) 
m xi [l] =
xi [l] µ̄ χ−1 xi [l] ,

←

(u)

→

σ

(u)
xi [l]



xi

=

(u)

xi

[l]∈S

X

[l]∈S

(u)

→

(u)

xi [l] − m xi [l]



2

(u) 
µ̄ χ−1 xi [l] .


→
(u)
Furthermore, we also approximate the beliefs µ hj,i [k] by


→
→
(u)
(u)
Gaussians with means m hj,i [k] and variances σ hj,i [k] ,
which will be determined at the end of this subsection. For
→
→
(u)
(u)
what follows, we define m hi [k] , m h1,i [k] · · ·
→




→
→
T
(u)
(u)
(u)
,
diag σ h1,i [k] , . . . ,
m hMR ,i [k] , C hi [k]

→
(u)
σ hMR ,i [k] , and G(x, C) , exp(−xH C−1 x). Using the
→
(u) 
Gaussian approximations for the forward messages µ xi [l]


Q
→
→
(u)
(u)
MR
and µ hi [k] =
j=1 µ hj,i [k] , the corresponding
Gaussian  approximations for the backward messages
←
(u)
µ xi [l] can be evaluated for k 6∈ P as [19]



2

 → (u′ ) i
→
(u′ )
+ σ xi′ [ℓk ] C hi′ [k] .

The overall
complexity of (approximately) calculating
←
(u) 
µ xi [l] can be shown to scale linearly with the number of
users U and cubically with the number of transmit antennas
MT . We note
message

 that for the case of perfect CSI,→the (u)
←
(u)
µ xi [ℓk ] is obtained according to (23) with m hi [k] =
→

(u)
(u)
hi [k] and C hi [k] = 0.

←
(u)
In a similar manner, the messages µ hi [k] in (20) can
be approximated as


←
(u)
(u)
(u)
µ hi [k] ∝ G hi [k] − m hi [k] ,

←

with mean and covariance
A. Gaussian Approximations

(u)

(u)

Here, the mean vector mi [k] and covariance matrix Ci [k]
are given by
X → (u′ )
 → (u′ ) 
(u)
m xi′ [ℓk ] m hi′ [k] ,
mi [k] = r[k] −


←
(u)
m hi [k] =

←
 !
(u)
C hi [k]
(u)
 2 , k 6∈ Pi , (24)
→
(u)
m xi [ℓk ]

(u)

mi [k]
(u)
m(xi [ℓk ])
→

←

(u)
2
e (u) [k] + σw
I.
, C hi [k] = C
i

2) Channel state node: We next consider the (ap→
(u)
=
proximate) calculation of the messages µ hj,i
QK−1 → (u) 
k=0 µ hj,i [k] . Using the Gaussianity of the messages in
(21) and the
(24) for the messages
 Gaussian approximation
QK−1 ← (u) 
←
←
(u) 
(u)
µ hi [k] , it follows that µ hj,i = k=0 µ hj,i [k] is
←
(u) 
Gaussian with mean vector m hj,i and diagonal covariance
←
(u) 
matrix C hj,i given by

(u)
[r[k]] /p ,
k ∈ Pi
 ← (u) 
j
m hj,i k =  ← (u) 
 m h [k] , k 6∈ P (u) ,
i
i
j

(u)
2
σw
/|p|2 ,
k ∈ Pi
 ← (u) 
C hj,i k,k =  ← (u) 
(u)
 C h [k]
, k 6∈ Pi .
i
j,j
(u)

(u)

Due to the Fourier transform relation h̃j,i = FH hj,i
←
←
←
(u) 
(u) 
(u) 
(cf. (5)), we have m h̃j,i = FH m hj,i and C h̃j,i =
←
(u) 
FH C hj,i F. Multiplying in the Gaussian prior CN (0, Ch̃ )
results in the forward messages
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→

(u) 
h̃j,i

→

(u) 
h̃j,i C−1
←

(u)  ←
h̃j,i m

(u) 
h̃j,i ,

←

= C
←
−1
→
(u) 
(u) 
−1
C h̃j,i = C−1 h̃j,i + Ch̃
.

m

soft
decoder

Again invoking the Fourier transform relation (5) yields the
subcarrier-domain forward messages
→
→
→
→
(u) 
(u) 
(u) 
(u) 
m hj,i = F m h̃j,i , C hj,i = F C h̃j,i FH .



 → (u) 
→
→
(u)
(u)
The elements m hj,i [k] = m hj,i k and σ hj,i [k] =
→

(u) 
C hj,i k,k were considered at the beginning of this subsection.
During the initial iterations of the sum-product
 ← (u) algorithm,
we observed the channel “estimates” m hj,i k in the
backward direction to be unreliable at non-pilot subcarriers
(u)
(i.e., for k 6∈ Pi , the associated variances were very large).
Therefore, during a certain number of initial iterations, we set
 ← (u) 
 ← (u) 
(u)
m hj,i k = 0 and C hj,i k,k = 0 for k 6∈ Pi .
B. Selective Message Update

←
(u) 
The calculation (update) of the messages µ cq
can be
very costly, even when the Gaussian approximations developed
in the previous subsection are used. We therefore propose a
scheme that achieves a reduction of the number of updates
by calculating updated beliefs only for code bits with poor
(u)
reliability. The reliability of a code bit cq is measured by its
posterior LLR, which is given by [18]–[20]
→

←

ξq(u) = ξq(u) + ξq(u) .
(u)

(25)
(u)

If ξq exceeds a prescribed threshold, the soft estimate ξq
(u)
of the code bit cq is qualified
as reliable and the corre←
(u) 
sponding message µ cq
is no longer updated, i.e., the
value from the previous iteration is reused (note that the LLR
threshold may change during the iterations). In the course
of the iterations of the sum-product algorithm, the code bit
reliabilities improve and hence fewer and fewer message
updates have to be performed. This selective message update
can be viewed as an adaptive message-update schedule [17]
of the sum-product algorithm that dynamically adapts to the
current bit reliabilities (i.e., which code bit LLRs are updated
when and how often depends on the specific channel and noise
realization).
The choice of the threshold affects both the number of
message updates that have to be carried out—this number
decreases with decreasing threshold—and the performance of
the sum-product algorithm (convergence behavior and final
BER). Since the LLRs generally increase with the SNR, the
threshold has to be adapted to the SNR. The impact of the LLR
threshold on the performance and complexity of the receiver
will be studied experimentally in Section VI. Our experimental
results indicate that the proposed selective message update
scheme incurs only a small performance loss or, in some cases,
even improves the performance (i.e., decreases the BER).
These observations support the use of (25) as a reliability
measure.

..
.

π

−(1)

ξ (1)
q

!
"
µ H(1)

←

→

π (1)

ξ (1)
q

!
"
µ H(1)

→

..
.
←

soft
decoder

π −(U )

)
ξ (U
q

..
.

soft
multiuser
detector
!
"
µ H(U )

←

→

π (U )

channel
estimation

)
ξ (U
q

!
"
µ H(U )

→

channel
estimation

r

..
.

OFDM
receiver

Fig. 4. Overall structure of the proposed MIMO-OFDM-IDMA receiver
performing joint detection and channel estimation (cf. the part of Fig. 3
labeled “High-Level Factor Graph”). The de-interleaver of user u is denoted
by π −(u) .

The number of messages updated per iteration depends on
the LLR threshold and on system parameters like SNR, number of users, number of antennas, and symbol constellation.
For practical implementations in hardware, it is sometimes
desirable to prescribe the complexity per iteration. This can
be easily achieved by updating only a fixed number L0 ≤ U L
←
(u)
of messages µ cq , namely those that correspond to the
(u)
L0 posterior LLRs ξq with smallest magnitude. Such an
approach can be viewed as a selective message update scheme
in which the LLR threshold is chosen such that L0 posterior
LLR magnitudes lie below the threshold. A smaller receiver
complexity is obtained by choosing a smaller value of L0 .
Thus, the complexity of this method is controlled by choosing
L0 or, equivalently, the fraction α = L0 /(U L) of code bit
message updates. The chosen L0 may vary in the course of the
iterations; this is useful since typically the number of posterior
LLRs with small magnitude decreases with increasing number
of iterations. Since the complexity per iteration and the total
complexity of this scheme can be fixed in advance, we
refer to this variant of selective message updating as “fixedcomplexity” scheme.
C. Overall Receiver Structure
The message-passing algorithm developed above can be
interpreted as an iterative turbo receiver structure as shown
in Fig. 4. The “OFDM receiver” stage removes the cyclic
prefix and calculates the frequency-domain sequence r by
means of a DFT. The box labeled “soft multiuser detector”
represents a soft-input/soft-output MIMO multiuser detector,
which exchanges
messages with the U nodes of the code

constraints I c(u) = C (u) (b(u) ) (located in Blowup A in
Fig. 3). The U parallel single-user “soft decoders” shown in
Fig. 4 correspond to the code constraint nodes of Fig. 3. The
soft multiuser detector also exchanges messages with the box
denoted “channel estimation.”
More specifically, the multiuser detector takes the extrinsic
→
produced by the channel decoders as
code bit LLRs ξ(u)
q
←

input and passes refined code bit LLRs ξ(u)
back to the
q
channel decoders. The proposed receiver uses parallel message
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V. ACHIEVABLE R ATES

OF

IDMA

In Section VI, we will illustrate the BER performance of
the proposed low-complexity MIMO-OFDM-IDMA receiver
derived in Section IV (without selective message update).
These BER results depend on the specific channel code used.
Therefore, in this section, we consider the information rates
achievable with our scheme (excluding the channel code) as
an alternative, code-independent performance metric. More
specifically, we compare the achievable rate of the IDMA
receiver with the information-theoretic capacity of the underlying multiple-access channel (MAC). We restrict our discussion
to the case of perfect receive CSI and no transmit CSI.
The (ergodic) sum-rate of the MAC (6) is given by (cf. [44])
Rs =

U
X

Ru = I(X; r) ,

u=1

where Ru denotes the individual rate of the uth user and
I(X; r) is the mutual information given by


2UMT B p(r|H, X)
I(X; r) = E log2 P
.
(26)
′
X′ p(r|H, X )

Here, p(r|H, X) is the channel transfer pdf specified in (15)
and the expectation is with respect to r, H, and X. We assume
a symmetric MAC with identical user rates Ru = Rs /U .
We first consider a single-antenna OFDM-IDMA system
(i.e., MT = MR = 1) with U = 4 users and BPSK modulation.
For this setup, Fig. 5 shows (i) the normalized informationtheoretic sum rate Ru = I(X; r)/U versus the SNR (defined
(u)
as the mean symbol energy E{|xi [l]|2 } divided by the noise
2
variance σw ) and (ii) the SNR thresholds (defined below) of
the low-complexity IDMA receiver of Section IV for code
rates R of 0.1, 0.125, and 0.2 bits per channel use (bpcu).
In order to determine the ergodic sum-rate of the MAC, we
estimated I(X; r) in (26) by means of Monte Carlo simulation. For the rate achievable with the low-complexity IDMA
receiver, a closed-form expression is not available. Therefore,
to obtain estimates of that rate, we performed BER simulations
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Fig. 5. Achievable rates for a single-antenna MAC with four users and BPSK
modulation: information-theoretic normalized (per user) sum-rate (‘×’) and
three operating points of an LDPC-coded IDMA system (‘◦’).
0.6

normalized rate [bpcu]

scheduling [17], i.e., the extrinsic LLRs ξq(u) for all users at the
input of the multiuser detector are simultaneously updated by
the channel decoders, and then used by the multiuser detector
to calculate refined messages for all users concurrently. We
note that the multiuser detector corresponds to the sumproduct algorithm operating on the factor graph in Blowup C
augmented by the modulation nodes in Blowup A (see Fig. 3).
→
In a similar manner, the messages µ(H(u) ) obtained from the
multiuser detector are used by the channel estimation block to
←
calculate refined estimates µ(H(u) ) of the channel coefficients,
which are used in the next iteration. The channel estimation
block corresponds to the sum-product algorithm operating on
the factor graph in Blowup B.
When the message-passing algorithm is terminated after a
predefined number of iterations, the signs of the posterior
(u)
LLRs β̃m of the information bits calculated by the BCJR
channel decoder provide the final bit decisions approximating
(8).
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Fig. 6. Achievable rates for a 2×2 MIMO-MAC with two users and BPSK
modulation: information-theoretic normalized (per user) sum-rate (‘×’) and
three operating points of an LDPC-coded MIMO-IDMA system (‘◦’).

using LDPC codes2 [45] instead of the concatenation of
convolutional and repetition codes described in Section II.
Because of the strong performance of LDPC codes, the BER
waterfall region of the IDMA receiver is close to the SNR
threshold of the IDMA system at the rate corresponding to
the LDPC code. The SNR thresholds above which the BER is
below 10−4 are shown as operating points in Fig. 5. It can be
seen that for code rates of R = 0.1 bpcu and R = 0.125 bpcu,
the proposed low-complexity IDMA system performs about
2 dB away from the information-theoretic limit. For a code rate
of R = 0.2 bpcu, we observe a much larger gap of about 6 dB.
This gap can be attributed to the fact that at higher SNR/higher
rate, there is a mismatch between the AWGN channel assumed
for the LDPC code design and the multi-access interference
in the IDMA system.
Fig. 6 shows results for a 2 × 2 MIMO-OFDM-IDMA
system with two users and BPSK modulation. The code rate
R for the LDPC-coded BER simulations was chosen as 0.125,
0.2, and 0.25 bpcu. It is seen that for all three rates, the SNR
thresholds above which the BER is below 10−4 lie within 2 dB
of the information-theoretic limit.
VI. S IMULATION R ESULTS
In this section, we present simulation results for the proposed MIMO-OFDM-IDMA receivers. We will first consider
2 The LDPC code was designed using the EPFL web-tool
http://lthcwww.epfl.ch/research/ldpcopt.
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A. Receivers with Perfect CSI
We first consider various versions of the genie-aided receiver with perfect CSI. We simulated a 2×2 MIMO-OFDMIDMA system with U = 2 users, a packet size of L = 2048
code bits (i.e., J = RL = 512 information bits), and 16-QAM
modulation. For both users, the matrix impulse response of the
frequency-selective MIMO channel comprises Lch = 40 i.i.d.
taps, each with i.i.d. standard normal matrix elements. Unless
stated otherwise, we consider the low-complexity receiver
based on Gaussian approximations.
1) No selective message updates: Fig. 7 shows the BER
versus the SNR3 Eb /N0 after ten message-passing iterations
(due to symmetry, both users have the same BER). For
comparison, we also show two single-user bounds, i.e., the
BER achieved for the case of only one user without and
with the Gaussian approximation. It is seen that these singleuser bounds are very close to each other, thereby justifying
the Gaussian approximation. We furthermore observe that for
an SNR of Eb /N0 > 10 dB, the two-user system performs
close to the single-user bounds. This shows that multi-access
interference is almost completely suppressed by our lowcomplexity receiver.
2) Selective message updates: Next, we use the selective
message update scheme of Subsection IV-B in our lowcomplexity receiver. We first present simulation results justifying the selective message update scheme. To this end, we de(u)
(u)
termined detected code bits ĉq = U ξq
based on the sign

3 The SNR E /N involves the energy per bit E , i.e., the total transmit
0
b
b
energy for data and pilots normalized by the number of information bits,
 (u) 2
which is given by Eb = K E xi [l] /J.
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Fig. 7. BER versus SNR Eb /N0 achieved by the proposed low-complexity
MIMO-OFDM-IDMA receiver with perfect CSI (MT = MR = 2, U = 2,
16-QAM). Single-user bounds are shown as performance benchmarks.
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receivers with perfect CSI and justify the selective message
update scheme. Then, we will study pilot-aided receivers
performing joint multiuser data detection and channel estimation. In all simulations, static frequency-selective channels
are considered; furthermore, the channel code is a serial
concatenation of a terminated convolutional code with rate
R1 = 1/2 and code polynomial [23 35]8 and a repetition code
with rate R2 = 1/U . The overall code rate of each user thus
equals R = 1/(2U ). The interleavers were generated randomly
for each user. All receivers performed ten message-passing
iterations unless stated otherwise.
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Fig. 9. BER versus average number of message updates per code bit for different selective message update schemes and for the receiver without selective
message updates (MT = MR = 2, U = 2, 16-QAM, Eb /N0 = 11 dB).
(u)

of the associated posterior LLR ξq (see (25)). We are specifically interested in the code bit error probability conditioned
(u)
(u)
(u)
on the posterior LLR, i.e., P (ξ) , P ĉq 6= cq ξq = ξ .
We approximated this probability by empirical estimates of
the conditional error probability given that the posterior LLR
lies in a small
interval about a prescribed posterior LLR ξ, i.e.,
 (u)
(u)
(u)
P (ξ) ≈ P ĉq 6= cq |ξq − ξ| ≤ 0.05 . Fig. 8 shows the
results for MT = MR = 2, U = 2, and 16-QAM, after three
iterations and after five iterations. It can be seen that posterior
LLRs with large magnitude indeed lead to a low conditional
error probability. This experimentalresult justifies the idea
←
(u)
(u)
of not updating the message µ cq
when ξq
exceeds a
certain threshold.
In Fig. 9, we study the BER-versus-complexity performance
of the low-complexity receiver, both with and without selective
message updates, at an SNR of Eb /N0 = 11 dB. The complexity measure considered is the average number of message
updates per code bit, i.e., the total number of updates of the
←
(u)
messages µ cq
normalized by the codeword length L and
the number of users U (without selective updates, this is equivalent to the number of iterations). We compare three selective
update schemes with different choices of the LLR threshold.
Schemes A and C use a constant LLR threshold of 30 and
5, respectively. Hence, scheme C performs fewer updates than
scheme A. Scheme B uses an LLR threshold that increases
linearly from 5 (first iteration) to 30 (tenth iteration); this is
motivated by the fact that the LLR magnitude tends to increase
in the course of the iterations. From Fig. 9, we can draw the
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Fig. 10.
BER versus average number of message updates per code bit
for different fixed-complexity selective message update schemes and for the
receiver without selective message updates (MT = MR = 2, U = 2, 16QAM, Eb /N0 = 11 dB).

general conclusion that the selective message update strategy
offers a very favorable performance-complexity tradeoff. The
receiver without selective message updates is seen to have
the slowest BER decrease for a growing number of updates;
after seven iterations (equivalently, seven message updates per
code bit), it saturates at a BER close to 10−5 . Scheme C
exhibits the quickest BER decrease and saturates at a BER
slightly above 10−4 and a complexity of about 2.2 updates
per code bit; no more updates are performed after that point.
The last iterations reduce the BER only slightly but at the same
time require only very few updates since most posterior LLR
magnitudes are already larger than 5. The behavior of scheme
A initially equals that observed without selective updates.
Eventually, however, LLR thresholding sets in and the further
BER decrease (down to slightly above 10−5 ) is achieved with
significantly less complexity than without selective updates.
The results of scheme B are intermediate between those of
schemes A and C, with a quick initial BER decrease and
saturation at a reasonably low BER. To achieve a target BER of
10−4 (or better), the method without selective updates requires
six message updates per code bit whereas scheme B requires
(on average) only three updates per code bit, corresponding
to computational savings of about 50%. Furthermore, after
(on average) three message updates per code bit, the BER
of scheme B is almost three orders of magnitude lower than
that of the receiver without selective updates.
3) Fixed-complexity message updates: We next consider
three selective message update schemes with fixed complexity,
i.e., performing a prescribed number of updates per iteration.
These schemes, which are denoted A′ , B′ , and C′ , all update
a fraction α of messages that decreases in the course of the
iterations; in each iteration, we have αA′ ≥ αB′ ≥ αC′ . Fig. 10
shows the BER versus complexity (average number of updates
per code bit) for the three schemes and for the receiver without
selective updates, again at an SNR of Eb /N0 = 11 dB. The
conclusions are essentially the same as before. Scheme C′ is
computationally the most efficient among the three schemes
but saturates at a BER of about 3 ·10−4 . For a target BER close
to 10−5 , scheme B′ leads to computational savings of almost
60% relative to the receiver without selective updates. Scheme
A′ is again more complex than scheme B′ ; interestingly, it has
also a higher saturation BER.

In Fig. 11, we consider a near-far scenario in which the
receive SNR of the first user is 3 dB higher than that of the
second user. We compare three different update schemes Ã,
B̃, and C̃, all of which use the same total number of message
updates per iteration, which decreases in the course of the
iterations. With scheme Ã, the number of updates per iteration
is evenly split among the two users; scheme B̃ assigns more
updates to user #1; and scheme C̃ assigns more updates to user
#2. Fig. 11 shows the BER-versus-complexity curves for the
three schemes and for the receiver without selective updates.
It is seen that the BER of user #1 is lower than that of user
#2 by up to almost two orders of magnitude. However, for
both users, the BER performance after ten iterations is best
with scheme C̃ and worst with scheme B̃ (scheme Ã performs
in between). This is intuitive because the limited number of
updates are better spent on the code bit LLRs of user #2,
which are generally smaller than those of user #1 due to the
lower receive SNR of user #2.
B. Receivers Performing Joint Channel Estimation and Data
Detection
Next, we present results for the case where the channel
needs to be estimated using pilots. Throughout this section,
we consider (i) the proposed receiver performing joint data
detection and pilot-aided channel estimation (with or without selective updates); (ii) a conventional receiver that first
estimates the channel coefficients by means of a pilot-aided
MMSE estimator and then uses the channel estimates for
iterative data detection; and (iii) the genie-aided receiver with
←
perfect CSI. In the proposed receiver, the messages µ(H(u) )
→
were used for refining the channel estimate messages µ(H(u) )
only after the second iteration unless indicated otherwise.
1) Single-antenna system: We first consider the single-input
single-output (SISO) case, i.e., MT = MR = 1. We simulated a
pilot-aided SISO-OFDM-IDMA system with U = 4 users, each
transmitting Lx = 2048 BPSK symbols, corresponding to J =
256 information bits. We used K = 2276 OFDM subcarriers so
that each user transmits Kp = (K − Lx)/U = 57 pilot symbols,
with a distance of ∆ = ⌊ KpK−1 ⌋ = 40 subcarriers between pilot
blocks. The channel comprised Lch = 40 i.i.d. standard normal
taps (i.e., uniform delay power profile).
Fig. 12 shows the average BER versus the SNR Eb /N0 for
the proposed receiver, the conventional receiver, and the genieaided receiver. In all cases, ten iterations were performed. It
is seen that at SNRs larger than 10 dB, the proposed receiver
performs virtually as well as the genie-aided receiver and
about 5 dB better than the conventional receiver. For the
proposed receiver and the conventional receiver, at an SNR
of Eb /N0 = 13 dB, Fig. 13 shows the mean square error
(MSE) of the channel estimate and the BER versus the number
of iterations. (For the
proposed receiver, the channel estimate
→
(u) 
is given by m hj,i .) It is seen that the channel estimation
MSE of the proposed receiver decreases significantly after two
iterations and saturates after about seven iterations, resulting
in an MSE reduction of more than 6 dB compared to the
conventional receiver. Correspondingly, after seven iterations,
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Fig. 11. BER versus average number of message updates for (a) user #1 and (b) user #2, obtained by receivers using different selective message update
schemes and by the receiver without selective message updates (MT = MR = 2, U = 2, 16-QAM, Eb /N0 = 11 dB). The receive SNR of user #1 is 3 dB
higher than that of user #2.

the BER of the proposed receiver is about three orders of
magnitude smaller than that of the conventional receiver.
Next, we show results for a SISO-OFDM-IDMA system
with U = 2 users and 16-QAM modulation. The number of
information bits was J = 2048, corresponding to L = 8192
code bits and Lx = 2048 16-QAM symbols. The number of
subcarriers was K = 2156, which left Kp = 54 pilot subcarriers
for each user with a pilot distance of ∆ = 40 subcarriers. The
channel had Lch = 20 i.i.d. standard normal taps. The receiver
←
performed 15 iterations, and the messages µ(H(u) ) were used
→
for refining the channel estimate messages µ(H(u) ) after the
eighth iteration (empirically found to yield good performance).
We consider three different fixed-complexity selective update
schemes denoted Ā, B̄, and C̄. In these schemes, the number of
message updates decreases in the course of the iterations, with
scheme Ā having the least aggressive decrease and scheme
C̄ having the most aggressive decrease, i.e., αĀ ≥ αB̄ ≥ αC̄
in each iteration. Fig. 14 shows the average BER versus
the SNR Eb /N0 for the proposed receiver (without selective
updates and with selective updates according to scheme B̄),
the conventional receiver, and the genie-aided receiver. It is
seen that for a sufficiently high SNR, both versions of the
proposed receiver outperform the conventional receiver by
several dB, and they come close to the genie-aided receiver for
Eb /N0 higher than about 26 dB. Interestingly, the receiver with
selective message updates performs better than the receiver

10

0

–2

BER

10

–4

10

–6

10

–

10

0

conventional RX
proposed RX
RX with perfect CSI
2

4

6

8
1
E b /N0 [dB]

12

14

16

18

Fig. 12. BER versus SNR Eb /N0 for different iterative receivers, for a SISO
system with U = 4 users and BPSK modulation.

with full message updates in spite of its significantly lower
complexity (i.e., on average only 5.2 instead of 15 updates
per code bit).
This behavior is further illustrated by Fig. 15, which shows
the average BER versus the complexity (average number of
message updates per code bit) for receivers employing the
fixed-complexity selective update schemes Ā, B̄, and C̄ and
for the receiver without selective updates, at an SNR of
25.5 dB. Surprisingly, schemes Ā and B̄ exhibit a simultaneous
performance improvement and complexity reduction: more
specifically, after 15 iterations, their BER is one order of
magnitude lower than that of the receiver without selective
updates even though their complexity is smaller by roughly
50% and 70%, respectively. An increased BER is observed
only if the complexity reduction is too strong: scheme C̄
terminates at about twice the BER and 20% of the complexity
of the receiver with full message updates. We conjecture that
with fewer updates, the many cycles of the underlying factor
graph have a smaller influence on the approximation accuracy
of the sum-product algorithm, and that this effect explains the
BER reduction achieved by schemes Ā and B̄.
2) Multiple-antenna system: Finally, we consider a 2 × 2
MIMO-OFDM-IDMA system with U = 4 users and BPSK
modulation. The number of information bits per user was
J = 512 (corresponding to L = 2Lx = 4096 code bits or
BPSK symbols). We used K = 2800 OFDM subcarriers of
which 752 were pilot subcarriers (i.e., Kp = 94 pilots per user
and transmit antenna), with a pilot block spacing of ∆ = 30
subcarriers. The matrix impulse response of the channel had
Lch = 30 i.i.d. taps with i.i.d. standard normal elements. Fig. 16
compares the BER performance of the proposed receiver
(without selective message update) with that of a conventional
receiver (performing explicit channel estimation followed by
iterative data detection) and that of a genie-aided receiver with
perfect CSI. All three receivers performed ten iterations. It is
seen that at SNRs above 12 dB, our receiver performs within
1 dB of the genie-aided receiver and gains about 5 dB over the
conventional receiver.
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Fig. 13. (a) Channel estimation MSE and (b) BER versus the number of iterations for the proposed receiver and the conventional receiver (MT = MR = 1,
U = 4, BPSK, Eb /N0 = 13 dB).

VII. C ONCLUSION
Interleave-division multiple access (IDMA) recently became a promising alternative to code-division multiple access (CDMA) because of its potentially better performance
and lower complexity. In this paper, we have used a factor
graph/message passing framework and the sum-product algorithm to systematically devise an iterative receiver for IDMA
in the context of multiple-input multiple-output orthogonal
frequency division multiplexing (MIMO-OFDM) with higherorder modulation. The proposed receiver jointly performs
pilot-aided channel estimation, multiuser detection, and channel decoding and provides a computationally feasible approx10
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imation of the MAP detector. The use of Gaussian message
approximations results in a receiver complexity that scales
only linearly with the number of users. A further significant
complexity reduction is achieved by a novel selective message
update scheme.
Simulation of the proposed MIMO-OFDM-IDMA receiver
allowed us to estimate the maximum achievable rate and
to compare it with the information-theoretic capacity of the
multiple-access channel. It was seen that for low to medium
signal-to-noise ratios, the achievable rate is close to the capacity. Furthermore, we presented simulation results assessing
the bit error rate (BER) performance of the proposed receiver
and the performance gains relative to a conventional iterative
IDMA receiver performing separate channel estimation. Our
simulations showed that the proposed turbo-like integration of
channel estimation in the iterative soft multiuser detection and
channel decoding scheme yields a dramatic improvement of
reliability. Finally, we demonstrated that the proposed selective
message update scheme offers a very favorable performancecomplexity tradeoff, in the sense that low BERs can be
obtained with a small average number of message updates
per bit.
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