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Abstract—The TOMB/P filter [Williams, 2011, 2015] is an
attractive method for multiobject tracking. However, its original
formulation is computationally feasible only for linear-Gaussian
system models, and it suffers from the track coalescence effect.
Here, we propose a sequential Monte Carlo (SMC) implementation of the TOMB/P filter, termed the TOMB/P-SMC filter, which
avoids these drawbacks. We demonstrate the performance of the
TOMB/P-SMC filter in a challenging scenario with a nonlinear
range-bearing measurement model, low probability of detection,
strong clutter, and intersecting objects. It is observed that track
coalescence is significantly reduced, and that the TOMB/P-SMC
filter is able to outperform SMC implementations of previously
proposed filters such as the cardinalized PHD filter and the
cardinality-balanced multi-Bernoulli filter.
Index Terms—Multiobject tracking, multitarget tracking, data
association, random finite set, FISST, TOMB/P filter.

is presented in [17]. An extension of the TOMB/P filter [9]
summarizes Bernoulli components with a small existence
probability as undetected objects, which makes it possible to
keep the number of Bernoulli components fixed. In [15], a
method that approximates the posterior multiobject pdf by a
multi-Bernoulli pdf with a fixed number of Bernoulli components and aims at avoiding coalescence is proposed.
Another filter based on the conjugate-prior form is the
generalized labeled multi-Bernoulli (GLMB) filter proposed in
[10] and [11], which performs ordered (labeled) multiobject
tracking. This filter uses a fixed number of expansion terms.
Variants and extensions of the GLMB filter with reduced
complexity are presented in [12] and [14].
B. Contribution and Paper Organization

I. I NTRODUCTION
A. State of the Art
For multiobject tracking, filters based on random finite sets
(RFSs) and finite set statistics (FISST) are attractive solutions
[1], [2]. Existing FISST-based methods include the probability
hypothesis density (PHD) filter [1], [3], [4], the cardinalized
PHD (CPHD) filter [1], [5], [6], and the cardinality-balanced
multi-Bernoulli (CBMB) filter [1], [7]. A feasible sequential
Monte Carlo (SMC) implementation of the (C)PHD filter
[4], [6] involves a potentially unreliable clustering step. The
CBMB filter does not require a clustering step but uses an
approximation that is inaccurate in certain cases [7].
A recently proposed type of FISST-based filters avoids
certain approximations used in the (C)PHD and CBMB filters
by representing the posterior multiobject probability density
function (pdf) as a specific mixture of multi-Bernoulli pdfs
that is a conjugate-prior form of the posterior multiobject pdf
[8]–[15]. However, this conjugate-prior representation involves
a probability expansion with an excessive number of terms.
In [8] and [13], a less complex filter—termed the trackoriented marginal multi-Bernoulli/Poisson (TOMB/P) filter—
is obtained by assuming that the global association probabilities factorize into the marginal association probabilities, by
computing the latter via belief propagation [16], and by modeling undetected objects by a Poisson process. A similar filter,
which is however not based on FISST and belief propagation,

The TOMB/P filter achieves excellent performance, automatically generates new potential objects (tracks), and scales
well in the number of measurements and in the number of
objects. However, it is computationally feasible only for linearGaussian systems. Here, we propose an SMC implementation of the TOMB/P filter, termed the TOMB/P-SMC filter,
in which spatial distributions are represented by particles.
This allows for arbitrary nonlinear, non-Gaussian systems and
strongly reduces the track coalescence effect observed in the
Gaussian mixture implementation of the TOMB/P filter [13].
We demonstrate the high accuracy of the TOMB/P-SMC filter
in a challenging scenario with intersecting objects.
This paper is organized as follows. Some fundamentals of
RFSs are reviewed next. The system model is described in
Section II, and the TOMB/P filter is reviewed in Section III.
The proposed TOMB/P-SMC filter is developed in Section IV.
Simulation results are presented in Section V.
C. Some RFS Fundamentals
An RFS X is a random variable whose realizations X are
finite sets {x(1), . . . , x(n) } of vectors x(1), . . . , x(n) ∈ Rnx. Both
the vectors x(i) and their number n = |X| (the cardinality
of X) are chosen randomly. Thus, X consists of a random
number n of random vectors x(1), . . . , x(n). For n = |X| = 0,
X = ∅. Adopting Mahler’s FISST framework [1], an RFS
X is described by its multiobject pdf fX (X), briefly denoted

f (X). For any realization X = {x(1), . . . , x(n) } with a given
cardinality |X| = n,
f (X) = n! ρ(n)fn (x(1), . . . , x(n) ).

(1)

Here, the cardinality distribution ρ(n) , Pr{|X| = n},
n ∈ N0 is the probability mass function (pmf) of the random
cardinality n = |X|, and fn (x(1), . . . , x(n) ) is a pdf of the
random vectors x(1), . . . , x(n) (n fixed) that is invariant to a
permutation of the arguments x(i). In particular, f (∅) = ρ(0).
Next, we review three types of RFSs that are relevant to the
TOMB/P filter. The cardinality of a Poisson RFS X is Poisson
distributed with mean µ, i.e., ρ(n) = e−µ µn /n!, n ∈ N0 . Given
n = n, the elements x(1), . . . , x(n) of X are independent and
identically distributed (iid)
Qaccording to a “spatial pdf” f (x),
i.e., fn (x(1), . . . , x(n) ) = ni=1 f (x(i) ). Inserting into (1) then
yields the multiobject pdf as
Y
f (X) = e−µ
µf (x).
x∈X

The product µf (x) is referred to as intensity function or PHD.
A Bernoulli RFS X with probability of existence r and
spatial pdf s(x) is empty with probability 1 − r and contains
one element x ∼ s(x) with probability r. Hence,

1− r, X = ∅,
f (X) = r s(x), X = {x},
(2)

0,
otherwise.
P
P
We note that i γi f (i) (X) with normalized γi (i.e., i γi =
1) and Bernoulli pdfs f (i) (X) is again a Bernoulli pdf.
A multi-Bernoulli RFS X is the union of independent
Bernoulli RFSs X(i), i ∈ {1, . . . , I} with existence
probabilS
ities r(i) and spatial pdfs s(i) (x), i.e., X = Ii=1 X(i). The
multiobject pdf f (X) for X = {x(1), . . . , x(n) } with n ≤ I is
as follows [1], [13]. Consider a mapping α that maps n of the
I Bernoulli components X(i) to single-vector sets {x(α(i)) } and
the other I −n Bernoulli components X(i) to empty sets. More
specificically, α maps an index i ∈ {1, . . . , I} to an index α(i)
∈ {0, . . . , n}, where α(i) = 0 indicates that X(i) = ∅ and α(i)
∈ {1, . . . , n} that X(i) = {x(α(i)) }. It is assumed that for i, j
such that α(i), α(j) ∈ {1, . . . , n}, i 6= j implies α(i) 6= α(j).
Furthermore, let PI,n denote the set of all such mappings α
(there are |PI,n | = I!/(I − n)! different mappings). Then,
f (X) =

I
X Y

α∈PI,n i=1


f (i) X α(i) ,

(3)

where n = |X|, f (i) (X) denotes the multiobject pdf of the ith
Bernoulli component X(i) (cf. (2)), and X α(i) is ∅ for α(i) = 0
and {x(α(i)) } for α(i) ∈ {1, . . . , n}.
II. S YSTEM M ODEL
We use the standard system model for multiobject tracking
with measurement origin uncertainty [1], [18]. At time k ∈ N0 ,
(1)
(N )
there are Nk objects with states xk , . . . , xk k ∈ Rnx. Each
(i)
state vector xk consists of parameters such as position, ve-

locity, etc. Furthermore, a sensor observes Mk measurements
(1)
(M )
zk , . . . , zk k ∈ Rnz. Because the objects and measurements
are both unordered, with Nk and Mk random and possibly
time-varying, we
model the object states and
 (1)measurements
 (1)
(M )
(Nk )
and Zk , zk , . . . , zk k .
as RFSs Xk , xk , . . . , xk

A. State Evolution Model

An object with state xk−1 at time k − 1 survives with
probability ps (xk−1 ) and dies with probability 1 − ps (xk−1 ).
If it survives, its new state at time k is distributed according
to f (xk |xk−1 ). Thus, each object that existed at time k − 1
is modeled at time k as a Bernoulli RFS Sk (xk−1 ) with
existence probability ps (xk−1 ) and spatial pdf f (xk |xk−1 ) (cf.
(2)). Assuming that the object states S
evolve independently,
this results in the multi-Bernoulli RFS xk−1 ∈Xk−1 Sk (xk−1 ).
In addition, new objects may be born. Following [13], we
model the newborn objects as a Poisson RFS Γk with mean
parameter µb , spatial pdf b(xk ), and corresponding intensity
function λ
k ) = µb b(xk ). The multiobject state RFS at time
b (x
(1)
(N )
k, Xk = xk , . . . , xk k , then results as


[
Xk =
Sk (xk−1 ) ∪ Γk .
xk−1 ∈Xk−1

This model defines the RFS transition pdf f (Xk |Xk−1 ).
B. Measurement Model
An existing object with state xk is detected by the sensor
with probability pd (xk ) and missed with probability 1−pd (xk ).
(j)
If it is detected, it originates a measurement zk according to
the pdf f (zk |xk ) (likelihood function), and if it is not detected,
it originates no measurement. Accordingly, the measurement
originated by an object with state xk is modeled as a Bernoulli
RFS Θk (xk ) with existence probability pd (xk ) and spatial pdf
f (zk |xk ). We assume that each object-originated measurement
is conditionally independent, given the respective object state,
of all the other measurements and object states. Thus, the
object-originated measurements form the multi-Bernoulli RFS
S
(j)
xk ∈Xk Θk (xk ). In addition, measurements zk may also be
originated by clutter. Following [1], [13], we model the clutteroriginated measurements as a Poisson RFS Kk with mean
parameter µc , spatial pdf fc (zk ), and corresponding intensity
function λc (zk ) = µcfc (zk ). Thus, the overall measurement
(1)
(M )
RFS at time k, Zk = zk , . . . , zk k , is obtained as
 [

Zk =
Θk (xk ) ∪ Kk .
xk ∈Xk

This model defines the RFS likelihood function f (Zk |Xk ).
III. R EVIEW OF

THE

TOMB/P F ILTER

In a Bayesian RFS setting, multiobject state estimation
relies on the marginal posterior pdf f (Xk |Z1:k ), where
Z1:k , (Z1 , . . . , Zk ). This pdf can be calculated recursively
by means of a prediction step, which converts the previous

marginal posterior pdf f (Xk−1 |Z1:k−1 ) into a “predicted
pdf” f (Xk |Z1:k−1 ), and an update step, which converts
f (Xk |Z1:k−1 ) into f (Xk |Z1:k ). The prediction step involves
the RFS transition pdf f (Xk |Xk−1 ), and the update step
involves the RFS likelihood function f (Zk |Xk ) and, thus,
the current measurement Zk . Different filters use different
assumptions and approximations for computational feasibility.
In this section, we review the TOMB/P filter introduced in [8],
[13]. Derivations can be found in [13].
In the TOMB/P filter, conditioned on Z1:k , the multiobject
state RFS Xk is modeled as the union of independent RFSs
Xuk and Xdk describing the undetected and detected objects,
respectively. Thus, the posterior multiobject pdf f (Xk |Z1:k )
is given by the FISST convolution [1]
X
f (Xk |Z1:k ) =
fu (Y )fd (Xk \Y ),
(4)
Y ⊆Xk

where fu (Xk ) is the pdf of Xuk (note that Xuk is independent
of Z1:k ) and fd (Xk ) is the posterior pdf1 of Xdk . Here, Xuk is
modeled by a Poisson RFS with mean parameter µu , spatial
pdf fu (xk ), and intensity function λu (xk ) = µu fu (xk ). Furthermore, Xdk is modeled by a multi-Bernoulli RFS consisting of
(i)
Ik Bernoulli components with existence probabilities rk and
(i)
spatial pdfs s (xk ), i ∈ {1, . . . , Ik }, where each Bernoulli
component represents a potential object (PO).
A. Prediction Step
The prediction step of the TOMB/P filter preserves the
convolution form (4), i.e., the predicted pdf f (Xk |Z1:k−1 )
u
is again the convolution of a Poisson pdf fk|k−1
(Xk ) and
d
a multi-Bernoulli pdf fk|k−1 (Xk ). These two pdfs can be
predicted separately. Indeed, the intensity function λuk|k−1 (xk )
u
characterizing fk|k−1
(Xk ) is calculated from the intensity
function λu (xk−1 ) characterizing fu (Xk−1 ) as
Z
λuk|k−1 (xk ) = λb (xk ) + f (xk |xk−1 )ps (xk−1 )
× λu (xk−1 )dxk−1 .

(i)

(8)

However, the update step for the detected objects yields a
weighted mixture of multi-Bernoulli pdfs. (An approximation
resulting again in a multi-Bernoulli pdf will be reviewed in
Section III-C.) The maximally possible number of Bernoulli
components (i.e., POs) per mixture component is
Ik = Ik−1 + Mk ,
consisting of one “legacy” PO i ∈ {1, . . . , Ik−1 } for each
predicted PO and one new PO i ∈ {Ik−1 + 1, . . . , Ik−1 + Mk }
(j)
for each of the Mk measurements zk , j ∈ {1, . . . , Mk }.
An expression of fd (Xk ) can be obtained by first introducing the PO-measurement association vector a = [a1 · · · aIk ]T.
Here, ai = 0 indicates that PO i is not associated with any
measurement. Furthermore, for i ∈ {1, . . . , Ik−1 }, ai = j ∈ {1,
. . . , Mk } indicates that legacy PO i is associated with measurement j. Finally, for i = Ik−1 + j with j ∈ {1, . . . , Mk },
ai = aIk−1 +j = j indicates that new PO j is associated with
measurement j (note that a new PO can only be associated
with the measurement from which it was created). We have
a ∈ Ak , where the association alphabet Ak contains all
admissible PO-measurement association events at time k.
Here, admissible means that each measurement is associated
with exactly one (legacy or new) PO. One now obtains
X
fd (Xk ) =
pk (a)faMB (Xk ),
(9)
a∈Ak

where pk (a) is the probability of association event a and
faMB (Xk ) is a multi-Bernoulli pdf. Thus, fd (Xk ) is a mixture
of multi-Bernoulli pdfs faMB (Xk ), a ∈ Ak with weights pk (a).
The association probabilities factorize as
pk (a) ∝

(i)

(i)

(i)

λu (xk ) = (1− pd (xk )) λuk|k−1 (xk ).

Ik
Y

(i,ai )

βk

,

a ∈ Ak .

(10)

i=1

d
(Xk ) are calculated from the parameters rk−1 and
izing fk|k−1
(i)
s (xk−1 ) characterizing fd (Xk−1 ) as
Z
(i)
(i)
rk|k−1 = rk−1 ps (xk−1 )s(i) (xk−1 )dxk−1 ,
(6)

sk|k−1 (xk ) =

The update step for the undetected objects yields again
a Poisson pdf fu (Xk ), whose intensity function λu (xk ) is
calculated from λuk|k−1 (xk ) as

(5)

Furthermore, the parameters rk|k−1 and sk|k−1 (xk ) character-

R

B. Update Step: Exact Version

f (xk |xk−1 )ps (xk−1 )s(i) (xk−1 )dxk−1
R
, (7)
ps (xk−1 )s(i) (xk−1 )dxk−1

for i ∈ {1, . . . , Ik−1 }. Note that the number of Bernoulli
components Ik−1 is not changed by the prediction step.
1 We note that f (X ) is short for f (X |Z
d
d
k
k 1:k ). We will often omit the
condition Z1:k also in other posterior pdfs and probabilities to simplify the
notation.

Finally, using (3) in (9) yields
fd (Xk ) =

X

a∈Ak

pk (a)

X

Ik
Y

α∈PIk ,nk i=1

α(i) 

f (i,ai ) Xk

,

(11)

where nk = |Xk | and f (i,ai ) (X) is the pdf of the Bernoulli
component corresponding to PO i and association variable ai .
The update step now amounts to calculating the “association
(i,a )
weights” βk i in (10) as well as the existence probabilities
(i,a )
rk i and spatial distributions s(i,ai ) (xk ) characterizing the
Bernoulli components f (i,ai ) (Xk ) in (11). For the legacy POs
i ∈ {1, . . . , Ik−1 }, the association weights are given by
Z
(i)
(i,0)
(i)
(i)
βk = 1 − rk|k−1 + rk|k−1 (1−pd (xk ))sk|k−1 (xk )dxk (12)

and

with

(i,a )
βk i

=

(i)
rk|k−1

Z

f

(a )
zk i

(i)
xk pd (xk )sk|k−1 (xk )dxk



(i)

(13)

for ai ∈ {1, . . . , Mk }; the existence probabilities are given by
(i,0)
rk

R
(i)
(i)
rk|k−1 (1− pd (xk ))sk|k−1 (xk )dxk
=
R
(i)
(i)
(i)
1 − rk|k−1 + rk|k−1 (1− pd (xk ))sk|k−1 (xk )dxk
(14)

(i,a )

and rk i = 1 for ai ∈ {1, . . . , Mk }; and the spatial distributions are given by
(i)

s
and

(i,0)

(xk ) = R

(1− pd (xk ))sk|k−1 (xk )

(ai )

s(i,ai ) (xk ) = R

(15)

(i)

(1− pd (x′k ))sk|k−1 (x′k )dx′k

f zk

(ai )

f zk



pk (ai ) ,

f˜d (Xk ) ,

X

(i,0)

C. Update Step: Approximation

where (10) was used. Even though p̃k (a) no longer factorizes
as did pk (a), it is approximated by the product of the marginal
association probabilities corresponding to p̃k (a). That is,
p̃k (a) ≈

Ik
Y

i=1

(i)

pk (ai ),

Ik
Y

X

α(i) 

Ik X
Y

X

(i)

α(i) 

pk (ai )f (i,ai ) Xk

(21)

.

P
Q k (i)
Q k P (i)
Here, the identity a∈Ãk Ii=1
pk (ai ) = Ii=1
i)
ai pk (a
P (i)
α(i) 
is
was used. Because f (i) (Xk ) , ai pk (ai )f (i,ai ) Xk
˜
again a Bernoulli pdf, fd (Xk ) is a multi-Bernoulli pdf (cf.
(3)), consisting of the Ik = Ik−1 + Mk Bernoulli components
f (i) (Xk ), i ∈ {1, . . . , Ik }.
The multi-Bernoulli pdf f˜d (Xk ) is characterized by the
(i)
parameters rk and s(i) (xk ) characterizing the Bernoulli com(i)
ponents f (Xk ), i ∈ {1, . . . , Ik }. Therefore, the update step
for the POs now amounts to calculating these parameters from
(i)
(i)
λuk|k−1 (xk ) and from rk|k−1 and sk|k−1 (xk ), i ∈ {1, . . . ,
Ik−1 }. For the legacy POs i ∈ {1, . . . , Ik−1 }, one obtains
(i)

rk =

Mk
X

(i)

(i,ai )

pk (ai ) rk

,

(23)

ai =0
(i)

s (xk ) =

Mk
1 X

(i)
(i,a )
pk (ai ) rk i s(i,ai ) (xk ),
(i)
rk ai =0

(24)

and for the new POs i = Ik−1 + j with j ∈ {1, . . . , Mk },
(i)

(i,j)

rk = pk (j) rk

,

(25)

s(i) (xk ) = s(i,j) (xk ).

(26)

(i,a )

We recall that expressions of rk i and s(i,ai ) (xk ) (involving
(i)
(i)
λuk|k−1 (xk ), rk|k−1 , and sk|k−1 (xk )) were provided in Section
III-B. Since Ik = Ik−1 + Mk , the number of Bernoulli
components (POs) would increase in the kth update step by
Mk . In practice, typically, a pruning is employed whereby only
(i)
the Bernoulli components with rk larger than a threshold Pthp
are used in the next prediction step. That is, Ik is redefined to
be the number of these dominant Bernoulli components.
D. Detection and Estimation
(i)

a ∈ Ãk ,

(22)

f (i,ai ) Xk

α∈PIk ,nk i=1

(i)

The TOMB/P filter employs certain approximations to pred
serve the multi-Bernoulli form in the update step fk|k−1
(Xk )
→ fd (Xk ) [13]. First, an extended association alphabet Ãk is
used that includes also inadmissible PO-measurement associations a (i.e., a measurement may be associated with no PO or
with more than one PO). The pmf of a on Ãk is defined as
(
Q k (i,ai )
pk (a) ∝ Ii=1
βk
, a ∈ Ak
p̃k (a) ,
(20)
0,
a ∈ Ãk \ Ak ,

pk (a),

∼ai

α∈PIk ,nk i=1 ai

(i,0)

and the spatial distributions are given by (note that s
(xk )
does not exist since for ai = 0 no new PO has been generated)

(j)
pd (xk )λuk|k−1 (xk )
f
z
x
k
k
.
(19)
s(i,j) (xk ) = R

(j)
f zk x′k pd (x′k )λuk|k−1 (x′k )dx′k

p̃k (a)

a∈Ãk

(16)

the existence probabilities are given by rk = 0 and

R
(j)
f zk xk pd (xk )λuk|k−1 (xk )dxk
(i,j)
rk =
; (18)

R
(j) 
(j)
λc zk + f zk xk pd (xk )λuk|k−1 (xk )dxk

X

where the summation is over all ai′ with i′ ∈ {1, . . . , Ik }\{i}.
The complexity of this summation is exponential in Ik ; how(i)
ever, accurate approximations of the pk (ai ) can be calculated
efficiently by using a belief propagation algorithm [16]. The
(i,a )
input to this algorithm are the βk i (cf. (20)), which are
calculated as discussed in Section III-B. Substituting Ãk for
Ak and p̃k (a) for pk (a) in (11) and using (21) yields

(i)

for ai ∈ {1, . . . , Mk }. For the new POs i = Ik−1 + j, j ∈
{1, . . . , Mk }, we recall that ai ∈ {0, j}. Here, the association
(i,0)
weights are given by βk = 1 and
Z

(j) 
(i,j)
(j)
βk = λc zk + f zk xk pd (xk )λuk|k−1 (xk )dxk ; (17)

p̃k (a) =

∼ai

≈

xk pd (xk )sk|k−1 (xk )

(i)
x′k pd (x′k )sk|k−1 (x′k )dx′k

X

PO i is considered to exist at time k if rk is larger than
a threshold Pthd . For each PO i that is considered to exist, an

(i)

estimate of the object state xk is calculated as
Z
(i)
x̂k , xk s(i) (xk )dxk .

(27)

IV. S EQUENTIAL M ONTE C ARLO I MPLEMENTATION
We now develop the proposed TOMB/P-SMC filter. The
original TOMB/P filter [13] obtains computationally feasible
implementations of the prediction and update steps in Section
III by modeling the spatial pdfs of the POs as Gaussians and
the intensity function of the undetected objects as a mixture
of Gaussians, and by assuming linear-Gaussian state evolution
and measurement models. The proposed TOMB/P-SMC filter
overcomes these restrictions by using particle representations
of spatial pdfs and intensity functions and by performing
Monte Carlo integration. It is thus suited to nonlinear, nonGaussian state evolution and measurement models. Our development uses basic SMC principles presented in [19]–[21].
A. Prediction Step
1) Undetected Objects: The previous intensity function
λu (xk−1 ) involved in the prediction relation (5) is represented
 (l)
 Lu
(l)
by Lu weighted particles xu,k−1 , wu,k−1 l=1 , which were
calculated at time k − 1. Contrary to standard particle filterPLu (l)
ing,
l=1 wu,k−1 is not 1 in general but
R approximates the
expected number of undetected objects, λu (xk−1 )dxk−1 =
 Lu
 (l)
(l)
µu . The particle representation
xu,k−1 , wu,k−1 l=1 of
λu (xk−1 ) is now converted into a particle representation
 L′u
 (l)
(l)
of the predicted intensity function
xu,k|k−1 , wu,k|k−1 l=1
λuk|k−1 (xk ), where L′u > Lu . This prediction step comprises
the prediction of existing particles and the generation of new
particles representing new undetected objects.
Regarding the undetected objects that existed at time k −1
(l)
and survived to time k, for each particle xu,k−1 , one particle

(l)
(l)
xu,k|k−1 is drawn from f xk xu,k−1 , and a corresponding
(l)

weight wu,k|k−1 is calculated as (cf. the last term in (5))

 (l)
(l)
(l)
(l)
(l)
wu,k|k−1 = f xu,k|k−1 xu,k−1 ps xu,k−1 wu,k−1 ,

for l ∈ {1, . . . , Lu }. In addition (cf. the first term on the right(l)
hand side of (5)), J particles xu,k|k−1 , l ∈ {Lu +1, . . . , Lu +J}
for new undetected objects that did not exist at time k −1 are
drawn from b(xk ), and corresponding weights are
 obtained
(l)
(l)
xu,k|k−1 ,
as wu,k|k−1 = µb /J. The weighted particles
′

Lu
(l)
, with L′u = Lu + J, now represent λuk|k−1 (xk )
wu,k|k−1 l=1

(l)
in (5). If it is difficult to sample from f xk xu,k−1 or b(xk ),
then importance sampling can be used [21]. Here, the proposal
pdf should not involve any measurements, since undetected
objects are not measured—note that the TOMB/P filter already
treats each measurement as a new PO by creating a new
Bernoulli component as discussed in Section III-B.
2) POs: Next, we consider the prediction relations (6) and
(7) for PO i. The previous spatial pdf s(i) (xk−1 ) involved
in these relations is represented by L weighted particles

(i,l)
(i,l)  L
xk−1 , wk−1 l=1 , which were calculated at time k −1. For
(i)
each PO i, the previous existence probability rk−1 and the par (i,l) (i,l)  L
ticle representation xk−1 , wk−1 l=1 of s(i) (xk−1 ) are now
(i)
converted into a predicted existence probability rk|k−1 and a
 (i,l)
(i,l)  L
particle representation xk|k−1 , wk|k−1 l=1 of the predicted



(i)

(i)

spatial pdf sk|k−1 (xk ). We obtain rk|k−1 by evaluating (6) via
Monte Carlo integration, i.e.,
(i)

(i)

rk|k−1 = rk−1

L
X
l=1

(i)

(i,l)  (i,l)
ps xk−1 wk−1 .

(28)

(We still use the notation rk|k−1 although (28) provides only
an approximation, and similarly for all other Monte Carlo
(i,l)
approximations.) Furthermore, for each particle xk−1 , one
(i,l) 
(i,l)
particle xk|k−1 is drawn from f xk xk−1 , and corresponding
(i,l)

weights wk|k−1 are obtained by calculating (cf. (7))
(i,l)  (i,l)
(i,l)
w̃k|k−1 = ps xk−1 wk−1

PL
(i,l′ )
(i,l)
(i,l)
and normalizing, i.e., wk|k−1 = w̃k|k−1 / l′=1 w̃k|k−1 .
 (i,l)
(i,l)  L
The weighted particles xk|k−1 , wk|k−1 l=1 now represent
(i)
sk|k−1 (xk ) in (7). Thus, the Bernoulli component correspond(i)
ing to a predicted PO i is represented by rk|k−1 in (28) and

 (i,l)
L
(i,l)
by xk|k−1 , wk|k−1 l=1 . We note that a different choice of
the proposal pdf [21] may lead to a reduction of the number
of particles that are needed for accurate representations.
B. Update Step
1) Undetected Objects: The update step for the
undetected objects converts
the particle representation
 (l)
 L′u
(l)
xu,k|k−1 , wu,k|k−1 l=1
of the predicted intensity function
(xk ) (see Section IV-A1) into a particle representation
λu
k|k−1
(l)
(l)  Lu
xu,k , wu,k l=1 of λu (xk ) in (8). This update step basically
equals that in an SMC implementation of the PHD filter [4]
without measurements, i.e., we first set
(l)

(l)

x̄u,k = xu,k|k−1 ,
(l)

(l) 

w̄u,k = 1− pd xu,k

(l)

wu,k|k−1 ,

(29)

for l ∈ {1, . . . , L′u }. Note that (29) corresponds to the update
relation (8). Since the number of particles was increased in
the prediction step from Lu to L′u , we next apply resampling
[19]–[21] to reduce the number of particles
 (l)back(l)to LLuu and
obtain the final particle representation
xu,k , wu,k l=1 of
λu (xk ). The resampling also counteracts particle degeneracy
PL′u (l)
effects. Because n̂uk , l=1
w̄u,k 6= 1 in general, the weights
are divided by n̂uk before resampling and multiplied by n̂uk
afterwards. As a consequence, the weights are obtained as
(l)
wu,k = n̂uk /Lu . Details can be found in [4].
2) Legacy POs: The update step for the legacy POs
i ∈ {1, . . . , Ik−1 } converts the predicted existence probability
 (i,l)
(i,l)  L
(i)
rk|k−1 and the particle representation xk|k−1 , wk|k−1 l=1

(i)

of the predicted spatial pdf sk|k−1 (xk ) (see Section IV-A2)
 (i,l) (i,l)  L
(i)
of
into rk and a particle representation xk , wk
l=1
s(i) (xk ). To this end, we first calculate association weights
(i,a )
(i,a )
βk i , existence probabilities rk i , and particle representa(i,ai )
tions of the s
(xk ) (see Section III-B).
For the case where an existing PO i is associated with some
(a )
measurement zk i , with ai ∈ {1, . . . , Mk }, evaluating (13) via
Monte Carlo integration gives
(i,ai )

βk

(i)

= rk|k−1

L
X

(i,l)  (i,l)
(i,l) 
xk|k−1 pd xk|k−1 wk|k−1 . (30)

(ai )

f zk

l=1

(i,a )

According to Section III-B, rk i = 1. Finally, a particle
 (i,l) (i,a ,l)  L
representation xk , wk i
of s(i,ai ) (xk ) in (16) is
l=1
(i,l)
(i,l)
obtained by first setting xk = xk|k−1 (note that this does not
depend on ai ). Then, nonnormalized weights are calculated via
Monte Carlo implementation of (16), i.e.,
(i,l)  (i,l)
(i,a ,l)
(a ) (i,l) 
wk|k−1 ,
pd xk
w̃k i = f zk i xk
(i,a ,l)
wk i

and the final weights
are obtained by normalization.
For the case where an existing PO i is not associated with
any measurement (ai = 0), using Monte Carlo integration in
(12) and in (14) yields, respectively,
(i,0)

βk

(i)

(i)

= 1 − rk|k−1 + rk|k−1

L
X

(i,l)

1−pd xk|k−1

l=1

and
(i)

(i,0)
rk

=

rk|k−1
(i)

1 − rk|k−1 +

PL

l=1
(i)
rk|k−1



(i,l)

wk|k−1 (31)

(i,l)  (i,l)
1− pd xk|k−1 wk|k−1
.
PL
(i,l)  (i,l)
1−
p
x
w
d
l=1
k|k−1
k|k−1

 (i,l) (i,0,l)  L
of
Furthermore, a particle representation xk , wk
l=1
(i,l)
(i,l)
(i,0)
s
(xk ) in (15) is obtained by setting xk = xk|k−1 and
(i,0,l)
calculating the wk
as normalized versions of (cf. (15))
(i,l)  (i,l)
(i,0,l)
w̃k
= 1− pd xk
wk|k−1 .
(i)

We are now able to calculate the existence probability rk
of legacy PO i ∈ {1, . . . , Ik−1 }. Using (23) while recalling
(i,a )
that rk i = 1 for ai ∈ {1, . . . , Mk } yields
(i)
rk

=

(i)
(i,0)
pk (0)rk +

Mk
X

(i)

pk (ai ).

ai =1

 (i,l) (i,l)  L
Furthermore, a particle representation xk , wk
of
l=1
(i,l)
(i,l)
(i)
s (xk ) is obtained by using the particles xk = xk|k−1 and
(i,l)
calculating the weights wk via Monte Carlo implementation
of (24), i.e., as normalized versions of
(i,l)

w̃k

(i)

(i,0)

= pk (0)rk

(i,0,l)

wk

+

Mk
X

(i)

(i,ai ,l)

pk (ai )wk

.

ai =1

Resampling can now be applied to counteract particle de(i)
generacy. The pk (ai ) are obtained by first calculating the

(i,a )

association weights βk i according to (30), (31), and (32).
Then, the product in (20) and the marginalization (22) are
computed efficiently via a belief propagation algorithm [16].
3) New POs: The update step for new POs i = Ik−1 +
j, j ∈ {1, . . . , Mk } converts the particle representation
 L′u
 (l)
(l)
of λuk|k−1 (xk ) (see Section IV-A1)
xu,k|k−1 , wu,k|k−1 l=1
(i)

into an existence probability rk and a particle representation
 (i,l) (i,l)  L
xk , wk
of s(i) (xk ). As in Section IV-B2, we
l=1
(i,j)
first calculate association weights βk , existence probabilities
(i,j)
rk , and particle representations of the s(i,j) (xk ) (see Section

(j)
III-B). Because the shape of f zk xk is typically similar
to that of s(i,j) (xk ), we directly draw L equally weighted
 (i,l) L

(j)
particles xk
from2 f zk xk . Then, using Monte
l=1
Carlo integration in (17) and (18) yields, respectively,
(i,j)

βk

(j) 

= λc zk

and
(i,j)
rk

=

Cj
L
(j) 
λc zk

+

(32)

l=1

(i,l)  u
(i,l) 
λ̃k|k−1 xk
l=1 pd xk
(i,l)  u
(i,l) 
Cj PL
λ̃k|k−1 xk
l=1 pd xk
L

PL

+

L
Cj X
(i,l)  u
(i,l) 
pd xk
λ̃k|k−1 xk
L

. (33)

R

(j)
Here, Cj ,
f zk xk dxk accounts for the fact that
R

(j)
f zk xk dxk 6= 1 in general. (If Cj cannot be evaluated in closed form, it is computed by means of Monte
Carlo integration [21].) Furthermore, λ̃uk|k−1 (xk ) is a kernel
density approximation of λuk|k−1 (xk ), which is calculated
 (l)
 L′u
(l)
of
from the particle representation xu,k|k−1 , wu,k|k−1 l=1
′
P
L
(l)
u
λuk|k−1 (xk ) according to λ̃uk|k−1 (xk ) = l=1
wu,k|k−1 K xk −

(l)
xu,k|k−1 . A standard choice of the kernel function K(·) is a
multivariate Gaussian function with appropriate variances [22].
A particle representation of s(i,j) (xk ) in (19) is now given by
 (i,l) (i,l)  L
(i,l)
xk , wk
, where the weights wk are calculated as
l=1
normalized versions of (cf. (19))
(i,l)  u
(i,l)
(i,l) 
w̃k = pd xk
λ̃k|k−1 xk
.
(34)
Here, no resampling is required since we drew new particles
(j)
from f (zk |xk ).
(i,j)
(i)
From rk in (33), the existence probability rk of new PO
i = Ik−1 + j, j ∈ {1, . . . , Mk } is now obtained according to
(i)
(i)
(i,j)
(25), i.e., rk = pk (j) rk . Furthermore, according to (26),
a particle representation of s(i) (xk ) is given by the particle
 (i,l) (i,l)  L
representation of s(i,j) (xk ), i.e., by xk , wk
.
l=1
C. Initialization

The recursion described in Sections IV-A and
is initial IV-B
(l)
(l)  Lu
ized at time k = 0 by an initial particle set xu,0 , wu,0 l=1
2 In those cases where f (z |x ) does not depend on some of the elements of
k k
xk , one can draw particles for these elements from a suitably chosen proposal
pdf. This results in a slightly different calculation of the constant Cj in (32),
(33) and of the weights in (34).

(l)

representing λu (x0 ) = µu fu (x0 ). Here, the xu,0 are drawn from
a suitably chosen (e.g., uniform) initial prior pdf fu (x0 ), and
(l)
wu,0 = µu /Lu . Furthermore, I0 = 0 since there are no legacy
POs at time k = 0.
D. Detection and Estimation
As in Section III-D, PO i is considered to exist at time k if
(i)
rk is larger than a threshold Pthd . In that case, an estimate of
(i)
xk is obtained via Monte Carlo implementation of (27), i.e.,
(i)
x̂k

=

L
X

(i,l)

xk

(i,l)

wk

.

l=1

V. N UMERICAL S TUDY
We demonstrate the performance of the proposed TOMB/PSMC filter in a challenging tracking scenario and compare it
with that of three reference methods.
A. Simulation Setting
We consider a two-dimensional (2D) scenario with a region
of interest (ROI) of [−100, 100] × [−100, 100]. Six objects
appear in the ROI at times k = 10, 20, . . . , 60 and disappear
at times k = 140, 150, . . . , 190. The
 object states consist
T of
2D position and velocity, i.e., xk = x1,k x2,k ẋ1,k ẋ2,k . The
objects move independently according to the constant velocity
motion model, i.e., xk = Axk−1 + Wuk , where A ∈ R4×4 and
W ∈ R4×2 are chosen as in [23] and uk ∼ N (0, σu2 I2 ) with
σu2 = 0.01 is an iid sequence of 2D Gaussian random vectors.
The objects move towards the ROI center, where they all
intersect around time k = 100. This behavior was obtained by
generating all the object trajectories in the ROI center at time
k = 100 and propagating the objects forward and backward in
time. This trajectory generation scheme emphasizes the track
coalescence effect; it was previously used in [13]. At time k =
100, the objects are distributed as x100 ∼ N (0, 10−6 I4 ), which
is a challenging case as the object states around time k = 100
are almost indistinguishable regarding both position and velocity. We set ps (xk−1 ) = 0.999 for all xk−1 and µb = 0.01.
The birth pdf b(xk ) is uniform on the ROI.
We use the nonlinear range-bearing measurement model
!
k[x1,k x2,k ]T − pk
(j)
 + vk(j) ,
(35)
zk =
−1 x1,k −p1
tan
x2,k −p2

where [x1,k x2,k ]T is the position of a detected object, p =
(j)
[p1 p2 ]T = [0 −100]T is the sensor position, and vk ∼
N (0, diag{σr2 , σθ2 }) with σr = 1 and σθ = 0.5◦ is an iid
sequence of 2D Gaussian random vectors. The sensor has a
measurement range of 200. The clutter pdf fc (zk ) is linearly
increasing on [0, 200] and zero outside [0, 200] with respect
to the range component and uniform on [0, 360) with respect
to the angle component. In Cartesian coordinates, this corresponds to a uniform distribution on the sensor’s measurement
area. We use µc ∈ {1, 5} and pd (xk ) ∈ {0.95, 0.75}. We
performed 1000 simulation runs, each with 200 time steps.

B. Simulation Results
We compare the proposed TOMB/P-SMC filter with SMC
implementations of the PHD [4], CPHD [6], and CBMB [7]
filters. In the TOMB/P-SMC filter, each PO is represented by
L = 1000 particles. (We observed no performance improvement for a larger number of particles.) The intensity function
for undetected objects, λu (xk ) = µu fu (xk ), is initialized at
time k = 0 by setting µu = 1 and choosing fu (x0 ) as a uniform
pdf. Because pd (xk ) and ps (xk−1 ) are state-independent and
b(xk ) is uniform, fu (xk ) remains uniform after the prediction
and update steps. Therefore, λuk|k−1 (xk ) is a k-dependent
constant, which can be easily evaluated, and thus a particle representation and a kernel density approximation of λuk|k−1 (xk )
are not needed.
The birth intensities or pdfs of the PHD, CPHD, and CBMB
(j)
filters are established using the previous measurements zk−1 .
More precisely, theyR are chosen as a mixture of compo-
(j)
(j)
nents fb (xk ) = C1j f (xk |xk−1 )f zk−1 [x1,k−1 x2,k−1 ]T

(j)
×fv ẋ1,k−1 , ẋ2,k−1
 dxk−1 , j ∈ {1, . . . , Mk }, where f zk−1
T
[x1,k−1 x2,k−1 ] is the likelihood function corresponding to
R

(j)
(35), Cj , f zk−1 [x1,k−1 x2,k−1 ]T dx1,k−1 dx2,k−1 , and
fv ẋ1,k−1 , ẋ2,k−1 = N (0, 52 I2 ). The PHD and CPHD filters
use 6000 particles to represent the intensity function (PHD), of
which 3000 represent the newborn objects. The latter particles
(j)
are drawn from a mixture of the fb (xk ), j ∈ {1, . . . , Mk }.
State estimation in the PHD and CPHD filters is performed by
using kmeans++ clustering [24]. The CBMB filter establishes a
(j)
new PO (Bernoulli component) for each zk−1, with its spatial
(j)
pdf represented by 1000 particles drawn from fb (xk ) and
its existence probability set to rk = µb /Mk−1 . The TOMB/PSMC and CBMB filters employ PO pruning (see Section III-C)
with threshold Pthp = 10−6. The PO detection threshold (see
Section III-D) is Pthd = 0.8.
The performance of the various methods is measured by
the Euclidean distance based mean OSPA (MOSPA) error [25]
with cutoff parameter 20. Figs. 1(a) and (b) show the MOSPA
error versus time k for pd (xk ) = 0.95, µc = 1 and pd (xk ) =
0.75, µc = 5, respectively. The peaks at k = 10, 20, etc. and
140, 150, etc. are due to the inability of the filters to detect the
birth or death of objects instantaneously. The TOMB/P-SMC
filter is seen to outperform the other filters at almost all times.
The errors are generally larger in Fig. 1(b) due to the lower
pd (xk ) and higher µc . The PHD and CPHD filters exhibit a
temporary increase in the error around k = 100, i.e., when
the object trajectories intersect. The TOMB/P-SMC filter, by
contrast, exhibits a temporary increase in the error only after
k = 100, i.e., when the objects move apart again. This behavior, known as track coalescence, can be observed in filters that
use the approximation (21), such as the joint probabilistic data
association filter [18] and related methods (e.g., [26]). However, a comparison of our results in Fig. 1 with those reported
in [13], which were obtained for a linear-Gaussian scenario
and a Gaussian mixture implementation of the TOMB/P filter,
shows that the track coalescence effect is strongly reduced
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Fig. 1. MOSPA error versus time k: (a) for pd (xk ) = 0.95 and µc = 1, (b) for pd (xk ) = 0.75 and µc = 5.

by the proposed SMC implementation. This observation was
(j)
confirmed by simulations (not shown) for the case where zk
equals the object position plus iid Gaussian noise.
VI. C ONCLUSION
We proposed a sequential Monte Carlo (SMC) implementation of the TOMB/P filter, termed the TOMB/P-SMC filter,
in which the spatial distributions of potential and undetected
objects are represented by particles. In contrast to the original
implementation of the TOMB/P filter [13], the TOMB/PSMC filter is suited to general nonlinear, non-Gaussian state
evolution and measurement models, and the effect of track
coalescence observed in [13] is strongly reduced. We assessed
the performance of the TOMB/P-SMC filter in a challenging
scenario with a nonlinear measurement model and intersecting
objects, and demonstrated that the TOMB/P-SMC filter can
outperform three previously proposed filters. Possible directions for future research include extensions to multiple sensors
and multiple detections per object.
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