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Abstract—For an orthogonal frequency-division multiplexing
system with pilot-symbol aided channel estimation, we compare
the measured bit error ratio to the theoretical bit error probability. In order to measure mobile physical systems, we utilize the
Vienna Wireless Testbed which has been augmented by a rotation
wheel unit. The analytical solution assumes Rayleigh fading,
additive Gaussian noise, and an arbitrary linear interpolation
method to estimate the unknown channel taps. Our measurements
confirm our assumptions and demonstrate convincingly that
our theoretical expressions accurately model the true physical
behavior, even for speeds of up to 100 km/h.

I. I NTRODUCTION
Nowadays, most wireless communication standards (DAB,
LTE, WIFI 802.11) employ Orthogonal Frequency Division
Multiplexing (OFDM) as their modulation technique. While
we have a good knowledge of what to expect in coherent
transmissions over wireless channels in idealistic setups, the
implications of practical systems are by far not so well
understood. In particular high speed scenarios as they appear
in car/train to infrastructure communications by LTE require a
solid understanding of the transmission chain. Coherent transmission requires channel knowledge which typically comes by
estimation based on training or so-called pilot symbols, i.e.,
known symbols at transmitter and receiver side. Pilot-symbolAided Channel Estimation (PACE) is usually considered in
this context whereby the channel at data positions is estimated
by interpolation. The optimal linear interpolation in terms of
Minimum Mean Squared Error (MMSE) was derived in [1].
However, an MMSE solution requires a-priori knowledge of
the channel statistics and a matrix inversion. This motivated
other authors to investigate different interpolation methods
e.g., spline [2], 2D Deslauriers-Dubuc [3] and 2D low-pass
[4]. As a comparison measure the Bit Error Ratio (BER) was
obtained through Monte Carlo simulations. Such simulations
require a long simulation time and do not offer analytical
insights. This recently motivated us to derive an analytical
Bit Error Probability (BEP) expression for arbitrary linear
interpolation methods [5] which can, for example, be used
to find an improved pilot pattern design or to determine the
optimal trade-off between pilot and data symbol power [6].
Mobile wireless communication channels are characterized
by time-varying multipath propagation [7], i.e., due to multiple
scatterers, the electromagnetic signal can propagate along
several different paths which causes frequency-selectivity and
time-selectivity. The first can be combated by inserting a cyclic
prefix while the latter leads to Inter-Carrier Interference (ICI)

and can only be combated by sophisticated and costly signal
processing algorithms [8].
Although theoretical expressions and simulations are very
useful, they represent only a simplified abstraction and eventually, only the performance in real world scenarios matters.
However, testing new ideas (e.g., interpolation methods) in real
world scenarios is too costly. Therefore testbeds are employed.
They are regarded as a test vehicle between simulations and
real world scenarios and often reveal practical problems which
have not been considered so far.
Testbeds which support mobile receivers typically place
the measurement equipment in a car [9]–[11]. The achievable velocity of such measurement setup is very limited.
To emulate higher velocities, [12] proposed the usage of a
smaller subcarrier spacing and claimed that this is equivalent to
higher velocities. The drawback of this method is a reduction
of the bandwidth and therefore loss of frequency-selectivity.
Nonetheless, such car measurements lack repeatability and
controllability, which constitutes the main problem for a fair
comparison of different transmission techniques.
Our approach for repeatable and fully controllable measurements at high-velocities is based on the rotation of a
receive antenna around a central pivot [13]. Because of a short
transmission time, the effective rotation angle is very small so
that the antenna movement resembles a linear translation.
The measurement parameters are chosen similar to the LTE
standard which was designed for high velocities [14]. Very
often in the OFDM literature, time-selective channels are
modeled so that ICI becomes a major impediment. Assuming
a carrier frequency of 2.5 GHz and a Jakes Doppler spectrum,
a velocity of 100 km/h corresponds to a Signal-to-Interference
Ratio (SIR) of 35 dB [15] so that the ICI part can usually be
neglected, as we observe in our measurements. Note that phase
noise, frequency offsets and non-linear amplifier also lead to
ICI. However, because of our high-quality hardware this does
not constitute an issue.
Novel contribution
1) We present a method for repeatable and controllable
high-speed measurements and show the validity of commonly
made assumptions (Rayleigh fading, Gaussian noise) for our
measurement setup.
2) We show the excellent agreement between our derived
theoretical BEP expressions and the measured BER results.
3) We show experimentally that in our setup, even speeds
of 100 km/h do not cause significant ICI.
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II. S YSTEM M ODEL

(2)

where hl,k ∈ C denotes the Rayleigh fading channel
with signal power PSl,k = E{hl,k h∗l,k } and zl,k ∼
CN (0, PICI+noisel,k ) the white additive Gaussian noise, which
includes also ICI.
Dividing Equation (2) by the estimated channel ĥl,k leads
to the zero forcing equalization and delivers a Least Squares
(LS) estimate of the transmitted data symbol xl,k :
x̂l,k =

yl,k
ĥl,k

.

− 12

(1)

QAM is given as:

In our OFDM model, xl,k ∈ C denotes the transmitted, unit
power, data symbols at subcarrier-position l (l = 1, 2 . . . , L)
and time-position k (k = 1, 2 . . . , K), chosen from a Gray
coded 4-Quadrature Amplitude Modulation (QAM) respectively 16-QAM signal constellation. The received data symbol
yl,k ∈ C depends on the transmitted data symbol as follows:
yl,k = hl,k xl,k + zl,k ,

2

(3)

For perfect channel knowledge (ĥl,k = hl,k ), the zero forcing equalizer corresponds to the Maximum Likelihood (ML)
detection. However, for PACE such equalization is no longer
optimal in the ML sense [16], but due to its simplicity still a
reasonable choice.
The required channel estimate in (3) is found by interpolation (weighted average) of known LS estimates at pilot
positions:
ylp ,kp
∗
wl,k
.
(4)
ĥl,k =
{lp ,kp } x
lp ,kp
{lp ,kp }∈P

Set P is a collection of the two-dimensional (2D) pilot position
indexes whereas the number of pilot symbols is given by its
cardinality |P|. Rewriting Equation (4) in vector notation leads
to:
H LS
ĥP ,
(5)
ĥl,k = wl,k
|P|×1
consists of the vectorized LS
where the vector ĥLS
P ∈ C
estimates at pilot positions and the vector function wl,k ∈
C|P|×1 depends on the interpolation method (e.g., MMSE,
linear, spline). We also assume that each pilot symbol has unit
power.

III. B IT E RROR P ROBABILITY FOR P ILOT-S YMBOL -A IDED
C HANNEL E STIMATION
We recently derived a closed-form expression for the BEP
of an OFDM system that utilizes PACE [5]. The BEP for 16-
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and for 4-QAM by:
BEP4QAM
(wl,k )
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For a compact description of the probabilities Pr (·), we
define two new variables, αl,k ∈ C and βl,k ∈ R:
wl,k
αl,k = rH
ĥLS ,h

(8)

H
RĥLS wl,k ,
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(9)
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whereas rĥLS ,hl,k = E{ĥLS
denotes the crossP hl,k } ∈ C
P
LS
LS H
correlation vector and RĥLS = E{ĥP (ĥP ) } ∈ C|P|×|P| the
P
autocorrelation matrix. The required probability is then given
by Equation (1) which is applied in (6) and (7) to calculate
the BEP at subcarrier-position l and time-position k.

IV. V IENNA W IRELESS T ESTBED
Our measurements are based on the Vienna Wireless Testbed
that has been augmented by a rotating wheel unit to generate
high speed movements. The concept for repeatable and controllable high speed measurements was already proposed in [13]
but it took us three additional years to finish the setup. The basic idea is to rotate the receive antenna around a central pivot.
Compared to a linear guide we avoid the repeated acceleration
and deceleration step, so that high velocities can be achieved.
Our setup represents a scenario in which the rotational speed
is low relative to the transmission time, so that the antenna
moves approximately linear during the transmission. Assume
for example a velocity of 100 km/h (4.4 revolutions per second
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1m arm
rotary joint
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RX
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electric motor
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Fig. 1. Vienna Wireless Testbed: transmit antenna, located on the rooftop
(above the 5th floor) and moving receive antenna, located indoor on the 5th
floor of the opposite building.

for a 1 m arm). Then, for a transmission time of 1 ms, the
antenna moves only by 4.4 rps × 1 ms × 360◦ = 1.6◦ which
is close enough to a linear movement. Additionally, the whole
rotation unit is portable so that it can be placed e.g., next to a
rail track.
The Vienna Wireless Testbed performs quasi real-time measurements, i.e., the signal is generated off-line, transmitted over
a wireless channel in real-time and then again evaluated offline [17]. Its main parts are:
•

•

•

•

•

The 16-bit digital-to-analog and analog-to-digital converter, connected to a personal computer and operating
at a sampling frequency of fs = 200 MHz.
The radio frequency front end which up-converts the
signal to 2.5 GHz (respectively down-converts). The front
end is designed for an intermediate frequency of fIF =
70 MHz so that the signal has to be digitally up-converted
respectively down-converted.
The transmit antenna, located on the rooftop of our
university (see Figure 1a) and the moving (rotates around
a central pivot) receive antenna, mounted on a rotation
wheel unit (see Figure 1b) which is placed on a rail so
that it can be moved within a range of 0.82 m.
A Global Positioning System (GPS) module and a rubidium frequency standard for synchronization of transmitter
and receiver.
The laser barrier together with a trigger system which
determine the starting time instance of the transmission
at a specific antenna position. The laser barrier defines
the 0◦ reference point.

TABLE I
M EASUREMENT PARAMETERS
Modulation order
Number of subcarriers, L
Number of OFDM symbols, K
Pilot pattern
Frequency pilot spacing
Time pilot spacing
Carrier frequency
Subcarrier spacing, Δf
CP duration, TCP
Velocity
Angle position range
Rail position range
Number of random positions, I
Number of attenuation levels, A

4-QAM and 16-QAM
145
49
rectangular
6
4
2.507 GHz
15 kHz
4.67 µs
50 km/h and 100 km/h
32◦ ...72◦
0.05 ...0.75 m
1200
8, in 5 dB steps

V. M EASUREMENT M ETHODOLOGY
The proper sampled (fs ) and digitally up-converted (fIF )
OFDM signal in the time domain (without cyclic prefix) is
generated by an inverse fast Fourier transform:

sTk = IFFT

0T1 x1,k · · · xL,k 0T2 x∗L,k · · · x∗1,k 0T3
,


(10)

− L2 ,

fIF
where 01 , 02 and 03 are zero vectors of size Δf




fs −2fIF
fIF
− L and Δf
− L2 (Δf denotes the subcarrier
Δf

spacing). The OFDM signal vector sk ∈ Rfs /Δf ×1 together
with the cyclic prefix, i.e., copying the last fs TCP  samples
and placing it in front, provides immediately the input samples
for the digital-to-analog converter which are transmitted over
a real-world channel.
The received data symbols yl,k are obtained similar to
the signal generation, but in reverse order, i.e., removing the
cyclic prefix, fast Fourier transform, and then choosing the
appropriate elements in the frequency domain.
Thus, the whole measurement setup can be viewed as a
black box where xl,k represents the input and yl,k its output.
However, one must always keep in mind the limitations imposed by real-world hardware and in particular the saturation
of power amplifiers.
For each transmission, K + 2 OFDM symbols are sent over
the wireless channel whereas each OFDM symbol consists
of L + 2 subcarriers. To estimate the noise power at the
receiver, the first and last OFDM symbols are set to zero
(xl,0 = 0, xl,K+1 = 0). Similar, the ICI-plus-noise power
{a}
P̂ICI+noise is estimated by setting the first and last subcarriers
to zero (x0,k = 0, xL+1,k = 0). For our chosen parameters,
measurements have shown that the ICI power can be neglected
compared to the noise power: at highest velocity (100 km/h)
and highest transmit power (Signal-to-Interference plus Noise
Ratio (SINR) of 31 dB), the ICI power is 5.5 dB lower than the
noise power. For lower velocities and lower transmit powers
this gap further increases.

LS,{i,a}
ĥl,k

{i,a}

=

yl,k

{i,a}

xl,k

,

(11)

we estimate the signal power by:
I 

1
 LS,{i,0} 2
{0}
P̂Sl,k =
ĥl,k
 − κP̂ICI+noise ,
I i=1

{a}

{a}

(12)

(14)

whereas Equation (13) is valid only at data position. The identity matrix I|P| has size |P| and the channel autocorrelation
matrix R̂hP is estimated by:
1
I

I
i=1
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Fig. 2. Measured autocorrelation function of the channel, dependent of either
subcarrier-position (1 unit = 15 kHz) or time-position (14 unit = 1 ms) lag.

The next section shows the measurement results for which
we consequently distinguish between:
A. Analytical Bit Error Probability
{a}

The estimated second order statistics P̂Sl,k , P̂ICI+noise ,
and r̂ĥLS ,hl,k are substituted in Equation (1) to calculate
P
the probabilities Pr (·) which in turn are inserted in Equation
(6) and (7) to calculate the analytical BEP as a function of
SINR (corresponds to a). Additionally, this result is averaged
over all (data) subcarrier- and time-positions.
{a}
R̂ĥLS ,
P

{i,a}

P

R̂hP =

Frequency

B. Measured Bit Error Ratio

where a = 0 indicates the transmission at highest SINR and
κ corrects the error caused by the LS estimation at higher
modulation orders (division by xl,k ). Note that the signal
power depends on subcarrier-position and time-position in
order to be consistent with the estimated cross-correlation
vector rĥLS ,hl,k and the estimated correlation matrix RĥLS ,
P
P
both given by:
I

∗
1
LS,{i,0}
LS,{i,0}
ĥP
(13)
r̂ĥLS ,hl,k =
ĥl,k
P
I i=1
R̂ĥLS = R̂hP + P̂ICI+noise I|P| ,

1
autocorrelation of hl,k (magnitude)

Each measurement realization {i, a} corresponds to a specific:
• position-index i (i = 1, 2 . . . , I), composed of railposition and angle-position
• attenuation-index a (a = 0, 1 . . . , A) which corresponds
to a specific attenuation in the radio frequency front end
of the transmitter. The transmission at lowest attenuation
(a = 0) is solely used for the estimation of the secondorder statistics, and not to transmit data.
At an angle-position of 143◦ , the antenna rotates in the
same direction as the rotation unit moves on the rail, so
that the number of independent measurement realizations is
reduced. Additionally, the average received power as well as
the correlation matrices depend strongly on the angle-position.
Exploiting the whole 360◦ range is therefore not feasible with
respect to our analytical assumptions, so that only an anglerange of 32◦ ...72◦ is assessed. Furthermore, for each transmission, we use randomly one out of four transmit antennas,
supported by the testbed, in order to obtain more independent
measurement realizations whereas pre-equalization guarantees
constant average receive power for different antennas.
Because the absolute value of the received symbols has no
influence, we normalize them to have a mean signal power of
one, so that the channel correlation matrices are independent
of the transmit power.
By applying the measured LS channel estimates:

{0}

− P̂ICI+noise I|P| . (15)

Furthermore, we define the estimated SINR as follows:
L K
1
1
k=1 P̂Sl,k
SINR{a} = KL l=1
= {a}
.
(16)
{a}
P̂ICI+noise
P̂ICI+noise

Equalization of the received symbol yl,k (Equation (3))
delivers an estimate of the transmitted data symbol and, after
demapping (minimal Euclidean distances, Gray coding), a possible bit error. Averaging this result over all (data) subcarrier,
time, and measurement-positions then gives the measured BER
as a function of SINR.
VI. M EASUREMENT R ESULTS
Table I summarizes our chosen measurement parameters.
The assumptions of Rayleigh fading and Gaussian noise are
supported by a Lilliefors [18] test (5% significance), performed
at each subcarrier-position and time-position. In only 5.5% of
the cases the null hypothesis of Gaussian noise was rejected,
while the assumption of Rayleigh fading (real part and imaginary part are Gaussian distributed) was rejected in 6.9% of the
cases. Figure 2 shows the measured autocorrelation functions
under the assumption of wide sense stationarity, uncorrelated
scatterers and a separable time-frequency correlation function.
For the comparison of the BER with the BEP, we consider
three specific interpolation methods: a 2D MMSE estimaMMSE
= R−1
rĥLS ,hl,k , a linear- and a splinetion [1] wl,k
ĥLS
P
P
interpolation. The latter two are obtained by utilizing the
MATLAB build-in 1D interpolation functions first in one
dimension, and then again in the other dimension. Figures
3a and 3b show the result for 50 km/h respectively 100 km/h
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Fig. 3. BER vs. BEP as a function of SINR, influence of interpolation,
measurements confirm analytical predictions.

where it is visible that the theoretical BEP and the measured
BER coincide. Due to a highly correlated channel, we can
identify three effects: first, the MMSE interpolation performs
close to perfect channel knowledge, second, the BER does
not depend on the velocity since the ICI power is smaller
than the noise power, and third, spline interpolation performs
worse because it uses first and second derivatives which lead
to high errors if the noise is larger than variations caused by
the channel.
VII. C ONCLUSION
We showed that the BEP expression for pilot-symbolaided channel estimation, utilizing arbitrary linear interpolation
methods, can be applied in real-world channels. The assumptions of Rayleigh fading and Gaussian noise are appropriate
for our chosen measurement setup. Furthermore, our results
serve as a good starting point for high speed measurements
of enhanced signal processing algorithms, such as ICI mitigation techniques (by increasing the velocity or decreasing the
subcarrier spacing) or filter bank multicarrier transmissions.
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