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Abstract
To describe the quark-confinement in the QCD, many mechanisms have been
proposed. The two most know are the picture of the dual superconductor
and the vortex mechanism. While for the dual superconductor color-magnetic
monopoles orbit the color-magnetic flux-tube to confine the quarks, the vortex
model is connected to the central element of the gauge-group.
Motivated by the idea that the position of the color-magnetic monopoles is
dependent on the gauge, we try to find the position of the monopoles by approximating an SU (2) gauge-field with a soliton field.
Chapter 1 and 2 give a brief introduction to the basics of lattice calculations and
the QCD. Chapter 3 and 4 will introduce the model of topological fermions and
its simulation. In chapter 5 the soliton approximation algorithm is presented.
We further present an advanced version of the approximation to approximate
sub-cubes of the space-time lattice in order to search for specific structures. In
chapter 6 we discuss the properties of the soliton approximation with the usage
of different gauges and its results. We take a closer look on the link distributions, Wilson loops and Creutz ratios. The last chapter is a new idea on how
to approach the investigation of the structure of the SU (2) gauge-field.
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Chapter 1

Introduction
1.1
1.1.1

Path Integral
Path integral in quantum mechanics

In classical mechanics we can follow the path of a particle or state through the
phase space. The momentum can be determined for every position and time if
the initial state is known, since the evolution of the variables is defined through
the principle of smallest action.
In quantum mechanics we do not have the knowledge like in classical mechanics. The path is concealed and the only parameters we can determine are the
transition amplitude and the probability that an initial state |q(t)i crosses over
to an end state |q 0 (t0 )i. The notation |q(t)i respectively |q 0 (t0 )i is describing an
arbitrary amount of eigenstates of operators in the Heisenberg picture
|q(t)i = |q1 (t)q2 (t) . . . qn (t)i .

(1.1)

The evolution of a state |q(t)i with the specific time t to a different state |q 0 (t0 )i
with time t0 is given by
0

|q 0 (t0 )i = eiH(t−t ) |q(t)i .

(1.2)

We picture a single particle in one dimension. The Hamiltonian for the particle
is of the form
p2
H=
+ V (x) = T (p) + V (x).
(1.3)
2m
The transition amplitude from the state x(t) to a state x0 (t0 ) is given by
0

hx0 (t0 )| x(t)i = hx0 | e−iH(t −t) |xi .

(1.4)

The next step is to divide the interval t0 − t = T̃ in n time equidistant intervals. For this we insert n − 1 complete systems of eigenstates. The transition
amplitude then follows to
Z
0
0 0
hx (t )| x(t)i = dxn−1 . . . dx1 hx0 | e−iH(t −tn−1 ) |xn−1 i . . . hx1 | e−iH(t1 −t) |xi .
(1.5)

7

Figure 1.1: Display of the path integral method in quantum mechanics. The
integration will be calculated for every time slice ti for every possible point x(ti ).
We therefore integrate over all possible paths from x0 to xn .
Since the time intervals are equidistant in time, we can change the (ti − tj ) in
the upper equation. After changing x0 → xn and x → x0 we acquire
hx0 (t0 )| x(t)i = hxn | e−iH T̃ |x0 i =
Z
Z
= . . . dxn−1 . . . dx1 hxn | e−iH∆t |xn−1 i . . . hx1 | e−iH∆t |x0 i .
(1.6)
The transition amplitude hx0 (t0 )| x(t)i consists of n − 1 matrix elements. In
these matrix elements we integrate over all possible states xi (see figure 1.1).
The approach of the interval splitting equates to a discretization of the transition amplitude on a time lattice with the time spacing ∆t. Using the BakerCampbell-Hausdorff equation
1

eA+B = eA eB e− 2 [A,B] . . .

(1.7)

for one matrix element, we obtain
hxi+1 | e−iH∆t |xi i = hxi+1 | e−i∆t(T +V ) |xi i
1

2

= hxi+1 | e−i∆tT e−i∆tV e 2 (∆t)

[T,V ]

. . . |xi i

(1.8)
.

For small ∆t, we can neglect terms with (∆t)2 with will lead to the following
approximation
e−i∆t(T +V ) ≈ e−i∆tT e−i∆tV .
(1.9)
With this approach we neglect terms of the form
[T =

1 2
∂ , V (x)].
2m x
8

(1.10)

Therefore the approximation yields a more accurate result the smaller the commutator gets. This is the case if the exchange between kinetic and potential
energy is very small.
With the approximation (1.9) we can extract the exponential term containing
V from the matrix element (this can be done because V (x) is only dependent
on x). From equation (1.8) follows
hxi+1 | e−iH∆t |xi i ≈ hxi+1 | e−i∆tT |xi i e−i∆tV (xi ) .

(1.11)

The matrix element is calculated by applying a Fourier transformation
(
" 
#)
r
2
m
m xi+1 − xi
−iH∆t
− V (xi )
exp i∆t
. (1.12)
hxi+1 | e
|xi i ≈
2πi∆t
2
∆t
Inserting the result into equation (1.6), we obtain the transition amplitude
hx0 (t0 )| x(t)i = hxn | e−iH T̃ |x0 i =
( n−1
" 
#)
2
Z
Z
 m  n2
X
m xi+1 − xi
exp i
∆t
− V (xi )
.
= . . . dxn−1 . . . dx1
2πi∆t
2
∆t
i=0
(1.13)
For the limit case n → ∞ we identify the sum term in the exponential function
as the action S.
" 
#
#
2
Z T̃ "  2
n−1
X
m xi+1 − xi
m dx
∆t
dt
− V (i) →
− V (x) = S(x)
2
∆t
2 dt
0
i=0
{z
}
|
L(x,ẋ,t)

(1.14)
The integration over all possible x-values at the starting point will become an
integration over all possible paths in the limit case
Z
Z
Z
 m  n2
YZ
. . . dxn−1 . . . dx1
→ const.
dx(t) = Dx.
(1.15)
2πi∆t
t
The transition amplitude in the path integral formalism is therefore
Z
hx0 (t0 )| x(t)i = Dx eiS .

(1.16)

For the generalization to three spatial dimensions we change x(t) → xi (t) for
i = 1, 2, 3. The path integral obtains the form
Z
YYZ
Dx =
dxi (t)
(1.17)
t

i

The interpretation of the transition amplitude is easier to understand in the
euclidean interpretation and will therefore be discussed in chapter 1.2.
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1.1.2

Path integral in quantum field theory

To demonstrate the transfer of the path integral in quantum mechanics into the
quantum field theory, we use a skalar field Φ(x) = Φ(~x, t). With the Lagrange
function
1
~
L = ∂t Φ − f (Φ, ∇Φ)
(1.18)
2
we can construct a path integral which is very similar to the one we know from
quantum mechanics, it is of the form
Z
R 4
~
hΦ0 (t0 )| Φ(t)i = D[Φ]ei d xL(Φ,∂t Φ,∇Φ) .
(1.19)
Different than in quantum mechanics though, we are dealing with a functional
integration
Z
YZ
dΦ(x)
D[Φ] =
x

therefore we have to integrate over all possible field configurations.
To illustrate the functioning of this method we give a explicit example for a
Lagrangian density
1
m2
(1.20)
L = (∂µ Φ)(∂ µ Φ) − 0 Φ2 (x).
2
2
R 4
The action is given similar to the action in quantum mechanics as S = d xL
gegeben.
In the quantum field theory we are interested in finding vacuum expectation
values of time ordered products namely Green’s function
h0| Φ(x1 ), Φ(x2 ) . . . Φ(xn ) |0i ,

t1 > t2 > . . . > tn

(1.21)

The simplest example for a Green’s function is the propagator
h0| Φ(x)Φ(y) |0i ,

tx > ty .

The propagator inhabits all information of a spreading particle or state from y
to x.
The Green’s function in the path integral formalism is derived from the derivation of the creation functional. This functional Z[J] is constructed by adding
a „source-term“J(x)Φ(x into the Lagrangian density and writing the transition
amplitude for t = ±∞
Z
R 4
h0∞ | 0−∞ iJ
1 |0∞ i
Z[J] =
=
D[Φ] ei d x[L−JΦ] ,
(1.22)
h0∞ | 0−∞ iJ=0
Z̃ |0−∞ i
with

Z
Z̃ = h0∞ | 0−∞ iJ=0 =

D[Φ] eiS .

(1.23)

The n–point-Green’s function Gn (x1 , x2 , . . . , xn ) is defined through the n-th
functional derivation of equation (1.22) with respect to J(x)
Gn (x1 , x2 , . . . , xn ) =
1
δ n Z[J]
n
i δJ(x1 )δJ(x2 ) . . . δJ(xn )

=
J=0

1
Z̃

Z

D[Φ] Φ(x1 )Φ(x2 ) . . . Φ(xn ) ei

R

d4 xL

.

(1.24)
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To investigate the derivation of the green’s function through the creating functional in more detail, we observe the 2–point–function.
For simplification reasons, we observe equation (1.22) and (1.23) for all vacuum
stats of the total Hamiltonian, also called full vacuum. With this consideration
we obtain the transition amplitude in (1.23) which equals 1. The norm Z̃1 should
therefore yield 1. One has to bear in mind, that the „full “vacuum of a system
is not accessible. Therefore one has to use the vacuum from the perturbation
theory where Z̃1 6= 1 in (1.22).
For the propagator in the path integral formalism one has to show
G2 (x1 , x2 ) =h0∞ |T [ΦH (x1 )ΦH (x2 )]|0−∞ i =
Z
R 4
δ 2 Z[J]
= D[Φ] Φ(x1 )Φ(x2 ) ei d xL
=i−2
δJ(x1 )δJ(x2 ) J=0

.

The two possibilities for the time ordering are being observed separately. For
t1 > t2 we insert for the times t1 and t2 a complete system of eigenvalues of a
Heisenberg operator. We obtain
ZZ
Z
R t2 R 3
i
dt d xL
G2 (x1 , x2 ) =
dΦ(t1 )dΦ(t2 ) D[Φ] e −∞
·
{z
}
|
hΦ(t2 )|0−∞ i

Z
·

D[Φ] e
|

i

R t1
t2

{z

dt

R

hΦ(t1 )|Φ(t2 )i

d3 xL

Z

}|

D[Φ] e

i

R∞
t1

{z

dt

h0∞ |Φ(t1 )i

R

d3 xL

Φ(x1 )Φ(x2 ) =

}

ZZ
=

dΦ(t1 )dΦ(t2 )h0∞ |Φ(t1 )ihΦ(t1 )|Φ(t2 )ihΦ(t2 )|0−∞ iΦ(x1 )Φ(x2 ).

In the next step we change Φ(x1 ) and Φ(x2 ) into the corresponding Heisenberg operators ΦH (x1 ) respectively ΦH (x2 ). With this we are able to take the
operators into the matrix elements
G2 (x1 , x2 ) =
Z
Z
h0∞ |ΦH (x1 ) dΦ(t1 )|Φ(t1 )ihΦ(t1 )| dΦ(t2 )Φ(t2 )ihΦ(t2 )|ΦH (x2 )|0−∞ i.
Now one removes the complete systems of eigenstats and obtains
G2 (x1 , x2 ) = h0∞ |ΦH (x1 )ΦH (x2 )|0−∞ i
for t1 > t2 . The second part with t2 > t1 is calculated analogical. One can
see that the 2–point–Green’s function is indeed defined through two functional
derivations of Z[J].

1.2

Euclidean formalism

In the last chapter we concealed one very important fact. Since we integrate over
all possible field configurations, one has to ask the question of convergence. The
integrand is strong oscillating because of the complex part in the exponential
11

function. This effects the integrals (6.8) respectively (1.22)–(1.24) for which we
have to clarify the convergence behavior. There are few possibilities to secure
the convergence of the path integral. One of these is the euclidean formalism1 .
In the case of quantum mechanics we start from the transition amplitude
Z
hx0 |e−iHt |xi = DxeiS
(1.25)
and make the change from real time t to complex time
t = −iτ

2

with τ > 0.

(1.26)

Due to the metric change to the euclidean formalism, the time evolution operator
is of the form
U = e−iHt → UE = e−Hτ ,
where H is the known Hamiltonian from (1.3).
We follow the same procedure as in section 1.1.2 with the difference, that we
explicitly write limn→∞ . We obtain
 m  n2 Z Z
. . . dx1 . . . dxn−1
hx0 |e−Hτ |xi = lim
n→∞ 2π∆τ
h
i
m
2
2
2
exp{
(x0 − x1 ) + (x1 − x2 ) + . . . + (xn−1 − x) −
(1.27)
2∆τ


1
1
− ∆τ
V (x0 ) + V (x1 ) + . . . + V (xn−1 ) + V (x) }.
2
2
We carry out the limit and further obtain
Z
0 −Hτ
hx |e
|xi = Dxe−SE .

(1.28)

SE describes here the euclidean action
)
(  
Z
2
m dx
+ V (x(τ )) .
SE = dτ
2 dτ
The euclidean action SE is completely real!
The interpretation of the path integral (1.28) in the euclidean formalism is
more clarifying. In contrast to the classical mechanics where only the path of
extremal action is contributing to the transition amplitude, the path integral in
euclidean formalism takes all paths from start and end point hx0 (t0 )| x(t)i into
1 An alternative would be to generate an convergence creating factor. The form of he factor
would be dependent on the Lagrangian density and therefore on the specific system.
2 At this point we understand why the formalism is called „euclidean “, because we change
the metric from the space-time. We change from the Minkowski metric

ds2 = −dt2 + dx21 + dx22 + dx23
to the euclidean metric ( see equation (1.26))
ds2 = dτ 2 + dx21 + dx22 + dx23 .
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account and applies a weighting factor to it. In the limit case of high action (
high compared to the Plank constant ~), one obtains the path of the classical
mechanics, because all other paths are strongly repressed by the factor e−SE
and only the path of smallest action remains.
In the quantum field theory we are interested in the Green’s functions. Therefore
we want to observe a Green’s function
G(t1 , t2 ) = h0|T [X(t1 )X(t2 )]|0i

(1.29)

in more detail. Between these functions and the transition functions a connection exists. We can create correlation functions like (1.29) which can be
transformed into transition functions with an analytical continuation to complex times. To give an better description we use (1.29) the 2–point–function
hx0 , t0 |X(t1 )X(t2 )|x, ti =
0

= hx0 |e−iH(t −t1 ) Xe−iH(t1 −t2 ) Xe−iH(t2 −t) |xi with t0 > t1 > t2 > t.
Through the transfer to pure complex time (1.26), at which the time order
should be conserved, we get
hx0 |e−H(τ

0

−τ1 )

Xe−H(τ1 −τ2 ) Xe−H(τ2 −τ ) |xi with τ 0 > τ1 > τ2 > τ.

(1.30)

We evolve the time evolution operator e−Hτ in a complete system of eigenstates
e−H τ̃ =

∞
X

e−En τ |nihn|

(1.31)

n=0

The ground state energy E0 can be regularized to 0. The evolution (1.31) is of
the form
e−H τ̃ = |0ih0| + e−E1 τ̃ |1ih1| + . . . .
In the limit case τ̃ → ∞, only the projector on the ground state remains. With
this knowledge (1.30) transforms with τ 0 → ∞ respectively τ → −∞ to
hx0 |e−H(τ

0

−τ1 )

Xe−H(τ1 −τ2 ) Xe−H(τ2 −τ ) |xi → hx0 |0ih0|Xe−H(τ1 −τ2 ) X|0ih0|xi.
(1.32)
If we observe the 2–point–Green’s function (1.29) in one possible time direction
t1 > t2 , we see that equation (1.32) already inhabits the right terms, one has to
remove the unwanted terms hx0 |0i and h0|xi to find the equation we are looking
for. Since equation (1.32) only inhabits matrix elements we have to divide to
remove the unwanted terms. After the division the Green’s function follows to
G(t1 , t2 ) = h0|Xe−H(τ1 −τ2 ) X|0i =
lim
0

τ →∞
τ →−∞

hx0 |e−H(τ

0

hx0 |0ih0|Xe−H(τ1 −τ2 ) X|0ih0|xi
Xe−H(τ1 −τ2 ) Xe−H(τ2 −τ ) |xi
=
0 −τ )
0
−H(τ
hx0 | xi
hx |e
|xi

−τ1 )

(1.33)
The numerator and the denominator can both be written in the known form
Z
hx0 |e−H∆τ |xi = Dxe−SE
13

of a path integral. The Green’s function in quantum mechanics described by
the euclidean path integral formalism yields to
Z
1
GE (τ1 , τ2 ) =
Dx x(τ1 )x(τ2 )e−SE ,
Z̃
in general respectively
GE (τ1 , . . . , τn ) =

1
Z̃

with

Z

Z
Z̃ =

Dx x(τ1 ) . . . x(τn )e−SE

(1.34)

Dx e−SE .

The (physically important) Green’s functions at real times can be extracted
from the „euclidean “Green’s functions GE with the help of Wick-rotations
G(t1 , . . . , tn ) = GE (it1 , . . . , itn )
The Wick-rotation is rotating all time arguments in the complex time plane
simultaneously in the mathematical positive direction. With this we want to
finish the discussion of quantum mechanical Green’s functions and return to the
quantum field theory.
Due to the transfer to complex time t = −iτ , the standard Green’s functions
(1.24) change to euclidean Green’s functions also called Schwinger-functions
GE ((~x1 , τ1 ), . . . , (~xn , τn )) = G((~x1 , −iτ1 ), . . . , (~xn , −iτn )) .
| {z }
| {z }
x1

xn

The path integral description does not change much due to the transfer to
Schwinger-functions
Z
Z
1
−SE
GE (x1 , . . . , xn ) =
D[Φ]Φ(x1 ) . . . Φ(xn ) e
with Z̃ = D[Φ] e−SE .
Z̃
(1.35)
with SE describing the euclidean action, which transforms from the normal
action with t = −iτ . The resulting action of equation (1.20) will transform due
to the change to complex time as


Z
1
m2
SE = d3 xdτ
(∂µ Φ)(∂µ Φ) + 0 Φ2 .
2
2
Since SE is real, the integrand of (1.35) is real as well. Strong fluctuating field
have therefore a high action and will be repressed due to e−SE , same as in quantum mechanics.
In summary we find, that for the usual path integral formalism the path is
weighted by a phase factor eiS . For the euclidean formalism on the other hand,
we obtain a path weighting factor eSE . This factor, if real and limited from
below, can be associated with the Boltzmann factor. Under this assumption,
the Green’s functions
Z
1
h0| T [Φ(x1 ), . . . , Φ(xn ) |0i =
D[Φ] Φ(x1 ) . . . Φ(xn ) e−SE
Z̃
14

are of the statistical ensemble-average-value form.
We can find even more formal analogies between quantum field theory on the
lattice and statistical mechanics, which will enable us to connect these methods.
lattice field theory
Green’s function Gn (x1 , . . . , xn )
generating functional Z
action SE

statistical mechanics
correlation function
partition function Z
Hamiltonian βH

Table 1.1: Analog definitions from lattice field theory and statistical mechanics

1.3

Discretization on the lattice

The last step to describe the quantum field theory on the lattice is the discretization. In quantum mechanics we achieved the discretization of the path
integral through dividing the time into slices and constructing the limit lim∆t→0
(see 1.1.1). In quantum field the discretization of all 4 coordinates is nescesser
due to the fact, that our fields Φ(~x, t) depend on it. The path integral without
the discretization is only formally defined. It obtains a well defined structure
only then, when the degrees of freedom are denumerable.
The introduction of the space-time lattice is therefor needed for the definition
of the path integral formalism in quantum field theory. The physical quantities
can be obtained by executing the continuum limit – lattice spacing a → 0 – and
the transition to infinitely large lattice sizes.
The execution of the continuum limit is not a trivial task. With the introduction
of the space-time lattice
with nµ ∈ Z,

xµ = anµ

µ = 0, 1, 2, 3

the scalar field Φ(µx ) is now defined on points of the lattice. The differential
quotient will change to a difference quotient and the integral over the space-time
to a sum over the points of the lattice.
∂µ Φ(x)
Z
d4 x

1
∆µ Φ(x) = (Φ(x + aµ̂) − Φ(x))
a
X
a4

→
→

(1.36)
(1.37)

x

With µ̂ representing the unit vector in µ-direction.
The euclidean action will therefor change its form to

X1
m20 2
2
SE = a
(∆µ Φ)(∆µ Φ) +
Φ .
2
2
x
The path integral will change from an infinity integral to a finite integral over
a set of variables
Y
D[Φ] =
dΦ(x) with x ∈ lattice.
x
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An important consequence of the discretization is the occurrence of an extremal
value in the momentum-space. The regularization of the lattice quantum field
theory in the definition of the path integral is conserved due to this fact.
To give a small example we look at the function f = f (x). With the introduction
of the space-time lattice, the function is only defined on the nodes of the lattice
f = f (na) with n ∈ Z.
The fourier transformed function is of the form
X
f˜(k) = a4
e−ikna f (na).
n

Since the function f˜(k) is periodic in the momentum-space
2π
),
f˜(k) = f˜(k +
a
we are allowed to set k ∼
= k + 2π
a . With this we can constrain the momentum k
to the first Brillouin-zone k ∈ [− πa , πa ). The Fourier transformation of f (na) is
given by
Z πa
dk ˜
f (k)eikna ,
f (na) =
π 2π
−a
which corresponds to a cut-off in the ultra violet spectrum.

1.4

The QED on the space-time lattice

At the beginning, I would like to give a small overview for the needed QED
elements.
The QED Lagrangian density consists of two term, the Dirac term
ψ̄(x) (iγ µ Dµ − M ) ψ(x),

(1.38)

is defined through the covariant derivation
Dµ := ∂µ − ieAµ
which is coupled to the gauge field Aµ , and a pure term gauge-term
1
− Fµν (x)F µν (x) .
4

(1.39)

Fµν (x) is the well know field strength tensor
Fµν (x) = ∂µ Aν (x) − ∂ν Aµ (x).
The Lagrangian density is invariant under local gauge transformations
ψ(x) → U (x)ψ(x),

(1.40)

ψ̄(x) → ψ̄(x)U −1 (x) ,

(1.41)

i
Aµ (x) → U (x)Aµ U −1 (x) − U (x)∂µ U −1 (x) ,
e
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(1.42)

with U (x) = eiΛ(x) representing an element from the gauge-group U (1).
The action SQED in QED for the euclidean formalism for a specific Lagrangian
density is given as


Z

1
E
4
E
SQED = d x ψ̄(x) γµ Dµ − M ψ(x) + Fµν (x)Fµν (x) .
(1.43)
4
The euclidean Dirac-matrices γµE are obtained from the usual γ µ through
γ0E = γ 0

γiE = −iγ i .

They fullfil the relation
{γµE , γνE } = 2δµν .
In this work we are only interested in the bosonic degrees of freedom. Therefore
we only need the pure gauge field from the Lagrangian density and action
Z
Z
1
4
d4 xFµν (x)Fµν (x).
(1.44)
SE = d xLE =
4
The pure gauge field inhabits all needed properties of the QED for the path
integral formalism. The generating functional is given by
Z
R 4
Z[J] = D[A]eSE + d xJµ (x)Aµ .
(1.45)
The Green’s functions are derived of this functional by the derivation in respect
to Jµ .
The next step is the formulation on the euclidean space-time lattice, with the
focus on finding a form for the discretized action. The requirements for the
„lattice action “are the gauge invariance and the existing continuum limit (needs
to converge to (1.44)).
To be able to construct such needed action, we need to inpliment two new
parameters, which substitute the gauge field Aµ (x) and the field strength tensor
Fµν (x) on the lattice. The introduction of „link“-variables Ux,x+aµ̂ (also simply
called links) will fulfill the upper requirements. The easiest way tho show the
gauge invariance of U is by examining Dirac-term.
Through the discretization of the Dirac term we obtain from (1.38) following
parameters
ψ̄(x)ψ(x + aµ̂).
(1.46)
With a gauge transformation according to (1.40) we obtain
ψ̄(x)ψ(x + aµ̂) → ψ̄(x)G−1 (x)G(x + aµ̂)ψ(x + aµ̂).
To guarantee the gauge invariance of products like in (1.46) we have to expand
for one more variable to compensate for the gauge behavior of ψ and ψ̄. A
variable with the gauge behavior
Ux,x+aµ̂ → G(x)Ux,x+aµ̂ G−1 (x + aµ̂)

(1.47)

fulfills the invariance requirement
ψ̄(x)Ux,x+aµ̂ ψ(x + aµ̂) →
ψ̄(x)G−1 (x)G(x)Ux,x+aµ̂ G−1 (x + aµ̂)G(x + aµ̂)ψ(x + aµ̂) = ψ̄(x)Ux,x+aµ̂ ψ(x + aµ̂).
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Figure 1.2: Link-variables between the lattice points xand x + aµ̂
A link Ux,x+aµ̂ is associated with an elemental form of the parallel transport3
between two neighbor points x and x+aµ̂, on the space-time lattice. The parallel
transport Ux,x+aµ̂ therefor has a direction (see figure 1.2, and the following
applies
†
Ux,x+aµ̂ = Ux+aµ̂,x
.
The gauge field Ux,x+aµ̂ is an element of the gauge-group U (1) and can be
described by
(1.48)
Ux,x+aµ̂ = eiθµ (x) with θµ (x) ∈ [−π, π].
The quantity θµ (x) is associated as the „link-angle“.
The notation for the parallel transportUx,x+aµ̂ is chosen very intuitively. Ux,x+aµ̂
describes the link outgoing from point x to x + aµ̂. However for the following
calculation we are going to identify links from a point x to x + aµ̂ with the
notation Uµ (x), where µ describes the direction of the link. The reverse link,
outgoing from x + aµ̂ to x, is then described by Uµ† (x).
Ux,x+aµ̂

→

Uµ (x)

Ux+aµ̂,x

→

Uµ† (x)

In the next step we want to construct gauge invariant quantities with the help
of the links, from which we can derive the action of the field. One possibility
to do so, is to build a closed loop on the lattice out of the link variables. The
simplest form of such a „link-loop “, is a so called plaquette 4 (see figure 1.3)
Uµν (x) = Uν† (x)Uµ† (x + aν̂)Uν (x + aµ̂)Uµ (x).

(1.49)

The last missing piece, is to find a connection between the discrete link variables
U (x, x + aµ̂) and Uµν (x) to the quantities Aµ (x) and Fµν (x) in the continuum.
The problem to find this connection is given by the quantity θµ (x) from equation
(1.48). θµ (x) can only accept values in the range of [−π, π], while the gauge-field
Aµ (x) can be represented by all real values. One possible solution is this ansatz
θµ (x) = eaÃµ (x).

(1.50)

3 In

the continuum, the parallel transport from space-time point y to the space-time point
x along the path C, is given by

 Z
U (x, y, C) = exp ie


dzµ Aµ (z)

C

.
4 The direction of the link variables is here, for the QESD an abelian gauge-theory, unimportant, because the fields with which we associate the links are commuting quantities. For
the QCD however, which is a non-abelian gauge-theory, one has to treat the direction of links
(1.49) with care
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Figure 1.3: Plaquette in the µν-plain, as a loop of 4 link variables.
In the limit a → 0, Ãµ (x) is allowed to represent all values from the R4 . This
will allow the identification with the gauge-field Ãµ (x). To identify the field
strength tensor we start from equation
Uµ (x) = eieaAµ (x)

(1.51)

where Aµ (x) is only well defined in the continuum.
we insert (1.51) into (1.49) and obtain
Uµν (x) = exp {iea[(Aν (x + aµ̂) − Aν (x)) − (Aµ (x + aν̂) − (Aµ (x))]} . (1.52)
The quantity
(Aν (x + aµ̂) − Aν (x)) − (Aµ (x + aν̂) − (Aµ (x))
can be identified as a discrete from of the field strength tensor
Fµν (x) = ∂µ Aν (x) − ∂ν Aµ (x) ⇐⇒
1
Fµν (x) = [(Aν (x + aµ̂) − Aν (x)) − (Aµ (x + aν̂) − (Aµ (x))].
a

(1.53)

Same as for the link variables, the identification of (1.53) is only well defined in
the continuum with the limit a → 0. The plaquette- variable (1.49) will change
with the definition of (1.53) to
Uµν (x) = eiea

2

Fµν (x)

= eiθµν (x) .

(1.54)

with
θµν (x) = ea2 Fµν (x).
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(1.55)

We have to bear in mind, that the “=”-operator is only well defined in the
continuum. θµν (x) is associated as the „plaquette-angle“.
With this definition we are able to construct a lattice action. One possible
option to obtain a gauge invariant action, which will converge with a → 0 to
(1.39), is


1
1 X
†
1 − (Uµν (x) + Uµν
(x))
SE = 2
e x,µ<ν
2

1 X 1 2 4 2
= 2
e a Fµν + O(a6 )
(1.56)
e
2
x,µ<ν

1 XX 4 2
=
a Fµν .
4 x µ,ν
The definition of the action on the lattice is not unique. As long as the action
reach (1.43) in the continuum limit, the definition of the action is allowed. One
alternative, which is often used in numerical lattice simulations is the so called
Wilson action


X

1
†
4
Uµν (x) + Uµν (x) =
SW = β
a 1−
2
x,µ<ν
X
=β
a4 (1 − <Ux,µν (x))
(1.57)
x,µ<ν

=β

X

a4 (1 − cos θµν (x))

x,µ<ν

with the inverse couplingβ = e12 .
With the formulation of the discrete action (1.56)-(1.57) we end the chapter of
the QED on the lattice.
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Chapter 2

Quantum Chromodynamics
2.1

Lagrangian density of the QCD

The quantum chromodynamics (QCD) is accepted to be the fundamental theory of the strong interaction. Its building blocks are massive fermion matterfields, the quarks and massless boson gauge-fields, the gluons. The QCD is a
non-Abelian theory and inhabits a SU (3)c -gauge-symmetry, an property that
is required by the Pauli-principle for baryons.
In analogy to the quantum electrodynamic (see chapter 1.4), which inhabits
a U (1)-gauge-symmetry, the gluon-part of the Lagrangian density [1,2] is given
by
1 a
µν
LQCD
(2.1)
gluon = − Fµν (x)Fa (x),
4
with µ, ν = 1, ..., 4 and a = 1, .., 8 is the color-index of the SU (3)1 . The field
strength is of the form
Faµν (x) = ∂ µ Aνa (x) − ∂ ν Aµa (x) − gfabc Aµb (x)Aνc (x),

(2.2)

were fabc is the structure constant of the SU (3), g is the coupling constant
and Aµa (x) is the gauge-field. The Dirac-part of the Lagrangian density is given
analog to the QED by
LQCD
Dirac

=

nf
X

ψ̄f (x)(iγµ Dµ − mf )ψf (x),

(2.3)

f =1

with the Dirac-spinor ψf , the flavor number nf , the quark mass mf and the
covariant derivative
λa
Dµ (x) = ∂ µ + igAµa (x) .
(2.4)
2
The Gell-Mann-martices λa are one of many possible forms for the generators
of the SU (3). The λ-matrices obey the relation


λa λb
λc
,
= if abc ,
(2.5)
2 2
2
1 For

the SU(3) we get a = 1, ..., 3, because the SU (2) has 3 generators.

21

with the norm
T r(λa λb ) = 2δ ab .

(2.6)

The total Lagrangian density then follows to
nf

L

QCD

=

LQCD
gluon

+

LQCD
Dirac

X
1 a
= − Fµν
(x)Faµν (x) +
ψ̄f (x)(iγµ Dµ − mf )ψf (x).
4
f =1

(2.7)
Through the Euler-Lagrange-equation, one obtains the field-equations of the
QCD
(iγµ Dµ − mf )ψf (x) = 0,
(2.8)
λa
b
ψf (x) − gfabc Fµν
(x)Aµc (x).
(2.9)
2
Equation (2.8) equals the Dirac-equation with the additional expansion to the
color-space. Equation (2.9) can be interpreted as the generalized Maxwellb
equations. The term gfabc Fµν
(x)Aµc (x) is the source of the non-Abelian nature
of the QCD and shows the self-interacting nature of gluons. This property separates the non-Abelianb QCD from the Abelian QED.
a
∂ µ Fµν
(x) = g ψ̄f (x)γν

Even though the Lagrangian density in (2.7) has a really simple form, it must
be responsible for the properties of the strong interactions. With it we must be
able to describe the asymptotic freedom and the confinement.

2.2

Discretization of the gluonic degrees of freedom

The differential geometry gives us a natural access to the definition of the gaugefield on the lattice. The gauge-transformation
φ(x) → eigθa (x)λa /2 φ(x) = g(x)φ(x)

(2.10)

describes a coordinate transformation of a basis change in point x. Field-vector
at different space-time points can be compared only with a parallel-transport
which will correspond to the same basis. An infinitesimal parallel-transport of
the vector φ(x) is described through the unitary transformation


λa
x
φ(x) →x+dx φ(x) = 1 − igAaµ (x) dxµ x φ(x),
(2.11)
2
with the left index describing the local coordinate system. The properties of a
vector concerning linearity, orthogonality and norm, remain the same under a
parallel-transport. A parallel-transport U (C) along a curve C can be associated
with products of infinitesimal translations of the form (2.11) and we obtain the
unitary operation
R µ a
ig
dx Aµ (x)λa /2
U (C) = Pe C
,
(2.12)
where P is the path-ordering-operator.
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For the discretization to on the space-time lattice, we define the fields φ(x) on
the nodes. The parallel-transport then can be described with the gauge-fields
a

Uµ (x) = PeigAµ (x)λa /2 ,

(2.13)

which are located on the links of the space-time lattice. The SU (3)-elements
Uµ (x) describes a parallel-transport of a color charge at location x to x + µ̂,
where µ̂ describes the unit vector in µ-direction. The parallel-transport in the
other direction is obtained by a hermitian conjugation of the gauge-field
Uµ−1 (x) = U−µ (x + µ̂) = Uµ† (x).

(2.14)

From the request for gauge-invariance of φ† (x)Uµ (x)φ(x + µ̂) we obtain the
transformation law for the gauge-field Uµ (x) under gauge-transformation g
Uµ (x) → g(x)Uµ (x)g −1 (x + µ̂),

(2.15)

with g(x) ∈ SU (3).
Now we are interested in the construction of the lattice Lagrangian density
for the gauge-field. This is done analog to chapter (1.4 - QED).
The plaquette is given by
µν := Uµ (x)Uν (x + µ̂)Uµ† (x + ν̂)Uν† (x).

(2.16)

We insert (2.13) into (2.16) and apply the Baker-Hausdorff-equation. We then
obtain
2
1
(2.17)
µν = eiga Fµν (x) = 1 + iga2 Fµν (x) + (iga2 )2 (Fµν (x))2 + ...,
2!
a
with Fµν (x) = Fµν
(x)λa /2.

Wilson [10] was able to discretize the action2
X
1
SG = β
(1 − ReTr),
3

(2.18)



with β = 6/g 2 being the inverse coupling-constant. With equation (2.17) in the
continuum limit for a → 0, the Wilson-action converges to the gluon continuumaction (2.1)
Z
1
a→0
SG −−−→ d4 x Fµν (x)Fµν (x).
(2.19)
4
This was an overview for the QCD ∈ SU (3). For my thesis, I have worked with
the QCD ∈ SU (2). Confinement and other properties are found in both of these
descriptions and we see them as equivalent. To simplify calculations (SU (2) has
3 generators and SU (3) has 8)3 , we used the SU (2). The action therefore has
a slightly different from
X
1
(2.20)
SG = β
(1 − ReTr).
2


2 For

a more detailed derivation see chapter 4.2
the approximation attempted in this work is only reasonable in the SU (2).
For a SU (3) gauge-field, one would need a more sophisticated algorithm to combine all 8
parts.
3 Furthermore
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2.3

Abelian projection

The model of the dual superconductor gives a vivid picture of the quark confinement. This model is build up on the investigations of the U (1) on the lattice,
which so a non-Abelian gauge-theory, which like the QCD inhabits a phase with
charge confinement. In this theory, the electric and magnetic field play reversed
roles compared to the superconductor in the solid stats physics. In the theory
of superconductors, the Copper-pairs repress the magnetic-field-tubes, while for
the dual superconductor in the U (1)-group, magnetic monopole-currents orbit
electric-field-lines. Therefore the electric-field of a charge-anticharge-pair cant
expand freely into space, but is confined into a tube between the two charges,
which leads to a linearly rising potential.
The transition of this model to the QCD with the gauge-group SU (3) bumps
into a problem, because color-magnetic-monopoles do not exist for the gaugegroups SU (N ). To fix the problem, one can search for a new definition of the
color-magnetic-monopoles [11], or one tries to identify them with an Abelian
projection. For this we first use the maximal Abelian gauge (MAG) to gauge
the SU (N )-configurations, thus we maximizes the part of the biggest Abelian
sub-group of the SU (N ). With the following Abelian projection we neglect the
non-Abelian degrees of freedom and are now able to identify color-magnetic
monopoles in an Abelian theory.
Numerical results show that Abelian configurations are able to reproduce the
string tension and therefore inhabit the confinement. The fact, that the Abelian
degrees of freedom show confinement is called the Abelian-dominance.

2.4

Vortex model

Center vortices are a special kind of gauge-field configuration which might be
important in the path integral. Nowadays the most forceful motivation for
studying vortices comes from numerical lattice simulations. For example, lattice
studies suggest that without vortices there is [8]
1. vanishing string tension
2. no chiral symmetry breaking
3. zero topological charge
This observation strongly encourages the idea that all of the aspects of infrared
QCD can be understood within the framework of center vortices.

2.4.1

Center vortices

Vortices are closed magnetic flux lines forming 2-dimensional world sheets. They
carry magnetic flux corresponding to the center of the gauge group4 , therefore
the name center vortices. The flux is quantized and therefore can only take on
4 The center of a group is defined as the subgroup of elements commuting with all group
elements.
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a discrete number of values given by the non-trivial center elements, for SU (2),
this is only −1.
On the lattice, one can localize thin center vortices by plaquettes with negative
center elements, the vortex world sheet consists of plaquettes dual to these
(negative) P-plaquettes. Such a vortex (also called P-vortex) can be realized by
simply setting all links to +1 except for the time-like links in a 3-dimensional
Dirac volume V (see Fig. 2.1):
Ut (~x, t0 ) = −1,

a < z ≤ b, ∀x, ∀y

(2.21)

The xy-planes at t = t0 and z = a, b are the surface of the vortex ∂V . On these
planes, the only plaquettes that are non-trivial are the zt-plaquettes (which
correspond to a field Ez ). They signal the presence of two vortices carrying a
flux of π each. Further, with untwisted boundary conditions it is not possible

Figure 2.1: If in some three-volume V the temporal links are multiplied with a
nontrivial center element, thin center vortices (indicated by shaded plaquettes)
are created at the border of the three-volume [9].
to create a single plane SU (2) vortex. The planes always come in pairs and
therefore form a closed vortex world sheet by definition. A thick vortex is created by smearing out the thin vortex sheet. In Monte Carlo configurations one
generally finds thick vortices, the corresponding P-vortices have a very branched
structure (fluctuating surface).

2.4.2

The vortex picture of quark confinement

Quark confinement has been introduced as the phenomenon that quarks are
never observed as isolated, free particles but are confined in composed particles,
the hadrons. A simple phenomenological model for hadrons is a quark and an
anti-quark sitting at the ends of a straight line, called string. In the framework
of QCD one identifies the string with an electric flux tube of fixed cross-sectional
area, in which the field between two quarks is collimated. Suppose this string
has a constant energy density σ (in its rest system), the string tension, which
R
~a ·E
~ a . Therefore the quark-antiquark
for an electric flux tube is σ = 12 d2 x⊥ E
potential rises linearly at intermediate distances. But at some distance r0 , the
string breaking distance, the energy of the string is high enough to create a new
25

quark-antiquark pair. Quarks of finite mass are therefore confined only in the
sense that after string-breaking they again recombine into hadrons.
The relation of vortices to quark confinement can be presented in an even more
simplified phenomenological model. Suppose the vortex world sheet carrying
its magnetic flux compresses somehow the electric field diverging from a quark
into the mentioned flux tube. A simple illustration of this model is shown in
Fig. 2.2. The physical relevance of this picture can be seen from the Wilson loop

Figure 2.2: The color-magnetic vortex flux tube (extending in time direction)
compresses the color-electric field, the string between quark q and antiquark q̄.
criterion of confinement. In section 4.4 it is shown that the expectation value
of the Wilson loop has to follow an area law in the confined phase. The vortex
model is able to deduce the area law from independent vortex piercings of the
Wilson loop, which can be interpreted as crossings of the static electric flux tube
and moving closed magnetic flux. Since a plaquette is pierced by a P-vortex if
the product of its center-projected links gives −1, the expectation value hW (A)i
of the Wilson loop of area A = R × T with f denoting the probability that a
plaquette has the value −1, gives (see also Fig. 2.3)
hW (A)i = [f · (−1) + (1 − f ) · 1]A = exp[ln(1 − 2f ) A].
| {z }

(2.22)

−σ

The area law follows from fluctuations in the number of vortices piercing a
Wilson loop, which gives the string tension σ ≡ − ln(1 − 2f ) ≈ 2f . The mathematical approach to the relevance of center degrees of freedom for confinement
can be seen from N -ality. For SU (N ) in general, the N -ality classifies representations of a group according to the representation of their center. There is
an infinite number of representations of the gauge group SU (N ), but only N
different representations for the center ZN . Every representation of SU (N ) falls
into one of these N subsets depending on the representation of the ZN subgroup
in the given SU (N ) representation. The center in a representation of N -ality
k = 0, . . . , N − 1 labels the center element zN ∈ ZN . The fundamental representation has k = 1 (because it is the defining representation), while the adjoint
representation has k = 0, so that every center element is mapped to unity. Now
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Figure 2.3: The Wilson loop (green) pierced by P-vortices.
the asymptotic string tension σ for static charges in a representation of some
N -ality only depends on the presence or absence of dynamical fields of this N ality. Therefore fields of zero N -ality (e.g. gluons) cannot break the strings of
particles in non-zero N -ality (e.g. quarks).
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Chapter 3

Model of Topological
Fermions
3.1

Magnetic monopole

From classical electro dynamics we learn that electric monopoles are the sources
~
~
of the E-field.
For the B-field
however only dipols are observed and no monopoles.
This asymmetry gave motivation for physicists to study the mathematical concepts of the magnetic monopole. The first work on magnetic monopoles was
presented by 1923 P. A. Dirac [3], therefore the monopoles are know today
as Dirac monopole. Dirac discovered the consequences which would occur by
describing the magnetic monopoles with quantum mechanics. The magnetic
charge is quantized in units of the elemental electric charge. One also might
say, if a magnetic monopole exists, all electric charges are quantized.
~
Analog to the electric description of the E-field
we can describe the magnetic
~
field B through a point like source
~ =
B

g
~er .
4πr2

(3.1)

~
The source of the B-field
can be described according to the upper equation as
~ = gδ(~r)
∇B
By calculating the flux of a spherical-cap we find
Z
Z
g
gh
~ S
~ = r2
~
Φ(r, h) =
Bd
BdΩ
= (1 − cos ϑh ) =
2
2r
S(r,h)
S(r,h)

(3.2)

(3.3)

that the flux is only dependent on the ratio of h/r 1 . For the full sphere which
is given by h = 2r the flux yields the expected result of Φ(r, h) = g, with g
being the strength of the magnetic charge.
~ will lead to an interCalculating the equation (3.3) with a vector-potential A
esting property. To simplify the equation we use a rotation symmetric vector1A

more detailed derivation on this matter is given by M. Faber [1].
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~ = Aϕ êϕ . We use B
~ =∇×A
~ and insert into (3.3)
potential A
Z
Z
Z 2π
~ S
~=
~ s = r sin ϑh
Φ(r, h) =
(∇ × A)d
Ad~
dϕAϕ =
S(r,h)

∂S(r,h)

0

(3.4)

= r sin ϑh 2πAϕ (ϑh ).
Comparing this result with Φ(r, h) = (1 − cos ϑh ) g2 will lead to
Aϕ (ϑ) =

g
sin ϑ
.
4πr 1 + cos ϑ

(3.5)

Equation (3.5) also known as the Dirac potential inhabits for the negative z-axis
~ = ∇×A
~
a singulary line, which is named a Dirac-string. Since we know from B
~
that the B-field has no sources, we expect the magnetic flux to enter through the
Dirac-string and leave radial symmetric. This can be shown by regularization
of the vector-potential
AR
ϕ () =

g
sin ϑ
.
4πr 1 +  + cos ϑ

(3.6)

For infinitesimaly small values of , AR
ϕ () will vanish with ϑ = π. Furthermore
~
the B-field for the negative z-axis is of the form


2 + 2
g
Bz =
−1
+
.
(3.7)
4πr2
(1 +  + cos ϑ)2
The first term is the magnetic field of a point-like charge, which is directed
towards the negative z-axis. For the second term which describes the Diracstring we can show that for  → 0 a contribution appears. For this to show, we
~
have to integrate the B-field
over a solid angle
Z 0
Z 2
1
String
2
String
=
Φ
= − lim 2πr
dϑ sin ϑBz
= − lim g
dξ
→0
→0
(ξ
+
)2
π
0
(3.8)
2
1
1
= lim g
= lim g
= g.
→0
ξ +  0 →0 0 + 
The results shows, that the whole magnetic flux going into the magnetic monopole
comes through the small Dirac-string and will be radiated radial symmetric outwards from the center at r = 0.

3.2

Sine-Gordon Model in 1+1 Dimension

In the non linear field theory, we observe the occurrence of expanded solutions,
the so called solitons. This „solitary “waves describe stable configurations with
well defined energies. The most known and simple model to identify solitons is
the Sine-Gordon model.
One concrete realization of a system, described by the Sine-Gordon model, is
a chain of inelastic pendulum (see figure 3.1). Each pendulum is connected
elastically to its neighbor2 . Every pendulum can be deflected by an angle phi.
2 The pendulum chain describes a natural discrete system, which is only equivalent to the
Sine-Gordon model in the continuum pendulum gap → 0 and chain length to → ∞.
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Are the relative deflections between two neighbor pendulum small, then we are
able to describe the motion of the pendulum by the differential equation
∂tt φ − ∂xx φ + sin φ = 0,

(3.9)

if the transition from a discrete to a continuous chain was made.
The solitary solutions are of the form φ(x, t) = φ(x − vt), therefor a specific
profile moves along the pendulum chain with a propagation velocity v. The
soliton solution for the Sine-Gordon model is3
φ(x − vt) = 4 arctan e

(x−x −vt)
± √ 0
1−v 2

.

(3.10)

This equation describes a kink on the pendulum chain in the form of a helix.
The sign ± in equation (3.10) describes the rotation direction of the kink (or
anti-kink). These waves, also called solitons, are local disturbances which travel

Figure 3.1: Solution of the Sine-Gordon equation (3.10)
along the pendulum chain with the propagation velocity v. The solitons are not
changing their form nor are they changing their speed and therefore the energy
(no dispersion). Since equation (3.9) is non linear, the superposition principle
does not apply and the solitins influence each other. This can be demonstrated
very well with the pendulum chain. If we create two right handed solitons and
let them collide, they will not pass through each other but crash against each
other (see figure 3.2).
If we create one right handed soliton on one site of the chain and one left handed
on the other and let them collide, then they will annihilate each other. The energy which was stored in those kinks will be set free in form of 2 waves traveling
in different directions.
These properties remind us one the behavior of particles, especially if two particles repulse or annihilate each other. With this model we are able to describe
the annihilation and repulsion of particles classically and without the help of
3 For

a more detailed derivation see [4]
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quantum field theory. One can see, that the rotation of the kink can be interpreted as a charge.
Further interesting aspects of this model are that solitons have a spatial extent.
A problem with singularities, which occur with a description with point-like
particles, is therefor non existent with this classical model.
Furthermore two solitons with the same rotation direction can not occupy the
same space, which can be seen as the Pauli excluding principle.
The soliton also shows relativistic aspects. With the increase of speed the kink
uses less pendulums for the deflection therefore the kink is more distinctive and
the soliton is shorter.

Figure 3.2: Two kinks on the pendulum chain.

3.3

A model of topological fermions

The model of topological fermions (MTF) [2], also called the „Soliton-model“, is
in general an expansion of the Sine-Gordon model in 1 + 1 to 3 + 1 dimensions.
In the Sine-Gordon model we had one free parameter, which was the deflection
angle φ(x). The angle is used to describe the dynamics of the system of pendulums and it can have values between [−π, π]. Every point on the pendulum
chain is described by a U (1)-element,which parameter space is given by the circle on the S 1 .
In the MTF, we change three degrees of freedom instead of one. Similar to
the Sine-Gordon model, we assign an unimodular number to every point in
space. In the case of the MTF it is not an U (1)-element but an SU (2)-element.
Q(x) = eiα(x)ni (x)σi

(3.11)

The vector n1 has three components and the σi are the usual Pauli-matrices.
With the definition q0 = cos α and qi = ni sin α, one can see that Q(x) is a
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generalisation oif the complex numbers, the so called „quaternions“.
Q(x) = eiα(x)~n(x)~σ = cos α(x) + i~σ~n sin α(x) = q0 (x) + i~σ ~q(x)

(3.12)

The inner product of two quaternions P and Q is defined with the corresponding
set of vectors (p0 , pi ) and (q0 , qi )
Q · P := p0 q0 + pi qi =

1
Sp(QP † ).
2

(3.13)

Since Q(x) is unimodular, we obtain for the absolute value
|Q(x)2 | = q02 (x) + ~q 2 = 1 ,

(3.14)

which will constrain the parameter space to a unity sphere S 3 on the R4 . The
parameter space is also called inner- or color-space, in contrast to the outerspace, the common space time.
With help of the σ-matrices and the SU (2)-field Q(s), we are able to define
in the inner-space on every point of the S 3 a local coordinate system. The four
vectors
Q(s), σ1 Q(s), σ2 Q(s), σ3 Q(s),
(3.15)
create an orthonormal base,
Q(s) · σk Q(s) = 0,

σk Q(s) · σl Q(s) = δkl

(3.16)

where Q(s) describes a vector that points to a point on the S 3 and the vectors
σk Q (short σkQ ) span a coordinate system in the tangential-space. Since Q =
Q(x), this means every space time point has its own local coordinate system.
The change of Q(s) due to a motion along a path x(s), is obtained by the
directional derivative ∂s Q(s). This vector is an element of the tangential-space
and can be writen as a linear combination of the tangential vectors σk Q(s)
∂s Q(s) = iΓsk σk Q(s) = i~Γs~σ Q

.

(3.17)

The vector arrow above ~Γs should illustrate vectors from the tangential space.
To find an expression for ~Γs , we multiply equation (3.17) with Q† (s) from the
right. With Q(s) = cos α(s) + i~σ~n(s) sin α(s) we obtain
(∂s Q)Q† = i~σ (∂s α)~n + (∂s~n) sin α cos α − sin2 α(~n × ∂s~n) = i~σ~Γs

(3.18)

and therefor ~Γs yields to
~Γs = (∂s α)~n + (∂s~n) sin α cos α − sin2 α(~n × ∂s~n) .

(3.19)

The change of the local coordinate system ~σ Q along a parametrized path is
obtained the same way as above, with a directional derivative. We use the
equation (3.17) and the relation σl σk = δlk + iεlkj σj and get
∂s σlQ = σl ∂s Q = iσl Γsk σk Q = εklj Γsk σjQ + iΓsl Q

.

In the above equation one can see that the change of a local coordinate system
inhabits a tangential and a normal component. If we use the SU (2) generator
in the adjoint representation (Tj )kl , and with the definition for Γskl
Γskl := (Tj )kl Γsj

and (Tj )kl := −iεjkl
32

(3.20)

we obtain the vector formalism
∂s~σ Q = iΓs~σ Q + i~Γs Q

.

(3.21)

These equations are known in the differential geometry as Gauss equations.
Within them, is the structure of the underlying space, for this model the S 3 .
Γs is also called „affine connection“, in the differential geometry also known as
Christopffel-symbol.
With the affine connection Γs we define the curvature-tensor Rstkm
Rstkm := (Tl )km (~Γs × ~Γt )l

.

(3.22)

Which is equivalent to
Rstkm := −i(Γsk Γtm − Γsm Γtk ) .

(3.23)

Observing the result more clearly will yield and important property. The first
index-pair is an element of the outer space (s, t), while the second index-pair is
an element of the inner space (k, m). This is also a property, that is know for
the field strength tensor of the non-abelian gauge theories. This is an important
difference in comparison to the curvature-tensor of the space time, which is used
in the theory of relativity, where all four indices are from the outer-space.
To obtain a further similarity to the non-abelian field strength tensor, we derive
a new form of the curvature tensor Rstkm . Due to the equation of Schwartz we
know
∂s ∂t Q(s, t) = ∂t ∂s Q(s, t). .
(3.24)
We calculate the two partial derivatives for equation (3.21) and obtain
1
Q
∂s ∂t σkQ = (∂t Γskm + iΓskl Γtlm + iΓsk Γtm )σm
+ (∂t Γsk + iΓskl Γtl )Q
i
1
Q
∂t ∂s σkQ = (∂s Γtkm + iΓtkl Γslm + iΓtk Γsm )σm
+ (∂s Γtk + iΓtkl Γsl )Q
i

.

With equating the coefficients for the tangential components with respect to
(3.23), we get
Rstkm = −∂s Γtkm + ∂t Γskm + iΓskl Γtlm − iΓtkl Γslm

(3.25)

Rst = −∂s Γt + ∂t Γs + i[Γs , Γt ] .

(3.26)

respectively
The relation between curvature tensor and affine connection is therefor equal to
the description in non-abelian gauge theories.
If one uses the double derivative on the Q(s, t) field and afterwards uses the
equating of coefficients, it will yield the Maurer-cartan-equation
∂s ~Γt − ∂t ~Γs = −2(~Γs × ~Γt )

(3.27)

∂s Γt − ∂t Γs = 2i[Γs , Γt ]

(3.28)

respectively
It sets a further condition for the affine connection, and guarantees, that every
field value of Q(x) is unique. Further it guarantees that the soliton-field is fully
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reconstructible from the affine connection. With equation (3.27) and (3.28) we
can find further equations for the curvature-tensor
1
Rst = −i[Γs , Γt ] = − (∂s Γt − ∂t Γs ) .
2

(3.29)

The transition from the pure differential geometry to the physic is completed,
when we identify the curvature tensor with the field strength tensor and the
affine connection with the gauge field4 . In the international defined SI-system
we obtain
e0 ~
∗
∗
~ µν = − 4πε0 c F~µν
bzw. F~µν
=−
Rµν
(3.30)
R
e0
4πε0 c
~Γµ = − 4πε0 c C
~ µ bzw. C
~ µ = − e0 ~Γµ .
(3.31)
e0
4πε0 c
The dual field strength tensor is constructed with the transition E → cB and
cB → −E. Furthermore since we work in the SU (2)-algebra the tensor obtains
inner degrees of freedom (therefor the vector above Fµν ).


~ 1 cB
~ 2 cB
~3
0
cB
~1
~ 3 −E
~2 
1
0
E
 −cB

∗
F~µν
= 
.
(3.32)
~ 2 −E
~3
~1 
c  −cB

0
E
~3 E
~ 2 −E
~1
−cB
0
The flux is given through equations (3.30) and (3.30) through an infinitesimal
∗
dxµ dxν and its corresponding parallelogram in the
square in the space time, F~µν
inner space (~Γµ × ~Γν )dxµ dxν ,
∗
Fµν
dxµ dxν v Rµν dxµ dxν = T~ (~Γµ × ~Γν )dxµ dxν .

(3.33)

The area (~Γµ × ~Γν ) is an element of the tangential space of the S 3 sphere (see
figure 3.3).

3.4

The hedgehog-ansatz

To describe electric charges with the MTF, we use the so called „hedgehog5 “ansatz for the SU (2)-field Q
~r
Q(x) = cos α(x) + i~n(x)~σ sin α(x) with ~n(x) = .
r

(3.34)

With a profile-function α(r) we can investigete the soliton field. We assign
following paramaters
α(r) ∈ [0,

π
],
2

α(0) = 0,

π
α(∞) .
2

(3.35)

4 The identification of the affine connection with the gauge field is a well known concept.
The difference with the usual gauge theories is, that the underlying field of the MTF is not
the usual gauge field Aµ but the soliton field from which all other quantities are derived.
5 The ansatz is described by the hedgehog, because all n-vectors are in radial direction, just
~
like the E-field
of a stationary electric charge.
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Figure 3.3: Transformation of a infinitesimal square in the space time into the
a parallelogram in the tangential plane of the inner space.
For r = 0 we obtain
R(Q) = 1

I(Q) = 0,

(3.36)

therefor we are on the north pol on the S 3 and the kink is 0.
For larger distances, especially with r → ∞
R(Q) =

I(Q) = ~σ~n,

(3.37)

Q points on the equator. If we approach the origin in the Minkowski space from
an arbitrary direction −∞ and migrate towards +∞, the field values cover one
half of the S 3 .
We define the number of windings nω
α(0) = 0,

α(∞) =

nωπ
.
2

(3.38)

For even nω , an even amount of S 3 -halves will be covered and for an odd amount,
an odd amount of S 3 -halves. With this one can describe charged particles.

3.5

The Lagrangian density of the MTF

The Lagrangian density is chosen in such a way, that the system allows stable
soliton configurations with special properties, in the electro-dynamic limes the
electrons ,to be interpreted by a coulomb field. Therefor we construct the Lagrangian density of two rival contributions. A kinetic part, which would induce
the dissolving of the soliton and the potential term part, which will stabilize the
solution.
L = Lkin. + Lpot.
(3.39)
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Figure 3.4: Illustration of the Q-field with the hedgehog-ansatz.

3.5.1

The kinetic term of the Lagrangian density

We are interested to represent the usual Lagrangian density of non-Abelian
gauge theories
Lkin =

1 ~ ∗ ~ ∗µν
1 1 ~2
~ 2] ,
Fµν F
= [ B
− ε0 E
4µ0
2 µ0

(3.40)

with the definition of the curvature tensor from (3.30)
Lkin =

1 αf ~c ~ ~ µν
Rµν R
4 4π

,

(3.41)

This term is also called the curvature-term. αf represents here the Sommerfeld
e2

constantαf = 4πε00 ~c .
To find an equation for the curvature term in dependence of the soliton field Q,
~ µν R
~ µν in respect to the affine connection6 .
we use R
~ µν R
~ µν = 1 TrRµν Rµν = (~Γµ × ~Γν )2 = ~Γ2µ ~Γ2ν − (~Γµ ~Γν )2
R
2
6 For

~ µν T~ , and for the generators the relation Sp(Ti Tj ) = 2δij .
this we use Rµν = R
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With the relation (3.19) between Γ- and Q-field, we obtain after a longer calculation
~ µν R
~ µν = (∂µ cos α∂ν ~n − ∂ν cos α∂µ~n)2 + (1 − cos α)2 (∂µ~n × ∂ν ~n)2
R

. (3.42)

With this we obtain for the curvature term an expression that is only dependent
on a function of the soliton-field and its derivative. Therefor on q0 and of the
derivatives ∂µ q0 and ∂µ~n.
αf ~c 1
[(∂µ cos α∂ν ~n − ∂ν cos α∂µ~n)2 + (1 − cos2 α)2 (∂µ~n × ∂ν ~n)2 ] =
4π 4
αf ~c 1
[(∂µ q0 ∂ν ~n − ∂ν q0 ∂µ~n)2 + (1 − q02 )2 (∂µ~n × ∂ν ~n)2 ]
=
4π 4
(3.43)

Lkin =

To give a better understanding of the curvature term we observe the SineGordon model with the chain of pendulums. Without the gravitation (potential
term), a created soliton would not stay stable, but would dissolve. It would
dissolve over the whole chain of pendulums, to minimize the curvature. Only
the gravitation restricts the soliton to a small space. Therefore we can deduce
that in the MTF the curvature term of the Lagrangian density, is responsible
for the dissolving of the soliton. For the component q0 of the SU (2)-field Q(x)
we have in this area q0 (x) 6= 0. To obtain stable soliton configurations we are in
the need, analog to the gravitation for the pendulum chain, of a potential term.

3.5.2

The potential term of the Lagrangian density

As stated in the previous section we need a potential term to stabilize a soliton
configuration.In the MTF we use potential terms of the form
2m

αf ~c 1 TrQ(x)
, m = 1, 2, 3, . . . .
(3.44)
Lpot =
4π r04
2
From the definition of the SU (2)-fields Q(x) = q0 (x) + i~σ ~q(x) follows
Lpot =

αf ~c 1
2m
[q0 (x)]
4π r04

.

(3.45)

For dimension reasons we define a free parameter r0 , which represents a quantity for the magnitude of the soliton. It can also be used for scaling purposes.
If we shrink the soliton with r → 0, respectively if we are far away from the
soliton, we obtain the electrodynamic limit of the MTF. First the soliton was a
topological extended object, but in the limit it will shrink to a dot-like object.
With the limit we obtain the classical description of the electrodynamics. The
soliton should simulate an electron for sufficient large distances, with the corresponding coulomb field.
To be able to shrink r14 in (3.45) for r0 → 0, q0 must vanish for large areas of the
0
space time. This restriction of the parameter-space of the SU (2)-field induces
the projection of the S 3 on the S 2 as described in the section 3.4.
The complete Lagrangian density of the MTF is of the form
"
2m #

αf ~c 1 ~ ~ µν
1 TrQ(x)
LM T F = Lkin + Lpot =
Rµν R + 4
4π
4
r0
2
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.

(3.46)

Figure 3.5: Potential term of the Lagrangian density in the MTF. With its form
we restricts the parameter space of the soliton-field from an S 3 to the S 2 .

3.6

Description of electric charges

In this section we want to show, how to derive the coulomb field of an electron
for the soliton in the electro dynamic limit.
The potential term will restrict the field values to the equator of the parameter
space, if we are distant enough from the soliton. In this are of the space time
(q0 = 0), we are allowed to neglect the potential term. For the kinetic term in
equation (3.43), remain only the ∂µ~n-fields as degrees of freedom.
We calculate the affine connection with equation (3.19), using the hedgehogansatz (3.34) with respect to the definition of the gauge-field (3.31) and obtain
the dual gauge-field of a statistical soliton
~ r = − e0 α0 (r)~n
C
4π0
e0 sin α
(cos α~eθ − sin α~eφ )
=−
4π0 r
e0 sin α
=−
(sin α~eθ + cos α~eφ ) ,
4π0 r

~ t = 0,
C
~ϑ
C
~ϕ
C

(3.47)

whereat ~n, ~eθ and ~eφ denote the spherical vectors of the inner space, which are
identified with the vectors from the outer space ~er , ~eϑ and ~eϕ .
~ = −rotC
~ (curl in spherical coordinates)
In the dual formulation the relation E
yields the electric field
2
~ r = − e0 sin α ~n
E
4π0 r2
0
~ ϑ = − e0 α (r) sin α (cos α ~eθ − sin α ~eφ )
E
4π0
r
0
e
α
(r)
sin α
~ϕ = − 0
E
(sin α ~eθ + cos α ~eφ ) .
4π0
r
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(3.48)

In the next section we will show, that for the profile function α(r) the result
α(r) = arctan( rr0 ) exists. The derivative α0 (r) behaves for large distances like
1
~
~
~
r 2 . Therefore the fields Eϑ and Eϕ die out faster than Er . The dominant
contribution is therefore the radial component. If we use the boundary condition
of the hedgehog-ansatz for large distances, α(∞) = π/2, we obtain the radial
component as
~ r = − e0 ~n .
(3.49)
E
4π0 r2

3.7

Solution of the equations of motion

Variation of the Lagrangian (3.46) will yield the equations of motion

2m
dΛ
q 2m
1 TrQ(x)
µν
~
~
= 04 .
= 0 with Λ = 4
∂µ (Γν × R ) + ~q
dq0
r0
2
r0

(3.50)

The simplest non-trivial solution is obtained by the hedgehog-ansatz. With it
the equations of motion obtain a radial symmetric form. With scaled coordinates
ρ = rr0 we obtain (see figure (3.4))
∂ρ cos2 α(ρ) +

(1 − cos2 α(ρ)) cos α(ρ)
− mρ2 cos2m−1 α(ρ) = 0 .
ρ2

(3.51)

We obtain the lowest energy for m = 3 (with nω = 1). The profile function
yields
α(ρ) = arctan ρ .
For higher number of windings nω solutions can be obtained with the help of
numerical calculations, see [2].
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Chapter 4

The MTF in Simulation
The simulation of the MTF is compared to the QED more complex due to the
nature of the geometry used for this model, which is the SU (2). Lattice variables
can not be directly assigned or changed, but they have to be calculated from the
soliton-field first. This chapter inhabits a rough overview of step to formulate
the MTF on the space-time-lattice. Furthermore we give a little introduction
to computational techniques.
• Discretization
• Introduction of the Wilson-action
• Calculating of the lattice variables from the soliton-field
• Wilson loops and string tension
• Monte Carlo method
For more details on this matter, I point to the diploma thesis of Julia Fornleitner
[5], Xavier König [6] and Roman Höllwieser [7].

4.1

Discretization of the MTF

To be able to calculate with the MTF model on the lattice, we need the discretization of the action analog to chapter 1.3.
The potential term (3.5.2) can be used without any change on the lattice. One
should bear in mind though, that the potential is now defined on nodes and not
on the whole space-time. Therefore we obtain
!
3
X
X β TrQ(x) 2m
4
Spot = a
with
x
=
anµ , n ∈ Z .
r04
2
x
µ=0
The discretization of the kinetic term is much more complex. We encounter
derivatives of the SU (2)-field Q, for which we need the corresponding field value
of two lattice points. To obtain the needed equation for the affine connection
to construct the kinetic term of the Lagrangian, we use
∂µ Q(x) = i~Γµ~σ Q(x) .
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(4.1)

To get rid of the inner indices, we use the trace and find


~Γµ (x) = −iSp (∂µ Q(x)) Q† (x) ~σ
.
2

(4.2)

We exchange the derivation with the lattice-derivaton from (2.37), with µ̂ being
the unit vector in µ-direction. Further we set the lattice-spacing to a = 1 and
we obtain


~Γµ (x) = −iTr Q(x + µ̂)Q† (x) ~σ
.
(4.3)
2
For a better distinction we set the soliton-field on the space-time-point x to P
and for x + µ̂ to Q. The components are of the form
Q† (x)
Q(x + µ̂)

:= P † = p0 − i~σ p~

(4.4)

:= Q = q0 + i~σ ~q .

(4.5)

With the relations of the σ-matrices we obtain
Sp [σi σj ] = 2δij

and

Sp [σi σj σk ] = 2iεijk

.

Now we can formulate the affine connection on the lattice point x to
~Γµ = ~qp0 − p~q0 + ~q × p~ .
With the affine connection we obtain the equation for the lattice action.
Skin = a4

Xβ
x

4

2

(Γµ × Γν )

(4.6)

The ~Γ-fields are of the form (3.19).

4.2

Wilson-action

We saw in section 3.3, that the field strength tensor is defined through the
curvature tensor in equation (3.30). With it, the flux is calculated with the
infinitesimal square dxdy in the space time which corresponds to the parallelogram ~Γx × ~Γy dxdy in the inner space.
To calculate the flux on the lattice, we use a so called plaquette instead of the
infinitesimal square. The plaquette is constructed with the lattice points x,
x + aµ̂, x + aν̂ and x + aµ̂ + aν̂ in the µν-plane, and represents the smallest area
possible. Every lattice point in a lattice-plane corresponds to one plaquette.
To calculate ~Γx × ~Γy dxdy, we use three field values per plaquette. The field
value at the origin Qa and he two derivatives of Γ, which will give us the values
of the neighbors Qb and Qd . The parallelogram ~Γx × ~Γy dxdy is an approximation to the constructed spherical square ( constructed with Qa ,Qb ,Qc and Qd ),
see figure 4.1. For a big difference in the field values on the plaquette points,
this approximation is insufficient. Instead of using the usual kinetic term of
the Lagrangian, we use a Wilson-like action, which is formulated as know from
lattice QED.
We assign every link of the lattice an SU (2)-field Uµ (x). A gauge invariant
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Figure 4.1: Transformation of a plaquette into a parallelogram in the tangentialplane of the inner-space. The parallelogram is an approximation to the spherical
square constructed with the four field values Qa ,Qb ,Qc and Qd .
expression can be formed with the four links of a plaquette
U = Uµν (x) = Uν† (x)Uµ† (x + aν̂)Uν (x + aµ̂)Uµ (x) ,

(4.7)

one has to multiply them in the right direction (counter clock wise) and since
we are in a non commutative theory one has to be careful with the direction of
each link. Equation (4.7) is describing the smallest possible parallel transport
for a square (plaquette). With its help we can construct a gauge invariant from
of the action for a single plaquette, the so called Wilson-action

X
1
S = β0
1 − Re (SpU )
.
(4.8)
2


This action inhabits not only three but all four field-values of a plaquette.
It will replace the kinetic term in the Lagrangian density of the MTF. The
Wilson-action will converge in the continuum limit of the MTF into the form
„1/4F µν Fµν “.

4.3

Calculating the link-variables from the solitonfield

To find an appropriate expression for the link variables we switch to the QCD,
since it is an non-Abelian theory as well. The link-variables in the lattice QCD
are given as
a
a σa
i
i
Uµ (x) = e ~ agAµ Ta = e ~ agAµ 2 .
(4.9)
With a being the lattice spacing, g the charge and Ta the generators of the
SU (2).
~ µ (3.31) instead of the usual C
~ µ . If
THe MTF uses the dual vector potential C
we disregard the pre-factors, the dual vector potential can be identified with
the affine connection ~Γµ . We defined the affine connection with the help of the
derivative of the MTF Q-field
∂µ Q(x) = iΓaµ σa Q
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(4.10)

~Γµ is therefore the equivalent to the vector-field Aµ of the QCD. In contrast
to the QCD, the underyling field of the MTF is the Q-field and not the vectorfield ~Γµ . We therefore need an expression for the link-variable in dependence of
the q-field.
For the description on the lattice we need to discretize equation (4.10). The
derivative ∂µ Q(x) will change into a differential quotient. Therefore we obtain
Q(x + µ̂) − Q(x)
= iΓaµ σa Q
a
Q(x + µ̂)Q† (x) = 1 + iaΓaµ σa
=⇒

a

Q(x + µ̂)Q† (x) ≈ eiaΓµ σa

/ · aQ† (x)
(4.11)

.

With the comparison to (4.9), we obtain the link-variable between x and x + µ̂
q
a σa
UµM T F (x) = Q(x + µ̂)Q† (x) ≈ eiaΓµ 2 .
(4.12)
We found the description
p of the link-variables, which is dependent on the solitonfield of its neighbors, Q(x + µ̂)Q† (x). It further agrees with the QCD from
a σa
i
e ~ aΓµ 2 .

4.4

Wilson loops and string tension

In contrast to QED where an electron-positron pair is allowed to spread, the
QCD shows a different behavior. A quark is the source of the color electric flux.
This flux will be squeezed into fluxtubes between a quark-antiquark pair due to
the non-Abelian nature of the gauge field. This will lead to a potential which
rises linearly with the distance of the two charges. the coefficient of the linearly
rising part of the potential is called the string tension σ and is a measure for
strength for the confinement. The energy needed to separate the two charges
will be stored in the fluxtube. The energy stored in the string, if large enough,
can produce a new quark-antiquark pair.
To calculate the string tension numerically, we will study the so called Wilson
loop. The Wilson loop can be defined on the lattice as
Y
W (R, T ) = hT rP
Ul i.
(4.13)
l∈C

It is the expectation value of the trace of the path ordered phase factor along
a closed rectangular path C with spatial separation R and temporal extent T .
The Wilson loop can be interpreted as the world sheet of a statistical quarkantiquark pair with distance R, which is created at Euclidean time τ = 0 and
then propagates in time direction until it is annihilated at Euclidean time τ = T .
The potential V(R) of a q q̄ in the ground state is obtained by studying the
Wilson loop for large Euclidean times
V (R) = − lim

T →∞

1
lnW (R, T ).
T

(4.14)

QCD is a theory that fulfills the confinement of quarks. Therefore we expect
our potential to rise linearly with increasing R for large q q̄ separations. The
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coefficient which describes this gradient is the string tension σ and should not
vanish for large distances.
1
σ = lim
V (R)
(4.15)
R→∞ R
Inserting (4.14) will lead to
σ=

1
lnW (R, T ).
R,T →∞ RT
lim

(4.16)

With the upper equation it is clear, that large Wilson loops are expected to
show an area law behavior (this applies for the confinement phase)
W (R, T )R,T →∞ ∼ exp(−σRT ).

(4.17)

Equation (4.17) is also referred to as the Wilson loop criterion which is very
important, since it allows us to distinguish between different phases, with and
without statistical quark confinement, by means of gauge invariant observables.
Therefore it is very common to use the string tension as an order parameter for
numerical and analytical investigations of lattice gauge theories.
To confirm the the expected behavior of the string tension, one has two possibilities to do so. A Monte Carlo simulation can confirm the result or one has
to do a strong coupling expansion in powers of the inverse coupling β. It was
shown that with the expansion of the inverse coupling constant β, the Wilson
loop can be formulated as


W (R̂, T̂ ) = C exp −σ̂ R̂T̂ − α̂(R̂ + T̂ ) + γ̂
(4.18)
with α̂ being the coefficient of the part of the Wilson loop which is proportional
to the perimeter of the loops. Since R̂ and T̂ can be seen as lattice units, it
opens the possibility to study the string tension through the properties of large
area Wilson loops. Calculating large Wilson loops in a quantum fluctuating
vacuum is very time costly. Due to the fluctuations one has to calculate many
Wilson loops. To speed up the process a method has been developed to extract
the string tension of smaller Wilson loops, the so called Creutz ratio χ. It is
defined as
!
W (R̂ + 1, T̂ + 1)W (R̂, T̂ )
χ(R̂, T̂ ) = − ln
.
(4.19)
W (R̂, T̂ − 1)W (R̂ − 1, T̂ )
With higher dimensions of the Wilson loop the Creutz ratio approaches asymptotic the string tension. For small Wilson loop dimension the Creutz ratio
inhabits also parts of the color electric Coulomb interaction (which decreases
with r−1 ).
An even faster way to extract the string tension is to use a maximal center projection. This will leave the vortex structure of the gauge field intact and since
the vortices are the source of the string tension one can derive this even faster.
It is possible to determine the lattice spacing a by using the Monte Carlo simulation to evaluate the value of the string tension σ and using
r
σ̂
(4.20)
a=
σ
√
with an experimental value of σ = 440M eV .
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4.5

Monte Carlo method

To simulate a quantum fluctuating QCD-Vacuum we use the Monte Carlo
method with the Metropolis algorithm. As mentioned above the U-field is described on links between nodes on a finite space-time lattice. The idea behind
the algorithm is to start with a random field configuration and vary the links
to minimize the action of the field until an equilibrium is established.

4.5.1

Markov chain

To realize the idea above, it is useful to work with the Markov chain which will
construct a stochastic sequence of configurations (U0 −→ U1 −→ U2 −→ ...)
that eventually follows an equilibrium distribution P (U ). The change of a field
configuration is called a Monte Carlo step. We construct the Markov chain in
such way, that field configurations with a larger probability will be visited more
often. For every Monte Carlo step we calculate the transition probability from
U to U 0 with
P (Un = U 0 |Un−1 = U ) = T (U 0 |U )
(4.21)
The transition probability depends only on the configurations U 0 and U but not
on the index n. Further more it has to obey
X
0 ≤ T (U 0 |U ) ≤ 1,
T (U 0 |U ) = 1 .
(4.22)
U0

This sum states, that the total probability to jump from U to any U 0 equals 1
(this would also include U = U 0 ). Once an equilibrium state is achieved, one
can write the balance equation as
X
X
T (U 0 |U )P (U ) =
T (U |U 0 )P (U 0 ) .
(4.23)
U0

U

This equation states that the probability to hop into a configuration U 0 at a step
Un−1 −→ Un has to match the probability for hopping out of U 0 at this step.
To solve the balance equation a condition is needed. The most used condition
which is also used in our calculations is the detailed balance condition. From
the balance equation (4.23) we know that both sums have to be equal. The
detailed balance condition requires that the equality holds term-wise
T (U 0 |U )P (U ) = T (U |U 0 )P (U 0 ) .

(4.24)

One has to bear in mind that these equations only hold if the equilibrium state
was achieved.

4.5.2

Metropolis algorithm

The metropolis algorithm will link the numerical Monte Carlo simulation with a
thermodynamical ansatz. We set the equilibrium distribution P (U ) ∝ exp(−S[U ])
with S[U ] being the action and the transition probability also called acceptance
probability to


T0 (U |U 0 ) exp(−S[U 0 ])
0
.
(4.25)
TA (U |U ) = min 1,
T0 (U 0 |U ) exp(−S[U ])
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The Metropolis algorithm is described by the following three steps:
Step 1: Choose an arbitrary configuration U 0 according to some prior selection
probability T0 (U 0 |U ), with U = Un−1 .
Step 2: Acquire the transition probability TA for the next Monte Carlo step.
If the new candidate U 0 is accepted, we set Un = U 0 . If the new candidate is
declined, the unchanged configuration U is used again.
Step 3: Repeat steps from the beginning.
We can show that the total transition probability T = T0 TA fulfills the detailed
balance condition
T (U 0 |U ) exp(−S[U ])


T0 (U |U 0 ) exp(−S[U 0 ])
exp(−S[U ])
= T0 (U 0 |U ) min 1,
T0 (U 0 |U ) exp(−S[U ])
0

0

(4.26)

0

= min(T0 (U |U ) exp(−S[U ]), T0 (U |U ) exp(−S[U ]))
= T (U |U 0 ) exp(−S[U 0 ])
In our case we use a symmetric selection probability which obeys
T0 (U |U 0 ) = T0 (U 0 |U ) .

(4.27)

Therefore we can write (4.25) as
TA (U 0 |U ) = min(1, exp(−∆S))

(4.28)

with ∆S = S[U 0 ] − S[U ]. It is easy to see now, that with S[U 0 ] ≤ S[U ] the
acceptance probability is always 1. For S[U 0 ] > S[U ] the acceptance probability is smaller than 1, which means not every new configuration U 0 is accepted.
There is still a probability that S[U 0 ] is many factors higher than S[U ] and
accepted. To prevent this from happening a so called step size is defined. In
other words only small changes for U → U 0 are allowed.Let us consider different
acceptance ratios. If the acceptance ratio is chosen too small the field will be
very flat with few fluctuations. On the other hand, if the ratio is higher, it
would create a sharp landscape with too many and too high fluctuations (for
some special simulations this case might be needed). Therefor it is logical to
choose an acceptance rate of 50% (in the equilibrium state). This acceptance
rate will simulate a realistic fluctuation of the field.
To simplify the algorithm on the lattice, let us consider a two dimensional field.
Now we want to change one specific link U~x according to the algorithm. A new
U~x0 configuration will be chosen randomly (has to be in agreement with the step
size). If one link is changed on a two dimensional lattice, the action of two plaquettes is also changed. To calculate the acceptance probability, we calculate
the ∆S for both plaquettes and the above rules for transition probability apply.
While the above example is only for 1 link, in every useful simulation the algorithm has to be applied to all links of the field. For this reason one has to
bear in mind, that calculating the action of a plaquette is only reasonable while
only one link of the plaquette was changed. Otherwise the field might change
uncontrollable.
To boost the performance of the algorithm, one wants to change as many plaquettes in one calculation step as possible. This can be realized by dividing
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the field into two colors (black and white). Each node of the field has a color
and only neighbors with the anti-color. Each node has n forward links (with
n being the dimension). If one changes 1 link for every node with the same
color, all plaquettes of the lattice are changed and the performance maximized.
Once the algorithm was applied to all links one Monte Carlo step is finished.
To study observables for instance Wilson loops, one has to create many uncorrelated field configurations. Usually a simulation is started by generating a
field in an ordered or disordered state. The simulation starts with a warm up
phase, meaning it runs some Monte Carlo steps to bring the field into equilibrium (one should always check if the equilibrium was reached after the defined
warm up cycles). Then a measurement of a wanted observable is done. After
the measurement one has to generate many Monte Carlo steps to achieve an
uncorrelated field configuration (how many steps are needed depends on the
step-size of the Metropolis algorithm and on the acceptance ratio).
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Chapter 5

Soliton Approximation
5.1

Soliton approximation

The QCD vacuum is usually simulated with a gauge-field. In our program we use
an SU(2) gauge-field, which is defined on the links between nodes on the spacetime lattice. Every node has 4 adjoined links in forward direction. With the
soliton approximation one wants to simulate the gauge-field through solitons.
Since there are 4 times more links then nodes, one decreases the degree of
freedom by a factor of 4. Therefore, approximating a SU(2)-field with a soliton
field is only possible to a certain degree. A random field configuration will
most likely yield and inaccurate approximation of the gauge-field. To generate
a soliton approximation one has to approximate all 8 links around a node.
Q(x) = Uµ†2 (x)Q(x + µ̂)

(5.1)

Since Q(x) is dependent on Q(xµ̂), one has to construct an algorithm that
will iterate until the best solution for Q(x) is obtained. The algorithm can be
stopped after a specified number of iterations (which will yield an incorrect result
for Q(x) if the iteration number is set too low), or after a certain accuracy of the
field was achieved. To check for the quality of the Q-field, one must reconstruct
a gauge-field from the soliton field.
q
Ũµ (x) = Q(x + µ̂)Q† (x)
(5.2)
Ũµ (x) represents the reconstructed gauge field from the soliton-field. Since the
square root of [5.2] is not unique, we have to find out which solution fits best. In
my work i have tested two different methods for choosing the sign of the square
root.
The first Method is done by calculating the absolute value of the differences
of both solitons with the original U-field. The better result will be stored into
the new approximated Ũ . Now one has to compare Ũ with U . This can be done
through the following functional
R=

±4
X

tr[Uµ (x)2 Ũµ† (x)].

µ=±1
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(5.3)

A higher R is representing a better approximation of U 2 by Ũ 2 (sum is over all
adjoined links). With every iteration R increases because we obtain a better
mean value. One has to bear in mind that this method is not a maximization
because we don’t vary any parameters. It is simply the mean value of surrounding links dependent on the neighbor nodes. Whit the method one should obtain
a approximation very close to the actual maximum.
The maximum value that the trace can yield is 2, which would indicate that
both fields are identical. Equation [5.3] is the most simple way to calculate the
quality of the field, however calculating Ũ for every iteration is very time inefficient. A second and faster way to calculate the quality of the approximation is
given by
R=

±4
X

tr[Uµ (x)2 Ũµ (x)†2 ] =

µ=±1

= tr[

±4
X

tr[Uµ (x)2 Q(x)Q† (x + µ̂)] =

µ=±1

±4
X

Q† (x + µ̂)Uµ (x)2 Q(x)] = tr[S(x)Q(x)] = tr[S(x)

µ=±1

{z

|

S(x)

S(x)†
]=
(5.4)
|S(x)|

}

2

S(x)†
= |S(x)|
=
|S(x)|
with
Q(x) =

S † (x)
.
|S(x)|

(5.5)

This approach is much faster since one has to calculate only the absolute value
of S(x) for all 8 links. To have a quantitative value of R we want to norm it
between 0 and 1. This is done by
Rnorm =

R
,
8 · N V OL

(5.6)

where NVOL is the lattice volume (amount of approximated nodes) and 8 the
number of links adjoin to a node.
The second method is based on choosing the sign of equation [5.2] to minimize
the action of the gauge field. To each link, there are 6 associated plaquettes.
Therefore one has to bear in mind, if one link is changed the value of 6 plaquetts
will change. Since we want to choose the proper sign for every link of the gauge
field we first assign only positive signs to all results of [5.2]. Now one link is
chosen and the action of the 6 associated plaquetes will be calculated for both
possible results of [5.2]. The configuration with the least action will be stored
and used for further action calculations to determine the sign of the remaining
links.
Calculating the square root is not a trivial task, since we are using quaternions. There is no possibility to decide whether the positive or negative solition
is the proper one, therefore we have to make sure to return both of them. To
solve the square root we demand that A2 = B with,
A = exp (iα~n · ~σ ) = cos(α) · 1 + i sin(α)~n · ~σ
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(5.7)

and
B = cos(2α) · 1 + i sin(2α)~n · ~σ .
Following trigonometric relations are used
r
r
1 + cos(2α)
1 − cos(2α)
cos(α) =
sin(α) =
2
2
sin(2α) = sin(arcsin(cos(2α))).

(5.8)

(5.9)
(5.10)

Since we only know the product sin(2α)~n (in the program) we have to use the
following equation
sin(α)
sin(α)~n = sin(2α)~n
.
(5.11)
sin(2α)
One has to bear in mind, that the soliton approximation is loosing information
due to the square/square root approach. Therefore if one always assigns the
same sign for the solution of the square root, the gauge field will remain vortex
free. Since the vortex structure is responsible for the string force, one is interested if the remaining field has coulomb force components. This question will
be answered in the later chapters.

5.1.1

Observables for the soliton approximation accuracy

The accuracy of the soliton approximation can be calculated by two different
observables. The first calculations were done by observing the parameter R
according to
±4
X
RR1 =
tr[Uµ (x)2 Ũµ† (x)].
(5.12)
µ=±1

With RR1 one can observe how well Ũ 2 fits to U 2 . This method however
did not yield accurate results with advanced calculations. Fields that could be
approximated more accurately seemed to yield bigger errors during Wilson loops
calculations. This happens due to the fact that the process of sign choosing is
not involved in the observable. Therefore a second observable was defined to
implement also the procedure of the sign choosing and give a more accurate
result for the overall approximation. The second observable was defined as
RR2 =

±4
X

tr[Uµ (x)Ũµ† (x)].

(5.13)

µ=±1

The observable RR2 is an observable for the whole process. We start with a
Monte Carlo generated U -field and as the end result we get a soliton approximated Ũ -field. With equation [5.13] we verify how well these two fields fit
together.
In the end, both observables are needed to give reasonable results.

5.2

Partial soliton approximation

The standard soliton approximation uses periodic boundary conditions for the
3 spatial and 1 time direction. The idea behind the partial soliton approximation is to approximate only a certain area of the gauge-field without boundary
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conditions. This method should be able to investigate which parts of the field
are easy or difficult to approximate.
The method we chose to calculate the partial soliton-field is based on a maskmatrix. The mask-matrix will tell the algorithm which points to compute and
which to leave out. For example we consider a 104 gauge-field. We want to
approximate a 24 sub-cube. The partial soliton algorithm will initialize the
mask-matrix with 0 except for a small sub-cube, that will be set to 1. Now
one can use the finished CALC_SOL algorithm for all nodes where the maskmatrix carries a value of 1. We had to tweak the matrix multiplication and
summation subroutines so that they would operate correctly according to the
mask. To cover the whole gauge-field one has to update the mask-matrix after
every sub-cube was calculated. The size of the sub-cube can be changed at the
beginning of the subroutine. Furthermore the algorithm is set to scan over the
whole lattice, if one wants scan only a certain sub-cube it is advised to change
the first 4 loops (x,y,z,t).

5.3

Local and global transformation

To study the properties of a gauge field one has to create a soliton field that can
be fully approximated by an SU(2)-field. This is done by generating a random
SU(2) field and approximating it with a soliton field (Q-field). From the Q-field
we derive a gauge field Ũµ (x) by
q
(5.14)
Ũµ (x) = Q(x + µ̂)Q† (x).
Therefor we get
Q(x + µ̂) = Ũµ2 (x)Q(x).

(5.15)

Since the physical properties of the Ũ -field do not depend on a gauge transformation, we would like to investigate the dependence of the Q-field on gauge
transformations of Ũ
g
Ũ = g(x + µ̂)Ũ g † (x).
(5.16)
We find
g

Ũ 2 = g(x + µ̂)Ũ g † (x)g(x + µ̂)Ũ g † (x).

(5.17)

g † (x)g(x + µ̂) 6= 1

(5.18)

Since in general
for a local gauge transformation we get a Q0 different from Q. For a global
gauge transformation g † g of equation (5.18) will yield 1 and the resulting Q0 (x)
{Uµ (x)} −→ {Q(x)} −→ {Ũµ (x)} −→ {g Ũµ (x)} −→ {Q0 (x)}

(5.19)

should be related to Q(x). During the gauge transformation we lose information
concerning the coordinate system of the original field and Q0 is placed on a
randomly chosen coordinate system. Q and Q0 are the same fields, but they
have shifted positions on an S(3)-sphere.
To shift Q0 into Q one has to find a transformation matrix. We have tested two
slightly different methods for this purpose.
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5.3.1

Transformation matrix T

The first method is based on finding the transformation matrix. One takes Q1
and Q01 (first point from the original and shifted field) and rotates both fields, so
that these points are both in the north pole (where the north pole is the unity
matrix 1). Due to unitarity
(5.20)
Q†1 Q1 = 1
one has to multiply all field values Q(x) by Q†1 , i.e. to transform Qi −→ Q†1 Qi .
This will rotate the field into the position with Q1 being in the north pole. The
0
same procedure has to be applied for the shifted field, with Q0†
1 Qi . Now one
has to find the correct axis of rotation for the similarity transformation rotating
one field into the other. This can be done by looking at two points for example
Q2 and Q02 . To find the matrix to rotate Q02 into Q2 , it is useful to rotate both
point into the direction of σ3 ,
T ~n2~σ T † = σ3

(5.21)

T 0~n02~σ T 0† = σ3

(5.22)

where ~n2 denotes the normal vector of Q2 and T is of the form


cos( ϑ2 )
sin( ϑ2 )e−iϕ
T =
cos( ϑ2 )
−sin( ϑ2 )eiϕ
T = cosαT + i~σ n~T sinαT
with αT =
obtains

ϑ
2

(5.23)
(5.24)

and n~T = (−sin(ϕ), cos(ϕ), 0). Inserting (5.21) into (5.22) one
T † T 0 n~02~σ T 0† T = n~2~σ .

(5.25)

For a S(2)-sphere, equation (5.25) would suffice, but since we are on a S(3) with
3 degrees of freedom, one has to modify equation (5.25) to
T † eiσ3 ψ T 0 n~02~σ T 0† e−iσ3 ψ T = n~2~σ ,

(5.26)

where ψ is the third degree of freedom. Through iteration of ψ one can obtain
a solution, that will rotate Q0 into Q.

5.3.2

Normal vector method

The second method is based on geometrical considerations. Same as in the first
method (transformation matrix), one has to rotate both fields so that two points
are in the north pole. The idea for further calculations is to construct a mirror
plane between two points for example Q2 and Q02 .
~n2,mirror = ~n2 − ~n02 .

(5.27)

Furthermore the chosen points have to be linear independent, which is not the
case for Q1 and Q01 (might also happen for other points, although it is very
unlikely).
There are infinitely many axis of rotation to rotate Q02 into Q2 . All these vectors
are placed in the mirror plane between the two points. Now we construct another
mirror planes for a pair Q3 and Q03 . The line where both planes cross is the
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axis of rotation we are looking for. The axis can be easily calculated by using a
cross product
~nR = ~n2,mirror × ~n3,mirror .
(5.28)
~nR must be normalized after the calculation of (5.28), otherwise the rotation
yields an incorrect result. Furthermore one has to calculate the triple product
of
X = ~nR (~n2 × ~n02 ).
(5.29)
This is done to determine the orientation of the axis of rotation. Otherwise one
could rotate in the wrong direction. The angle for the rotation can be simply
calculated by an inner product
(~n2 × ~nR ) · (~n02 × ~nR )
= cosγ.
|~n2 × ~nR | · |~n02 × ~nR |

(5.30)

The rotation with nR and γ will transform Q0 into Q. It is advised to use the
second method, because there is no iteration needed.
During calculations, we have discovered that with increasing lattice size the
accuracy of this method decreases. We believe this is due to the soliton field
approximation. The soliton approximation is done iteratively until a certain
accuracy is achieved. This accuracy however, is for the whole field and not
for a single point of the field. With increasing lattice size the field accuracy is
constant, but for a single point the accuracy decreases.

5.3.3

Realization of the vector method in the program

As mentioned before, one has to create a soliton field that can be fully approximated. This can be done by calling these subroutines in the following order.
CALL
CALL
CALL
CALL
CALL

CALC SOL
MATCOP(N,A,B)
USOL
RAN GLOBAL GAU
CALC SOL

The first subroutine CALC SOL will create a soliton field from an U field (U
field is previously generated by a Monte Carlo procedure). We will need a copy
of this field for later analysis, therefore we use the MATCOP subroutine. The
soliton field will not be able to approximate the U-field fully (not enough degrees of freedom). Therefore we call the subroutine USOL to construct a slightly
different U field from the soliton field. This new U field can now be fully approximated by a soliton field. Since we are interested in the properties of the
gauge field, we first call the subroutine RAN GLOBAL GAU, which will apply
a random global gauge to our U field. A soliton field will be constructed by the
last subroutine call. This soliton field is the same as the one we created right
at the beginning, only its position is shifted on an S(3) sphere.
Now one has to shift two points into the north pole. An adjoint matrix is needed
for this transformation. Either one uses a subroutine to create the adjoint matrix (CALL MATADJ(N,A,B)) or derive it directly by inverting the sign of the
sigma matrix components, which is much faster in our case. The shift to the
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north pole, which is a simple matrix multiplication, will be done by calling the
subroutine MULMAT(N,A,B). The normal vectors of Q02 and Q2 are defined as
ALPHA=ACOS(SOL N(2,1,1,1))
Q N1 1=SOL N(2,2,1,1)/SIN(ALPHA)
Q N2 1=SOL N(2,3,1,1)/SIN(ALPHA)
Q N3 1=SOL N(2,4,1,1)/SIN(ALPHA)
ALPHA=ACOS(SOL ALT N(2,1,1,1))
Q N1 2=SOL ALT N(2,2,1,1)/SIN(ALPHA)
Q N2 2=SOL ALT N(2,3,1,1)/SIN(ALPHA)
Q N3 2=SOL ALT N(2,4,1,1)/SIN(ALPHA)
where SOL N denotes the Q0 and SOL ALT N the Q field. Using equation
(5.27) we can calculate the normal vector of the mirror plane. To construct the
axis of rotation we need to calculate ~ni,mirror × ~ni+1,mirror (the axis of rotation
has to be normed). The cross product can by calculated by calling the subroutine CROSSP. The rotation angle is simply calculated according to equation
(5.30).

5.4

Convergence

Studying the convergence of the soliton algorithm will yield some of its properties. The approximation is based on periodical boundary conditions and therefore will become more accurate with each iteration step. The convergence is
dependent on the lattice size and gauge. For bigger lattices one has to use more
iteration steps to achieve an accurate result, since there are more nodes that
influence each other.
From calculations with the soliton approximations we have learned, that different gauge fields are approximated differently. Usually the program creates
some gauge copies and the best one (the one that could be approximated most
accurately) will be used for further calculations. This search for the best gauge
field candidate is very time consuming. Therefore one is interested in finding
the best gauge copy without calculating the approximation to its full extent.
After various simulations we have obtained the result that after 150 iterations
steps one has almost certainly found the best gauge copy ( best out of the ones
that were tested). Further simulations have shown, that increasing the number
of gauge copies and decreasing the iteration steps by a factor of 3 will lead to
an equal or slightly better result as can be seen in the figures (5.1-5.2). Further
testing has shown that by using more gauge copies with less iterations one will
not always obtain the best copy but due to the quantity a very good one. Since
one wants to safe as much time as possible during calculation, it is better to
use the second method to acquire a good gauge copy compared to method one
were one cant test many copies. Furthermore the graphs (5.3-5.4) reveal, that
the approximation is more accurate on smaller lattices even though the difference is rather small. The gauge copies were created by a random local gauge
transformation which is defined on the nodes and not on the links. A gauge
transformation will never change the physical properties of the field. It is however possible to create certain gauge fields that will boost the efficiency of the
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Figure 5.1: Different gauge copies were tested with different iterations lengths.
We tested 5 copies with an iteration length of 150 iteration steps against 15
copies with 50 iteration steps. After every 10 iteration steps one measurement
sample was taken. The best gauge copy from both methods was calculated at the
end with 250 iteration steps to show the accuracy value RR. As can be seen both
approaches yield nearly the same result.
soliton approximations, for example the maximal center gauge, which will be
discussed in the chapter (6.2). To see how fast a random link is approximated
the figure (5.5) was implemented. We start with a clean soliton field which is
q0 = 1 and qi = 0. The approximation algorithm will iteratively approach the
best approximation possible. The approximation procedure will stop after a
sufficient accuracy is achieved (10−7 in our case).
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Figure 5.2: Compared with the results from the 84 lattice one can see, that the
different gauge copies are nearly the same, while for the 84 lattice they were not.
This is due the fact, that with increasing node size the approximation becomes
more stable.

Figure 5.3: This graph shows that a smaller lattice can be approximated more
accurately. Furthermore the fluctuation of RR for the different lattice sizes is
shown clearly.
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Figure 5.4: Confirmation of above the results through more gauge copies with
less iteration steps.

Figure 5.5: Link approximation value visualized by iteration steps until a chosen
accuracy is achieved.
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Chapter 6

Soliton Approximation with
different Gauges
While the physical properties of the gauge field U are invariant against gauge
transformations the soliton approximation is not. This effect was already shown
at chapter (5.4) were the accuracy of a soliton approximation was different due
to different gauge copies.
In this chapter we want to investigate in more detail the random gauge , the
maximal Abelian gauge (MAG) and the maximal center gauge (MCG). We
will see, that every gauge has different properties respectively to the soliton
approximation.

6.1

Random gauge

6.1.1

Link distribution

To gain more insight into the properties of the gauge field, we plot the linkvalue-distribution of the U -field in figure (6.1). The graph shows that all qµ are
distributed equally. This is due to the fact that the U -field is in a random gauge
which does not favor any part of qµ . Since we use unimodular quaternions the
absolute value equals 1 and therefore all qµ are assembled between ±1. For the
soliton approximation we need the U 2 -field which we try to approximate. The
link distribution will then change according to the SU(2) multiplication (see
equation [6.1]). For a multiplication of two SU(2) vectors a and b we obtain
ab = a0 b0 − (~a~σ )(~b~σ ) + ia0~b~σ + ib0~a~σ =
= a0 b0 − ~a~b − i(~a × ~b)~σ + ia0~b~σ + ib0~a~σ .

(6.1)

Therefore we obtain the new q00 component of the U 2 -field by the following
equation
q00 = a0 b0 − a1 b1 − a2 b2 − a3 b3 .
(6.2)
The link distribution of the U 2 -field, which can be seen in figure (6.2), reflects
the character of the multiplication. The q0 component went from an equal
distribution to a negative one. This can be explained by equation (6.2) which
has 3 negative contributions. Due to the random gauge the result is favored to
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Figure 6.1: Link value distribution of the U -field.

Figure 6.2: Link value distribution for the squared gauge field.
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Figure 6.3: Link value distribution after the soliton approximation for U 2 .
yield a negative result. The qi are calculated according to equations (6.3-6.5)
and therefore yield a different distribution.
q10 = a1 b0 + a0 b1 − a2 b3 + a3 b2

(6.3)

q20 = a2 b0 + a0 b2 − a3 b1 + a1 b3

(6.4)

q30 = a3 b0 + a0 b3 − a1 b2 + a2 b1

(6.5)
2

Since the soliton approximation is not able to recreate the original U -field we
plot the error that occurs after the approximation
∆U 2 = Ũ 2 − U 2 .

(6.6)

Figure (6.3) shows ∆U 2 . For qi , ∆U 2 is described through a Gaussian distribution. For q0 a Gaussian distribution is not possible, because the original
distribution of U 2 (figure 6.2) has many q0 with a value near to -1. Therefore
the approximated q00 favors changes in one direction. Therefore it is valid to
conclude that the soliton approximation is approximating all components qµ
equally.
For further calculations we need to calculate Ũ from Ũ 2 . As presented in chapter (5.1) "Soliton approximation", we have two methods to choose the sign for
Ũ . The error ∆U which is calculated similar to ∆U 2 is defined by
∆U = Ũ − U.

(6.7)

For method I ∆U can be found in figure (6.4) and for method II in figure (6.5).
For method I we obtain two different Gaussian distributions. The error of the
q0 component was decreased while for the remaining 3 components qi the error
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Figure 6.4: ∆U for the soliton approximated gauge field in a random gauge.
The sign was chosen according to method I.

Figure 6.5: ∆U for the soliton approximated gauge field in a random gauge.
The sign was chosen according to method II.
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increased. This can be understood due to the fact that we choose the global
sign of Ũ according to the sign of q0 from the original field U . Therefore ∆q0
has the boundaries of ±1, because the sign of q0 and q̃0 are the same. This
procedure however increases the error in the qi components. Figure (6.4) shows
that method I favors the q0 component in terms of approximation accuracy.
One has to bear in mind, that the soliton approximation is able to approximate
all components with the same accuracy, only the method of finding the proper
sign favors one explicit component.
For method II we obtain a different result. The error ∆U has a much wider
distribution than method I. Method II decreases the average action of the plaquettes, but the field constructed does not resemble the original gauge field.

6.1.2

Plaquette distribution

For a Monte Carlo generated U -Field in a random gauge the plaquette distribution is of the form as shown in figure (6.6). This distribution is generated
according to the dynamics of the Metropolis algorithm. The distribution is independent of the lattice size and applied gauge. Since the soliton approximation
is a projection of the field on a lattice node information is lost due to the smaller
degree of freedom. This loss of information has an effect on the plaquette distribution and therefore on the physics that is embedded within the gluon-field. If
we could find a gauge, so the field could be fully projected on the lattice nodes,
no information would be lost (apart from the sign of the field, which is lost
due to equation [5.1]) and therefore the plaquette distribution would remain
the same. Since such a gauge can be only found on trivial fields, we will lose
information due to the projection. The soliton projection of a random gauge
U -field and the reconstruction of Ũ according to equation [5.2] leads to a new
plaquette distribution as shown in figure (6.7). The results of the plaquette distribution were not expected. We believed that the soliton approximation would
make the field more smooth. The result shows clearly that many plaquettes
became negative, which is exactly the opposite. The reason for the sign switch
of the plaquettes occurs due to the information loss. Links with q0 being close
to 0 (links that are placed close to the equator on the S 3 ) can undergo a small
value change due to the information loss. This can change the sign of q0 and
therefore the sign of the plaquette. To prevent the U -field from becoming too
rough the method was modified to choose the sign of Ũ according to method II
described in chapter 5.1. The plaquette distribution for method II can be seen
in the above figure (6.8).
The average plaquette for a gluon-field is determined by the configuration of the
Metropolis-algorithm. As explained in chapter (4.5.2) the QCD vacuum is in an
equilibrium state. On the lattice this equilibrium is achieved by the acceptance
ratio for a new state configuration.
The average plaquette for a gluon-field with an acceptance ratio of 50 percent
yields a value of 0.64. For a Ũ -field which was reconstructed from a soliton
projection by method I we find an average plaquette of 0.13 and for method II
a value of 0.27. This clearly shows, that the fields are more rough. Also the
action for the field was raised since the action is given as
1
S ∼ (1 − T r(U )).
2
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(6.8)

Figure 6.6: Plaquette distribution of the Monte Carlo generated U -field. Measurement was done on a 124 lattice in the confined phase.

Figure 6.7: Plaquette distribution of the Ũ -field which was reconstructed with
method I from the soliton projected field.
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Figure 6.8: Plaquette distribution of the Ũ -field which was reconstructed with
method II from the soliton projected field.
Both methods have their flaws when used with a random gauge gluon-field. For
method I the sign is chosen as the sign in the original configuration. Therefore
all q̃0 from Ũ will have the same sign as the q0 from the original U -field. Since
we can only multiply the link with a global center element it is still possible that
some q̃i have a different sign due to the information loss of the soliton projection. With a plaquette average of 0.13 it is clear that the soliton approximation
with method I does not work very well. For method II the average plaquette
value is better but still far under the original value. A further problem is that
we reconstruct a different field which is not similar to the original field.

6.1.3

Wilson loops and Creutz-ratio

For further analysis, we calculate the Wilson loops for the gauge-fields U and
Ũ . In figure (6.9), Wilson loops were calculated for three different gauge-fields.
For a gluon-field that was created by the Metropolis algorithm we obtain the
red graph (denoted with random gauge and the symbol "+"). The y-axis of the
graph is the value of the given Wilson loop and the x-axis is the is the area used
for the Wilson loop. We start with a Wilson loop of R = 1 and T = 1. Since
a Wilson loop is usually a 2-dimensional object we get 6 possible plaquettes for
one point(xy,xz,xt,yz,yt,zt). The Wilson loop value will be calculated for all 6
plaquettes and the average value is Wx (1, 1). This is calculated for every point
of the lattice and the average of all the points is given by W (1, 1). After this
we increase the dimension step by step and calculate bigger Wilson loops up
to a dimension of 8. The x-axis of figure (6.9) is constructed with increasing
dimensions of the Wilson loop
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Figure 6.9: Wilson loops for different gauge-fields.
8 X
8
X

(i, j).

(6.9)

i=1 j=1

For a random gauge gluon-field we obtain the expected area law behavior(4.17).
For the soliton approximated Ũ -field we obtain a much smaller Wilson loop
value. Since R and T did not change in the equation W (R, T ) ∼ exp(−σRT ),
the string tension σ must have. Therefor we see the first change in the physical
properties of the field. Furthermore the Wilson loops seems to converge to zero
much faster therefor it is wise to observe this convergence in more detail, see
figure (6.10).
We observe many values below 0 which should not be the case. Values below
zero would indicate an imaginary string tension which is physically not possible. Therefore the only remaining reason would be the insufficient amount of
measurements. Which is indicating that the soliton-projected fields are heavily
fluctuating. For the U -field we observe only 1 Wilson loop to be slightly below
0. It is the value of W (8, 8) which is rather inaccurate due to the large area.
For method I and II we do not expect any reasonable string tension due to the
high amount of negative Wilson loops. For the gluon-field U the string-tension
respectively the Creutz ratio can be calculated by [4.19].
In table (6.1) one can see the Creutz ratio values for the different fields. The
table starts with the lowest dimension χ(1, 1) up to χ(6, 6) with
8
X
(i, i).

(6.10)

i=1

The Creutz ratio for the soliton approximated Ũ -fields is mostly not defined
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Figure 6.10: Wilson loops from figure (6.9) in more detail around W (R, T ) = 0.

χ(R, T )
0.255 ± 0.0003
0.150 ± 0.001
0.106 ± 0.004
0.089 ± 0.016
0.034 ± 0.077
0.096 ± 0.485

Random gauge
χ(R, T ) method I χ(R, T ) method II
0.348 ± 0.0242
0.922 ± 0.002
0.494 ± 0.73
0.083 ± 0.081
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN

χM CP (R, T )
0.074 ± 0.009
0.071 ± 0.026
0.072 ± 0.054
0.077 ± 0.098
0.082 ± 0.163
0.082 ± 0.274

Table 6.1: Creutz ratio for U , Ũ for method I+II and for the maximal center
projected U -field.
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due to the negative values of the Wilson loops (see table 6.1). Since the amount
of recorded data for the Wilson loops should have been sufficient, we conclude
that the soliton approximated Ũ does not inhabit the confinement anymore.

6.2

Maximal Abelian and Center gauge

As seen in the last section, the soliton approximation did not work very well
with a random gauge. Therefore we are interested in the behavior of the soliton
approximation with special gauges. We will investigate in the following the
behavior of the approximation with the maximal center gauge (MCG) and the
maximal Abelian gauge (MAG).
In QCG, MAG and MCG have a special purpose. With MAG one can localize
magnetic monopoles, while MCG can localize the vortex structure. We were
interested in how well the soliton approximation can work with these gauges.

6.2.1

Link distribution

MCG is trying to gauge the U -field in a way that the real part is maximized
X
R=
T r[Uµ (x)]2 ,
(6.11)
x,µ

while MAG tries to maximize the real part and the σ3 part
X
R=
T r[σ3 Uµ (x)σ3 Uµ† (x)].

(6.12)

x,µ

For a better understanding one can see the link distribution of the MCG in
figure 6.11 and MAG in figure 6.12. One can see that MCG maximizes q0 while
qi is treated the same. MAG treats q0 , q3 and q1 , q2 equally. For the U 2 -fields
we obtain figure 6.13 for MCG and figure 6.14 for MAG. The link distribution
of U 2 in both gauges yields t expected result. In MCG the q0 component is
mostly positive. This is due to the properties of the gauge itself. Since q0 is
maximized in the MCG the multiplication with it self will yield a positive value
for q0 because the remaining components qi are very small in comparison. For
MAG this is not the case anymore and q0 becomes negative again.
Since the soliton approximation is not invariant to gauge transformations, we
are interested in the accuracy to reproduce the original field in respect to the
different gauges. The measurement for the accuracy can be seen in figure (6.15),
were RR1 is our observable for the accuracy ( with RR1 = 1 being the perfect
match and RR1 = −1 the worst).
The best approximation is given by the MAG followed by MCG and random
gauge (figure 6.15). Furthermore we observe an interesting scattering of the
accuracy. While RG and MCG seem to be rather static in the outcome the
maximal Abelian gauge is more spread.
The errors ∆U 2 generated by the approximation can be seen in figure 6.16
for MCG and figure 6.17 for MAG. Again we acquire a Gaussian distributions,
although the error for both gauges is smaller than for the random gauge. RG
was only successful with the approximation of q0 while the other components
were less accurate. MCG and MAG treat the qi components with more care.
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Figure 6.11: Link value distribution after MCG.

Figure 6.12: Link value distribution after MAG.
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Figure 6.13: Link value distribution of U 2 obtained from U in MCG.

Figure 6.14: Link value distribution of U 2 obtained from U in MAG.
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Figure 6.15: In this plot we use 100 different field configurations with different
gauges to calculate the accuracy of the soliton approximation.

Figure 6.16: Error that occurred during the approximation of the U 2 -field in
MCG.

70

Figure 6.17: Error that occurred during the approximation of the U 2 -field in
MAG.
The q3 component is approximated the best with the MAG. Furthermore the
observable RR2 reaches the highest value for MAG among the gauges tested.
Since the soliton is described by QED, we expected the MAG to work most
accurately.
However once we calculated Ũ we obtained an unexpected result. In figure 6.18
one can see the error ∆U for the approximation of the gauge field in MCG and
figure 6.19 for the gauge field in MAG.
The figures show that the procedure of sign choosing works better for MAG
and MCG then for RG. The accuracy observable RR2 increased from the previous value RR1 . Especially the MCG seems to work very well (RR2 = 0.89).
The reason for this lies in the gauge itself. Since the MCG maximizes the q0
component, the sign of q0 is responsible for the vortex structure. With the
sign procedure we recreate the correct vortex structure of the original U -field.
Therefore the approximation works very well with the MCG.
The MCG combined with the soliton approximation presents a perfect opportunity to study the behavior of the approximation. From the MCG we obtain
the vortex structure which is embedded in the signs of the gauge field. After
the approximation we recreate the vortex structure with method I and are able
to study the changes due to the approximation. Since the average plaquette
value increased, we conclude that applying the approximation to a gauge field
in MCG will flatten the fluctuations of the field.
Even though the MAG could be approximate the most accurate (U 2 → Ũ 2 ),
the sign choosing process does not work as well for it.
For method II, the plaquette maximization procedure, we obtain figure 6.20
for MCG and figure 6.21 for MAG. We obtain again an inaccurate result. The
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Figure 6.18: Overall error that occurred during the approximation and the sign
choosing process of the U -field in MCG.

Figure 6.19: Overall error that occurred during the approximation and the sign
choosing process of the U -field in MAG.
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Figure 6.20: Overall error that occured during the approximation and the plaquette maximization process of the U -field in MCG.

Figure 6.21: Overall error that occured during the approximation and the plaquette maximization process of the U -field in MAG.
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Figure 6.22: Plaquette distribution for the soliton approximated gauge-field in
MAG, for method I (V1) and method II (V2).
new field Ũ is different from the original field. Especially for MCG the difference
is very big. This was not expected due to the fact that for method I, we obtain
an average plaquette value of 0.82 − 0.88. While for method II with the same
gauge copy the average plaquette value will increase by 0.01 − 0.05. Therefore
we expected the two methods to yield nearly identical fields.
Furthermore figure 6.20 shows an interesting asymmetric behavior. Since we
used equation [6.7] to calculate the error, the only possibility to receive ∆U = 2
is with Ũ = 1 and U = −1. This indicates that positive values of the q0 component are favored. This also indicates that the Dirac volume decreases. For MAG
we obtain a symmetric error distribution. This is an expected result, because
MAG doesnt fix the vortex structure. This means that the signs of q0 are not
a direct indication for vortices. Therefore the plaquette maximization doesnt
favor a specific sign of q0 .

6.2.2

Plaquette distribution

Analog to the plaquette distribution for the random gauge, we obtain figure
(6.22) for MAG and figure (6.23) for MCG. Both distributions favor a plaquette value of +1, especially the MCG, which seems to inhabit most of the
plaquette values near to +1.
For MAG method I and II are nearly the same. There is only a small difference
in the plaquette distribution, although the link distribution is very different (see
section 6.2.1).
For MCG the difference is even smaller and not visible on the histogram. Therefore only method I was plotted.
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Figure 6.23: Plaquette distribution for the soliton approximated gauge-field in
MCG.
With MAG and MCG we finally obtain the expected result, the gauge-field
is smoother, because the average plaquette value is higher than from the original gauge-field. For MAG we obtain an average plaquette of 0.48 − 0.52 and for
MCG 0.82 − 0.881 .

6.2.3

Wilson loops and Creutz ratio

Since both gauges could be approximated more precise we expect a better approximation of the string tension. The Wilson loops for MCG with method I
and II can be seen in the figures 6.24-6.25.
W (1, 1) gives us the value of the average plaquette. With 0.83 it is much higher
than the original average plaquette value of 0.64. This also indicates the the
soliton approximation with the usage of the MCG smooths the gauge-field. For
the method II, we obtain similar Wilson loops.
For MAG (figure 6.26) we obtain a different distribution of Wilson loops. W (1, 1)
is around 0.49 which is below the value of the original field. One should note
that all values of the Wilson loops are above 0 which is a good indication (this
was not the case for the random gauge).
The Creutz ration is presented in the figures 6.27-6.29. Figure 6.27 shows
three different results for the string tension. We see that MAG and MCG-V2
are not reproducing the correct string tension. For MCG-V2 we obtain a negative string tension which cannot be correct. For MAG we are missing the
1 These parameter may change for different lattice sizes and coupling-constants. For my
tests, I used a lattice size of 124 and a β = 2.4.
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Figure 6.24: Average Wilson loops for MCG with method I. R is constant and
W (R = const, T ) is plotted.

Figure 6.25: Average Wilson loops for MCG with method II. R is constant and
W (R = const, T ) is plotted.
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Figure 6.26: Average Wilson loops for MAG. R is constant and W (R = const, T )
is plotted.

Figure 6.27: Creutz ratio for MCG and MAG.
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Figure 6.28: Creutz ratio for the soliton approximated gauge-field with MCG
and the original solution.

Figure 6.29: Creutz ratio for MAG and the the maximal center projected gaugefield.
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Coulomb-part. Nevertheless, MCG seems to approximate the original gaugefield the best.
In figure 6.28 we compare the result from MCG to the result from the original
string tension calculations (without the soliton approximation). We see that the
results are not the same. It seems that the soliton approximation with MCG is
able to approximate the coulomb-part a little, but is still incorrect compared to
the original result.
A surprising result gives us the MAG (see figure 6.29). The approximation
lost all information concerning the coulomb-part, but it seems to reproduce the
vortex string tension rather accurate. This is unusual because the MAG maximizes the Abelian degrees of freedom and therefore we would have expected
the preservation of the coulomb-like part. But our assumption turns out to be
incorrect, because the string tension is reproduce properly instead.
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Chapter 7

Analysis of the gauge-field
structure
To analyze the structure of the gauge-field we try to find a gauge that will fulfill
the Maurer-Cartan-equation. This is obviously not possible for every point of
the gauge-field. The idea is to identify space-time areas where the gauge-field
is trivial. The other areas therefore must carry the physics beyond the Abelian
description.
We start with our usual approach
∂µ Q = −i~σ~Γµ Q,

(7.1)

~ µν = ~Γµ × ~Γν .
R

(7.2)

~Γµ → ~Γ0 ,
µ

(7.3)

with
If we make the transition
the curvature tensor will not transform in this simple way
0
~ µν
R
6= ~Γ0µ × ~Γ0ν .

(7.4)

One has to use the complete equation to describe the transition for equation
(7.3)
0
~ µν
R
= ∂µ ~Γ0ν − ∂ν ~Γ0µ − ~Γ0µ × ~Γ0ν .
(7.5)
We see that with a gauge transformation ~Γµ → 2~Γµ , we obtain the MaurerCartan-equation

1 ~
∂µ Γν − ∂ν ~Γµ − ~Γµ × ~Γν = 0.
(7.6)
2
Our goal is to find such a gauge which will maximize the following equation
→ U (2Γµ ) = ∂µ (2~Γν ) − ∂ν (2~Γµ ) − 2~Γµ × 2~Γν .

(7.7)

2
One can write it simply as U g → U
→ 1, where we search for a gauge, so our
plaquettes of the squared field are as close as possible to 1. A good starting
gauge, is the Landau-gauge which will set as many links as possible to 1. From
there on one should search numerically for the best possible gauge to maximize
the plaquette of U 2 .
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Chapter 8

Summary
The general algorithm for the soliton approximation is presented in chapter 5.
Its performance can be studied in chapter 6, where we investigated different
gauges.
We defined two different observables for the accuracy of the approximation RR1
and RR2 , where one tests the accuracy between U 2 - Ũ 2 and the other between
U and Ũ . For the second method the sign-choosing procedure is included in the
accuracy of the approximation. Furthermore two methods to retrieve the lost
sign are presented in this work.
We studied the behavior of a global gauge transformation in combination with
the soliton approximation. We found that a global gauge which is applied on
a gauge-field that can be fully approximated with a soliton-field will shift the
location of the soliton-field on the S3. We derived two methods to shift the
soliton-field back into the original position. The first method was a matrix
multiplication which needed an additional numerical calculation to find the full
transformation matrix. The second method was based on geometrical considerations. It works fully analytical and is easier to understand.
To be able to approximate each point on its own, the soliton approximation
algorithm was adjusted. A mask was introduced to be able to approximated subcubes of the space-time lattice. The partial soliton approximation was tested
with classical configurations (central vortex and hedgehog) and performed very
well. For fluctuating configurations the results were inconsistent. There are still
some problems which need to be worked out.
In the main part of this work, we studied different gauges in combination with
the soliton approximation. The random gauge could be approximated the least
accurate. Its Wilson loops were very fluctuating and led to a false string tension. With the maximal center gauge and maximal Abelian gauge we obtained
better results. The MCG was able to approximate the colomb-part and the
string tension part although a little inaccurate. The MAG lost all information
concerning the coulomb-part but reproduced the string tension accurately.
In the last chapter, we motivated an interesting approach to study the structure
of an SU (2) gauge-field.
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