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Abstract: Mechanical decoupling poses a limit to the achievable positioning precision of a
two-body system actuated by a single Lorentz actuator. To control such a system, the damping
between the two bodies needs to be adjusted to a trade-off value, which allows both high control
bandwidth of the directly actuated body and good isolation from environmental vibration. In
this paper, hydraulic shock absorbers are employed to tune the damping. An experimental
setup of a two-body system is built, with the shock absorbers mounted between the bodies. A
higher level of damping of the decoupling mode is observed by using fluids with higher dynamic
viscosity. The effectiveness of the proposed solution is confirmed by comparing the theoretical
and experimental values of the damping coefficient for different values of the dynamic viscosity.
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1. INTRODUCTION

In metrology, nanopositioning and nano-manufacturing,
a high control bandwidth is typically desired to achieve
high levels of precision (Munnig Schmidt et al., 2014). In
most high-precision applications, an additional limit to the
attainable system performance is caused by environmental
vibrations (Amick et al., 2005). Because of their ability
to attenuate such vibrations, low-stiffness actuators such
as Lorentz actuators can be employed (Ito and Schitter,
2015). In Lorentz-actuated systems, the achievable control
bandwidth is typically limited by higher structural modes
of the positioned system (Lee et al., 2007). Such modes
commonly arise either from the internal degrees of freedom
of the mechanical structure or from the decoupling of its
different components, as in the case of multi-body systems
(Meirovitch, 2001).
Multi-body systems are used in several high-precision ap-
plications. For example, a metrology platform consisting
of multiple components is proposed to measure nanoscale
material properties in a production environment (Thier
et al., 2015). This platform is directly actuated to maintain
a constant distance between a sample and a measurement
tool, thereby mitigating the effect of ground vibrations.
Other examples of multi-body systems are wafer scanners,
used for the manufacturing of integrated circuits. Because
of the high precision requirement (Butler, 2011), they
employ vibration isolation frames, which are typically ac-
tuated to counteract external disturbances. These systems
consist of complex architectures, including several subsys-
tems, sensors and actuators, which also cause structural
resonance modes at a given frequency.
The simplest case of a multi-body system is given by a
two-body system, shown in Fig. 1. The system consists
of (i) the body S1 that is directly actuated and (ii) the
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Fig. 1. Schematic model of a two-body system.

body S2 that is mechanically connected to S1. Such a
model represents typical structural modes of the posi-
tioned structure, which is also referred to as a decoupling
mass (body S2; see Munnig Schmidt et al. (2014)). This
results in a combination of a resonance- and an anti-
resonance in the system transfer function and typically
is a limiting factor for the achievable control bandwidth
for feedback operation. Typical countermeasures aim to
suppress such unwanted structural modes, e.g. via active
damping (Babakhani and Vries, 2010) and overactuation
(Schneiders et al., 2003). In such cases additional actuators
need to be placed into the structure, leading to higher
system as well as control complexity.
In contrast to such strategies, Csencsics et al. (2016)
utilizes a resonance mode on purpose. In this approach,
the position of the two-body system is controlled via
a single Lorentz actuator. This method takes advantage
of the second resonance mode of the system (known in
this case as decoupling mode) to actively control S1 with
high bandwidth, while isolating S2 from environmental
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vibrations. To achieve this however, high damping of the
antiresonance and of the second resonance peak is needed.
An undamped antiresonance would in fact impair control
at this frequency and lead to undesirable high control
effort. Additionally, an undamped decoupling resonance
may cause extensive excitation of S2 at this frequency, e.g.
due to external disturbances. This shows that the damping
d2 between S1 and S2 is an important design parameter,
as by changing its value the damping of the antiresonance
dip and of the resonance peak can be tuned.
To increase d2, viscoelastic free-layer and constrained-
layer damping can be directly applied to the mechanical
connections between S1 and S2 (Jones, 2001). In this
case, the models describing the damping coefficient are
computational-intensive and often require the use of Finite
Element Method (Vasques et al., 2010), leading to high
design complexity. Eddy-current dampers (Wesselingh,
2015), as well as electrorheological (Holzmann et al., 2009)
and magnetorheological dampers (Lai and Liao, 2002)
allow to adjust the level of damping by regulating the
intensity of an external electromagnetic field. In this case
the drawback is the need for an external energy source,
with the consequence of increased system complexity.
However, a suitable solution can be found in hydraulic
shock absorbers (Dixon, 2008). In this case, the damping
coefficient can be determined as a linear function of the
viscosity of the fluid used (Rao, 2016). This allows to tune
the level of damping by simply changing the fluid, without
the need for an external energy source. Because of these
advantages, hydraulic shock absorbers are proposed in this
paper to introduce damping in a two-body system.
The paper is organized as follows. In Section 2, the
experimental setup of the two-body system is presented.
In Section 3 the dynamics of the setup are simulated. In
Section 4, the design of the shock absorber is presented and
the dependence of the damping coefficient on the dynamic
viscosity coefficient is shown. In Section 5, the frequency
response of the two-body system is measured for fluids of
different viscosity and the tuneability of the damping is
demonstrated. The paper is concluded in Section 6.

2. SYSTEM DESCRIPTION

In order to demonstrate the tuneability of the damping, an
experimental setup of a two-body system is built (see Fig.
2 and Fig. 3). It consists of a body S1, connected via leaf
springs (CuZn37 brass, thickness 0.4 mm) to mechanical
ground and to a body S2. Two hydraulic shock absorbers
are installed between the two bodies to introduce addi-
tional damping in the system.
The system is actuated by a Lorentz actuator (AVM12-6.4,
Akribis Systems, Singapore), which is installed underneath
S1. The coil of the actuator is stiffly connected to S1
(see Fig. 2(a)), while the permanent magnet is fixed to
mechanical ground. The actuator is driven by a custom-
made voltage amplifier. For measuring the position of the
two bodies, a single-point vibrometer (OFV-534, Polytec
GmbH, Hörsching, Germany) is focused on the center of
S1 and S2, respectively. For data acquisition, a system
analyzer (3563A, Hewlett-Packard, Palo Alto, USA) is
used.
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Fig. 2. Schematic (a) side and (b) top view of the experi-
mental setup.
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Fig. 3. Experimental setup of the two-body system.
3. SYSTEM ANALYSIS

3.1 Dynamic model

The lumped-mass model of the experimental setup is
shown in Fig. 1. The masses m1 and m2 represent the mass
of S1 and S2, respectively. The spring constants k1 and k2
represent the stiffness of the leaf springs connecting S1 to
mechanical ground and to S2, respectively. The damping
coefficient d1 represent the internal damping of the leaf
springs connecting S1 to mechanical ground. The damping
coefficient d2 results from both the internal damping of the
leaf springs connecting the two bodies and the tuneable
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(a) Body S1 (b) Body S2

Fig. 4. Simulated frequency responses plots of (a) G1(s) and (b) G2(s) for different values of the damping coefficient
d2. The plots show a first resonance peak at f1 '16 Hz, followed by the antiresonance dip of G1(s) at fa '32 Hz
and the decoupling resonance peak at f2 '46 Hz. As the value of d2 increases, the damping of the antiresonance
dip and of the decoupling resonance peak increases, while the decoupling effect is reduced at higher frequencies,
with the magnitude slope of G2(s) raising to -60 dB/decade and the phase to −270◦.

damping introduced by the shock absorbers. The system is
actuated by a force F that is exerted on S1 by the Lorentz
actuator. The coordinates z1 and z2 represent the position
of S1 and the S2, respectively.
From the lumped mass model, the following equations of
motion are derived:

m1z̈1(t) = F − k1z1(t)− k2(z1(t)− z2(t))
− d1ż1(t)− d2(ż1(t)− ż2(t)), (1)

m2z̈2(t) = k2(z1(t)− z2(t)) + d2(ż1(t)− ż2(t)). (2)

By solving (1) and (2), the transfer functions G1(s) =
Z1(s)/F (s) of S1 and G2(s) = Z2(s)/F (s) of S2 are
obtained:

G1(s) = m2s
2 + d2s+ k2

m1m2s4 +D3s3 +D2s2 +D1s+ k1k2
, (3)

G2(s) = d2s+ k2

m1m2s4 +D3s3 +D2s2 +D1s+ k1k2
, (4)

with:


D1 = d1k2 + d2k1,

D2 = d1d2 + k1m2 + k2m1 + k2m2,

D3 = d1m2 + d2m1 + d2m2.

(5a)
(5b)
(5c)

Fig. 4 shows the frequency response plot of G1(s) and
G2(s) for the values listed in Table 1 (corresponding to
the dimensional parameters of the experimental setup) and
three different values of the damping coefficient d2.

Table 1. Parameters of the two-body system

Parameter Value Unit
m1 1.1 kg
m2 0.8 kg
k1 2.1 ×104 N/m
k2 3.4 ×104 N/m
d1 0.010 N s/m

Both plots show a pronounced first resonance frequency at
f1 '16 Hz, corresponding to the suspension mode of the
system. Around this frequency, the phase of G1(s) and
G2(s) changes to −180◦. Above f1, the dynamics of the
system depend on the value of d2. For the case of low
damping (d2 = 0.10 N s/m), G1(s) shows a pronounced
antiresonance dip at fa '32 Hz. At this frequency, the
force is nearly completely transferred from the actuator
to S2, while S1 remains nearly stationary. At f2 '46 Hz
the second resonance mode occurs. Above this frequency,
G1(s) shows a magnitude slope of -40 dB/decade and a
phase of −180◦, while G2(s) shows a magnitude slope of
-80 dB/decade and a phase of −360◦. This inability of S2 to
follow the movement of S1 is called decoupling of the body
S2 (Munnig Schmidt et al., 2014). Above f2, the mass line
of G1(s) is vertically lifted to a higher level respect to
before the decoupling. This vertical shift depends on the
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ratio of m1 +m2 to m1 and represents a design parameter
that has the potential to reduce the energy consumption
of the entire system.

3.2 Influence of the damping coefficient d2

As shown in Fig. 4, a high damping coefficient d2 cor-
responds to less pronounced antiresonance dip and de-
coupling reasonance peak. These are both desirable con-
ditions when designing a controller to position S1 with
a bandwidth above the decoupling frequency (Csencsics
et al., 2016). A pronounced antiresonance dip could be
compensated by a lowly-damped resonance in the con-
troller, which however may lead to a saturating controller
output. Furthermore, a pronounced decoupling resonance
peak may cause extensive excitation of S2 around f2 due
to external disturbances. Additionally, a high value of d2
will cause the phase of G1(s) above f2 to rise, allowing a
higher phase margin of the controlled system. On the other
side, as the value of d2 increases, the decoupling effect is
reduced, with the magnitude slope of G2(s) raising to -
60 dB/decade and the phase to −270◦. This effect is caused
by a damping-related shift of the zero of G2(s), which can
be calculated from (4) as:

fz = 1
2π

k2

d2
. (6)

For higher values of d2, the zero is moved to lower
frequencies, causing the phase and magnitude of G2(s) to
raise. This leads to a reduction of the decoupling effect
and an increased risk of excitation of potential structural
modes of S2.
These considerations suggest that d2 should be tuneable
to a trade-off value to facilitate the control design while
preserving the decoupling. As discussed in the next sec-
tion, this can be achieved by employing hydraulic shock
absorbers.

4. DESIGN OF THE HYDRAULIC SHOCK
ABSORBERS

A schematic cross-section view of the shock absorbers is
shown in Fig. 5. It consists of a cylinder, which is directly
installed on S1, and a piston, which is installed on S2 via
a piston holder. A disk (outer diameter Dd) is mounted
on the piston and positioned inside the cylinder (inner
diameter Dc), which is filled with silicon oil (Polydimethyl-
siloxane, PDMS) for tuning the damping coefficient.
Below the antiresonance frequency fa, S1 and S2 move
in phase and no relative motion is present inside the
shock absorbers. Above fa, the relative motion of S1
and S2 causes the piston to slide inside the cylinder,
moving the damping fluid. Because of the resistance of
the fluid to motion, a counterforce F = d2 · v is exerted on
the moving parts, directly proportional to the velocity v
and to the damping coefficient d2. Under the assumption
of a perfect Newtonian fluid, d2 is calculated from the
dimensional parameters of the shock absorber and the
dynamic viscosity µ of the damping fluid (Rao (2016)).
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bracket
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Piston
holder

Piston

Disk (outer
diameter Dd)

Cylinder (inner
diameter Dc)

Mounting
bracket (S1)
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Fig. 5. Schematic cross section view of the shock absorber.

d2 = d2i + nd · µ
[

3π
4
D3

d

D3
g

L ·
(

1 + 2Dg

Dd

)]
, (7)

where d2i is the internal damping of the leaf springs
connecting the two bodies, nd = 2 is the number of
employed shock absorbers and L is the thickness of the
disk. Assuming that the symmetry axes of the piston and
of the cylinder are collinear, the gap Dg between the
disk and the inner walls of the cylinder is calculated as
Dg = (Dc −Dd)/2.
The design parameters of the shock absorber are listed
in Table 2. These values are chosen in respect of the
dimensional constraints of the setup to achieve a high value
of d2.
As it can be seen from (7), the damping coefficient d2 is
directly proportional to the value of the dynamic viscosity
µ of the fluid used. This means that by changing the type of
fluid (and hence the viscosity), the damping coefficient can
theoretically be tuned to the desired value. To prove this,
various silicon oils, all with different dynamic viscosity, are
used to tune the damping in the system.

Table 2. Dimensional parameters of the shock
absorber

Parameter Value (mm)
Dc 19.5
Dd 12.9
Dg 3.3
L 7.5

5. EXPERIMENTAL RESULTS

The parameters of G1(s) and G2(s) are fitted to the
measured frequency responses, relating the displacements
of S1 and S2 to the force exerted by the Lorentz actuator.
To measure the frequency responses, the input of the
voltage amplifier is considered as the system input and the
positions z1 and z2 are considered as the system outputs.
The positions are measured using a single-point vibrome-
ter (OFV-534, Polytec GmbH, Hörsching, Germany) and
the frequency response plots are recorded with a system
analyzer (3563A, Hewlett-Packard, Palo Alto, USA). The
electrical system of the Lorentz actuator, i.e. the conver-
sion from voltage to current, has a relatively high cut-off
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(a) Body S1 (b) Body S2

Fig. 6. Measured frequency response plots, relating the displacement of (a) S1 and (b) S2 to the force exerted by the
Lorentz actuator for different values of the dynamic viscosity µ.

frequency of ca. 2 kHz, while the voltage amplifier has a
bandwidth of ca. 50 kHz. Both these frequencies are much
higher than the investigated upper frequency limit of ca.
1 kHz.
Table 3 lists the fitted values of d2 for the five different
fluids used. For µ ≤ 7 Pa s, d2 increases with higher values
of the dynamic viscosity.

Table 3. Measured damping coefficient d2 for
different values of the dynamic viscosity µ

Damping fluid µ (Pa s) d2 (N s/m)
Air 0 2

Silicon oil 1 0.7 5
Silicon oil 2 3 38
Silicon oil 3 5 55
Silicon oil 4 7 100
Silicon oil 5 10 90

Fig. 7 shows the measured values of d2 plotted against
the dynamic viscosity µ. The values are compared to the
simulated curve obtained from the model (7). In the low-
viscosity range, i.e. µ ≤ 5 Pa s, good agreement can be
observed between the measured and simulated values of
d2. In the high-viscosity range a divergence is observed,
probably due to the deviation of PDMS from an ideal
Newtonian fluid (Kökuti et al., 2011).
Fig. 6 shows the measured frequency response plots for
three of the five cases listed in Table 3. The suspension
mode of the system can be observed at f1 '16 Hz, fol-
lowed by the antiresonance dip at fa '32 Hz for S1 and
the decoupling resonance peak at f2 '46 Hz. For higher
frequencies, additional dynamics can be observed, likely

Fig. 7. Damping coefficient d2 as a function of the dynamic
viscosity µ. The solid line represents the simulated
curve (7), while the circles represent the measured
values of the damping coefficient.

resulting from structural modes of the outer body. Small
changes in the frequency of the antiresonance and the
decoupling resonance can also be observed for different
measurements. This is likely due to the assembly precision
of the setup, as the shock absorbers require disassembling
and reassembling every time for changing the damping
fluid.
As fluids with higher µ are used, the measured frequency
response plots show higher damping of both the antires-
onance dip and the decoupling resonance peak. Fig. 8
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Fig. 8. Zoom of Fig. 6(b) around the decoupling frequency
(linear frequency scale).

shows a zoom of Fig. 6(b) around the decoupling frequency
f2. Above f2, an increase of both the magnitude slope
and the phase can be noticed for increasing values of µ.
This signifies a reduction of the decoupling effect, in good
agreement with what discussed in Section 3.
The presented results demonstrate that shock absorbers
can be employed to tune the damping between the two
bodies. In the low-viscosity range, the value of the damping
coefficient can be estimated by the analytical model (7).
As a result, the height of the antiresonance dip and
the decoupling resonance peak can be adjusted, thereby
improving the controllability, as discussed in Section 1.

6. CONCLUSION

In this paper, the controllability of an underactuated two-
body system is improved by directly shaping its dynamics.
For this purpose, tuneable damping is introduced between
the bodies via hydraulic shock absorbers. In this case,
the damping coefficient can be analytically determined
from the dimensional parameters of the shock absorbers
and the dynamic viscosity of the damping fluid. The
tuneability of the damping is validated by measuring
the frequency responses of an experimental setup, where
various damping fluids are used inside the shock absorbers.
The experimental results show that the value of the
damping coefficient changes with the viscosity of the
damping fluid, in good agreement with the analytical
model.
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