doi: 10.14232/actasm-012-028-8 Acta Sci. Math. (Szeged)
80 (2014), 31-94

A growth condition for
Hamiltonian systems related with Krein strings
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Abstract. We study two-dimensional Hamiltonian systems of the form

(*) y'(x) = 2JH(z)y(z), x€[s-,s¢),

where the Hamiltonian H is locally integrable on [s_,s;) and nonnegative,
and J := (? 7%). The spectral theory of the equation changes depending on
the growth of H towards the endpoint sy; the classical distinction into the
Weyl alternatives ‘limit point’ or ‘limit circle’ case. A refined measure for the
growth of a limit point Hamiltonian H can be obtained by comparing with H-
polynomials. This growth measure is concretised by a number A(H) € NoU{oo}
and appeared first in connection with a Pontryagin space analogue of the
equation (x). It is known that the growth restriction ‘A(H) < oo’ has some
striking consequences on the spectral theory of the equation; in many respects,
the case ‘limit point but still A(H) < oo’ is similar to the limit circle case.

In general, the number A(H) is given in a rather implicit way, difficult to
handle and not suitable for concrete calculations. In the present paper we
provide a more accessible way to compute A(H) for some particular classes of
Hamiltonians which occur in connection with Sturm—Liouville equations and
Krein strings.

1. Introduction

We consider two-dimensional Hamiltonian systems of differential equations of the
form

y'(z) = zJH(z)y(x), =€ [s_,s4), (1.1)

Received May 8, 2012, and in revised form August 27, 2013.
AMS Subject Classification: 34B20, 37J99, 34L.40; 47B50, 47EO05.
Key words and phrases: Hamiltonian system, Krein string, growth towards singular endpoint.

Acta Scientiarum Mathematicarum 80:1-2 (2014) (© Bolyai Institute, University of Szeged


http://dx.doi.org/10.14232/actasm-012-028-8

32 H. WiNnkKLER and H. WORACEK

where y is a 2-vector valued function, the Hamiltonian H takes real and nonnegative
2 x 2-matrices as values and is locally integrable on [s_, sy ), J denotes the signa-
ture matrix J := ((1) _01), and z is a complex number (the eigenvalue parameter).
Equations of this form appear in natural sciences, for example as natural general-
izations of Sturm-Liouville equations, see, e.g., [Re], [GKM], [At]. A vast literature
is devoted to the study of operator models for the equation (1.1) and their spectral
properties from different perspectives, see, e.g., [GK], [O], [dB2], [SN1], [SN2], [HS],
[S]. Special emphasis, when studying problems of the kind, is put on inverse spectral
problems, e.g., [K], [M2], [Ral.

The spectral properties of the equation (1.1) highly depend on the growth of the
Hamiltonian H towards the endpoint s;. The decisive distinction is between Weyl’s
limit circle and limit point cases, i.e., whether the integral f:f tr H(z) dx is finite
or infinite. For example, if the limit circle case prevails, solutions possess boundary
values at s, the spectrum of the problem is discrete, and the sequences of positive
and negative eigenvalues, (A\}) and (), respectively, have regular asymptotics. In
fact, the limits lim ﬁ and lim % exist in [0, 00) and coincide. On the other hand,
if the limit point case takes place, continuous spectrum may occur.

In connection with the study of equations with singular potential, a general-
ization of the equation (1.1) and its operator model to an indefinite (Pontryagin
space) setting was proposed in [KW/IV]. A corresponding version of Weyl’s theory,
including direct and inverse spectral theorems, was established in [KW/V, KW /VI].
In this generalization the Hamiltonian H is allowed to have a finite number of inner
singularities. In addition, a finite number of scalar parameters may be specified
which tell how passing a singularity influences the solution. At a singularity, the
Hamiltonian function H is not anymore locally integrable (justifying the terminol-
ogy ‘singularity’), however, its growth is restricted. First, locally at a singularity, a
certain compactness condition is required; resolvents should be of Hilbert—Schmidt
class. Second, the rate of growth of H towards a singularity, measured by means of
a number A(H) € NU {oo} which is obtained by comparing with ‘H-polynomials’,
should be finite.

Viewing the theory from a slightly different perspective, one may say the
following:

Let H be a Hamiltonian as in (1.1) which is in the limit point case at s .
Assume that selfadjoint realizations of the equation have resolvents of
Hilbert-Schmidt class, and that the number A(H) is finite. Then H can
be prolongued to an indefinite Hamiltonian b in the sense of [KW /IV].
Moreover, this indefinite Hamiltonian h may be chosen to be in the limit
circle case at its right endpoint.
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Though b is indefinite, the presence of the limit circle case has similar consequences
on the spectral theory of the operator model associated with h as known from the
classical case. This, in turn, has consequences for the Hamiltonian H we started
with in the above quoted statement. Among them the following facts:
— Solutions of equation (1.1) have ‘ H-polynomially’-regularized boundary values
at s; (this is shown in the forthcoming manuscript [LaWo3]).
— Eigenvalues are distributed asymptotically according to lim ﬁ = lim % €
[0,00) (this —and more— is shown in [W1, Theorem 4.8]).
Note here that, since H is in the limit point case, actual boundary values at s, do
not always exist, and that the information on the distribution of eigenvalues which
is immediately obtained from the compactness assumption is only > ﬁ < 00,
e > 0.
An illustrative example (though, in some sense, being a toy example) occurs
in connection with the Bessel equation.

Example 1.1. The Bessel equation is the Sturm-Liouville equation

2_1/4
v-1/4

"
—u (Z‘) + 2

() = Au(z), = > 0.

Here v is a parameter v > 1/2 and A is the eigenvalue parameter. Obviously, both
endpoints 0 and oo are singular endpoints.

Rewriting this equation as a first-order-system, making a substitution in the
independent variable, and setting o := 2v — 1, A = 22, yields a Hamiltonian system

(1.1) with
Hy(z) = (‘TO $0a>, >0,

At the endpoint co always the limit point case prevails. Contrasting this, at the
endpoint 0 the limit point case appears if and only if a > 1. We are interested in a
finer analysis of the behaviour at 0, hence, let us isolate this part of the equation:

Set
fo(z) = (“‘(f) ’ (1_0x)a), re0,1).

It turns out that the Hamiltonian H, always satisfies the Hilbert—Schmidt condition,
and that always A(H,) < oo, in fact

A(H,) = [O‘T“J . (1.2)

Hence, via Pontryagin space theory, we obtain information on the behaviour of
solutions and spectrum of the systems with Hamiltonian H,, and thereby gain
knowledge about the behaviour of the Bessel equation at its singular endpoint 0.
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This example of course only illustrates a method. A systematic treatment is
given in the forthcoming paper [LaWo3]. The connection of the Bessel equation
itself with the theory of indefinite Hamiltonian systems is worked out in detail in
the forthcoming manuscript [LaWod4].

The questions appear how to recognize from a given Hamiltonian H whether
or not the Hilbert—Schmidt property holds, and whether or not the number A(H) is
finite. The first question was answered in [KW1]: Resolvents are of Hilbert—Schmidt
type, if and only if a certain double integral involving the entries of H converges.
The number A(H), however, can at present only be computed in a quite implicit
way, namely from its actual definition, cf. Theorem 2.19. Our aim in the present
paper is to provide a more explicit method to compute A(H) (and, in particular,
to decide whether A(H) is finite) for some special classes of Hamiltonians. To
be precise, we study Hamiltonians of diagonal form and Hamiltonians of (inverse)
Stieltjes type!. For these classes we describe an inductive process to compute A(H),
see Theorem 3.7 and Theorem 5.2.

From a practical viewpoint, the established inductive way to compute A(H)
may on first sight seem only a slight improvement compared with the original defi-
nition. But, actually, it turns out to be very useful: For example, using Theorem 3.7
only a couple of lines are needed to obtain (1.2)%, whereas proving this relation by
going back to the original definition requires several pages of tedious computations.

From the viewpoint of applications, the classes of Hamiltonians under consid-
eration are often sufficient. As for diagonal Hamiltonians: Each Sturm-Liouville
equation can be rewritten as a system (1.1) with H being diagonal. For equations
without a potential term, in particular for equations in impedance form, this is
immediate; for equations in Schrédinger form, a suitable Liouville transform has to
be applied (again we refer to the forthcoming manuscript [LaWo3]). As for (inverse)
Stieltjes type Hamiltonians: Each Krein string can immediately be rewritten as a
system (1.1) with H being of inverse Stieltjes type; using the mass function of its
dual string it can be rewritten as a system (1.1) with a Stieltjes type Hamiltonian
(these transformations can be found in [KWW2]).

Let us point out an interesting connection with the recent work [FL]|. In
this paper a generalised Nevanlinna function is associated with a Sturm—Liouville
equation having a singular potential of a certain form. It turns out that the negative
index of this generalised Nevanlinna function is nothing but the number A(H) for the
Hamiltonian constructed from the potential in the same manner as in Theorem 1.1.

IFor the definition of these classes see Definition 2.6.
2Compare with Step 2 of Theorem 3.15, where we elaborate a similar toy example.
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The proof of this fact, however, is nontrivial and requires to combine results from
[LaWo3] and [KW /IV].

We close this introduction with a brief description of the organisation of
the paper. Section 2 has a mainly preliminary character. One, we set up our
notation, and recall the classical theory as well as some more specific constructions
and theorems up to the extent needed for the present exposition. Two, we provide
several supplements and technical lemmas for later reference. After this preparation,
in Section 3, we set off for the first main result of the paper: Theorem 3.7, where
we show how to compute A(H) for a diagonal Hamiltonian H.

The class of diagonal Hamiltonians is closely related with the classes of (inverse)
Stieltjes type Hamiltonians. In fact, (the operator model of) a diagonal Hamiltonian
H can be decomposed in two parts, the ‘even’ and ‘odd’ parts of H. It is known that
the even part corresponds to a Hamiltonian of Stieltjes type, the odd part to one of
inverse Stieltjes type, and also converse constructions are available. This interaction
between the classes of Hamiltonians often gives the possibility to transfer results,
so also in the case of the ‘growth measure A’. Our aim in Section 4 is to work
out quantitatively the relation between the respective numbers A, cf. Theorem 4.1.
Besides its intrinsic interest, this theorem is a major tool later on. The proposed
proof is mainly elementary, by establishing and exploiting an instance of symmetry
on the level of polynomials. The origin of the growth measure A, however, lies
in Pontryagin space theory. Hence, we find it interesting that a (slightly weaker)
version of Theorem 4.1 can also be deduced in a more structural but less elementary
way from some theorems about indefinite Hamiltonians, cf. Theorem A.1. Since it
is not within the scope of the present manuscript to dive into the indefinite world,
we present this alternative approach as a supplement in an appendix.

In Section 5, we turn to (inverse) Stieltjes type Hamiltonians, and establish the
second main result of the paper: The recursive computation method Theorem 5.2.
Its proof relies on Theorem 4.1, which is used to reduce to Theorem 3.7.

2. Preliminaries and supplements about Hamiltonian systems

This section has a mainly preliminary character. We set up our notation, recall the
known theory up to the required extent, and provide some supplements needed in
the later sections. It is divided into several subsections according to the following
schedule:
a. Hamiltonian systems and their operator models. We recall definitions and
basic facts.
b. Weyl theory. We recall the definition of the Weyl coeflicient associated with
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a Hamiltonian system.

. The operators Zy and A . Sometimes it is practical to work with a particular

selfadjoint realization of the equation (1.1).

. Compactness properties. We define and study Neumann—von Schatten class

properties.

. H-polynomials; the number A(H). We define the main object of our present

interest: The number A(H) which provides a measure for the growth of the
Hamiltonian H.

. Decomposition of diagonal Hamiltonians into even and odd parts. Hamiltoni-

ans of diagonal form and their operator model can be decomposed into two
parts. These parts correspond to Stieltjes- and inverse Stieltjes type Hamilto-
nians, respectively.

. A lemma on general inverses. We provide a general statement which is fre-

quently used. For example it is needed to justify the application of the sub-
stitution rule in some integrals when measures are not absolutely continuous.

a. Hamiltonian systems and their operator models

Let us explicitly state the definition of a Hamiltonian as we use it in the present

text. Denote by &, the vector

__[coso
§o = (Sin ¢) '

Definition 2.1. A Hamiltonian H is a function defined on some interval [s_, s ),
—00 < s_ < s < 400, which takes real 2 x 2-matrices as values, and has the

following properties:
(Ham1l) Each entry of H is (Lebesgue-to-Borel) measurable and locally integrable

on [s_,$4).

(Ham2) We have H(x) > 0 almost everywhere on [s_, s;).
(Ham3) The function H does not vanish on any set of positive measure.
(Ham4) The Hamiltonian H is not of the form

H(z) =tr H(z)-£s&5, x € [s_,s4) ae., (2.1)
with some constant ¢ € R.

The requirements (Ham3) and (Ham4) are put to simplify the treatment

technically. As it is shown, e.g., in [WW2, Proposition 4.2], (Ham3) is no loss in

generality. The requirement (Ham4) is of course a restriction, but it is only a trivial

case which is ruled out.
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Intervals where the Hamiltonian is of the particularly simple form (2.1) play
a special role: Let (o, 8) C [s_, sy ). Then we call (o, 8) an H-indivisible interval
of type ¢ € R, if
H(z)=trH(x) ~§¢§g, z € (a, p) ae.

In this case the number ff tr H(z) do € [0, 00] is called the length of this indivisible
interval. Clearly, if two indivisible intervals have nonempty intersection, their types
must coincide (up to integer multiples of 7) and their union is again indivisible.
Hence, each indivisible interval is contained in a maximal indivisible interval.

The equation (1.1) gives rise to an operator model which consists of a Hilbert
space, a maximal differential relation in this space, and boundary value maps. First,
the space and operator:

Definition 2.2. Let H be a Hamiltonian defined on the interval [s_,s;). If
f,9: [s_,sy) — C? are measurable functions, then we write f =g g, if Hf = Hg
a.e. Clearly, the relation =g is an equivalence relation.

We denote by L?(H) the linear space of all =p-equivalence classes f of mea-
surable functions f: [s_,s;) — C2, which satisfy:

/ O H F(t) dt < oo (L.2)

If (o, §) is H-indivisible of type ¢, then fgf is constant a.e. on (a, ). (C)

An inner product is defined on L?(H) as
(F.ghw = [ oty HOS@ e F= (=0 =lols

A linear relation Tyay(H) acting in L2(H) is defined as

Tonax(H) := {(f;§) € L*(H) x L*(H)
. f=1f]=,,4 = [g]=,, with f absolutely continuous,
f'=JHg ae.on [s_,s;)}.
Moreover, we set Trin(H) := Trax(H)*.

Unless necessary, we suppress the explicit distinction between = p-equivalence
classes and their representatives. Let us recall that, due to our requirement (??), for
each ( f; §) € Tmax(H) there exists a unique absolutely continuous representative
with f/ = JHg, cf. [HSW, Lemma 3.5].
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The operator theoretic properties of Tinax(H), in particular also the definition
of boundary value maps, depend on the growth of H towards its endpoints. One
says that Weyl’s limit circle case prevails, if the entries of H are even integrable on
[s_, s+]. Equivalently, this means that

sS4
/ tr H(x) dx < co.

Otherwise, one speaks of Weyl’s limit point case. In order to shorten language, we
use the (also common) terminology ‘regular’ and ‘singular’, instead of ‘Weyl’s limit
circle case’ and ‘Wey!l’s limit point case’.

To each element of Ty,.x(H) boundary values can be assigned at the endpoint
s—. In fact, if ( f; §) € Thmax(H), then there exists a unique absolutely continuous
representative f of f , and this representative has an absolutely continuous extension
to [s—, s4). If H is regular, also at the endpoint s, boundary values can be assigned.
In this case, the absolutely continuous representative has an absolutely continuous
extension to all of [s_, sy], cf. [HSW, Lemma 3.5].

Definition 2.3. Let H be a Hamiltonian defined on the interval [s_, sy ).
Case H regular: We define 'y 1, T2t Tynax(H) — C? as

Puatio) = (107 tmatrio = (1)) (i) € Tt

where we understand by f = (f1, f2)7 the unique representative which is absolutely
continuous on [s_, $4].
Case H singular: We define 'y 1, T2t Tax(H) — C as

FH,I(f;g) = fl(S,), FH,Z(f;Q) = _f2(87)7 (f»g) € Tmax(H)7

where we understand by f = (f1, f2)” the unique representative which is absolutely
continuous on [s_, s ).

In the next statement we summarize some essential properties of this operator
model. Proofs of these facts can be found, e.g., in [HSW].

Theorem 2.4. Let H be a Hamiltonian defined on the interval [s_,sy).
(i) The space L?>(H) endowed with the inner product (.,.)g is a Hilbert space.
(ii) The linear relation Tynin(H) is a closed symmetric operator. The linear relation
Tinax(H) is closed.
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Case H regular: The operator Tmin(H) is completely nonselfadjoint, entire?,
and has defect index (2,2). The triple (C*; Ty 1,Tn2) is an (ordinary) boundary
triplett for Tyax(H).

Case H singular: The operator Tmin(H) is completely nonselfadjoint and has
defect index (1,1). Canonical selfadjoint extensions of Tymin(H) have simple spec-
trum. The triple (C;Tg 1, T 2) is an (ordinary) boundary triplet for Tmax(H).

Of course, ‘changes of scale’ in the equation (1.1) will not affect the spec-
tral theory of the associated differential relation. The notion of ‘changes of scale’,
however, needs to be defined rigorously.

Definition 2.5. Let H; and Hs be two Hamiltonians defined on respective intervals

[sL,s))and [s?,s%). Then Hy and H, are called reparametrizations of each other, if

there exists an absolutely continuous and increasing bijection ¢: [s2 , si) — [st, si)

with ¢! also being absolutely continuous, such that
HQ(m) = Hl(@(w)) : (p/(l'), S [82—751) .
In this case, we write H; ~ Ho.

Clearly, the relation ‘~’ is an equivalence relation. Moreover, it is not difficult to
show that H; ~ Hs implies that the corresponding boundary triplets are isomorphic,
see, e.g., [WW2, Theorem 3.8] for a general account on reparametrizations.

Notational convention. Unless specified differently, the symbol ‘H’ denotes a Hamil-
tonian defined on an interval [s_, sy).

Let us now define the classes of Hamiltonians which we deal with in the present
paper. It is clear what is meant by a diagonal Hamiltonian, namely, H is said to
be diagonal, if its off-diagonal entries vanish a.e..

Notational convention. Unless explicitly specified differently, we write a diagonal

e = ("7 )

Definition 2.6. We call H of Stieltjes type, if there exists a nonincreasing function
¢: [s—,54) — [0, 5], such that

Hamiltonian H as

H(z) =tr H(z) ~§¢(z)§£(z), x € [s_,s4) ae. (2.2)

31In the sense of M. G. Krein, see, e.g., [GG, §2.5].
4For the definition of boundary triplets and some theory see, e.g., [DHMS, Definition 3.13] and
the references therein.
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We call H of inverse Stieltjes type, if there exists a nonincreasing function
¢: [s—,s4) = [=F,0], such that (2.2) holds.

Recall that a function ¢ is said to belong to the Stieltjes class, if
(S1) ¢ is analytic in C\ [0, 00);
(52) ¢(x) > 0 for z € (—o0,0);
(S3) Tmq(z) >0 for 2 € C*.
Some properties of this class of functions, including integral representations, were
established in [KK1].

b. Weyl theory
Denote by Wg (z;2), « € [s_, s4), the unique solution of the initial value problem

{ IWh(w;2)J = 2Wh(z;2)H(z), € [s_,s4),
Wi(s_;z) =1

We refer to Wy (z, 2) as the fundamental solution for H, though, strictly speaking,
it is the transposed of the fundamental solution of (1.1). For each fixed x € [s_, s ),
the function Wy (z,.) is an entire matrix function of finite exponential type. Each
entry wj;(z,.) of Wg(z,.) is of bounded type in the upper and lower half-planes,
and its exponential type can be computed as

/I et F (D) dt (2.3)

cf. [dB1, Theorem X].

If H is regular, the limit Wy (sy, 2) := lim, ~,, Wg(x, 2) exists locally uni-
formly on C. We refer to Wg(sy, 2z) as the monodromy matrix of H. It is again
an entire function of finite exponential type, and the formula (2.3) holds also for
‘z = s4 . The monodromy matrix governs the spectral theory of the differential re-
lation associated with H, in fact, all spectral functions can be constructed explicitly
from Wy (sy, 2).

Let us further discuss the singular case. In this case, the spectral theory of the
operator model associated with H is governed by the Weyl coefficient gz associated
with H. Classically, this function is constructed by means of Weyl’s limit point
procedure: Write again Wy (z;.) = (wi;(z; ~))22,j:1~ Then, for each 7 € RU {00}, the
limit

lim wi1(x; 2)T + wia(x; 2)
@ s Wo1 (75 2)T + waa(T; 2)

=:qu(2)

exists locally uniformly on C\ R, and its value does not depend on 7. Thereby, for
T = 00, we understand the quotient as w11 (¢; 2)/wa1 (E; 2).
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Alternatively, gy can be obtained as the Weyl m-function of the boundary
triplet associated with H; sometimes this viewpoint is more practical.

The Weyl coefficient gy associated with a singular Hamiltonian H is a function
belonging to the Nevanlinna class and not equal to a real constant, i.e. it satisfies

(N1) qg is analytic in C\ R;

(N2) q11(2) = qu(2) for 2 € C\ R;

(N3) Imgg(z) >0 for z € C*.
It is a fundamental result due to de Branges that, conversely, for each function ¢ of
Nevanlinna class, there exists (up to reparameterization) one and only one singular
Hamiltonian H such that ¢ is the Weyl coefficient of H, cf. [dB2], or [W1] for a
more explicit presentation.

The significance of the function gy for the spectral theory of the operator
model associated with H is that it gives rise to a Fourier transform of L?(H) onto a
space L?(o) (or L?(o) @ C if H starts with an indivisible interval of type 0). Namely,
by choosing for o the measure in the Herglotz integral representation of ¢z, and
using the transformation f +— f given as

f(z):= /S+ (0, )Wy (z; 2)H () f(z) da ,

when f € L?(H) has compact support in [s_, s).

Items (ii) and (iii) of the next result motivate the choice of terminology in
Definition 2.6. These items follow from [W2] together with [WW1]; we skip details.
Item (i) is a classical fact, and can be found, e.g., in [dB2, §47].

Proposition 2.7.
(i) The Weyl coefficient qg of H is an odd function, if and only if H is diagonal.
(ii) The Weyl coefficient qg of H belongs to the Stieltjes class, if and only if H
1s of Stieltjes type.
(iii) The function —1/qm belongs to the Stieltjes class, if and only if H is of inverse
Stieltjes type.

c. The operators Zy and KH

Clearly, the resolvents of selfadjoint extensions of Tiin(H) can be expressed as
integral operators.

Definition 2.8. We denote by Zy the operator whose domain dom Zy consists of
all measurable functions f: [s_,s;) — C? with

Hf € Llloc([S*’SJr)) ’
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and which acts as

@) = [ " TH@W() d.

The following properties of Zp are obvious.

Lemma 2.9.
(i) We have LS ([s—,s4)) C domZy.
(ii) For each f € domZy, the function Ty f is absolutely continuous on [s_,s4).
In particular, for each f € dom Ty, all iterates IV f, k € N, are defined.

(iii) For each f € domZy, the function Iy f satisfies (C).
It is often useful to work with a particular selfadjoint extension of Ty, (H).

Lemma 2.10. Assume that H is singular, and that 0 is a point of reqular type of
Tinin(H).
(i) Let A be a selfadjoint extension of Tnin(H) such that 0 € p(A). Then

(A7 f)(@) = (Zu f)(@) + TH)(ATf f). (2.4)

(ii) There exists a unique angle ¢(H) € [0,), such that Eypry € L*(H).
Denote by fiH the selfadjoint extension defined by the boundary condition

L(H)Ay = Span{fqa(H)Jrg} :

-1

(iii) We have 0 € p(/iH) The value of I‘(H)(/(iH I3 [) can be computed as
o—1
L(H)(Agp [ f) = ( - xl}fi £$<H)+g(IHf)(x))£¢(H)+g :

Proof. Both functions A~ f and Zy f are absolutely continuous on [s_, sy ) and
have derivative JH f. Hence, they differ only by a constant. Evaluating the limit
x N\ s_ gives (2.4).

Since 0 is a point of regular type for T, (H), a selfadjoint extension A of
Thin(H) satisfies either 0 € p(A) or 0 € 0,(A). Moreover, since the defect index of
Tmin(H) equals (1,1), the second case takes place for exactly one extension Ay, and
dimker Ay = 1. However, ker Tiyax (H) C C?. The assertion in (ii) follows. Moreover,

we see that the extension Ag is given by the boundary condition

I'(H)Ao = span{&ym)} -
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To obtain the formula asserted in (iii), we multiply (2.4) with §§(H)+% from the
o—1
left. Since y(m)y+z = —€ym)J and I'(H)(Ag f; f) = ay)q = with some a € C,

this gives

o—1
—ff(H)J(AH f)= fg(H)+g(IHf) +a.
Applying [HSW, Theorem 3.6| with

o—1
(£¢(H);0)v (AH fvf) € Tmax(H) ’

shows that the left side of this relation tends to 0 as x increases to sy.

d. Compactness properties

We denote the ideal of all compact operators by &,. For each p € (0, 00) we denote
by &, the Neumann-von Schatten class of all compact operators whose s-numbers
belong to ¢P.

Definition 2.11. Let p € (0,00]. We say that H has the property &,, if for some
(and hence for each) selfadjoint extension A of Ty, (H), and for one (and hence for
all) points z € p(A)

(A-2)"tes,.

In the present context, mainly the cases ‘p = o0’, ‘p = 2’, and ‘p = 1’ appear.
For these we also use the terminology ‘compact resolvents’, ‘Hilbert—Schmidt prop-
erty’, and ‘trace class property’, respectively. Notice that, by isomorphy of boundary
triplets, the fact whether or not a Hamiltonian H has the property &, does not
depend on the choice of parameterization.

In general, it is an open problem to characterize validity of the property &,
in terms of the Hamiltonian H itself. To the best of our knowledge, this problem
has been solved only for the case ‘p = 2. The result reads as follows:

Theorem 2.12. Let H be a Hamiltonian defined on the interval I = (s_,s4) which
is regular at s— and singular at si, and set G(z) := [ H(t)dt. Then H has the
Hilbert-Schmidt property if and only if there exists an angle ¢(H) € [0,7) with

S+
(2.5) / g(f(H)H(t)@)(H) dt < oo,

sS4
(2.6) / €f(H)+gG(t)€¢<H>+g€Z(H)H(t)§¢(H> dt < oo.

5For the case ‘p = oo’ some necessary and some sufficient conditions which are not too far apart
from each other are stated without a proof in [K].
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A proof for trace normed Hamiltonians, i.e. Hamiltonians with tr H(z) = 1
defined on (0, 00), is given [KW1]. Each Hamiltonian can be brought to this form
with a reparameterization, see, e.g., [WW2, Proposition 4.2]. It remains to notice
that the conditions (2.5) and (2.6) do not depend on the choice of a parameterization:
Assume that H; and Hy are Hamiltonians defined on intervals I; = (51_, si_) and
I, = (s2,s2), respectively, which are related as Ho(z) = H(p(z))¢(z) with some
increasing bijection ¢: I, — I; such that ¢ and ¢! are absolutely continuous.

Then, for each ¢ € [0,7),

/: £ Ha(y)éy dy = /; ETH1(0(y)es - @' (y) dy = /f &5 Hy(2)éy da .

Similarly,
o T o T
/2 f¢+gG2(y)€¢+g§¢H2(y)€¢dy:/1 otz G1(2)E04+ 3 & Hi(2)Ep da

where G;, i = 1,2, is defined correspondingly as G;(t) := f:i H;(s)ds.

For a regular Hamiltonian validity of &,, is related to the growth of its funda-
mental solution as an entire function, whereas for a singular Hamiltonian it is related
to the distribution of the poles of the Weyl coefficient gz . These are well-known
facts, however, let us make the connection explicit.

Proposition 2.13. The following hold:

(i) Assume that H is singular, and let qp be the Weyl coefficient of H. Then H
has the property G if and only if qg is meromorphic in the whole plane.
In this case, H has the property &, if and only if > ﬁ < 00, where (\,)
denotes the sequence of poles of qy .

(ii) Assume that H is regular. Then H has the property So,. Let Wi (sy, z) be
the monodromy matriz of H. If p > 0, and one entry of Wy (s1;.) is an entire
function of order p, then H has the property &, whenever p > p.

Proof. Item (i): The Weyl coefficient gy is a Q-function of a certain selfadjoint
extension A of Twin(H), see, e.g., [HSW, Theorem 4.3]. Thus the set of its poles
equals the spectrum of fi, remember here that Ti,i, (H) is completely nonselfadjoint.
For more details see the argument carried out in the proof of [KW1, Theorem 3.1].

Item (ii): Assume that one entry of Wy (s4;.) has order p. By [BP], see also
[BW, Proposition 2.3|, the entries of Wy (s4;.) all have the same order. In particular,
wa1(84;.) is an entire function of order p.
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wi1(84;2)
wa1 (84+;2)
Tmin(H ), and its poles coincide with the zeros of wa(s4; 2). We see that the spec-

trum of A equals the sequence of zeros of some entire function of order p. Hence,
the convergence exponent of this sequence does not exceed p.

The function is a @Q-function of some selfadjoint extension A of

The next statement turns out to be useful. To simplify language, we agree on
the following convention: If H is a function of the form (2.1), possibly with s_ = s
(i.e., with empty domain), we say that H has the property &, for each p € (0, o0].

Proposition 2.14. Let p € (0,00], 50 € [s_,51), and denote H_ := H|[,_ 5 and
Hy := H|[sy,s,). Then H has the property &, if and only if both H and H_ have.

Proof. Step 1; The core argument: Consider the case that
* H does not end indivisibly towards s_ or towards s.
* S is not an inner point of some indivisible interval.
Then we have L?(H) = L?>(H_) @ L*(H,), and

Tmin(H—) @ Tmin(H+) Cc Tl’ﬂiﬂ(H) .

Let A_ and Ay be selfadjoint extensions of Ty (H—) and Trin(Hy), respectively,

and set A == A_ @ Ay. Then the resolvents of A belong to &, if and only if the
resolvents of both, A_ and A, have this property.

Let A be a selfadjoint extension of Ty (H), and let z € p(A) N p(/i) Then
(A—z)~!is a finite-dimensional perturbation of (/i—z)*l, and hence (A—2)"!' € G,
if and only if (A — 2)~! € &,,.

Step 2; Indivisible ends: Let us first consider the case that (s_, sp) is maximal
indivisible. If H is regular at s_, then L?*(H) = L*(H|¢_,,)) ® C and Tyin(H)
is a one-dimensional extension of Tiin(H|(s,,s,)). Hence, H has the property &,
if and only if H|(,,s,) has. If H is singular at s_, then L*(H) = LQ(H|(57’S+))
and Tinin(H) is a one-dimensional extension of Tinin(H|(s,,s,))- Again, H has the
property &, if and only if H|,, s, has.

Next, consider the case that (s_, sp) is (not necessarily maximal) indivisible.
Denote by s, the right endpoint of the maximal indivisible interval with left endpoint
s_. By what we just showed, the following equivalences hold:

H has &, <= H|(s s, has &), <= H|(,,s,) has &,.

The case that (sg, s+) is indivisible is settled in the same way.
Step 3; The general case: Denote by s” the right endpoint of the maximal
indivisible interval with left endpoint s_, by sl+ the left endpoint of the maximal
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indivisible interval with right endpoint s, , and by sé and sj the left and right
endpoints of the maximal indivisible interval which contains s¢ in its closure.
By what we showed in Steps 1 and 2, we have the following equivalences:

H has Gp e H|(Siysﬂr) has Gp < H|(si,sl’))’H|(sg,sl+) have Gp

s H|(S*’50)’H|(36,Sﬂr) have 6;, < H|(s,,so)7H‘(50,s+) have Gp. -

We can now deduce that some kinds of Hamiltonians always enjoy certain
Neumann-von Schatten class properties.

Proposition 2.15. Assume that H is regular or ends with an indivisible interval
towards sy. Then
(i) H has the property &, whenever p > 1.
(ii) If H has the trace-class property, then det H vanishes a.e.
Assume in addition that H is of (inverse) Stieltjes type. Then
(i) H has the property &, whenever p > %

Proof. Item (i): If H is regular, its monodromy matrix if of finite exponential
type, in particular, of order 1. If H is singular but ends indivisibly towards s, its
Weyl coeflicient can be written as the quotient of two entire functions with finite
exponential type. This shows (i).

Item (ii): Assume that H has the trace-class property, and let so € [s—,s).
Then H|j,_ ) also has the trace-class property. Let w;;(x, z) be the entries of the
monodromy matrix of H|j;_ s y. Then, using (2.3) and [Bo, Chapter 8], we obtain
that the sequence of positive zeros (A,,) of w;;(so,.) satisfies

1 [0
lim — = f/ /det H(t) dt.
m S_

n—o00 \,

Convergence of the series ) i thus implies that det H(z) = 0, x € [s_, o) a.e.
Since sg was arbitrary, the assertion (ii) follows.

Item (iii): Consider the case that H is regular, and let W be its monodromy
matrix. Appending an indivisible interval of type ¢(s4) and infinite length gives
a singular Hamiltonian H which is again of (inverse) Stieltjes type. The Weyl
coefficient ¢z belongs to the (inverse) Stieltjes class, in particular is analytic on
C\ [0, 00). However, gz = W % cot ¢(s; ). Since the poles of W % cot ¢(s4.) interlace
with the poles of Wx oo, the right lower entry of W has at most one pole on (—o0,0).
An application of [KWW1, Proposition 3.12] yields that the order of W cannot
exceed 1/2. It follows that H has the property &, whenever p > 1/2.

Assume that H is singular and ends indivisible towards s;. Let sg € [s_, s4)
be such that (sg, s ) is maximal indivisible, and consider the regular Hamiltonian
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H = Hlis_ sy)- Then H is of Stieltjes type, and the above proved shows that H

has the property &, for all p > 1/2. By Theorem 2.14, H inherits this. -

Combining Theorem 2.14 with Theorem 2.15, it follows that certain Neumann—
von Schatten class properties are local properties at the singular endpoint.

Corollary 2.16. Let sp € [s_,s4) and p € (0, c0].
(i) If p > 1, the Hamiltonian H has the property &, if and only if H|[s, s,y has.
(ii) Assume that H is of (inverse) Stieltjes type. If p > 1/2, the Hamiltonian H
has the property &, if and only if H|| y has.

50,5+

Remark 2.17. Let us notice that the fact that the Hilbert—Schmidt property is a
local property, reflects in the conditions (2.5) and (2.6): Let sq, s; € [s—, s4) and
let G be any original function of H. Then H satisfies (2.5) and (2.6), if and only if
it satisfies

N
Ehin H() gy dit < 00,
S0

S+ -
b+ GO+ 2 €5 H (g () dt < 00

S0
To see this, first note that we may substitute the interval (s_, sy ) of integration
by (so,s+) and (s(, s4), respectively, since the respective integrands are locally
integrable functions on [s_,sy). Second, the functions G and G, and hence also
fg(HH%G(t)fd)(HH% and §£(H)+%G(t)§¢(m+%, differ only byNan additive constant.
In conjunction with (2.5), we therefore may substitute G' by G in (2.6), and obtain
an equivalent set of conditions.

e. H-polynomials; the number A(H)

We consider functions which are related to the differential relation Ty,.x(H) in the
same way as polynomials are related to %. Denote by C?[z] the polynomial ring
in one indeterminate over the ring C2, and by Ac([s_, sy )) the space of absolutely
continuous functions on [s_, sy ).

Definition 2.18. Let v : C?[2] — Ac([s_,s.)) be the map which acts as
ZV) = T .
(% () =2 ()

We refer to each function of this form as an H-polynomial, and denote the set of
all H-polynomials as Pol(H).
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Definition 2.19. For N € Nj set

P :_{<a> € C? : There exist (ak>,/€—0,-~-,N17

B Bk
N N-1 o ,
such that ZV <B> + ICZEIH <5k) €L (H)}.

Then we define a number A(H) € Ny U {oo} as
A(H) :=inf{N € Ny : dim Py = 2},
where we understand the infimum of the empty set as co.

In general not much can be said about the behaviour of the spaces Py . However,
putting some hypothesis on H, they behave regularly. The next lemma is shown in
[KW/IV, §3] under the more restrictive hypothesis of the Hilbert—Schmidt property.
However, inspecting the proofs given there, shows that what is really needed is only
existence of a selfadjoint extension of Ty, (H) having 0 in its resolvent set; we will
not repeat details of the proof.

Lemma 2.20. Assume that H is singular, and that 0 is a point of reqular type of
Tmin(H)'
(i) We have Pxy C Pn11, N € Ny. In particular, the set {N € Ny : dim Py = 2}
is either empty or the interval [A(H) + 1, 00).
(ii) Let N € Ny, then gy € Py. Thus dim Py = 2 if and only if 4 € Py for
some ¢ Z ¢(H) mod .
(iii) Assume that A(H) < oo. Then there exist unique real constants wy, k € N,

such that
n—1
TN k 2
w0, = Tlomyrs + 9wk Loz € L2(H), n>A(H). (27
k=0

o—1
For each n > A(H), we have w41 = Ay 1o,.

We use the right side of (2.7) to define functions rv,, also for n < A(H), so
that

n—1
v, = IIZ£¢(H)+% + ankaIkJ&ﬁ(H)-&-g € LQ(H), n € Ny. (2.8)
k=0
Remark 2.21. Let us state explicitly that the number A(H) does not depend on
the choice of parameterization: If Hy ~ Hj, then A(H;) = A(Hs). This is seen
easily by making a change of variables in the integral defining Zg; similar as in
[KW/IV, Lemma 2.4, Remark 3.19].
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One may say:

The number A(H) provides a comparatively fine measure for the growth
of H towards the endpoint s .

For the purpose of illustration, let us mention the following two facts:
(i) The Hamiltonian H is regular if and only if A(H) = 0; this is obvious.
(ii) If H is singular and ends with an indivisible interval towards sy, then A(H) =
1; this is shown in [KW/IV, Lemma 3.2].
Also, remember Theorem 1.1.
The following fact sheds significant light on the meaning of A(H). This result
is rather deep and proved in [LaWo2].

Theorem 2.22. Let H be singular, and assume that selfadjoint extensions of Tynin(H)
have compact resolvents of Hilbert—Schmidt class, and that A(H) < oo. Denote by
1w, the functions (2.8).

Then, whenever z € C and ¥(x; 2) is a solution of the differential equation

y'(x) =2JH(@)y(x), w€(s-,s4),

the limits
lim Ty 2) =
Py §¢(H)7f1( ) P
A(H) 2A(H) -1
lim Z zlml(x)*J(w(gE;z) —p Z zkmk(x)>
7 15 k=A(H)+1
exist.

Clearly, the value p is a directional boundary value of the solution ¥(x;z)
at the singular endpoint s;. The second limit is, in some sense, a polynomially
regularized boundary value at s .

Remark 2.23. It is an interesting fact that finiteness of the number A(H) influences
compactness properties. For example it follows from [W1, Theorem 4.8] (or on
combining [LaWol, Theorem 5.1] with [KW /III, Theorem 7.4]), that

H satisfies Ga ANA(H) < oo = H satisfies G, p > 1.

In fact, one can see by inspecting the proofs in [KW/IV] that in this implication
the hypothesis that H satisfies G5 can be weakened to the requirement that it has
compact resolvents. Tracing all proofs, however, is elaborate and actually not so
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simple, and has nowhere been done explicitly. Thus we will not use the mentioned
fact in the present paper; we state it just as another illustration of the power of
‘A(H) < 0.

It is an open question whether in general, or under the hypothesis that 0 is a
point of regular type for Tynin(H), the condition ‘A(H) < oo’ already implies that
H has compact resolvents.

f. Diagonal Hamiltonians and their decomposition into even and odd parts

Diagonal Hamiltonians behave much simpler than arbitrary ones. One reason is that
many computations greatly simplify when off-diagonal entries are absent. Another
reason is the presence of symmetry: Denote by iy the map which acts on 2-vector

o(5)=2(a) = () e

The following fact is seen by a simple computation; we skip explicit proof.

valued functions as

Lemma 2.24. Let H be diagonal. Then ig induces an isometric isomorphism of
L?(H) onto itself.

Since iz is an isometric involution of L?(H) onto itself, for each diagonal
Hamiltonian H, we obtain orthogonal projections

1 . 1 .
Py = §(I+1H)|L2(H), Py = 5(1 —img)|2(m) -

These projections satisfy ker P& = ran Pgt and ker P3? = ran PgY. We set

L*(H)® :=ranP§y, L*(H)°Y:=ranPg!,

explicitly,
L2(H)* = {(2) €L*(H): f1 =0 a.e.} :
L2(H) = {@) €L(H): f=0 a.e.} .

Then we have the orthogonal decomposition L?(H) = L?(H)®[+]L?(H)°<.
The spaces L?(H)*" and L?(H)°? can be identified with model spaces of some
Hamiltonians. To explain this, we need to recall some notation. We denote

o(t) ::/ hi(z)dx, o(t) ::/ ha(x) dx, te[s_,s4], (2.10)
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and let p and p be the left-continuous right inverses of ¢ and v, respectively.

[s—,s54] [0, [ ho(x) da] [s—,s54] [0, [F ha(w) da]
p p
vop=id vop=id

Explicitly, this is

($) = y}a Yy € [0 ( +))7

(@) =y}, yel0,0(s4)).

Moreover, we denote by ©% and 9(}}1 the maps acting on 2-vector valued

@?<£>::<w0ﬁo@ﬂﬁ

o (1) ("

Definition 2.25. Let H be diagonal. Then we set

(43

ply) :=inf{x € [s_,s4) :
ply) :=inf{x € [s_,s4):

[

functions as

[0, [7* ha(z) dz), H regular at s,
IV := < [0, [7F ho(z)dx), H singular at s;, [T (14 0(z)?)ha(z) do = oo,
[0, 0), H singular at s;, [ (14 0(x)?)he () do < oo,

[N

[0, fssj hi(t)dt), H regular at sy,
= [0, [7* hi(t)dt), H singular at sy, [T7(1
3 S
[0, 00), H singular at s, [7"(1

+0(t)?)hy(t) dt =
+ 0(t)?)hq(t) dt < o,
and let H®¥ and H°? be the Hamiltonians

(o p)@) (80 7)(x) .
, e[o ho(t)d
< (o p)(x) 1 ) 0.].2 ) dt),

Hev( ) — p/\
(1 O), €I, x> [TF hy(t)dt,
00 -
( ! —@omuv € 0, [ ha(t) db),
Ho(z) = —(bop)(x) (bop)(x)?)
(8 (1) , zeld o> [P h(t)d
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Note that the Hamiltonians H¢ and H°? are regular or singular if and only if
H has the respective property. This is forced by appending the indivisible interval
with infinite length as in the respective second lines of the definition of H®¥ and
H°d if necessary.

The following facts are shown in [KWW2|. To be precise, the below item
(i) is [KWW2, Theorem 4.2|, and item (ii) follows by inspecting the construction
of the various spaces, isomorphisms, and relations between them, starting from
[KWW2, (4.24)].

Theorem 2.26. Let H be a diagonal Hamiltonian.
(i) Assume that H is singular at s1, and let qu, quev, and qgoa denote the Weyl
coefficients of H, H®, and H°d, respectively. Then

1
Qo (2) = 2que (2),  qu(2) = 2que (2%) = Qe (2?). (2.11)

(i) Assume that [T+ (14+0(x)?) ho(z)dz = oo, and let f: I°¥ — C? be a measurable
function. Then f € L*(H®) if and only if ©% f € L*(H). The map O%
mnduces an isometric isomorphism

O% : L*(H®) — L*(H)*" .

(iii) Assume that [7*(1+0(x)?) hy(z)dz = oo, and let f: I°? — C? be a measurable
function. Then f € L2(H°Y) if and only if ©%f € L*(H). The map O%
induces an isometric isomorphism

0% L2 (H°Y) — L*(H)*.
We may thus say that the constellation of Hamiltonians

H
PN
Hev Hod

corresponds to the constellation of Nevanlinna functions

2q(2?)
~ .
q(2) 2q(2)
and we have the decomposition
%
LQ(H)ev ] LQ(HeV)

in ij( H= [ (2.12)
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The class of Hamiltonians which arise as H¢ or H°? for some diagonal Hamiltonian
can be identified.
The items (ii) and (iii) are then immediate from the relation (2.11) and [KK1].

Theorem 2.27. Let H be a singular diagonal Hamiltonian.
(i) The Hamiltonian H®" is of Stieltjes type. Conversely, if H is a Hamiltonian of
Stieltjes type, then there exists a diagonal Hamiltonian H, such that H ~ He.
(ii) The Hamiltonian H°? is of inverse Stieltjes type. Conversely, if H is a Hamil-
tonian of inverse Stieltjes type, then there exists a diagonal Hamiltonian H,
such that H ~ H°9,

g. A lemma on general inverses

In the course of the exposition, we will frequently make use of the following elemen-
tary statement.

Lemma 2.28. Let v: [a1,b1) — [az,b2) be a continuous, nondecreasing, and surjec-
tive function, and let p: [az,b2) — [a1,b1) be the left-continuous right inverse of v,
explicitly this is

p(y) :=inf{z € [a1,b1) : v(z) =y}, y € [az,ba).

(i) The function p is strictly increasing and conv(ran p) = [a1, b1), where ‘conv’
denotes the convex hull.
(ii) Let x € [a1,b1) and y € [az,bs). Then

y<v(z) <= ply) <pd) <= ply) <z

(iii) For each y € [ag,b2) the function v is constant on [p(y), p(y+)].
(iv) For each x € (a1,b1),

Jim fint 51 (@', o0))) = v(a).

(v) Assume in addition that v is absolutely continuous, and denote by v' a function
which coincides a.e. with its derivative. Then the set

{z € (a1,b1) : (pov)(@) #a}\ {z € (a1,by) : /() = 0}
has Lebesgue measure zero.

Proof. Ttem (i): Let y1,y2 € [az,b2). If p(y1) < p(y2), then

y1 =v(p(y1)) < v(p(y2)) = 2.
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It follows that p is strictly increasing. Next, clearly, a; = p(az) € ranp. Let x €
[a1,b1) be given. Then we can choose y € [ag, by) with y > v(z). Assuming p(y) <
would imply y = v(p(y)) < v(z). Hence, we must have p(y) > x, and this shows
that « € conv(ran p).

Item (ii): If y < v(x), then p(y) < p(v(zx)). Since always p(v(x)) < z, the
latter inequality implies that p(y) < . From this inequality, applying v, we obtain
y=v(p(y)) < v().

Item (iii): Let = € [p(y), p(y+)]. Then, for each y' € [az,b2), ¥ > vy, thus
x € [p(y), p(y')]. This implies that

y=v(p(y)) <v(z) <v(p(y)) =y .

It follows that v(z) = y.

Item (iv): Let 2 € R and w € p~1([z,0)). Then p(w) > 2, and hence w > v(z).
Thus also inf p~1([z,00)) > v(z). Using continuity of v, it follows that for each
T e [al, bl)

lim [inf p~1((z’, 00))] > lim [inf p~!([2, 00))] > lim v(z) = v(x).

s [int o™ (&, 00))) 2 Tim fnf o (2", 00))) 2 lim v(a') = v(a)
Let z,2’ € [a1,b1) with 2/ < z, and assume that s € [a1,b1) with v(s) > v(z').
Then p(v(s)) > 2/, and hence v(s) € p~*((2’,00)). Using continuity and surjectivity
of v, it follows that

inf p~1((2,00)) < inf{v(s) : s € [a1,b1),v(s) > v(2')} = v(z'),

and hence

Il/i;nx[inf p (2, 00))] < wl/ir/nwv(x’) =v(z).

Item (v): Consider now the case that in addition v is absolutely continuous.
To simplify notation think of v and p as extended to b; and bs, respectively, by
v(b1) 1= be and p(b2) := by. The set {x € (a1,b1] : (pov)(x) # x} can be written
as the disjoint union

{2 € (a1,b1] : (pov)(w) # 2} = | J(as B

K2

taken over all intervals such that [a;, 8;] are the maximal intervals with nonempty
interior where v is constant. Clearly, the number of these intervals is at most
countable. On the interior of each such interval, the derivative of v exists and is
equal to zero. Hence, v'(x) = 0 on each interval a.e., and the assertion follows.
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3. Diagonal Hamiltonians

In this section we investigate Hamiltonians of diagonal form. We establish a recursive
method to compute A(H) for such Hamiltonians, see Theorem 3.7 below, which is
the first main result of the present paper.

a. Consequences of diagonality for Zx; and to,,

First, a simple observation; we skip explicit proof.

Lemma 3.1. Let H be a diagonal Hamiltonian.
(i) The type of an H-indivisible interval can only be 0 or w/2.
(i) The space L*(H) consists of all functions f = (ﬁ) such that

freL?(hy(x)dx), fi constant a.e. on indivisible intervals of type 0,
f2€L?(ha(x)dx), fo constant a.e. on indivisible intervals of type g

Next, some facts which are the basis for many simplifications.

Lemma 3.2. Let H be diagonal, singular, and assume that 0 is a point of regular

type of Tiin(H).
(i) We have ¢(H) € {0, 5 }.

(ii) The operator Ly acts as
it)) dt, (fl) € dom Ty . (3.1)

I " (~h(th
@ (fz>>(x) /< (b (t) f2
(iii) Consider the case that ¢(H) = 0. Then
! JE R ha@®)dty (N
(AH <f;))(x) = _(fxs+ X0, hl(t)dt)’ (f;) e L*(H), (3.2)
in particular,
[ttt e outaw, [ fomi < Foue) . 59

The analogous statement holds in the case that ¢(H) = w/2.

Proof. We have

/§¢ ¢dtfcos (j)/ hi(t dt+sm (;5/ ha(t
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Since H is singular and tr H(t) = hy(t) + ha(t), we must have [’ h;(t) dt = oo for
at least one j € {1,2}. Hence, if there exists a number ¢ with f;f ng(t)Q) dt < o0,
then either ¢ = 0 or ¢ = 7/2. This shows (i). To see item (ii), it is enough to note
that

s = (700 ) -

To establish (iii), we use Theorem 2.10 and compute
(A (7))
=[O [(0) [ (00 a

If H is of diagonal form, validity of the Hilbert—Schmidt property can be
checked in a much simpler way. Using Theorem 3.2, (i), one can easily deduce the
following statement from Theorem 2.12; we skip explicit proof.

Lemma 3.3. Let H be a diagonal Hamiltonian. Then H has the Hilbert—Schmidt
property, if and only if
54

fh1 dx<ooandf(fh2 ) dt ) () der < o0

S

or
s+
fhg )dz < oo and [ (fh1 ) dt ) ha(w) dr < o0,

S

Remark 3.4. For diagonal Hamiltonians, also the compactness property can be
characterized in an explicit way. The following fact is stated (without a proof) in
[K]: Let H be a diagonal Hamiltonian. Then H has the property S if and only if
one of the following two conditions holds:

i) [ () de < 00 and i, ([7 ha(t)dt- [ ho(t) dt) =
i) [2* ha(e) do < 00 and lim ., ([* hat)dt- [T ho(t)dt) =0

The presence of symmetry concretised by the map iy defined in (2.9) also has
consequences on the functions tv,,.
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Lemma 3.5. Let H be diagonal and singular. Assume that 0 is a point of reqular type
of Tmin(H) and that A(H) < co. Moreover, let wy and vw,, be as in Theorem 2.20,
(iii). Then

wr,=0, ke2N—-1 and igw, = (—1)"mn, n € Np.

Proof. We restrict explicit proof to the case that ¢(H) = 0. The case that ¢(H) =
7/2 is treated in the same way.

Since
iH OIH :—IHOiH, (34)
it follows that the functions
2 0 2 0
g=roa+igwa =Y (1+(-1)"warZh (1) =2 ; wa—rZf <1> :
k=0 K oven
2 0 2 0
h:=ta —igtoa = kz_o(l — (71)k)wA,kI]k{ <1> =2 ; wA,kIE <1) ,
- k odd

both belong to L?(H). If A(H) is odd, the minimality property of A(H) implies
that the coeflicients w; which appear in g must vanish. Similarly, if A(H) is even,
the coefficients w; which appear in h vanish. Let A’ denote the largest odd integer
less than or equal to A(H), then

W1:W3:"':CUA/:O-

It follows from (3.1) that the upper component of v, n € {0,...,A(H)} N (2N),
vanishes identically, whereas for n € {0,..., A(H)} N (2N — 1) the lower component
of 1, vanishes identically. An inductive argument using (3.2) yields the assertion.

The second formula is immediate from (3.4). -

b. Computation of A(H)

The central notion in our recursive procedure is the following operator.

Definition 3.6. Assume that H is diagonal. We denote by Ay the operator whose
domain dom Aj consists of all measurable functions f: [s_, s} ) — C with

fhe Lho(lss). [ " £ ha(t)dt € L' (ha(2)de)
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and which acts as
(Anf)(@) = /S+ (/f(s)hg(s)ds) h®)dt, z€[s_,5.), fedomAn. (3.5)

Theorem 3.7. Let H be a singular diagonal Hamiltonian defined on the interval
[s_,s4), and write

H<x>=(h1éx) h:()w)), s 5e).

Assume that H has the Hilbert-Schmidt property, and satisfies ¢(H) = 0. Then, for
each n € N, the iterate A1 is defined. Set

N :=sup{n € No: A}1 ¢ L?(ho(z)dx)} € No U {oo}. (3.6)
Then A(H) < oo if and only if N < co. In this case

ON+1,  [T(AND)(t) ho(t)dt € L2(hy (z)da),

H) = 0 (3.7)
2N +2, Jo (AR1D)(t) ho(t)dt & L*(hy(x)dx),
and
— (A;{l)’ o (fs(AHl)O(t) hz(t)dt) neNo. (3.8)
Remark 3.8.

(i) The set {n € No: A1 & L?*(ha(z)dz)} is an interval which contains 0. This
will follow from Theorem 3.10 below.

(ii) If ¢(H) equals /2 instead of 0 in Theorem 3.7, then an analogous statement
holds true. This can be seen by applying the above stated result with the
Hamiltonian —JH J. The resulting theorem reads the same as Theorem 3.7
above, only with h; and he exchanged.

The proof of Theorem 3.7 is split into several lemmata. First, some general
(and obvious) properties of the operator Ap; we skip details.

Lemma 3.9.
(i) Whenever f € dom Ag, the function Ay [ is absolutely continuous on (s—, s4)
and

lim (A f)(z) = 0.

(ii) If f € dom Ay is nonnegative, then Ag f is nonnegative and nonincreasing.
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(iii) If f,g € dom Ay are real-valued and f < g, then Ay f < Agng.
(iv) The domain of Ay is closed with respect to complex conjugation, and

AH(?) ZAHf7 fEdOHlAH.
(v) Apf is constant on indivisible intervals of type /2.

From now on, for the rest of this subsection, fix a Hamiltonian H with the
properties assumed in the theorem.

Lemma 3.10.
(i) We have L*=([s—,s+)) C domAp. The restriction of Ay to L>®([s—,s+))
maps L>®([s—,s1)) into L>®([s—,s4+)) N Ac([s—, s+)). We have

S T
1A Lo (s syl S/ (/ h2(t)dt> hy(z)dz .

(i) Let f € L?*(ho(x)dz) and assume that f is constant a.e. on each indivisible
interval of type w/2. Then f € dom Ay and

0 =2 (0
(AHf> = A (f) .
In particular, A f € L?(ho(x)dx).

Proof. For the proof of (i), let a measurable and bounded function f: [s_,s;) = C
be given. Then, clearly, fhe € Ll ([s—,s;)). Moreover, we can estimate

[

s) ha(s ds’hl dt</ / $)| ho(s)ds hy (t)dt

< I llso hao(t)dt) hy(z)dx < co.
[ o)

S

(3.9)

This shows that f € dom Ay. For each z € [s_,s4)

s =| [ ([ 6 rateras) mio] < [

and, together with (3.9), this shows the required bound for the operator norm of
Am|pe([s_,s4))- The fact that A f is absolutely continuous has already been noticed
in Theorem 3.9.

We come to the proof of (ii). If f € L?(hg(x)dx), then for each T € [s_, sy )

/ST|f<t)|h2(t>dts (/ST|f(t)2hz(t)dt)é(/sT ot )dt)2 <o,

5) hg(s)ds‘ ha(1)dt

Acta Scientiarum Mathematicarum 80:1-2 (2014) (© Bolyai Institute, University of Szeged



60 H. WINKLER and H. WORACEK

ie. fho € LL ([s—,s4)).

Under the present hypothesis on f, the function (?) belongs to L*(H). We
conclude from (3.3) that f € domAp. Remember here that hy(z)dz is a finite
measure. Applying (3.2) twice, gives

(i () = (i (- f<8gh2<8>d8))<x>

(fs*f f(s O (5)ds hl()d>:<A2f)' .

Lemma 3.10, (i), already implies that each iterate A1, n € N, is defined.
Lemma 3.10, (ii), implies that {n € Ng : A% 1 € L?(ha(x)dz)} is either empty or
the interval [N + 1, 00).

Lemma 3.11. For each n € N the limit

An = lim (A% 1)(x) (3.10)

TN\(S_

exists and is finite. We have

n—1
0 0 0
=7 § LI . 11

Proof. An inductive application of Theorem 3.9, (ii), shows that A1 is nonnegative
and nonincreasing. Hence, the limit (3.10) exists. Referring to Theorem 3.10, (i), it
is finite.

We use induction on n to show (3.11). For n = 0 this relation is obvious.
Assume (3.11) holds for some n € Ny. Applying (3.1) twice gives

(7 ag))
//(A” s> s)dsh(t
/ /(A"l >2< )ds ha (t)dt — / /(Anl )hz< )ds h (t)dt
= (agnm) (1)

Thus (3.11) holds also for n + 1.
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We denote by 1; the characteristic function of the set J.

Lemma 3.12. Let a number n € Ny and a measurable function f: [s_,s;) = C
which is constant a.e. on each indivisible interval of type w/2 be given. Assume that
f1_ 1y € L (ho(t)dt), T € [s—, s1), that f € dom A}y, and A%, f € L?(hy(x)dz).
Moreover, assume that the limit lim, ~,, f(x) ewists and is nonzero. Then A(H) <
2n.

Proof. We start with a preliminary observation: Let T € [s_, s4), assume that
g-1s_ 1y € L?(ha(z)dx), that g is constant a.e. on each indivisible interval of type
7/2, and that g € dom A;. Then A% g € L?(ha(z)dx) if and only if A% (g- L7 s, )) €
L?(ha(z)dz). This follows from Theorem 3.10, (ii), since

Af(g-Lirsyy) = Ngg— Ng(g- Lis_ 1)) -

Now let a function f as in the statement of the lemma be given. Remembering
Theorem 3.9, (iv), we may without loss of generality assume that f is real-valued.
Moreover, since multiplying f with a nonzero constant does not influence the hy-
pothesis, we may assume that lim, »,, f(z) > 1.

Choose T € [s_,s) such that f(z) > 1, € (T,s+). As we have observed
above, A% (f - L(r,s,)) € L*(ho(2)dz). Monotonicity of Ay, cf. Theorem 3.9, (ii),
gives

0<Ay(Lirs,))) <A Lirs,))-

Note here that 1(7,.y € L>([s_,s;)), and hence certainly belongs to dom A%;.
We conclude that A% 1 € L?(hy(x)dz), and (3.11) together with Theorem 2.20, (ii),

implies that 2n > A(H). -

Proof of Theorem 3.7. If N < oo, Theorem 3.11 together with Theorem 2.20, (ii),
implies that A(H) < 2N +2. We will show in the following that A(H) < oo implies
(3.7) and (3.8).

First, a general observation: Let n € Ny. By Theorem 3.5 the function tog, is
given as

n—1
0 0
o, = I3 (1> + > wan—TH (1) : (3.12)
=0

Hence, using (3.11), we find

0
20 = (A;:,l I akAzl) ’ (3.13)

with some constants aq, ..., @, 1.
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Now we establish the first formula in (3.8) for the index ng := [%]

Assume on the contrary that one of the constants «ay, . .., ap,—1 in (3.13) is nonzero,
and let kg € {0,...,no — 1} be the smallest index with this property. Then we have

0 2

(A’;? [A77901 + 0 7k gk ko 1]> = o € L7(H).
Since lim, s, [A%P~*01 + 220:23 apAiFo1] = ay, # 0, Theorem 3.12 implies that
A(H) < 2kg. However, 2kg < 2ng —2 < A(H) — 1, and we have reached a contra-
diction. It follows that ag = -+ - = ap,—1 = 0.

We come to the case n < ng in the first formula in (3.8). Since 2n¢g—2 < A(H),
it follows from (3.11) and (3.12) that wer = A, & < ng. Using once more (3.11),
this shows that toy, = A} 1.

Assume now that n > ng. Then it follows from Theorem 2.20, (iii), and
Theorem 3.10 that

o—2(n—ng) o—2(n—ngp) 0 0
2, = AH W2n, = AH <Ano 1) = <An 1) :
H H

We see that (3.8) holds for all n € Ny. The second part of (3.8) follows since, by
Theorem 3.5, we have o, 11 = Zgtoa,, n € Np.

It remains to show (3.7). By (3.8), we have A% 1 € L?(ha(z)dx) if and only if
2n > A(H). Thus 2N < A(H) < 2N + 2. The formula (3.7) now follows with the

help of (3.1). -

c. An example

The formula (3.7) for A(H) might at first sight seem equally useless as its original
definition. But actually it turns out to be quite practical, especially when it comes
to practical computations or perturbation arguments. The basis for this is the
following observation, whose proof is immediate; we skip details.

Lemma 3.13. Let hy, ho and 711, hs be measurable functions, defined and locally inte-
grable on an interval [s_, sy), and let operators A and A be defined correspondingly
by the formula (3.5). Assume that

0<hi<hi, 0<hy<hs.
Then, whenever f € domA, fe dom A, and 0 < < f, we have

Af <Af.
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The same holds of course with h; and hy exchanged, i.e. suited to the case
‘Op(H) =m/2.
Corollary 3.14. Let H and H be two singular diagonal Hamiltonians defined on

the interval [s_,s;), and assume that H(t) < H(t). If H has the Hilbert-Schmidt
property, so does H. In this case, we have ¢(H) = ¢(H) and A(H) < A(H).

Proof. It is obvious that the integrals in Theorem 3.3 depend monotonically on
the nonnegative functions hq, hy. Hence H having the Hilbert—Schmidt property
implies that H also has. Clearly, in this case, ¢(H) = ¢(H).

Assume now that H has the Hilbert-Schmidt property, and for definiteness that
¢(H) = 0 (the case that ¢(H) = 7/2 is treated in the same way). The functions A™1
and A™1 are always nonnegative. It follows by induction that A1 < A™1 for all n €
No. From this we obtain that also always [ (A™1)(t) ha(t)dt < [ (A™1)(t) ho(t)dt.

Hence, if we have A"1 € L2(hy(x)dz) then also A"1 € L?(hy(x)dz), and if

J5 (A"1)(t) ho(t)dt € L?(hy(2)dz) then [ (A1)(t) ho(t)dt € L2 (hy(z)dz). .

This observation allows us to exploit (3.7) and obtain examples of Hamiltonians
with arbitrary fast growth concerning the scale of measurement concretised by the
number A(H). We use a slightly different example than Theorem 1.1, since we also
want to show that despite validity of &5 the number A(H) may be equal to co. The
computations needed to establish (2.1), however, are similar.

Example 3.15. Consider the Hamiltonians defined on the interval [0,1) by

and

1 0
Hy_(x) := 0 1-In(1—z) .
T=2°B-In(1=2)P

Obviously, the constant ((1)) is square integrable with respect to these Hamiltonians.
We will show

value of a H.-S. A(H)
a<l regular yes 0
(2 -2 - m) neN singular yes n
a=2— singular yes 00
a>2 singular no
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Step 1: The fact that H, is regular or singular at s, depending whether av < 1 or
a > 1, respectively, is obvious (all inequalities for « include the case ‘a = 2—’ in

the obvious way). Next, we have

! 1 (1—¢)=o*!
1—s)"%ds = - 1
Ju—omass s - Bl arn

/t 1 —1In(1—s) o1 1
o (1—5)2[3 —1In(1 —s))3 9 (1-t)[3—-In(1—-1)2"

Hence the condition of Theorem 3.3 for the Hilbert—Schmidt property holds if and
only if o < 2.

Step 2. Computation of A(H,) for a < 2, # 2—:

Put o := 2 — a. A computation shows that, whenever b + o # 0, 1,

1—a)bte’ 11—z
(Lt
b+a)b+a'—1) bt+ao’ —1°

An, (1= 9)")(x) =

Since we have (1 — 5)¢ € L?(ha(z)dx) if and only if ¢ > 1_2(’,, the second summand
certainly belongs to L?(hg(z)dz). Since Ay, L% (ho(x)dx) C L?(ha(x)dz), we obtain
inductively that with some nonzero constants v,,,

A% (1= 5)")(@) € ym(1 = 2)"7" 4 L?(ho(2)da), m € N,

provided b+ ko # 0,1, k € N. We conclude that

1 1
m—1 2 m 2 _ _
A1 ¢ L (he(z)dz), Af; 1 € L*(he(z)dz), a € (2 2m—1’2 2m+1)'

o—1
Since ¢(H,) = 0 and, by our computation of Ay in (3.2), the operator f —

Jy f(t) ha(t)dt maps L?(ha(x)dx) into L?(hy(z)dz), we obtain
/w AT M(E) ho(t)dt € 5, (1 — 2)™ =V 4 L2(hy (z)dz)
0

and hence

* 1 1
m—1 2 _ -
/0 NG 1) ha(t)dt € L2 (2)de), a € (2 52— o),

C o m— 1 1
/0 A0 ()it & L2 (n()do), ae (2- 52— o).

Step 3. Computation of A(H,) for a = 2—:
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For every a < 2 we have

i ((1 - t1)2[31n_(11n(1t)_ D / { _1t)a) = oo

Hence for every o < 2 there exists T, € [0, 1) such that H,(t) < Ha_(t), t € [T, 1).
By [KW/IV, Lemma 3.12] and Theorem 3.14, we thus have

A(Hz-) = A(Hz-|ir,1)) = A(Halir,)) = A(Ha)

and conclude that A(Hs_) = oc.

4. Decomposition into even and odd parts

Our aim in this section is to prove the following theorem which relates the number
A(H) with A(H®) and A(H°?) for a diagonal Hamiltonian H. Here H®¥ and H°¢
are the ‘even’ and ‘odd’ parts of H, cf. Theorem 2.25.

Theorem 4.1. Let H be a singular diagonal Hamiltonian defined on the interval
[s—,s4), and assume that 0 is a point of reqular type for Tyin(H). Then

A(H) <00 <= A(H%)<oo <= A(H*Y)<o0.

In this case, we have

:A(Ié)Jrl], ¢(H) = 07
AE™) =1 [2G8], o(H) = 3, A(H) =2,
1, ¢(H) =5, A(H) =1,
-A<2H>}7 ¢(H) =0, A(H) >2,
A(H*) =41, o(H) =0, A(H) =1,

Remark 4.2. The Weyl coefficient associated with a Hamiltonian is a Q-function
of the minimal operator induced by a certain canonical selfadjoint extension, cf.
[HSW, Theorem 4.3]. Hence, the point 0 is a point of regular type for the minimal
operator, if and only if the Weyl coeflicient is meromorphic in some neighbourhood
of 0.

We conclude from Theorem 2.26, (i), that 0 is a point of regular type for a
diagonal Hamiltonian H, if and only if it is for H¢", and if and only if it is for H°d.
In particular, the hypothesis of the theorem implies that Theorem 2.20 is available.
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We first settle the cases that H®V ends with an indivisible interval of type 0
or H°d ends indivisibly of type m/2. This is a consequence of the following fact,
remember that Hamiltonians which end indivisibly have ‘A = 1°.

Lemma 4.3. We have A(H) =1 if and only if one of the following two alternatives
occurs (U and ¥ are as in (2.10)):

(i) 7T (14 0(x)?) hi(z)dz < oo;

(i) 771+ 9(2)?) he(z)dz < co.

Proof. Using Theorem 3.2, we compute

- (559 ()
= (é) - (— N 21(1&) dt) - (@(Ox)) :

Assume that (i) holds. Then ¢(H) = 0. By Theorem 3.1, we have Ty ((1)) € L*(H),
and hence A(H) < 1. However, since H is singular, in any case A(H) > 1. In the
same way, validity of (ii) implies A(H) = 1.

Conversely, assume that A(H) = 1. Consider the case that ¢(H) = 0. Then,
due to Theorem 3.5, we must have Zy ((1)) € L%(H). Thus (i) holds. If ¢(H) = /2,
in the same way (ii) follows.

and similarly

From now on, for the rest of this section, assume that

/:+(1 +0(z)?) de = /j(l + 9(2)?) dx = o,

so that Theorem 2.26, (ii) and (iii), are available.

In order to relate the numbers A(H), A(H®), A(H°%), we need to under-
stand the relationship between H-polynomials on the one hand, and H®- and
H°d-polynomials on the other. To this end, we realize a decomposition analogous
to (2.12) on the level of polynomials.

Definition 4.4. Define a map ipo1: C2[2] — C?[2] as

(2 () =5 ()

1=0 =0
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Clearly, ipo) is an involutory bijection of C?[z] onto itself. Hence, we obtain
projections PgY, and Pf;gl by setting
ev 1 : od 1 :
Ppgy = §(I+1P01)7 Ppgy = 5(1 - lpol) .
These projections satisfy ran Pg?; = ker P;;gl and ran ngl = ker Pg};. Set

C?[2]*Y :=ran PgY), CZ%[2]°d :=ran P8,

explicitly,
C?[2]* = {Z (gll>zl €C?[z]: oy =0,1leven, f; =0, odd},
1=0
C?[2]°d = {Z <gj>zl €C?z]: ay=0,1l0dd, B;=0,]1 even}.
1=0

One can appropriately identify C2[z]¢¥ and C2[z]°¢ with C2[z]:
Lemma 4.5. Define maps

(2 (5)¢)

=0

_ (0 Qo 0 - 0 2, On \ _2n+1
= <ﬂo>+<0>z+<ﬁ1>z " +<ﬁn>z +<0>Z ’
o (gj)zl)

=0

_ (@0 0 ar\ 2, Qn \ op 0\ ont1
.—<O>+<Bo>z+<0>z+ +<O>z +<ﬁn>z +1

Then ©%), and O map C?[z] linearly and bijectively onto C2[z]* or C2[2]°4,
respectively.

Using a pictogram analogous to (2.12), we thus are in the situation

ran PgY)
ipol C(CQ [z} = +

The following lemmata contain the basic computations needed for the proof of
Theorem 4.1. They show that the decompositions into even and odd parts on the

ev
®Pol

C?[¢]

level of polynomials and of Hamiltonians are compatible.
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Lemma 4.6. Let H be a singular diagonal Hamiltonian.

(i) We have the commuting diagrams:

dom Ty — s dom Ty C2[z] — T €22

IH\L le ’YHJ J’YH

domZy —— domZy Pol(H) —— Pol(H)
H 1924

In particular, ig maps Pol(H) into itself.

(ii) Let p € C%z]. If p € ran PSY), then yup € ran Py. If p € ran P3Y), then
yEp € ran Pgd.

(iii) Let p € C%[z]. Then yup € L*(H) if and only if yuPSyp € L*(H)® and
vu Pgyp € L*(H)*

Proof. For the proof of the first diagram in (i), let (f ) € domZpg be given. Then

(@ (o)) = (o= [ (o)
= [ Ctonio )=o)

For the second diagram let p = 37) (/) 2" € C?[2] be given, and compute

YHiPolp ZVH(ZH:Czl)l ) ) ZIl ( +1al)

1=0
- (o . A
= -1Thin () = lele( ) = wmp.
— i — B
Items (ii) and (iii) follow immediately: If p € ran PSY; (or p € ran P3J)), then
Piyup = yuPogp =0 (Pivmp = yuPiop = 0, respectively).
If yyp € L%(H), then
v Pegw = Py yup € L*(H)™  and vy Pggip = Pif'yup € L*(H)™.

The converse holds since vyp = vu PSp + vu PS3p.
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Lemma 4.7. Let H be a singular diagonal Hamiltonian, and set s := sup I®Y and

S’rd :=sup I°d. Then we have the commuting diagrams:
Z ev
LIOC([O ST)) = Lllocqo’ S(jrv)) Lloc([o S(jrd)) 4> Lloc([oﬂ Sid))
@i}'l l@i}' @t;qdl le?{d
Lioc(ls-5+)) @’ Lioc(ls—, 5+)) Lige([s=:54)) T L ([s-15+))

Proof. We are going to provide evidence for the left diagram; the right diagram is
treated in the same way.
Let ( ) € L .([0,5%)) be given. Applying (3.1) gives, for z € (s_,s;),

e @)] (2) = (— J [@epod)®)(fie g)(t) + (f200)(1)] fu(t)dt)

)

and in turn

[@res ()]
0

- (— JE L [@o pod)(u)(fr o 0)(u) + (f2 0 8)(u)] ha(u)du) hl(t)dt) '

Integrating by parts, we obtain

and hence we can further rewrite the above expression for (Zz)20%y (2) as

(e (1)) -

0
v(:z:( (@0 p)(s)f1(5) + fa(s)] ds) +
+ 1, [0 0 P 1) + fo0)] (0 0 ) () dr
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In order to compute O Lev (}2), let y € I?V, y < ¥(sy). Then

2 (3]0 = [ (o momncr + (o)

and hence, for x € (s_, s4),

0
ez (1)@= | o) =000 AW - falar+
YD1 0 p)(12F1(t) + (5 0 p)(E) fo(t)]dt

This shows that the left diagram commutes. -

Lemma 4.8. Let H be a singular diagonal Hamiltonian. Then we have the com-
muting diagrams:

o, ot
C%[2] - C?%[z C%[2] ; C2[z]d
J @) J (©p) "
Ve i Vrod
Pol(H®") - Pol(H) Pol(H°1) — Pol(H)
H

Proof. We consider the left diagram. First, we check the desired relation for a
constant polynomial p(z) = (g) We have

1O @ - @ o (3) - (2) " (ff a/i)l(t) dt) - (mo a@) ’

and, on the other hand,

ev « o ev « o 0
HOHe (/3) =% (ﬁ) - <m + B) '

Next, we extend this knowledge to polynomials of higher degree. The following
diagrams obviously commute:

C2[z] 22 2[2] L Pol H C2[2] % Pol(H*")

LT e

C2[2] ot C2[2] — Pol H C2[2] —— Pol(H*)
Pol
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Assume now that the asserted diagram has already been shown for some polynomial
p,i.e. that yg O (p(2)) = O vrev (p(2)). Then we can combine the above diagrams
with Theorem 4.7, and compute

e (2 p(2) =0 Te yre (p(2)) = (Zu)* O vare (p(2))
=(Zn)* 11050 (p(2)) = 1OFu (2 p(2))

i.e. the asserted diagram holds also for the polynomial z - p(z).
Since the asserted diagram has been shown to hold for constants, it now follows
that it holds for all monomials. By linearity, thus, it holds for all polynomials.

The fact that the right diagram commutes is shown in the same way. -

After these preparations, we can now give the proof of Theorem 4.1.

Proof of Theorem 4.1. Let H be given according to the assumptions of the the-
orem. We can switch between the cases ‘¢(H) = 0" and ‘¢(H) = 7/2’ by passing
from H to —JHJ since

(—=JHJ)® = H°d, (=JHJ)*d = H* .

Hence, we may restrict explicit proof to the case that ‘¢(H) = 0.

Step 1; The numbers ¢(H®) and ¢(H°Y):

Since we assume that ¢(H) = 0, we have [ hi(t)dt < oo and [ ho(t)dt =
oo. Thus IV = (0, 00) and the second case in the definition of H® does not appear.

This shows that 0
(1) ¢ LZ(HGV),

ie. o(H®) # Z. Next, I°? either equals (0, [ hy(t)dt) or (0,00). However, if the

second case takes place, H°? ends indivisibly of type 7/2. Hence, in any case,

() <)
ie. p(HY) = 0.

We conclude that, in order to determine any of A(H), A(H®), or A(H°?), it
is enough to investigate polynomials whose leading coefficient is equal to ((1))

Step 2; A preliminary computation:

Let p € C?[z] with even degree and leading coefficient ((1)) Then the polyno-
mial Pgy;p has the same degree as p and also leading coefficient (?) Consider the
polynomial

pe = (O5) " Pl
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Then we have degp, = dzﬂ and the leading coefficient of p. equals ((1)) Similarly,
if p € C?[z] has odd degree and leading coefficient ((1)), then the polynomial

d \— d
Po ::( 10301) 1F)lgolp

has degree 482=1 and leading coefficient (9).
Step 3; Assume that A(H) < oo:
Let n1 be the smallest even integer such that n; > A(H) and ny the smallest

odd integer such that ns > A(H), and consider the polynomials

0 ni1—1 0 0 ng—1 0
p1(z) == (1> 2"+ E Wny—1 <1> 2 pa(z) = <1) 2"+ E Wry—1 (1) 2,
1=0 =0

where w; are as in Theorem 2.20, (iii). Then we have
’YHpj:mnj ELz(H)v j:1a2~

Let p1,. and p2, be defined from p; and pa, respectively, as in Step 1. Using the
above lemmata, we obtain

O yrevp1e = O Ve (OD) ~ Poupr = vu Poyipy
= P yup1 = Pi'w,, € L*(H),

O% Y rroap2,0 = O Yiroa (O%)) ™ PRSp2 = Y1 PRoip2
= PYyups = Pitw,, € L*(H).

This implies that
-1
A(H®) < % A(H*Y) < ”QT
If A(H) is even, we have ny = A(H) and no = A(H) + 1, whereas, if A(H) is odd,
ny = A(H) 4+ 1 and ny = A(H). Hence,

aim even

A(H™) < {A(%?;l’ A o } (B wy
AH) even

AHT) < {A(QH)’* ig; odd } - [AEH)} (4.2)

Step 4; Assume that A(H®) < oo:
Choose a polynomial p € C?[z] with degree A(H®') and leading coefficient
(%), such that ygevp € L2(H®). Then

YHOPLp = OF vrevp € L*(H),
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and we conclude that
A(H) < degOpip =2A(H®) < 00.

This implies
A(H)
A(H™) > AQH ,1 A(H) even,
AL A(H) odd.

The reverse inequality has been shown in Step 2, and (4.1) follows.

Step 5; Assume that A(H®?) < oc:

Now choose a polynomial p € C?[z] with degp = A(H°Y) whose leading
coeflicient equals ((1)) and which has the property that ygeap € L2(H°%). Then

YHOPD = OY Y peap € L*(H),

and hence
A(H) < deg©%3,p = 2A(H°Y) +1 < 0.

The reverse inequality in (4.2) follows.

5. Stieltjes type Hamiltonians

Theorem 4.1 can be used to transfer the method to compute A with the help of
an operator ‘A’ as established in Theorem 3.7 to the class of (inverse) Stieltjes
Hamiltonians.

Definition 5.1. Let H be a Hamiltomian which is of the form

H(z) =tr H(x) -§¢,($)§g(x), x € [s_,84), (5.1)

with some function ¢ of bounded variation.
We denote by Ay the operator whose domain dom Ay consists of all measur-
able functions f: [s_,s;) — C with

feb(lss0)), /f e H(€) dé € L' (|dg]).

and which acts as

(AHf)(a:):/ / f(s) trH(s) ds) |do(€)], = € [s_.s.). f € domAp.
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We should say it explicitly that we consciously introduced a double meaning
to the symbol Ap: Depending whether H is diagonal, or of the form (5.1), the
operator Ay is given as in Theorem 3.6 or as in Theorem 5.1 above.

In the present paper, we deal with (inverse) Stieltjes type Hamiltonians. For
such, the function ¢ can be chosen to be nonincreasing, and then |d¢| = d(—¢).
Investigation of the more general case, that the function ¢ in (5.1) is of bounded
variation, will be the subject of a forthcoming work.

The present section is devoted to the proof of the following result, which is
the analogue of Theorem 3.7 for (inverse) Stieltjes type Hamiltonians.

Theorem 5.2. Let H be a singular Hamiltonian which is of (inverse) Stieltjes type,
and write H(x) = tr H(x) -§¢(m)§(§(1) with a nonincreasing function ¢ taking values
in [0, 5] ([=5,0], respectively). Assume that H has the trace-class property.

Then, for each n € N, the iterate A1 is defined. Set

N :=sup{n € Ny: A}1 ¢ L*(tr H(z)dz)} € Ng U {oo}. (5.2)
Then A(H) < oo if and only if N < oo, and in this case
A(H)=N+1.

Remark 5.3. The set {n € No: A%1 & L?(tr H(z)dx)} is an interval containing 0.
This will follow from Theorem 3.8, since in the course of the proof of Theorem 5.2 it
turns out that it is equal to the corresponding set (3.6) for an appropriate diagonal
Hamiltonian.

The proof of this theorem is somewhat elaborate, and we present it in several
subsections. In the first we establish the result for the case that H is of Stieltjes
type and ¢(sy) := lim,_,,, ¢(x) > 0. This is the core of the proof. In subsections
which follow, we show how the general case can be reduced to this one.

a. The case that ¢(sy) > 0

Throughout this subsection let H be a singular Hamiltonian of the form (5.1) with
¢ being nonincreasing, taking values in [0,7/2], and satisfying ¢(sy) > 0. Then,
actually, ¢(z) € [¢(s4), 5], + € [s_,s4). The method to prove Theorem 5.2 is to
associate a diagonal Hamiltonian H; with H, relate the corresponding operators
Apg and Ap,, and use Theorem 3.7 and Theorem 4.1.

Step 1: The Hamiltonian Hg; employing Theorem 3.7 and Theorem 4.1.

Let Hq be a singular diagonal Hamiltonian with H3" ~ H. Existence of a

Hamiltonian with these properties is ensured by Theorem 2.27, (i). Denote the
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domain of definition of Hy by [s¢,s%), and write (as usual)

i = (M7 ) e b,

Moreover, let 9, p, ¥, p be as in the definition of Hj" and Hgd, cf. the paragraph
preceding Theorem 2.25.

Since ¢(s4) > 0, in particular, the Hamiltonian H does not end with an
indivisible interval of type 0 towards sy. Its reparameterization H§" shares this
property, and we conclude that

d
S+

1= o). [ 1 60 hal) dy = oo

In particular, the function hs cannot vanish a.e. on any interval of the form (Si —

£, si). This means that © is not constant on any interval of this form, and hence

maps [s?, s7) surjectively onto [0,(s1)). Theorem 2.28, (i), gives

sup  p(t) = st . (5.3)
tef0,0(s%))

Let ¢ be an absolutely continuous increasing bijection of [s_, s ) onto [0,9(s%))
with ¢! also being absolutely continuous, such that

(Hg o) ()¢ () = H(x), =€ [s-,54).
Comparing the right lower entries, we obtain
Y/ (x) = tr H(z) sin? ¢(x) (5.4)

and hence

P(x) = /T tr H(¢)sin? ¢(€) d¢, = € [s_,s;) ace.
Comparing the right upper entries, we now obtain
(00 p)(t) =cot(pop™)(t), telo, ﬁ(s‘i)) a.e. (5.5)

Remember here that tr H(z) is a.e. positive.
Since ¢(s4) > 0, we obtain from (5.3) and (5.5) that

o(sh) = liI(Il )(T) 0 p)(t) = lir(n )cot(gbodfl)(t) = cot P(sy) < 00,
t—=d(st t— (st
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Sd
ie. fsg h1(y) dy < oo. This means that ¢(Hy) = 0. Moreover, since Hy is singular,

it follows that 9(s?) = occ.
Let Aj, be the operator defined in (3.5), and set

Ny :=sup{n € N : Ay, & L' (ha(y)dy)} .

By Theorem 3.7, the number A(H,) is either equal to 2Ng+1 or 2N4+2 (naturally
including the case that Ng = 00). Since H and HS" are reparameterizations of each
other, we have A(H) = A(HS"), cf. Theorem 2.21. Theorem 4.1 implies that

Regardless whether A(Hy) equals 2N4 + 1 or 2N4 + 2, thus A(H) = Ng+ 1.

Step 2: Rewriting Hy.
If A is any function, we denote by C'\ the composition operator f — f o A.

Lemma 5.4. We have
(i) The operator Cy induces an isometry of L°°([0,00)) into L>([s?,s1)). The
operator C; induces a surjective contraction of L°([s%, s4)) onto L>([0, ¢)).
Moreover, Cj o Cy = id.
(ii) The operators Cy, and Cy-1 are mutually inverse isometric bijections between
15°([0,50)) and L([s_,5)).
(iii) Whenever f is a measurable function with values in [0,00] (and being defined
on the appropriate interval), we have

b o(b) o(b) b
/ (Co ) ()haly) dy = / £ty dt, / (Cof)(t) dt = / F)haly) dy.
a v(a) v(a) a

The same relations hold if f is a measurable complex valued function, such that
in the relation under consideration one (and hence also the other) integrand
1s integrable.

(iv) Whenever f is a measurable function with values in [0,00] (and being defined
on the appropriate interval), we have

P (b) b
[t = [ (Copia) s Hiz) s o(o) do.
¥(a) a

$(b) b
/ (Cy-1 f)(t)dt = / f(z)tr H(z)sin? ¢(x) dx .
Y(a) a
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The same relations hold if f is a measurable complex valued function, such that
in the relation under consideration one (and hence also the other) integrand
1s integrable.

Proof. We show (i): Since & maps [s?, s4) surjectively onto [0, 0c), we have

sup  f(0(y)) = sup f(t),
yels? ,s4) t€[0,00)

i.e. Cp is isometric. Clearly, sup;cp o0y f(A(t)) < SUDye[st o) f(y), ie. Cj is con-
tractive, and (fod)op= f.

For (ii), it is enough to remember that ¢ and ¥ ~! are mutually inverse bijec-
tions between [s_, s4) and [0, 00).

We come to the proof of (iii). The function ¢ is absolutely continuous, and
9" = ho. Hence, the substitution rule applies and the first relation follows. Applying
this with the function C, f yields

8(b) b
/ IRCHCEE [ (et @haty) dy.

However, by Theorem 2.28, (v), the set of all points with [C3(Cs f)](y) # f(y) and
ha(y) # 0 has Lebesgue measure zero. Hence,

b b
| les@nlwmwids= | rwhatv)dy

Finally, remembering (5.4), the first relation in (iv) follows by applying the substi-
tution rule with the absolutely continuous function . The second relation follows

by applying the first with Cy-1 f. -

Definition 5.5. We denote by Z; the operator whose domain dom Z; consists of all
measurable functions f: [s_,s;) — C with

f € LL.([0,00)), /f Ydr € LM(d(v 0 5)(1)),

and which acts as
EN0 / /f Ydr) d(iop)(t)., t€0,00). f < dom, .
too

We denote by =5 the operator whose domain dom Z, consists of all measurable
functions f: [s_,s;) — C with

frHsin € Lho([s_54)), /f )t H(s)sin? 6(s) ds € L' (8(2)|dg(x)]),
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where
K} — Sin21¢(aj)’ ¢ continuous at x,
(-17) T ) cotp(zy)—cot p(z_) th .
dx_)—¢(zy) otherwise

and which acts as

Eno=[ (] " o) B8 i o(s)d5) 2(©)40(6)

tels_,s+), f€domEs.
Proposition 5.6. We have
L%([0,00)) € domZy,  Z4(L([0,00))) € L=([0,00))
L®([s—,s4)) CdomEy, Ep(L>([s-,54))) € L™([s-,54)).

For each n € N the following diagram commutes:

Aj
Lo (s, 51)) sy L ([s, 5))
Y
Cs ) Cs > Cs
L([0,00)) ————— L%([0, 0))
wa1 < \>C¢, wal < >Cw
Lo(s—54)) ——5 > L%(s-,54))
that is,
Cpolf, =E1oCs  feL™(s%,s1)), neN, (56)
CsolAly 0Cy=E;, neN, '
CyoZ! =E50Cy, feL™(0,0)), neN. (5.7)
Proof of (5.6). Let a measurable function f: [s?,s%) — [0,00] be given. We are

going to apply the general form of the substitution rule as provided in [T]. Let
us match notation: We use [T, Corollary 5.2] with the functions ‘i, 7, g’ given as

(t € [0,00) fixed)
54 T
uwy:{;’ <0

plr), 0<T,
07 77<Sia 07 n<lé(t)a
o) = o(n), st <n<st, gn) =1 [TC) ) dr, pt) << st
o(st), st <, 0, st <.
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Thereby, the last cases in the definitions of 7 and g occur only if si < oo. By
Theorem 2.28, (iv), the function ‘.5’ defined in [T, (5.3)] is equal to

ta(y) = (pod)(y), yeER.

Remembering Theorem 2.28, (ii), (v), Theorem 5.4, and that ¢ and v are absolutely
continuous with derivatives ho and hq, respectively, we obtain

([ #) hatwin) ma(ayan

p(t) st
- i o)

= [ (Jteson@batan) mindn= [ ([ (cspar) dot)
plt) st pt) 0

I
=
>
S
JCI)
+a
—
=
S~—
/N
—
9
~
S~—
=
3
S~—
U
3
N——
U
<
~—
=
=

[s2,52) 0
9((po0)(n))
» / )x[mt),s@((,aoa)(n))( / (Co)(r) dr) do(i) .

=
ﬁ
S~—"
S~—"
/
—
3
=
—
2
U
3
N—
o
—
<
¢}
S
~—
ﬁ
S~—

X(p(t),5)
[0,00) 0

— [ xuo@( [(Canydr) doepir)

[0,00) 0
~ [ (J@nwar)awepm.
[tioo) O

The application of the substitution rule [T, Corollary 5.2] is justified since the
integrand is nonnegative.
Next, let f € L*([0,00)) be given. Then, trivially, also f € L ([0, 00)).

Moreover, Cs|f| = |Cy f| € L>=([s?, s1)), and by Theorem 3.10, (i), thus Cs|f| €
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dom Ag,. In particular,

/ (Col£1) () ha(uw)du € L (hiy (n)dy)

n
sd

Using the computation (5.8) with the nonnegative function Cj|f| and t = 0, shows

that )
/[o,oo) (/o £l dr) d(vop)(r) < oo

Hence, also [ f(r)dr € L*(d(¢ o p)(7)), and we see that f € dom Z;.
Finally, let f € L>°([s,s%)). Redoing the calculation (5.8), the application
of the substitution rule now being justified since integrands are integrable, gives

(Cpohu,)(f) = (EroCp)(f). (5.9)
Multiplying this equation with C; from the right, gives
CsolAp,0Cy =E. (5.10)
Moreover, by Theorem 2.28, (v), we have

AHdOC@O ﬁ:AHd'

Now we use induction on n to show (5.6). The case ‘n = 1’ is just (5.9) and (5.10).
Let n > 2, then

CpolNy, = (CﬁoAZZQ) oAp,oAp, = (C’poA’IZQ)o (A, 0Cy0Cs) 0 A,
= (CﬁOA?IZI OC@) O(C[)OAHGL) :E?il [e] (El OCﬁ) :EELOC/;.

This is the first of the required relations. Again multiplying with C; from the right,

gives the second. -

Proof of (5.7). Since Cy and Cy-1 are mutually inverse bijections, it is enough to
show that

CwOEl :EQOOw. (511)

Let © € [s_,s4+) be fixed. The function ¢: [z,s1) — [¢(z),00) is a continuous
and strictly increasing bijection, and hence maps half-open intervals to half-open
intervals. This implies that the image of the measure dcot ¢ under 9 is equal to
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d(cot ¢ o ¥p~1). Moreover, 9 is absolutely continuous and 1’ = tr H sin? ¢. Remem-
bering that © o p = cot p o p~1, cf. (5.5), we can thus compute

[ ([rora)awepe
[(z),00) O
vl ()

= [ ([ venrweds)deepm a2

[¥(x),00) s—

13
= / (/(wa)(x) tr H(s) sin? ¢(s) ds) dcot ¢(§) .

[z,00) s-—

Now we argue similarly as in the above ‘proof of the first half’: The relation (5.12)
holds for any nonnegative measurable function f defined on [0, 00). From this, and
the fact that L>°(][0,00)) C dom =y, we obtain that L>([s_,s;)) C dom Z;. Now
the computation (5.12) can be carried out for each f € L°°([0,00)) being justified
by integrability.

The integral on the left side of (5.12) is nothing but (Cy o Z1)(f). We have
to further consider the right side. The function cot x is continuously differentiable
on [¢p(sy), #(s-)], in particular, its derivative is bounded on this interval. By the
intermediate value theorem, thus

cot 6(a’) — cot §(x) < C(d() — $(a')), s- <w<a' <sp,

where C' 1= SUP,c((s,),6(s_)] |£ cot z|. It follows that d cot ¢ is absolutely continu-
ous with respect to |d¢|. The symmetric derivative of dcot ¢ with respect to |d¢|
exists for every x € (s_, s4), in fact it computes as

dlcot ¢]([x —mxz+7r]) . cote(z+r+)—cotp(x —r—)

M = —ra ) A o)~ @)

However, the symmetric derivative is a Radon—Nikodym derivative, i.e. d[cot ¢] =
0 - |do|, see, e.g., [Be, Proposition 10.2]. Hence, the right side of (5.12) is equal to

(E2 0 Cy)(f). The relation (5.11) follows. -

Step 3: Completing the proof.

In order to translate the definition of the number Ny into the language of Ay,
we still need to relate 25 with Agy.

For nonnegative functions f, g, we write f =< g, if there exist constants ¢, ¢’ > 0
with cg < f < dg.
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Lemma 5.7. Let f,g € L>([s_, s4)) and assume that f < g. Then
EQf = AHg.
Proof. Set ¢ :=sin¢(s4). Then ¢o > 0 and

co <sing(z) <1, 1 <d(x) < x € [s_,54).

OQI\J‘ =

To obtain the estimate for § at points of discontinuity of ¢, we again used the
intermediate value theorem.
Let ¢, ¢’ > 0 be such that cg < f < ’g. Then

En@=| (] "0 B(8) s o(s) ) (016

c 3
<& ey (JE g(s) tr H(s) ds) |do(€)]
> o fig o,y (S5 gls)tr H(s)ds) |do(S)|
Using this lemma, we obtain inductively that
E5f=Ayf, feL>*(s-,s+)), ne€N.
Now it is easy to complete the proof of Theorem 5.2. Let n € Ny. Then
A?Il = Egl = (Eg o C¢ o] Cp)(l) = (Ow o Oﬁ)(ATI;dl) .
By Theorem 5.4, we thus have
Ay 1€ LP(ho(y)dy) < Ajle L*(trH(z) sin? ¢(z)dx).

However, since sin® ¢ is bounded above and away from zero, the latter condition is
equivalent to A% 1 € L?(tr H(x)dz). We arrive at the conclusion that

Ng =sup{n € Ny : A%1 ¢ L*(tr H(z)dx)} = N,

and hence that A(H) = N + 1. The proof of Theorem 5.2 for the considered case

is complete. -

b. Locality at the singular endpoint

Throughout this subsection let H be a Hamiltonian as in Theorem 5.2.
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We know from [KW/IV, Lemma 3.12] that the number A(H) is a local property
at the endpoint sy, meaning that

A(H) = A(H|[SO,S+))

whenever sg € [s_,sy) and (Sp,s+) is not indivisible (just to ensure (Ham4)).
Moreover, by Theorem 2.16, (ii), the trace-class property is a local property at
the endpoint s;. Now we show that also the number N defined in (5.2) is a local
property at s.

Lemma 5.8.
(i) The function V(z) = |d¢|([z,s+)) belongs to L (tr H(x)dx).
(ii) We have L'(tr H(x)dz) C dom Ay.
(iii) Ag induces a bounded linear operator of L' (tr H(z)dx) into itself.

Proof. We have dom Ay = dom =g, and hence L ([s_,s+)) C dom Ag. In partic-
ular, 1 € dom Ay, and hence

/[s,s” ( / rH () de ) |do(r)] < oo.

Using Fubini’s theorem, we obtain

xT

o> [ [unrEd) )

[S*)S+) S—

/ ( / X[s-,ac](é“)trH(é)dé‘)|d¢(g;)|

[S—1S+) [S_,S+)

[ (] xecaws)) wr@d = [ vie wha.

[s—s4+)  [s—:s4) [s—.54)

This shows (i). Since |d¢| is a finite measure, item (ii) is obvious. To show (iii), we
estimate (||.|}; denotes the norm in L!(tr H(z)dz))

(Mg f)()] < /

[ZE7S+

3
(s e as) Jaote) < 1V @),

and hence ||[Agfl1 < IVl I fll1-

Acta Scientiarum Mathematicarum 80:1-2 (2014) (© Bolyai Institute, University of Szeged



84 H. WiNnkKLER and H. WORACEK

Proposition 5.9. Let sg € [s_,sy), and set H := Hlisy,s.)- Then, for each n € Ny,

we have
A%l e LY tr H(z)dz) <= Ayl e L*(tr H(x)dx) .

Hence, the numbers N and N defined as in (5.2) for H and H, respectively, coincide.

Proof. Denote by p and ¢ the restriction map and the embedding map defined as
p:f’_>f|[80,s+)7 feLOO([S—7S+))a

(f)(x) = {O’ TETSN0 e I%(s0,54)).

f(a), so <z <sp

Then, clearly, po = id and (p acts as multiplication with the indicator function
X[s_,s.)- It follows that

(Lp - 1d)f = _X[sf,so)f» f S LOO([S*? S+)) 5

and hence that
(tp —id) (L>=([s—,s4))) C L' (tr H(z)dz). (5.13)

Moreover, we have
feL'(trH(z)dz) < pfe L trH(z)dz), feL®(s_,s4)),
feLl'(trH(z)dx) <= uf € L'(tr H(z)dz), f € L®([s0,54)).

In order to relate Af and A%, we first observe that Ay = pApgu: Let f €
L*>([s0, 5+)), then for each x € [sg, s4)

nenl@ = [ ([ e ) o)

[#,54)
13 -
- /[) ( / ) tr H(s)ds) |d6(€)| = (A /().

Next, we use induction on n to show that
(A% — pA o) (L ([s0,84))) € L' (tr H(x)dz), n€N. (5.14)

The case ‘n = 1’ is trivial, since actually Az — pAge = 0. Let n > 2, and assume
that (5.14) holds for n — 1. We can write

n __ n—1
Np =AY
:pAHLA%_l — pAHLpA?I_la + +pAHLpAz_1L — pAHAz_lb + pA%e
:pAHL[A%_l — pA?I_lL} + pAy [L,O — id]A’;I_lb + pA%e.
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The first summand maps L™ ([sg, s1.)) into L' (tr H(z)dz) by the inductive hypoth-
esis. The second summand has the same property by (5.13). In total, (5.14) follows
for the number n under consideration.

Consider the function 1 € L*([s_,s4)). Then pl = 1 € L>®([sg,s+)). We
obtain

A% (p1) €(pAJye) (p1) + L (tx Fl(w)d)
=pA%1 4 pA%[up —id](1) + LY (tr H(z)dz)
=pAY1 + LY (tr H(z)dz) ,

and hence

A% (pl) € L (tr H(z)dz) <= pA%1 e L' (tr H(z)dx)
< A1 € L' (tr H(z)dx).

c. Invariance with respect to shift of angle

Let H be a Hamiltonian of the form (5.1) with ¢ being of bounded variation.
Moreover, let @ € R, and consider the Hamiltonian

H(SC) = tr H(z) '§¢(w)+a§£(x)+aa T € [s-,54).

It is obvious that Az = Ay, and that the numbers N and N defined as in (5.2) for
H and H, respectively, coincide.

Let N, denote the matrix

cosa  sina
N, = . .
—sina  cosa

Then H = N_,HN,. By [KW/IV, Remark 2.28|, the boundary triplets associ-
ated with H and H are isomorphic. In fact, the map w: f — N_,f induces a
unitary operator of L2(H) onto L?(H) which intertwines Thax(H) and Thax(H),
and transforms boundary values correspondingly by multiplication with N_.

It follows that, for each p € (0, 0], the Hamiltonian H has the property G, if
and only if H has. Moreover, 0 is a point of regular type for Tmin(I:I ) if and only if it
is for Timin(H), and in this case ¢(H) = ¢(H) + . Next, we have Z5 0w = w o Ly,
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and hence (n € Ny, o € C)
k } : k
ZO"“IET&WIH%: L) rats
k=1

k=1
= Z akI§w§¢(H)+% = w( Z akIg§¢(H)+%) .
k=1 k=1

Thus, the function >°;_; aklgfd)(HH% belongs to L2(H) if afld only the function
Y oreq akIg§¢(H)+% belongs to L?(H). We conclude that A(H) = A(H).

d. Reduction of the general case

Let a Hamiltonian H as in Theorem 5.2 be given.

We first settle the case that H ends with an indivisible interval, say (sq, sy ),
towards s;. Then A(H) = 1, cf. [KW/IV, Lemma 3.2]. On the other hand, the
function ¢ is constant on (s, s+ ), and hence

(Apf)(x)=0, fedomAy, € (sg,54).

In particular, A%1 € L?(tr H(x)dx), n € N, and hence N = 0. We see that the
asserted equality ‘A(H) = N + 1’ indeed holds true.

Now assume that H does not end indivisibly towards sy. Choose sg € (s_, s4)
such that ¢(sg) —¢(s4) < 7/4, and consider the Hamiltonian ((Ham4) being ensured
since (sg,s+) cannot be indivisible)

H(z) = tr H(x) - Epa)—(s )+ 2 Eba)—s(s1) 450 @ € [50,54)

Then H is a singular Hamiltonian of Stieltjes type whose angle function has a
nonzero limit. By subsection a., the assertion of Theorem 5.2 is true for H, i.e.

AH)=N+1
where N is defined by (5.2) for H.

However, by what we showed in subsections b. and c., A(H) = A(H) and
N=N.

A. A Pontryagin space approach to Theorem 4.1

A weaker version of Theorem 4.1 can be proved in a different, less elementary but
more structural, way by using Pontryagin space methods. Since the origin of the
number A(H) lies in the indefinite theory, we believe this alternative approach
provides interesting structural insight, and is thus worth being presented.
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Theorem A.1. Let H be a singular diagonal Hamiltonian defined on the interval
[s—,s4), and assume that H has the Hilbert-Schmidt property. Then the following
are equivalent:

(1) H satisfies So and A(H) < 0.

(il) H® satisfies G2 and A(H®Y) < 0.

(iii) H°?d satisfies o and A(H®Y) < .
In this case, the relations between A(H), A(H®), and A(H°Y), given in Theorem 4.1
hold true.

Remark A.2. (i) The difference between Theorem A.1 and Theorem 4.1 is obvious:
In Theorem 4.1 it is only assumed that 0 is a point of regular type for Tin(H),
i.e. that gy is meromorphic in some neighbourhood of 0. In the above statement
the, much stronger, Hilbert-Schmidt property is required, i.e. it is assumed that gg
is meromorphic throughout the whole plane, and that the sequence of its poles is
sufficiently sparse.

(ii) The Pontryagin space theory employed in the proof of the above statement
given below is not known to be available in the general situation of Theorem 4.1.
Although, according to Theorem 2.23, the assumption could be weakened to H
having compact resolvents.

(iii) In the formulation of this result one statement is hidden, which is worth
being mentioned explicitly: Assume that H is of (inverse) Stieltjes type. Then

1
H satisfies Go NA(H) < 0o = H satisfies G, p > 7

This follows using Theorem 2.23, and the relation (2.11) between Weyl coeflicients.

Throughout the following, we use without further notice the theory of indefinite
Hamiltonians as developed in [KW/IV]-[KW /VI|. Some, more specific, tools from
the ‘indefinite world’ enter in the form of statements taken from [KWW1| and [W1],
and the below Theorem A.4. Making the present exposition self-contained would
require to include a detailed introduction to these notions and results. This is, in
our opinion, beyond the scope of the present paper. Hence, we content ourself with
providing detailed references to definitions and theorems in the mentioned sources.
Moreover, in order to mimimize distracting technical labour, we restrict explicit
proof to a certain particular situation which features the core ideas.

a. Situation under consideration

We assume in addition to the hypothesis of the theorem that s;oo, ¢(H) = 7/2,
and that [ (1 + 9(x)?)ha(x) dz = co. We prove the required relations between
A(H) and A(H®).
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Remark A.3. Why is this the core case?

* Of course, s < oo can always be achieved with a reparameterization, so this
requirement is no loss of generality.

* If [77(1+ 0(z)*)ha(z) dz < oo, we have obtained the required assertions by
simple and explicit inspection, c¢f. Theorem 4.3.

* The relation between A(H) and A(H°?) can be understood with the same
methods; only slight modifications are necessary.

* Once the case that ¢(H) = m/2 is completely settled, the case that ¢(H) =0
can be deduced by passing from H to —JH J; a standard reduction technique.

Before we come to the actual proof, we collect some preliminary facts.

b. Some preliminaries

First, some consequences of our additional hypothesis: Since ¢(H) = 7/2 and H is
singular, we have

B(ss) = /+ I (@) de = 0o, D(sy) = /j ho() dar < 0.

Since [7* (14 0(z)?)ha(z) dz = oo, we have I°¥ = [0, (s )), and hence this interval
is bounded. Moreover, divergence of the integral implies that, in particular, hs
cannot vanish on any interval of the form (s; — e,s;). Hence, & maps [s_,s)
surjectively onto [0,7(s4)), and Theorem 2.28, (i), gives

lim p(t) =s4.
t/@(s+)ﬂ() +

Since I°V is bounded, we have () € L2(H®), i.e. ¢(H®) = m/2. Moreover, we have

lim (vop)(t) = lim v(x) = co.
t/ﬁ(m( p)(t) i (z)

By [WW1, Theorem 3.9], this implies that

1- ev =
Ty g (2) = o0,

i.e. ggev has a pole at 0.

Second, a lemma about indefinite Hamiltonians . The fact that this statement
holds true can be seen from their structure theory; we skip explicit proof. For the
definition of general Hamiltonians and their monodromy matrices see [KW/IV,
Definition 8.1] and [KW/V, Proposition 4.29, Definition 4.3]. For the definition of
the notion of negative index ‘ind_’ for the occuring types of functions, see, e.g.,
[KW/V, Definition 2.17| for scalar functions and [KW/V, Definition 2.1] for matrix
functions.
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Lemma A.4. Let b be a reqular general Hamiltonian with ind_ bt > 0, and let
W :=w(B(h)) be its monodromy matriz. Then ind_ (W xo0) =0 if and only if b
has only one singularity and is indivisible of type O on the right of the singularity.
In this case, the function W x oo is the Weyl coefficient of the Hamiltonian function
of b to the left of the singularity.

Now we are ready for the proof of the theorem.

Proof of equivalence ‘(i)<=>(ii)’. Assume (i). Then the collection of data

n=1, s_,s4,5++1,

H(z), z €[s_,s1), Hi(z):= ﬁfofg, x € (s4,8+ + 1],

01:=0, b11:=0, dig=-=dioau)-1:=0,

E:={s_,sy + 1},
constitutes a regular general Hamiltonian §. Let W be the monodromy matrix of
b, then by the above lemma W x co = qp.
~ Consider the function W= T, W defined as in [KWW1, Definition 3.1], and let
b be a regular general Hamiltonian whose monodromy matrix equals W'; existence
follows from [KWW1, Theorem 3.2] and the Inverse Spectral Theorem [KW/VI, 1.3].
Then, by [KWW1, Lemma 3.3, (3.4)],

2 % 00)(22) = (W % 00)(2) = qu (2).

This implies that W % 0o = ggev. If we had ind_ W = 0, this relation would imply
that H®' ends with an indivisible interval of type 0, which it does not. Hence,
ind_ W > 0, and the above lemma yields that 6 has only one singularity, and that
the Weyl coefficient of the Hamiltonian function of b to the left of its singularity
equals ggev. Thus, H® is a reparameterization of the Hamiltonian function of § to
the left of the singularity, and hence satisfies A(H®) < oo.

Conversely, assume (ii). In essence, we reverse the above procedure. Consider
the regular general Hamiltonian F~) given by the data

n=1, 0,0(sq),0(s4)+1,

Hev('r)7 YS [07@(3-"—))’ Hl(x) = ﬁfoggﬂv T e (@(34—)7’0(84-) + 1]’

01:=0, b11:=0, dig=-=dioame)-1:=0,

E :={0,0(s4) + 1},

and let W be its monodromy matrix. Then W %00 = qHev-

Consider the function W := 75 oW defined as in [KWW1, Definition 3.1], then
T W = W, of. [KWW1, Lemma 3.3, (iii)]. Let § be a regular general Hamiltonian
whose monodromy matrix equals W. We have ind_ W > ind_ W > 0 and

(W % 00)(2) = 2(W % 00)(22) = 2quev (2%) = qu(2) .
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By the above lemma, this general Hamiltonian has only one singularity, and the
Weyl coefficient of the Hamiltonian function of h to the left of the singularity equals

qm- As before it follows that A(H) < co. -

In order to establish the relation between the quantities A(H) and A(H®),
assuming they are finite, we employ [W1, Corollary 4.10]; the case we use is in
essence [LaWol, Theorem 5.1].

Proof of the formula relating A(H) with A(H®V). Denote the sequences of
poles of ggev by (M), and assume that this sequence is arranged increasingly, i.e.

0:)\0<>\1<)\2<)\3<-~-
Then the sequence () of poles of gg is nothing but
Y =0, Yir=%VAp, k>1.

Set
A(z) ::zkl:[l <1 - )\—k),
2
A== 1) == 110 -3

and consider the conditions (on positive integers N,N )

1
Ig:=Y A, 2N < o0, (A1)
N g\{ )2| Res(qgzev, Ak )|

1
Iy = /\‘ < 00. A2
N A e ] < (42

Then [W1, Corollary 4.10] says that (remember that gz is odd)

1 A.1) holds for N =1
A(HQV) — ’ _ _ ( ) olds 1or I (A3)
min{/N € N: (A.1) holds for N} — 1, otherwise,
1 A.2) holds for N =1
AH)={" (#.2) holds for C (A4
min{/N € N: (A.2) holds for N} — 1, otherwise.

We compute

Res(qpev, Ax) = lim (2 — Ag)gpev (2)
Z—)/\k

= Jin (V2= VADWE + VA 2 o esan, /).
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Next, A(22) = zA(z), and hence 2zA/(22) = A(z) + zA'(2). For z = \/X, thus

2A'(\) = A (VA

Hence, the fraction in one summand of the series in (A.1) is just double the fraction
in the corresponding summand of the series in (A.2). Hence, (A.1) holds for some
N if and only if (A.2) holds for 2N. Combining this with (A.3) and (A.4), it is

easily seen that
1 AH)=1
A(Hev) _ ) ( ) I
[A(H)/2], otherwise.

and this is the required formula. -
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