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Abstract— We develop a distributed particle filter for sequential estimation of a global state in a decentralized wireless sensor
network. A global state estimate that takes into account the
measurements of all sensors is computed in a distributed manner,
using only local calculations at the individual sensors and
local communication between neighboring sensors. The paper
presents two main contributions. First, the likelihood consensus
scheme for distributed calculation of the joint likelihood function
(used by the local particle filters) is generalized to arbitrary
local likelihood functions. This generalization overcomes the
restriction to exponential-family likelihood functions that limited
the applicability of the original likelihood consensus (Hlinka
et al., “Likelihood consensus and its application to distributed
particle filtering,” IEEE Trans. Signal Process., vol. 60, pp. 4334–
4349, Aug. 2012). The second contribution is a consensus-based
distributed method for adapting the proposal densities used by
the local particle filters. This adaptation takes into account the
measurements of all sensors, and it can yield a significant performance improvement or, alternatively, a significant reduction
of the number of particles required for a given level of accuracy.
The performance of the proposed distributed particle filter is
demonstrated for a target tracking problem.
Index Terms— Distributed particle filter, distributed proposal
adaptation, distributed sequential estimation, likelihood consensus, target tracking, wireless sensor network.

I. I NTRODUCTION
For distributed sequential estimation in wireless sensor
networks without a fusion center, distributed particle filters
(DPFs) [1]–[8] are frequently the algorithms of choice because
of their excellent performance in nonlinear/non-Gaussian scenarios. Applications of DPFs include machine and structural
health monitoring, pollution source localization, surveillance,
and target tracking. Wireless sensor networks are usually composed of battery-powered sensing/processing nodes, briefly
referred to as “sensors” hereafter. To save battery power and
prolong operation lifetime, DPFs must be able to operate with
low-rate, short-distance communication.
In wireless sensor networks, the measurements are dispersed among the sensors, rather than available at one central
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location. The DPFs proposed in [2]–[8] use consensus algorithms to diffuse the locally available information throughout the network. Consensus algorithms allow an iterative
distributed computation of networkwide aggregates such as
sums, averages, and maxima relying only on communication
between neighboring sensors [9]–[11]. There is no bottleneck
or single point of failure, no routing algorithms are needed,
and the algorithms are robust to changing network topologies
and unreliable network conditions such as link failures.
In this paper, building on our previous work in [6] and
[7], we develop a consensus-based DPF that uses only local
processing and communication. Each sensor runs a local
particle filter that computes a global estimate (i.e., reflecting
the measurements of all sensors). As in the DPF presented
in [6], this is possible because each sensor has knowledge
of the joint likelihood function (JLF), which summarizes the
measurements of all sensors. In [6], the likelihood consensus (LC) was proposed for a consensus-based distributed
calculation of (an approximation of) the JLF. The LC uses
only communication between neighboring sensors, without the
need for a routing protocol. However, in its original form, the
LC was restricted to likelihood functions from the exponential
family [6]. Another restriction of the DPF proposed in [6] is
that the proposal densities used by the local particle filters are
not adapted to the measurements.
Here, we present two contributions, partially presented in
[1] and [7], which constitute two advances over the DPF of
[6]. First, we extend the LC to a general measurement model.
This generalized LC (which is simply called LC in what
follows) overcomes the restriction to likelihood functions from
the exponential family. Second, we develop a distributed, consensus-based scheme for adapting the proposal densities used
by the local particle filters. Adapted proposal densities can
yield a significant performance improvement or, alternatively,
a significant reduction of the required number of particles
[12]. Furthermore, in our LC-based DPF, proposal density
adaptation improves the accuracy of the JLF approximation
underlying the LC method. Our distributed adaptation scheme
provides each local particle filter with a global proposal
density reflecting all the measurements. It differs from the
scheme proposed in [13] in that it is distributed and enables
a consensus-based computation of global proposal densities.
Consensus-based DPFs with proposal density adaptation
have been recently proposed in [3], [5], and [8]. In [3],
products of local particle weights are calculated by executing
one consensus algorithm per particle. To reduce the number
of particles and, thus, the communication requirements, a
distributed proposal density adaptation scheme is employed. In

2

this scheme, a set capturing most of the posterior probability
mass is constructed by means of min- and max-consensus
algorithms. This set is used to calculate a distorted statetransition density, which serves as a proposal density. Our
distributed proposal density adaptation scheme has a lower
complexity than that of [3]. The communication requirements
are somewhat higher, but the overall communication requirements of our DPF are still much lower than those of the
DPF of [3], and simulation results demonstrate a comparable
estimation performance. Furthermore, unlike our DPF, the
DPF of [3] requires that the random number generators of
the individual sensors be synchronized. In [5], a DPF constituting a distributed implementation of the so-called unscented
particle filter is presented. This method employs a proposal
density adaptation which, however, is not distributed, i.e.,
the proposal densities used at the various sensors are only
based on local measurements. Simulation results demonstrate
a better estimation performance of our DPF relative to that of
[5], at the cost of higher communication requirements. Finally,
for discrete-valued state vectors, a DPF using the optimal
global proposal density computed by means of consensus
algorithms is presented in [8].
This paper is organized as follows. The system model is
described in Section II, and the basic DPF scheme using an
adapted proposal density is presented in Section III. In Section
IV, we consider the consensus-based distributed calculation of
the JLF. Certain aspects of the underlying basis expansion
approximation of the JLF are discussed in Section V. In
Section VI, the LC method for a general JLF is formulated. In
Section VII, a distributed proposal density adaptation scheme
is presented. Finally, in Section VIII, the proposed LC-based
DPF with proposal density adaptation is applied to a target
tracking problem, and simulation results are reported.
II. S YSTEM M ODEL
We consider a wireless sensor network consisting of K
sensors. A global state xn = (xn,1 · · · xn,M )⊤ ∈ RM evolves
with discrete time n according to
xn = gn (xn−1 , un ) ,

n = 1, 2, . . . ,

(1)

where gn (·, ·) is a nonlinear state-transition function and un is
white driving noise with a known probability density function
(pdf) f (un ). At time n, the k th sensor (k ∈ {1, . . . , K})
acquires a measurement zn,k ∈ RNn,k according to
zn,k = hn,k (xn , vn,k ) ,

k ∈ {1, . . . , K},

(2)

where hn,k (·, ·) is a nonlinear measurement function and vn,k
is measurement noise with a known pdf f (vn,k ). We assume
that (i) vn,k and vn′,k′ are independent unless (n, k) = (n′, k ′ );
(ii) the initial state x0 and the sequences un and vn,k are all
independent; and (iii) sensor k knows gn (·, ·) and hn,k (·, ·)
for all n, but it does not know hn,k′ (·, ·) for k ′ 6= k.
The nonlinear and non-Gaussian state-space model (1),
(2) together with our statistical assumptions determines
the state-transition pdf f (xn |xn−1 ), the local likelihood
function f (zn,k |xn ), and the JLF f (zn |xn ). Here, zn ,
⊤
⊤
(z⊤
n,1 · · · zn,K ) contains all the sensor measurements at time

n. Due to (2) and the independence of all vn,k , the JLF is
equal to the product of all the local likelihood functions, i.e.,
f (zn |xn ) =

K
Y

(3)

f (zn,k |xn ) .

k=1
⊤ ⊤
We write z1:n , (z⊤
1 · · · zn ) for the vector of the measurements of all sensors up to time n. From (1), (2), and our
statistical assumptions, it also follows that

f (xn |xn−1 , z1:n−1 ) = f (xn |xn−1 ) ,

(4)

f (zn |xn , z1:n−1 ) = f (zn |xn ) .

(5)

Each sensor estimates the state xn based on the measurements of all the sensors up to time n, z1:n , via an
approximation of the minimum mean-square error (MMSE)
estimator [14]
Z
x̂MMSE
,
E{x
|z
}
=
xn f (xn |z1:n ) dxn . (6)
n
1:n
n

Here, using (4) and (5), the current posterior f (xn |z1:n )
can be obtained sequentially from the previous posterior
f (xn−1 |z1:n−1 ), the state-transition pdf f (xn |xn−1 ), and the
JLF f (zn |xn ) [15]. A computationally feasible approximation
of this sequential MMSE state estimation is provided by
the particle filter [15]–[18]. In a particle filter, the posterior
f(xn |z1:n ) is represented by a set of samples (or particles)
(j) J
(j) J
xn j=1 and corresponding weights wn j=1 .
III. C ONSENSUS - BASED D ISTRIBUTED PARTICLE
F ILTERING

The DPF scheme we present extends that of [6] to a
general JLF and to distributed proposal density adaptation.
Each sensor tracks a particle representation of the global
posterior f (xn |z1:n ) using a local particle filter. Each local
particle filter calculates a global state estimate x̂n,k that is
based on z1:n , i.e., the measurements of all the sensors up to
time n. This requires knowledge of the JLF f (zn |xn ) (or of an
approximation of f (zn |xn )) as a function of the state xn . This
knowledge is obtained in a distributed manner by means of the
LC described in Section VI. Furthermore, each local particle
filter draws its particles from a globally adapted proposal
density, which is calculated via the distributed adaptation
scheme described in Section VII. The resulting DPF does not
require communication between distant sensors or complex
routing protocols; moreover, no particles, local state estimates,
or measurements are communicated between the sensors. In
Algorithm 1, we provide a statement of the proposed DPF
scheme.
A LGORITHM 1: LC- BASED DPF

The local particle
at sensor k is initialized at time n = 0
 filter
(j) J
by J particles x̃0,k j=1 that are drawn from a prior pdf
f (x0 ). At time n ≥ 1, the local particle filter at sensor k
performs the following steps, which are identical for all k.
 ′(j) J
1) Temporary particles xn,k j=1 are randomly drawn
(j)
from f (xn |x̃n−1,k ) ≡ f (xn |xn−1 ) xn−1 = x̃(j) , and
n−1,k
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a Gaussian approximation fG (xn |z1:n−1 ) , N (xn ;
µ′n,k , C′n,k ) of the “predicted posterior” f (xn |z1:n−1 )
is calculated according to
J
1 X ′(j)
x
J j=1 n,k

µ′n,k =
C′n,k

(7)

J
1 X ′(j) ′(j)⊤
=
x x
− µ′n,k µ′⊤
n,k .
J j=1 n,k n,k

(8)

IV. D ISTRIBUTED C ALCULATION

2) An adapted Gaussian proposal density involving all
sensor measurements,
(9)

q(xn ; zn ) , N (xn ; µn , Cn ) ,

is computed from all µ′n,k′ , C′n,k′ , and zn,k′ (with
k ′ ∈ {1, . . . , K}) as described in Section VII. This
step is jointly performed by all the sensors and requires
communication with the respective neighbors.
 (j) J
3) J particles xn,k j=1 are drawn from the proposal
density q(xn ; zn ).
4) Using these particles, an approximate JLF f˜(zn |xn )
is computed via the LC described in Section VI. This
step is jointly performed by all the sensors and requires
communication with the respective neighbors.
5) Nonnormalized weights associated with the particles
(j)
xn,k drawn in Step 3 are calculated as (cf. [13])
(j)
(j)
f˜(zn |xn,k ) fG (xn,k |z1:n−1 )

(j)

w̃n,k =

(j)

q(xn,k ; zn )

,

(10)

for j ∈ {1, . . . , J}. This involves the approximate JLF
f˜(zn |xn ) computed in Step 4 and the proposal density
q(xn ; zn ) computed in Step 2, which are evaluated at all
(j)
(j)
particles xn,k . The weights w̃n,k are then normalized,
PJ
(j)
(j)
(j)
i.e., wn,k = w̃n,k /Wn,k with Wn,k = j=1 w̃n,k . The
 (j)
(j)  J
set xn,k , wn,k j=1 provides a particle representation
of the current global posterior f (xn |z1:n ).
 (j)
(j)  J
6) From
xn,k , wn,k j=1 , an approximation of the
global state estimate x̂MMSE
in (6) is computed as
n
x̂n,k =

J
X

(j)

(j)

wn,k xn,k .

j=1

(j)
(j)  J
xn,k , wn,k j=1

7) Resampling of
produces J resam(j)
(j)
pled particles x̃n,k with identical weights [17]. The x̃n,k
are obtained by sampling with replacement from the
(i)
(i)
set xn,k Ji=1 , where xn,k is sampled with probability
(i)
wn,k . They are then used in Step 1 at the next particle
filter recursion (i.e., at time n + 1).


VII-B and VI, respectively. Improved performance can be
obtained by replacing in (10) the Gaussian approximation
fG (xn |z1:n−1 ) of the predicted posterior pdf with a Gaussian
mixture approximation as suggested in [13] or a particle-based
PJ
(j)
(j)
approximation j=1 wn−1,k f (xn |xn−1,k ) [19]. However, in
these cases the complexity is increased since a mixture pdf
(j)
needs to be evaluated for each particle xn,k .

In Algorithm 1, only Steps 2 and 4 require communication
with neighboring sensors; all other steps are performed locally
at each sensor. The computational complexity is linear in the
number of particles J. The complexities and communication
requirements of the proposal density adaptation (Step 2) and
of the LC algorithm (Step 4) are briefly discussed in Sections

OF THE

JLF

The JLF (or, at least, an approximation thereof) is needed
at each sensor in Step 5 of Algorithm 1. A straightforward
approach to distributed calculation of the JLF is to transmit the measurement of each sensor to all other sensors.
This approach presupposes that each sensor knows the local
likelihood functions of all other sensors, and it may require
an excessive amount of communication, especially in the
case of high-dimensional measurements. Therefore, we pursue
an alternative, consensus-based approach to distributed JLF
calculation and distributed particle filtering.
In the consensus-based technique for distributed JLF calculation presented in [3] and [4], each sensor locally evaluates
(j)
its local likelihood function at each particle, i.e., f (zn,k |xn )
(j)
∀j ∈ {1, . . . , J}. Then, the JLF value f (zn |xn ) =
QK
(j)
k=1 f (zn,k |xn ) (see (3)) is computed for each particle
(i.e., for each j) using a separate consensus algorithm. This
technique, too, may require an excessive amount of communication, since the number of consensus algorithms executed
in parallel is proportional to the number of particles, which
is typically high. Furthermore, synchronized random number
generators
 (j) J are required to ensure that identical particle sets
xn j=1 are drawn at each sensor.
In this section and in Sections V and VI, we present
a consensus-based technique for distributed JLF calculation
that typically has much lower communication requirements.
As in [6], the basic idea is to employ consensus algorithms
to calculate a sufficient statistic of the JLF at each sensor.
Using the sufficient statistic, each sensor is then able to locally
evaluate the JLF at each particle. Since the dimension of the
sufficient statistic is typically much lower than the number
of particles, the communication requirements are reduced. In
this section, we discuss the definition of a suitable sufficient
statistic. We first consider the special case where the JLF can
be exactly characterized by a sufficient statistic allowing a
consensus-based distributed calculation. For the general case,
we then propose an approximation of the JLF in terms of a
sufficient statistic (partially presented in [1] and [7]). Finally,
we briefly review a special sufficient statistic approximation
for JLFs belonging to the exponential family [6].
A. JLF with an Additive Sufficient Statistic
⊤
Let tn (zn ) = tn,1 (zn ) · · · tn,R (zn ) be a sufficient
statistic for the estimation problem corresponding to the
JLF f (zn |xn ). According to the Neyman-Fisher factorization
theorem [14], the JLF can then be written as

(11)
f (zn |xn ) = f1 (zn ) f2 tn (zn ), xn .
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Thus, the global measurement zn is summarized by the sufficient statistic tn (zn ) (note that the factor f1 (zn ) is irrelevant
because it does not depend on xn ). Therefore, a sensor that
knows tn (zn ) and the function f2 (·, ·) is able to evaluate the
JLF f (zn |xn ) (up to an irrelevant factor) for any value of xn .
Suppose further that the components of tn (zn ) have the
additive form
tn,r (zn ) =

K
X

τn,k,r (zn,k ) ,

∀ r ∈ {1, . . . , R} ,

(12)

k=1

with some local, generally sensor-dependent functions
τn,k,r (zn,k ). We assume that sensor k knows f2 (·, ·) and
its own functions τn,k,r (·) but not the functions of the other
sensors, i.e., τn,k′,r (·) for k ′ 6= k. Note that f2 (·, ·) represents
a global knowledge that must be provided to each sensor
beforehand. Because of the sum expression (12), consensus
algorithms [9]–[11] can be used to calculate tn (zn ) and, thus,
the JLF f (zn |xn ) in a distributed manner. After convergence
of the consensus algorithms, each sensor obtains the JLF as
a function of the state xn . Hence, it is able to compute the
particle weights of its local particle filter according to Step 5
of Algorithm 1. After a finite number of consensus iterations,
the sufficient statistic is obtained only approximately, with
slight differences between the various sensors. This may lead
to a slight degradation in estimation performance but does not
represent a fundamental problem.
Example—Identical Local Likelihood Functions Belonging
to the Exponential Family: An example of an additive sufficient statistic of the form (12) is given by local likelihood
functions that are all identical (note that the local measurements zn,k are still different in general) and belong to the
exponential family of distributions [20], i.e.,

f (zn,k |xn ) = cn (zn,k ) exp a⊤
n (xn )bn (zn,k ) − dn (xn ) ,
∀ k ∈ {1, . . . , K}, (13)

with some generally time-dependent but sensor-independent
functions cn (·) ∈ R+ , an (·) ∈ RR, bn (·) ∈ RR, and dn (·) ∈ R+ .
In particular, bn (zn,k ) is the sufficient statistic of the local
likelihood function (13). Using (3), we obtain for the JLF

f (zn |xn ) ∝ exp a⊤
(14)
n (xn )tn (zn ) − Kdn (xn ) ,
PK
where tn (zn ) = k=1 bn (zn,k ) is the associated sufficient
statistic. Thus, the JLF, too, belongs to the exponential family,
and its sufficient statistic is obtained as the sum of the local
sufficient statistics bn (zn,k ). The components of the sufficient
statistic of the JLF are hence given by
tn,r (zn ) =

K
X

replaced by sensor-dependent functions cn,k (·), bn,k (·), and
PK
dn,k (·). Here, (15) becomes tn,r (zn ) =
k=1 bn,k,r (zn,k ),
andP
the term Kdn (xn ) in the exponent in (14) is replaced
K
f (z |x )
by
k=1 dn,k (xn ). Thus, calculation of the JLF
PK n n
according to (14) requires the function d¯n (·) = k=1 dn,k (·)
to be known at each sensor. This issue will be addressed in a
generalized setting in Section IV-C.
B. General JLF
The assumption of an additive sufficient statistic in (12)
is quite restrictive in practice. In particular, the example just
considered is not encountered very often because the local
likelihood functions at the various sensors are usually different
(e.g., because they depend on the sensor location).
For a general JLF, i.e., a JLF without an additive sufficient
statistic (12), a consensus-based distributed computation can
still be obtained by introducing a suitable approximation of the
JLF. To derive this approximation, we first take the logarithm
of the product (3), assuming that f (zn,k |xn ) > 0 for all xn :
log f (zn |xn ) =

K
X

log f (zn,k |xn ) .

(16)

k=1

We then use the following approximate (finite-order) basis expansions of the local log-likelihood functions log f (zn,k |xn )
viewed as functions of xn :
log f (zn,k |xn ) ≈

R
X

λn,k,r (zn,k ) ϕn,r (xn ) .

(17)

r=1

Here, the ϕn,r (xn ) are fixed basis functions that are sensorindependent and assumed to be known to all sensors; the
λn,k,r (zn,k ) are expansion coefficients that contain all sensorlocal information, including the sensor measurement zn,k ;
and R is the order of the basis expansion. Note that the
basis functions ϕn,r (·) may be time-varying, although usually
time-invariant basis functions ϕr (·) are more convenient. The
choice of the basis functions is considered in Section V-B.
The expansion coefficients λn,k,r (zn,k ) are calculated locally
at each sensor as discussed in Section V-A.
Substituting (17) into (16) and changing the order of
summation, we obtain for the log-JLF
log f (zn |xn ) ≈

R
X

tn,r (zn ) ϕn,r (xn ) ,

(18)

r=1

with
tn,r (zn ) =

K
X

λn,k,r (zn,k ) .

(19)

k=1

bn,r (zn,k ) ,

∀ r ∈ {1, . . . , R} ,

(15)

k=1

where bn,r (zn,k ) is the rth component of the local sufficient
statistic bn (zn,k ). It is seen that the tn,r (zn ) are in additive
form (cf. (12)), and thus they can be calculated using consensus algorithms. Comparing
(14) with (11), we furthermore


see that f2 tn (zn ), xn = exp a⊤
n (xn )tn (zn ) − Kdn (xn ) .
We note that an additive sufficient statistic of the form
(12) is obtained even if, in (13), cn (·), bn (·), and dn (·) are

By exponentiating (18), we finally obtain the following approximation of the JLF, denoted f˜(zn |xn ):
!
R
X
˜
f (zn |xn ) ≈ f (zn |xn ) , exp
tn,r (zn ) ϕn,r (xn ) (20)
r=1


= exp ϕ⊤
(21)
n (xn )tn (zn ) .
⊤
Here, tn (zn ) = tn,1 (zn ) · · · tn,R (zn ) , with the components tn,r (zn ) given by (19), and ϕn (xn ) = ϕn,1 (xn ) · · ·
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⊤
ϕn,R (xn ) . The sum over all sensors in (19) and, thus, the
“sufficient statistic” tn (zn ) can be computed in a distributed
manner by means of consensus algorithms. Once tn (zn ) is
available, each sensor is able to calculate the approximate JLF
f˜(zn |xn ) for all values of xn by evaluating (21), using the
known basis ϕn (·). This distributed calculation of the general
JLF is further discussed in Sections V and VI.
The following observations can be made:
1) The consensus-based distributed calculation of the approximate JLF f˜(zn |xn ) via (21) and (19) is based on
the fact that in each term of the sum (17), the known
sensor-local information (in particular, the measurement
zn,k ) and the unknown state xn are contained in separate factors. As a consequence, the sufficient statistic
components tn,r (zn ) in (19) do not depend on the state
xn but contain the information from all sensors (i.e., the
expansion coefficients λn,k,r (zn,k ) for all k), and they
are sums over all sensors in which each term contains
only local information of a single sensor. Furthermore,
the unknown state xn enters into the expression of
f˜(zn |xn ) only via the basis functions ϕn,r (·), which
are sensor-independent and known to each sensor.
2) The approximate JLF f˜(zn |xn ) in (21) conforms to
the exponential-family expression (14), with the basis
function vector ϕn (xn ) taking the place of an (xn ) and
tn (zn ) assuming the interpretation of an (approximate)
sufficient statistic. In fact, the basis expansion approximation (17) can be viewed as a means of enforcing the
exponential-family structure (14).
3) The basis expansion approximation (17) distorts the
shape of the JLF f (zn |xn ). This distortion becomes
weaker as the approximation (17) becomes more accurate (usually, for a higher expansion order R).
C. JLF Belonging to the Exponential Family—Case of Nonidentical Local Likelihood Functions
Let us now consider the practically important special case
where the local likelihood functions f (zn,k |xn ) belong to the
exponential family but, in contrast to the example in Section
IV-A, are not identical for all sensors k. That is,
f (zn,k |xn ) = cn,k (zn,k ) exp a⊤
n,k (xn )bn,k (zn,k )

− dn,k (xn ) , ∀ k ∈ {1, . . . , K}, (22)

with some possibly time- and sensor-dependent functions
cn,k (·) ∈ R+ , an,k (·) ∈ Rq , bn,k (·) ∈ Rq , and dn,k (·) ∈ R+ ,
with arbitrary q ∈ N. This case was studied in our previous
work [6]. We next show how it is related to the general basis
function expansion considered in Section IV-B.
Inserting (22) into (3), we obtain the JLF as

¯
f (zn |xn ) = c̄n (zn ) exp ā⊤
n (xn ) b̄n (zn ) − dn (xn ) ,

with

c̄n (zn ) =

K
Y

cn,k (zn,k )

ān (xn ) =

···

d¯n (xn ) =

K
X

⊤
a⊤
n,K (xn )

(23)

dn,k (xn ) .

k=1

It is seen that the JLF, too, belongs to the exponential family.
The sufficient statistic of the JLF, b̄n (zn ) in (23), is the
stacked vector containing the sufficient statistic vectors of
the local likelihood functions of the individual sensors k,
bn,k (zn,k ); it is not given by a sum over all sensors as
was the case in Section IV-A (cf. (12) and (15)). Hence, a
direct consensus-based computation is not possible, and we
again resort to an approximation. Although we could use the
general basis expansion approximation (17), in [6] we pursued
an alternative approach by using separate basis expansion
approximations of the functions an,k (xn ) and dn,k (xn ) [6,
equations (11) and (12)]. Substituting these approximations
in (22), we obtain the following approximation of the JLF
f (zn |xn ) [6, equation (16)]:
f˜(zn |xn )
∝ exp

Ra
X

An,r (zn )φn,r (xn ) −

r=1

Rd
X

!

Γn,r ψn,r (xn ) . (24)

r=1

Here, both An,r (zn ) and Γn,r are given by sums [6, equation
(15)], which can again be computed in a distributed manner
using consensus algorithms. We can rewrite (24) as

f˜(zn |xn ) ∝ exp ζn⊤(xn )tn (zn ) ,
⊤
⊤
with ζn (xn ) = φ⊤
and tn (zn ) = α⊤
(z )
n (xn ) ψn (xn )
⊤ n n

⊤ ⊤
γn , where φn (xn ) = φn,1 (xn ) · · · φn,Ra (xn ) , ψn (xn )
⊤
= ψn,1 (xn ) · · · ψn,Rd (xn ) , αn (zn ) = An,1 (zn ) · · ·
⊤
⊤
An,Ra (zn ) , and γn = − Γn,1 · · · Γn,Rd . This is seen
to be of the same form as (21), and thus, within the limits
of our approximation, tn (zn ) can again be interpreted as
a sufficient statistic of the JLF. (Note that γn is constant
in zn , but is included in the sufficient statistic to obtain
f˜(zn |xn ) in the desired form of (21).) The sufficient statistic

⊤ ⊤
is generally different from the
tn (zn ) = α⊤
n (zn ) γn
sufficient statistic in (21), because the two sufficient statistics
are induced by two different types of basis expansion approximations. However, both sufficient statistics can be computed
in a distributed manner using consensus algorithms.
Special Case—Additive Gaussian Noise: As an important
special case of the class of exponential-family local likelihood
functions, we next consider the measurement model (cf. (2))
zn,k = mn,k (xn ) + vn,k ,

k ∈ {1, . . . , K},

(25)

where mn,k (·) is some nonlinear function and vn,k ∼
N (0, Qn,k ) is Gaussian measurement noise, with vn,k and
vn′,k′ independent unless (n, k) = (n′, k ′ ). The local likelihood function f (zn,k |xn ) corresponding to (25) belongs to
the exponential family and is given by (22) with
an,k (xn ) = mn,k (xn ) ,

k=1

a⊤
n,1 (xn )

⊤
⊤
b̄n (zn ) = b⊤
n,1 (zn,1 ) · · · bn,K (zn,K )

bn,k (zn,k ) = Q−1
n,k zn,k ,
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Type of JLF

Sensor k calculates an approximation of:

Sensor k knows:

Additive sufficient statistic (Section IV-A)

—

f2 (· , ·), {τn,k,r (zn,k )}R
r=1

Exponential family—identical local likelihood functions (Section IV-A)

—

an (·), bn (zn,k ), dn (·)

General JLF (Section IV-B)

log f (zn,k |xn )

f (zn,k | · )

Exponential family—nonidentical local likelihood functions (Section IV-C)

an,k (xn ), dn,k (xn )

an,k (·), bn,k (zn,k ), dn,k (·)

Exponential family—additive Gaussian noise (Section IV-C)

mn,k (xn )

mn,k (·), Qn,k

TABLE I
JLF T YPES , F UNCTIONS A PPROXIMATED BY A BASIS E XPANSION , AND R EQUIRED I NFORMATION .



1 ⊤ −1
cn,k (zn,k ) = c̃n,k exp − zn,k Qn,k zn,k ,
2
1 ⊤
(26)
dn,k (xn ) = mn,k (xn )Q−1
n,k mn,k (xn ) ,
2
p
with c̃n,k = 1/ (2π)M det Qn,k . As proposed in our previous work [6], an approximation of dn,k (xn ) can be obtained
in an indirect way by substituting in (26) a basis expansion
approximation of mn,k (xn ). This means that the basis expansion approximations of the functions an,k (xn ) = mn,k (xn )
and dn,k (xn ) are coupled in that they are both induced by the
basis expansion approximation of mn,k (xn ). Since only one
basis approximation has to be calculated, this approach results
in a reduced computational complexity. In Section VIII-C, we
compare the estimation performance of the LC-based DPF
using this approximation with that of the LC-based DPF using
the general approximation (17).
D. Discussion
The different JLF types and basis expansion approximations considered above are summarized in Table I. For each
case, we specify the function(s) of the state xn (if any) that
are approximated at each sensor using a basis expansion,
as well as the information that is known at each sensor
(besides the local measurement zn,k ). Note that except for the
function f2 (·, ·) required in the “additive sufficient statistic”
case, which reflects properties of all sensors in the network,
all other functions and quantities that a sensor needs to know
are either available locally or can be calculated locally. Hence,
they need not be disseminated in a preparatory stage.
V. BASIS E XPANSION A PPROXIMATION
In this section, we discuss the calculation of the expansion
coefficients and the choice of the basis functions. We consider
the case of a general JLF (see Section IV-B) and the basis
expansion approximation of log f (zn,k |xn ) in (17). However,
our discussion also applies with obvious modifications to the
other JLF types considered in Section IV.
A. Least Squares Approximation
The calculation of the local expansion coefficients
{λn,k,r (zn,k )}R
r=1 in (17) is a straightforward adaptation of
the least squares calculation described in [6]
is summa and
(j) J
rized only briefly. Recall that the particles xn,k j=1 drawn
in Step 3 of Algorithm 1 are part of a representation of
the global posterior f (xn |z1:n ). The λn,k,r (zn,k ) are now

calculated such that the sum of the squared
errors of the
PJ 
(j)
(j)
approximation (17) at the xn,k , i.e., j=1 log f (zn,k |xn,k )−

PR
(j) 2
r=1 λn,k,r (zn,k ) ϕn,r (xn,k ) , is minimized. (We assume
(j)
(j)
that f (zn,k |xn,k ) 6= 0; particles for which f (zn,k |xn,k ) = 0
are discarded.) Note that with this cost function, the approximation of log f (zn,k |xn ) is best around those state values
where the approximate JLF f˜(zn,k |xn ) is actually evaluated
by the local particle filters (cf. (10)). The resulting least
squares solution is given by [21]
−1 ⊤
λn,k = Φ⊤
Φn,k ηn,k ,
n,k Φn,k
⊤
with λn,k = λn,k,1 (zn,k ) · · · λn,k,R (zn,k ) ∈ RR, ηn,k =

(1)
(J) ⊤
log f (zn,k |xn,k ) · · · log f (zn,k |xn,k ) ∈ RJ, and


(1)
(1)
ϕn,1 (xn,k ) · · · ϕn,R (xn,k )


..
..
 ∈ RJ×R .
Φn,k = 
.
.


(J)
(J)
ϕn,1 (xn,k ) · · · ϕn,R (xn,k )

Here, we assume that J ≥ R—i.e., the number of particles
(j)
xn,k is not smaller than the number of basis functions
ϕn,r (xn )—and that the columns of Φn,k are linearly independent, so that Φ⊤
n,k Φn,k is nonsingular. Also, the basis
R
functions {ϕn,r (·)}r=1 are assumed known to sensor k.
B. Basis Functions

Possible choices of the basis functions ϕn,r (·) used in
(17) include monomials (see [6]), orthogonal polynomials,
and Fourier basis functions (to be discussed below). Our
simulations suggest that the differences in DPF performance
for different choices of the basis functions tend to be rather
small if the least squares approximation of Section V-A is
used (see Table II in Section VIII-C). This is because the
approximation error is minimized locally at those state values
where the JLF is actually evaluated by the local particle filters.
The polynomial basis approximation—using monomials
as basis functions ϕn,r (·)—was considered in [6]. Here, we
discuss the Fourier basis approximation as an alternative. We
assume n-independent basis functions ϕr (·) for simplicity.

2R̃+1
Consider first a 1D Fourier basis ϕ̃r̃ (x) r̃=1 defined for
a scalar state variable x, with basis functions given as


1,
r̃ = 1,



2π
r̃ = 2, . . . , R̃ + 1,
ϕ̃r̃ (x) = cos da (r̃−1)x ,




sin 2π
da (r̃−1− R̃)x , r̃ = R̃ + 2, . . . , 2R̃ + 1.
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Here, da denotes the length of the interval within which
estimation of the 1D state x is being envisaged (e.g., in the
target tracking application considered in Section VIII, da is
the side length of the square region within which the target
location can be tracked). A basis for our M D parameter
xn ∈ RM can then be constructed as the M D product basis
{ϕr̃ (xn )}r̃ ∈{1,...,2R̃+1}M induced by the 1D Fourier basis

2R̃+1
ϕ̃r̃ (x) r̃=1 . The basis functions are thus given by
ϕr̃ (xn ) =

M
Y

ϕ̃r̃i (xn,i ) ,

r̃ ∈ {1, . . . , 2R̃ +1}M ,

i=1

where r̃i , (r̃)i and xn,i , (xn )i . Using an index transformation that maps the M D index r̃ = (r̃1 · · · r̃M ) ∈
{1, . . . , 2R̃+1}M onto the 1D index r ∈ {1, . . . , R}, with R =
(2R̃+1)M , we can reindex the basis {ϕr̃ (xn )}r̃ ∈{1,...,2R̃+1}M
as {ϕr (xn )}R
r=1 , i.e., in the form used in (17).
VI. L IKELIHOOD C ONSENSUS

FOR THE

G ENERAL JLF

In Algorithm 2, we state the LC algorithm for distributed
approximate calculation of a general JLF (cf. Section IV-B).
This algorithm relies on the basis expansion approximation
described in (17)–(21). The distributed calculation of the
JLF for the cases considered in Sections IV-A and IV-C is
analogous with obvious modifications.
A LGORITHM 2: L IKELIHOOD C ONSENSUS (LC)

At each time n, the following steps are performed by sensor k
(analogous steps are performed by all sensors simultaneously).
1) Using the local measurement zn,k , the coefficients
{λn,k,r (zn,k )}R
r=1 of the approximation (17) are computed locally by means of the least squares approximation reviewed in Section V-A.
2) The sums of the coefficients λn,k,r (zn,k ) of all sensors
PK
k, tn,r (zn ) =
k=1 λn,k,r (zn,k ) for r ∈ {1, . . . , R}
(cf. (19)), are calculated in a distributed way using an
average consensus algorithm [11], [22]. (Alternatively,
a gossip algorithm [23] can be used.) If the communication graph of the sensor network is connected, then, after
a sufficient number I of consensus iterations, all sensors
1
obtain K
tn,r (zn ) and, hence, tn,r (zn ) with sufficient
accuracy. We note that one instance of the consensus
algorithm is executed for each r ∈ {1, . . . , R}; all
instances are executed in parallel.
3) Using (20) and the approximate tr,n (zn ) obtained in
Step 2, each sensor is able to evaluate (up to small errors
due to insufficiently converged consensus algorithms)
the approximate JLF f˜(zn |xn ) for any value of xn .
Regarding Step 2 of Algorithm 2, we note that if the
network’s communication graph is connected, then for I → ∞,
1
tn,r (zn ) =
each sensor k would obtain the exact average K
PK
1
′,r (zn,k′) [11]. After only a finite number I
λ
′
n,k
k =1
K
of iterations, the computed values are, in general, (slightly)
1
tn,r (zn ) and also different
different from the desired value K

at different sensors k. For application of the LC in our
DPF (Algorithm 1), this may lead to some performance
degradation of the DPF but does not represent a fundamental
1
problem. Furthermore, since tn,r (zn ) and not K
tn,r (zn ) is
needed for JLF evaluation using (20), it is clear that each
sensor has to know the total number of sensors, K. This
information may be provided to each sensor beforehand, or
some distributed algorithm for counting the number of sensors
may be employed (e.g., [24]).
In the LC algorithm, the number of consensus algorithms
executed in parallel is Nc = R. This is also the number of
real values broadcast by each sensor to its neighbors in each
consensus iteration. The total number of real values broadcast
by each sensor at time n is then given by
CLC = Nc I = RI ,

(27)

where I is the number of iterations performed by each
consensus algorithm. The fact that the communication requirements of LC do not depend on the dimensions Nn,k of the
measurement vectors zn,k is a major advantage in the case of
high-dimensional measurements (e.g., in camera networks).
On the other hand, R usually grows with the dimension M
of the state vector xn (see Section V-B).
The most complex part of the LC algorithm is the least
squares approximation in Step 2. The complexity of the least
squares approximation grows linearly with the number of
particles J and cubically with the number of basis functions
R.
VII. D ISTRIBUTED P ROPOSAL D ENSITY A DAPTATION
The performance of a particle filter is better when the
proposal density q(xn ; zn ) is more similar to the posterior
f (xn |z1:n ) [15]. A simple and common approach is to use the
state-transition pdf f (xn |xn−1 ) as proposal density. However,
since the measurements z1:n are not taken into account, many
of the particles may be located in regions with small likelihood
and, thus, small posterior, which degrades the performance of
the particle filter. To incorporate z1:n into the proposal density
and obtain particles in regions of large posterior, proposal
adaptation can be used. An adapted proposal density typically
yields improved performance and/or allows the number of
particles to be reduced [12]. Because optimal proposal adaptation [25] is usually difficult, suboptimal adaptation methods
are commonly employed. These methods use a parametric
representation of the proposal density (e.g., a Gaussian or
Gaussian mixture pdf), whose parameters are calculated by
means of a simpler nonlinear filter.
In a DPF, it is desirable that the local particle filters
use a globally adapted proposal density that incorporates
the measurements of all sensors. Therefore, we next present
a consensus-based distributed scheme for global proposal
adaptation. Because the adapted proposal densities used by
the local particle filters reflect the measurements of all sensors, our scheme is especially suitable for DPFs where the
JLF f (zn |xn )—involving the all-sensors measurement vector
zn —is employed at each sensor to calculate the weights of the
local particle filter. We consider, in particular, the LC-based
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DPF described in Section III (cf. Steps 2 and 5 of Algorithm
1). However, the proposal density adaptation scheme can also
be used in other DPFs.

Inserting the approximations
(32) and (33) into the relation
Q
˜(xn |z1:n−1 , zn,k ) in (31), we obtain
f (xn |z1:n ) ∝ K
f
k=1
N (xn ; µn , Cn ) ∝

A. Distributed Calculation of a Global Proposal Density
Our distributed proposal density adaptation scheme can
be summarized as follows. First, a “predistorted” local posterior is calculated locally at each sensor. Next, a Gaussian
approximation of the global posterior1 is obtained by fusing all
predistorted local posteriors via a consensus-based distributed
fusion rule. This approximate global posterior, which takes
into account the measurements of all sensors, is used as a
proposal density by the local PFs. Our overall approach is
inspired by that in [2] but employs a different predistortion
that enables the use of a Gaussian filter for calculating the predistorted local posteriors. Furthermore, in [2], the approximate
global posterior is not used for proposal density adaptation but
directly for filtering.
To develop the method, we first note that the global
posterior can be written, up to a normalization factor, as
f (xn |z1:n ) = f (xn |z1:n−1 , zn )
∝ f (zn |xn , z1:n−1 ) f (xn |z1:n−1 )
= f (zn |xn ) f (xn |z1:n−1 ) ,
where Bayes’ rule and (5) have been used. With (3), we obtain
further
" K
#
Y
f (xn |z1:n ) ∝
f (zn,k |xn ) f (xn |z1:n−1 ) .
(28)
k=1

Let us now suppose that each sensor k calculates the following
predistorted, nonnormalized “local pseudoposterior”:
1/K
f˜(xn |z1:n−1 , zn,k ) , f (zn,k |xn ) f (xn |z1:n−1 )
. (29)

We then obtain for the product of all local pseudoposteriors
" K
#
K
Y
Y
˜
f (xn |z1:n−1 , zn,k ) =
f (zn,k |xn ) f (xn |z1:n−1 )
k=1

k=1

∝ f (xn |z1:n ) ,

(30)
(31)

where (28) has been used. Thus, the product of all local
pseudoposteriors equals the global posterior up to a factor.
The global posterior reflects all the sensor measurements
and could be employed as the global proposal density. However, for a simple distributed computation of (30), we use
Gaussian approximations of the local pseudoposteriors and of
the global posterior, i.e.,
f˜(xn |z1:n−1 , zn,k ) ≈ N (xn ; µ̃n,k , C̃n,k )

(32)

and (cf. (9))
f (xn |z1:n ) ≈ q(xn ; zn ) = N (xn ; µn , Cn ) .

(33)

1 Note that this approximate global posterior is different from the global
posterior obtained in Step 5 of Algorithm 1. However, both approximate the
true global posterior f (xn |z1:n ).

K
Y

N (xn ; µ̃n,k , C̃n,k ) .

k=1

This relation shows how the global mean µn and the global
covariance Cn —which are used in the global proposal density
q(xn ; zn ) = N (xn ; µn , Cn )—depend on the local means
µ̃n,k and local covariances C̃n,k . More specifically, using the
rules for a product of Gaussian densities [2], [26], we obtain
the following explicit expressions:
!−1
K
K
X
X
−1
−1
µ n = Cn
C̃n,k µ̃n,k , Cn =
C̃n,k . (34)
k=1

k=1

The sums over all sensors k in these expressions can be
computed in a distributed manner using consensus algorithms.
The calculation of the Gaussian approximations N (xn ;
µ̃n,k , C̃n,k ) of the local pseudoposteriors f˜(xn |z1:n−1 , zn,k )
at the individual sensors (see (32)) is based on the following
two observations. First, (29) can be interpreted as the update
step of a Bayesian filter using the predistorted predicted
1/K
posterior f (xn |z1:n−1 )
instead of the true predicted
posterior f (xn |z1:n−1 ). Second, each sensor calculated a
Gaussian approximation of the predicted posterior,
f (xn |z1:n−1 ) ≈ N (xn ; µ′n,k , C′n,k ) ,

(35)

in Step 1 of Algorithm 1 (see (7) and (8)), and hence µ′n,k
and C′n,k are available at sensor k. It can be easily verified
that the Gaussian approximation (35) entails
1/K
f (xn |z1:n−1 )
≈ N (xn ; µ′n,k , KC′n,k ) .
(36)
According to (32) and (36), Gaussian approximations are used
1/K
for both f˜(xn |z1:n−1 , zn,k ) and f (xn |z1:n−1 )
. Within
these approximations, the update in (29) can be written as
N (xn ; µ̃n,k , C̃n,k ) = f (zn,k |xn ) N (xn ; µ′n,k , KC′n,k ) .
We propose to perform this update by means of the update step
of a Gaussian filter, with input mean µ′n,k , input covariance
KC′n,k , and measurement zn,k . As a result of this Gaussian
filter update step, which is performed locally at each sensor,
µ̃n,k and C̃n,k are obtained. Examples of a Gaussian filter
include the extended Kalman filter [27], the unscented Kalman
filter [28], [29], the cubature Kalman filter [30], and the filters
described in [31]. For the simulations presented in Section
VIII, we use an unscented Kalman filter because it achieves
better estimation performance than an extended Kalman filter
with a computational complexity that is much lower than that
of a particle filter. The unscented Kalman filter represents
random variables using a minimal set of deterministically
chosen sample points (so-called sigma points). These sigma
points are propagated through the nonlinear system model (1)
and (2) and used to calculate approximations of the posterior
mean and covariance. It has been shown [32] that these
approximations are at least as accurate as those resulting from
a linearization of the system model.
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In Algorithm 3, we list the operations of the proposed
scheme.
A LGORITHM 3: D ISTRIBUTED P ROPOSAL D ENSITY A DAPTATION

At time n, sensor k performs the following steps.
1) The mean µ̃n,k and covariance C̃n,k of the Gaussian approximation (32) of the local pseudoposterior,
N (xn ; µ̃n,k , C̃n,k ) ≈ f˜(xn |z1:n−1 , zn,k ), are computed. This is done locally by performing a Gaussian
filter update step with the following inputs: mean µ′n,k ,
covariance KC′n,k , and measurement zn,k . Here, µ′n,k
and C′n,k were obtained locally according to (7) and
(8), respectively. This Gaussian filter update step approximates (29) and produces µ̃n,k and C̃n,k .
−1
2) The terms C̃−1
n,k µ̃n,k and C̃n,k of the sums in (34) are
computed locally. This requires the inversion of the M ×
M matrix C̃n,k .
3) The sums over all sensors k in (34) are obtained
by means of consensus algorithms. This step requires
communication with neighboring sensors.
4) After convergence
consensusPalgorithms, each
P of the
K
−1
−1
sensor obtains K
C̃
µ̃
k=1 n,k n,k and
k=1 C̃n,k . From
these quantities, µn and Cn are determined locally
according to (34); this requires one matrix inversion
and one matrix-vector multiplication. Each sensor k is
now able to sample from the global proposal density
q(xn ; zn ) = N (xn ; µn , Cn ) (cf. (33)), as required
in Step 3 of Algorithm 1, and to evaluate q(xn ; zn )
at arbitrary values of xn , as required in Step 5 of
Algorithm 1 (see (10)).

density adaptation can be achieved with fewer particles. These
benefits are verified in Section VIII-C. Furthermore, the least
squares approximation (see Section V-A) tends to become
more accurate because proposal density adaptation typically
reduces the size of the state-space region that is occupied by
the particles, and thus the local log-likelihood function needs
to be approximated in a smaller region. This is especially
important in the initial phase of estimation. Without proposal
density adaptation, a broad, uninformative prior has to be
used, which can lead to poor performance since the local
log-likelihood functions have to be approximated in a large
state-space region.
Furthermore, proposal density adaptation introduces an
additional coupling between the sensors. Because essentially
the same proposal density is used at each sensor, the sampled
particles lie in practically identical state-space regions. As a
consequence, one obtains accurate least squares approximations of the local log-likelihood functions in practically identical state-space regions. This tends to improve the accuracy
of the resulting JLF approximation.
The increase in computational complexity of the LC-based
DPF (Algorithm 1) due to proposal density adaptation is small,
especially when an unscented Kalman filter is used in Step 1
of Algorithm 3. The complexity of the unscented Kalman filter
grows cubically with the state dimension M [29], and it is
typically almost negligible compared to the complexity of the
local particle filter. The complexities of the matrix inversion
and matrix-vector multiplications performed in Steps 2 and 4
are cubic and quadratic in M , respectively.
VIII. N UMERICAL S TUDY
A. Target Tracking

B. Discussion
As a result of Algorithm 3, all the sensors obtain (almost)
identical µn and Cn provided that the consensus algorithms
are sufficiently converged. Therefore, we omit the subscript k
indicating the sensor dependence, i.e., we write µn instead
of µn,k and Cn instead of Cn,k , for all k. We note that
differences between the means and covariances obtained at
the individual sensors (caused by insufficiently converged
consensus algorithms) may lead to a certain performance
degradation but do not represent a fundamental problem.
In Step 3, one consensus algorithm is executed for each
−1
entry of the M -dimensional vector C̃n,k
µ̃n,k and for each
entry in the upper triangular part of the symmetric M × M
matrix C̃−1
n,k . Thus, M + M (M + 1)/2 consensus algorithms
are executed in parallel, and hence, at time n, a total of


(M 2 + 3M )I
M (M + 1)
I =
(37)
CPA = M +
2
2
real values are broadcast by each sensor to its neighbors. Here,
I denotes the number of consensus iterations.
Using Algorithm 3 within Algorithm 1 requires CPA
additional transmissions per sensor per time step. On the
other hand, the DPF performance is significantly improved,
since the particles are sampled in regions of large likelihood.
Alternatively, a performance similar to that without proposal

We consider the problem of tracking a target that moves
in the x-y plane, using sensors that measure the power of a
signal emitted by the target. The target is represented by the
state vector xn , (xn yn νn θn )⊤ containing the target’s 2D
location ρ(xn ) , (xn yn )⊤ as well as the magnitude νn and
bearing θn of the target’s 2D velocity. Thus, M = 4. The state
xn evolves according to (cf. (1))
xn
yn
νn
θn

=
=
=
=

xn−1 + u1,n + (νn−1 + u3,n ) cos(θn−1 + u4,n )
yn−1 + u2,n + (νn−1 + u3,n ) sin(θn−1 + u4,n )
(38)
νn−1 + u3,n
θn−1 + u4,n ,

where un = (u1,n u2,n u3,n u4,n )⊤ ∼ N (04 , Cu ) is Gaussian driving noise, with un and un′ independent unless n = n′.
A similar state-transition model was used, e.g., in [29].
The target emits an acoustic or radio signal with a known,
constant transmit power A. The (scalar) measurement zn,k
obtained by sensor k at time n is modeled as
zn,k = mk (xn ) + vn,k ,
with mk (xn ) =

A
,
kρ(xn ) − ξk kκ

(39)

where ξk is the location of sensor k, κ is the path loss
exponent, and vn,k is measurement noise. We assume that
vn,k is independent of xn′ for all n′ , and that vn,k and vn′,k′
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are independent unless (n, k) = (n′, k ′ ). Because the vn,k are
independent across the sensors, the factorization (3) holds and
the JLF is obtained as
K
K
Y
Y
f (zn |xn ) =
f (zn,k |xn ) =
f (vn,k ) v = z −m (xn ) .
n,k

k=1

n,k

k

k=1

B. Simulation Setting
The covariance matrix of the driving noise un in (38) is
Cu = diag{0.1, 0.1, 0.01, 0.01}. The transmit power of the
target is A = 10. The state prior is f (x0 ) = N (x0 ; µ0 , C0 ),
with µ0 = (4 4 1 π/4)⊤ and C0 = I4 . The network consists
of K = 25 sensors that are deployed on a jittered grid within
a region of size 40m × 40m. Each sensor communicates with
other sensors within a range of 18m. Unless noted otherwise,
the measurement noise pdf is a two-component Gaussian
mixture f (vn,k ) = (1 − ǫ) N (vn,k ; 0, σ12 ) + ǫ N (vn,k ; 0, σ22 )
with σ12 = 5 · 10−6, σ22 = 5 · 10−5, and ǫ = 0.11; note that the
resulting local likelihood function and JLF do not belong to
the exponential family. The path loss exponent is κ = 2. These
values of σ12 , σ22 , ǫ, and κ yield peaky likelihood functions,
which is a case highlighting the performance gains of proposal
density adaptation.
For LC, we use a basis expansion approximation either of
the local log-likelihood functions log f (zn,k |xn ) as described
in Section IV-B—this is used unless noted otherwise—or of
the functions mk (xn ) as described at the end of Section IVC. We employ either a polynomial basis—used unless noted
otherwise—or a Fourier basis (see Section V-B). For the
polynomial basis, unless noted otherwise, the degree of the
polynomial is Rp = 6, corresponding to R = RpR+pM̃ = 28
basis functions (here, M̃ = 2, because mk (xn ) in (39) depends
only on the target location ρ(xn )). For the Fourier basis,
R̃ = 2, corresponding to R = (2R̃+1)M̃ = 25 basis functions.
We compare the performance of the proposed LC-based
DPF algorithm using distributed proposal density adaptation—
i.e., Algorithms 1–3 (abbreviated LC-DPF)—with that of the
following alternative methods: a distributed unscented Kalman
filter (DUKF), the state-of-the-art DPF proposed in [3] (DPF1), the state-of-the-art DPF proposed in [5] (DPF-2), and
a centralized particle filter (CPF). In Step 1 of Algorithm
3, the update step of an unscented Kalman filter is used.
The measurement update step in DUKF is performed in a
distributed fashion and is analogous to our proposal density
adaptation scheme; however, the prediction step is performed
using sigma points instead of particles. The proposal density
adaptation of DPF-1 uses all the sensor measurements [3]
whereas that of DPF-2 is only based on the local measurement
of each sensor [5]. CPF performs the same algorithmic steps
as LC-DPF except that (i) it collects all the sensor measurements at a fusion center, and thus does not need to use the
LC to compute the JLF, and (ii) it employs a centralized
implementation of the proposal density adaptation of LC-DPF,
without the use of consensus algorithms. We note that CPF
is similar to the particle filter proposed in [13], however with
the difference that it uses a Gaussian rather than Gaussian
mixture approximation of the posterior pdf. Unless stated
otherwise, the number of particles at each sensor (for LC-

DPF, DPF-1, and DPF-2) and at the fusion center (for CPF)
is J = 200. In DPF-1 [3], the rejection probability used for
proposal density adaptation is βk = 0.02, and the oversampling
factor is L = 10. The consensus algorithms employed in LCDPF, DPF-1, and DPF-2 to calculate sums over all sensors
use Metropolis weights [10]. Unless noted otherwise, each
consensus algorithm performs I = 10 iterations.
As a performance measure, we consider the estimated
n-dependent root-mean-square error of the target location
estimate, denoted RMSEn , which is calculated as the square
2
root of the average of kρ̂n,k − ρ(xn )k over all sensors k =
1, . . . , 25 and over 1000 simulation runs. Here, ρ̂n,k denotes
the estimate at sensor k of the target location ρ(xn ). Furthermore, we calculate the (time-)averaged RMSE (ARMSE) as
the square root of the average of RMSE2n over n = 21, . . . ,
200. Note that we disregard the first 20 time instants in order
to portray the steady-state performance. We also assess the
error variation across the sensors k by the standard deviation
σARMSE of a k-dependent time-averaged RMSE that is calcu2
lated as the square root of the average of kρ̂n,k − ρ(xn )k
over n = 21, . . . , 200 and all 1000 simulation runs. In the
calculation of RMSEn , ARMSE, and σARMSE , simulation runs
producing “lost tracks” are excluded. These are simulation
runs where the estimation error at the final time n = 200
exceeds 5m (i.e., half the average distance between two neighboring sensors). Excluding lost tracks is important because
they tend to skew the RMSE results beyond interpretability
[3], [33]. However, for a complete picture of DPF performance, we also report the percentage of lost tracks (PLT) in
addition to the RMSE results.
As a measure of the communication requirements, we
consider the number C of real values broadcast at each
time instant n by sensor k to its neighbors; this is equal
to the number of consensus algorithms executed in parallel
times the number of consensus iterations,
I. For LC-DPF,

C = CLC + CPA = R + (M 2 + 3M )/2 I (cf. (27) and (37)).
For DPF-1, the number of (average) consensus algorithms
equals the number of particles, i.e., J = 200; for DPF-2, it
equals the number of entries of the posterior mean vector and
in the upper triangular part of the posterior covariance matrix,
i.e., (M 2 + 3M )/2. In addition, DPF-1 requires transmission
of 2M̃ Im real values for proposal density adaptation and of
2JIm real values for the max and min consensus algorithms
that ensure identical particle weights across all sensors. Here,
Im is the number of iterations of the max or min consensus
algorithms, which equals the diameter of the communication
graph, i.e., Im = 4. For CPF, we report the average communication requirements per sensor (note that the communication
requirements of CPF vary from sensor to sensor and also
depend on the network topology). We assume that CPF uses
multihop transmission of measurements from each sensor to
the fusion center, which is located in one of the corners of
the network.
C. Simulation Results
Table II summarizes the estimation performance (ARMSE,
σARMSE , and PLT) and the communication requirements (C)
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0.8

C

LC-DPF (Fourier basis)
LC-DPF (polyn. basis)

0.1569
0.1272

0.0259
0.0227

0.2
0.4

390
420

DUKF
DPF-1 [3]
DPF-2 [5]
CPF

1.7484
0.1130
0.4245
0.0651

0.0070
0
0.0084
–

90.7
0.2
43.8
0.2

140
3616
140
2.36

0.6

1) For LC-DPF, the Fourier and polynomial basis approximations lead to similar estimation performance. This
is due to the calculation of the expansion coefficients
(j)
using least squares fitting at the particles xn,k (see
Section V-A). The polynomial basis leads to a slightly
better ARMSE performance at the cost of somewhat
higher communication requirements. In the subsequent
simulations, we use the polynomial basis.
2) The ARMSE and PLT of DPF-2 are much higher than
those of LC-DPF and DPF-1. This is because DPF2 uses only locally adapted proposal densities, unlike
the other DPFs which use all sensor measurements
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0.4
0.3
0.2

TABLE II
E STIMATION P ERFORMANCE (ARMSE, σARMSE , PLT) AND
C OMMUNICATION R EQUIREMENTS (C ) OF LC-DPF (P ROPOSED ), DUKF,
DPF-1, DPF-2, AND CPF.
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Fig. 1. ARMSE of LC-DPF, DPF-1, and DPF-2 and of the respective
“exact sum calculation” variants versus the number I of (average) consensus
iterations.
0.3
0.25

ARMSE [m]

of the proposed LC-DPF—using the Fourier or polynomial
basis—and of DUKF, DPF-1, DPF-2, and CPF. It is seen that
the ARMSE of LC-DPF is higher than that of CPF, close to
that of DPF-1, and much lower than that of DPF-2 and DUKF.
The PLTs of LC-DPF, DPF-1, and CPF are 0.4% or lower,
whereas those of DPF-2 and DUKF are much higher (43.8%
for DPF-2 and 90.7% for DUKF). For DPF-1, σARMSE = 0
because identical estimates at each sensor are enforced by max
and min consensus algorithms. Furthermore, σARMSE for LCDPF is higher than for DPF-2 and DUKF (however, this result
should be interpreted in the light of the high PLTs of DPF2 and DUKF). The communication requirements of LC-DPF
are higher than those of DPF-2 and DUKF but much lower
than those of DPF-1. Note, however, that the communication
requirements of DPF-1 could be reduced by using fewer
particles, whereas those of the other methods do not depend
on the number of particles. The communication requirements
of CPF are the lowest of all methods. This is due to the low
dimension of the measurements in our simulation setting and
may be very different when high-dimensional measurements
have to be transmitted to the fusion center. Furthermore, we do
not consider the overhead required for transmitting the local
likelihood functions, the identities of the sensors producing the
measurements, and data associated with the routing protocol,
and we assume that there is no need for the fusion center
to send information about the posterior back to the sensors.
Note that even though the distributed methods require more
communication, they may be preferable over CPF because
they are more robust (no possibility of fusion center failure),
they do not require a routing protocol, and each sensor obtains
an approximation of the global posterior.
The following conclusions can be drawn from Table II:

DPF-2
DPF-2 (exact sum)
DPF-1
DPF-1 (exact sum)
LC-DPF
LC-DPF (exact sum)

0.7

ARMSE [m]

ARMSE [m] σARMSE [m] PLT [%]

LC-DPF
CPF

0.2
0.15
0.1
0.05
0

1

2

3

4

5

6

7

8

9

Rp
Fig. 2. ARMSE of LC-DPF versus the degree Rp of polynomial approximation. The ARMSE of CPF is provided as a reference.

for proposal density adaptation. Local proposal density
adaptation is seen to be insufficient for the simulated
setting.
3) DUKF performs worst of all the simulated methods.
This demonstrates the advantage of particle filters in
nonlinear/non-Gaussian settings. Because of its high
PLT and ARMSE, DUKF is not further considered in
the following.
Fig. 1 shows the ARMSE of LC-DPF, DPF-1, and DPF-2
versus the number I of consensus iterations. As a performance
benchmark, the figure also shows the results for impractical
LC-DPF, DPF-1, and DPF-2 variants in which the approximate sum calculations performed by the consensus algorithms
are replaced by direct, exact sum calculations; note that this
corresponds to an infinite number of consensus iterations.
It is seen that as I increases, the performance of all DPFs
approaches that of the respective “exact sum calculation”
variant. While LC-DPF is outperformed by DPF-1 for I less
than 12, it performs equally well as DPF-1 for I ≥ 12, and it
significantly outperforms DPF-2 for all I.
In Fig. 2, we show the ARMSE of LC-DPF versus the
degree Rp of the polynomials used to approximate the local
log-likelihood functions. For growing Rp , as can be expected,
the ARMSE decreases (since the approximation of the JLF is
improved) and gets closer to that of CPF. Note, however, that
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Fig. 3. ARMSE of LC-DPF, LC-DPF-NA, and DPF-1 versus the number J
of particles.

Fig. 5. RMSEn versus time n for LC-DPF and LC-DPF-G in the case of
Gaussian measurement noises.
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Fig. 4. ARMSE of LC-DPF, DPF-1, and CPF versus the mixing parameter ǫ
of the Gaussian mixture measurement noise pdf.

the communication requirements of LC-DPF increase with
growing Rp .
The dependence of the ARMSE on the number J of
particles is depicted in Fig. 3 for LC-DPF, LC-DPF without
proposal density adaptation (abbreviated as LC-DPF-NA),
and DPF-1. The ARMSE of LC-DPF-NA is seen to be
significantly higher than that of LC-DPF, even when J is large.
This demonstrates the benefit of proposal density adaptation.
The ARMSEs of LC-DPF and DPF-1 are almost equal and
approximately constant for J above 400. However, it should
be noted that the communication requirements of DPF-1
increase with increasing J, whereas those of LC-DPF are
independent of J.
Fig. 4 depicts the dependence of the ARMSE of LCDPF, DPF-1, and CPF on the mixing parameter ǫ of the
measurement noise pdf f (vn,k ) = (1 − ǫ) N (vn,k ; 0, σ12 ) +
ǫ N (vn,k ; 0, σ22 ). Since in our setting σ22 > σ12 , by increasing ǫ,
the overall variance of the measurement noise also increases.
As may be expected, the ARMSE of all three algorithms
increases with increasing ǫ. For ǫ > 0.4, LC-DPF outperforms
DPF-1.
Finally, a setting with additive Gaussian measurement
noises is considered in Fig. 5. We show the time dependence
of RMSEn for LC-DPF (which, as before, uses a basis
expansion approximation of the local log-likelihood functions
as described in Section IV-B) and for an LC-DPF version

that exploits the additive Gaussian noise structure by using
a basis expansion approximation of the functions mk (xn ) as
described at the end of Section IV-C. This LC-DPF version
is abbreviated as LC-DPF-G. We consider two settings: a
“low noise setting” with σv2 = 10−5 and (as before) Cu =
diag{0.1, 0.1, 0.01, 0.01}, and a “high noise setting” with
σv2 = 10−4 and Cu = diag{0.2, 0.2, 0.02, 0.02}. It is seen that
the performance of LC-DPF and LC-DPF-G is very similar in
the low noise setting whereas LC-DPF-G clearly outperforms
LC-DPF in the high noise setting. This can be interpreted as
follows. For higher noise variances, the particles are sampled
in a larger state-space region and thus the least squares
approximation is less accurate. In that case, exploiting the
additive Gaussian noise structure by using the basis expansion
approximation of Section IV-C yields a larger performance
improvement.
IX. C ONCLUSION
We presented a distributed particle filter algorithm with
distributed proposal density adaptation for decentralized wireless sensor networks. At each sensor, a local particle filter
computes a global state estimate that takes into account the
past and present measurements of all sensors. This global
estimation mode is based on a distributed approximate calculation of the joint (all-sensors) likelihood function via the
likelihood consensus scheme. We extended a previously proposed version of the likelihood consensus, which was limited
to local likelihood functions belonging to the exponential
family, to arbitrary local likelihood functions. Furthermore,
for an improvement of performance or a reduction of the
required number of particles, we proposed a consensus-based
distributed method for adapting the proposal densities used by
the local particle filters. The resulting proposal densities are
again global in that they take into account the measurements
of all sensors.
The proposed distributed particle filter uses only local
communication between neighboring sensors and does not
require any routing protocols; moreover, no particles, local
state estimates, or measurements are communicated between
the sensors. The communication requirements are independent
of the number of particles and of the dimension of the
measurements, but they grow with the state dimension.
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We applied the proposed distributed particle filter to a
target tracking problem and demonstrated experimentally that
its performance is close to that of a centralized particle filter
with centralized proposal density adaptation. We also observed
that our method achieves a better estimation performance than
the distributed particle filter presented in [5], at the cost of
somewhat higher communication requirements. Furthermore,
for a low number of consensus iterations, our method is
outperformed by the distributed particle filter presented in
[3]; on the other hand, the communication requirements of
our method are much lower than those of the method in [3].
Our simulation results also show that our proposal density
adaptation scheme can yield large performance gains.
An extension of the likelihood consensus method to spatially correlated measurement noises was presented in [34].
This extension is limited to Gaussian measurement noises and
does not include proposal density adaptation. An extension to
statistically dependent non-Gaussian measurement noises and
to distributed particle filters with proposal density adaptation
remains a topic for future research.
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