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Abstract. Many countries in this world have lack of drinking water. Austria has advantage of drinking water coming
from the mountains. This article contains a study focusing
on mathematical modelling using different methods for the
analysis of groundwater pollution. The distribution of pollution follows the convection-diffusion equation. Therefore
different methods ranging from analytical and numerical to
alternative approaches dealing with random walk are compared. The analysis of the approaches is mostly done for
one and two dimensional case.

Introduction
In order to analysis the pollution distribution in water of similar circumstances the mathematical equation
describing this behaviour is a convection-diffusion
equation. This equation can not only be used to analysis
the behaviour of pollution. Also in biology, chemistry
and other fields of study this equation is important.
Regarding biology the equation can be used to predict
the development of fur pattern for cats. In chemistry the
mixture of different substances follows this equation. In
the field of physical modelling and simulation this equation is often called heat equation because it describes
the distribution of heat emanating from a source. Despite disciplines in natural sciences also the finance
market uses this equation to foresee the behaviour of
buyers of stocks. In general the convection-diffusion
equation looks as follows:
μ
(1)
ൌ  ή ଶ ܿ െ  ݒή ܿ
μ
Equation (1) is a partial differential equation of second order and contains two different variables
ǡ which can be time-dependent, position-dependent

or simply constant. In the following we assume that all
the variables are constant. The first term of this equation
describes a regular distribution in every direction. It is
similar to spreading of waves after throwing in a little
stone into water. The variable in the second term of
(1) symbolises the velocity field of oriented movement.
Assuming for example a river with a certain flux then
the distribution would be influence by the velocity of
the flux. This information will be transformed into the
equation using the variable. To sum it up, the convection-diffusion equation contains one part describing the
chaotic movement in all directions and an oriented distribution depending on the circumstances. In the following a flux only in x-direction is assumed. This problem
description will be analysed using three different approaches applied in one and two dimensions.

1 Analytical Solution
In this case, due to the used initial and boundary conditions, an analytical solution can be given. The initial
condition describes a pollution sources which releases
all the pollution at time  ݐൌ Ͳ without injecting any
further pollution. Both solutions, one- and twodimensional, are used to validate the different methods.
One-dimensional. Using the regarded equation is
given as follows
μଶ
μ
μ
(2)
ൌή ଶെݒή
μ
μ
μ
and has to fulfill the initial ܿሺݔ ǡ Ͳሻ ൌ ߜሺݔሻ and the
boundary conditions ௫՜േஶ ܿሺݔǡ ݐሻ ൌ Ͳ. Using substitutions described in [1] the equation (2) can be written as
ݒ
߬ ൌ ݐܦǡ
ܾൌ
ܦ
 ൌ  െ ɒǡ
 ൌ ɒ
(3)
ଶ
μ ሺǡ ɒሻ μ ሺǡ ɒሻ
ൌ
μɒ
μ ଶ
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The resulting line in equation (3) can be multiplied by
݁ ିఛ . After integration with respect to ߬ one obtains an
ordinary differential equation which can be solved using
basic mathematical tools. A Laplace back transformation and backward substitution gives the solution of
equation (2).
ሺ୶ି୴୲ሻమ
ͳ
ሺǡ ሻ ൌ
(4)
ି ସ௧
ξͶɎ
Two-dimensional. In the two dimensional case the
obtained equation changes to
μ
μଶ
μଶ
μ
(5)
ൌ  ή ଶ   ή
െݒή
μ
μ
μ
μ ଶ
Analogue to the one-dimensional case certain initial and
boundary conditions are defined as follows
ሺ ǡ  ǡ Ͳሻ ൌ ߜሺݔሻߜሺݕሻ
 ܿሺݔǡ ݕǡ Ͳሻ ൌ Ͳ
௫ǡ௬՜ஶ

 ܿሺݔǡ ݕǡ Ͳሻ ൌ Ͳ

௫ǡ௬՜ିஶ

In order to solve equation (5) a specific form of the
solution is assumed.
ሺǡ ǡ ሻ ൌ ଵ ሺǡ  ǡ ሻ ଶ ሺǡ  ǡ ሻ

(6)

The functions ݃ଵ and ݃ଶ are solutions of the onedimensional convection-diffusion equation with constant coefficients. Therefore ݃ଵ and ݃ଶ can be taken
from the one-dimensional analytical solution (4).
ሺ௫ି௫బ ି௩௧ሻమ
ସ௧

ଵ

ଵ ሺǡ  ǡ ሻ ൌ

݁ି

ʹξݐߨܦ
(7)
ሺ௬ି௬బ ሻమ
ଶ
 ଶ ሺǡ  ǡ ሻ ൌ
݁ ି ସ௧
ʹξݐߨܦ
The source is located at the origin therefore the values
ݔ ൌ Ͳ and ݕ ൌ Ͳ can be inserted. Additionally the
integral over the whole domain has to be 1.
ஶ

ஶ

ͳൌන න
ஶ

ିஶ ିஶ
ஶ

ିஶ

ିஶ

ሺǡ ǡ ሻ ൌ
(8)

ൌ න ଵ ሺǡ Ͳǡ ሻ න  ଶ ሺǡ Ͳǡ ሻ ൌ ଵ ଶ
This integration result leads to the analytical solution in
two dimensions.
ͳ ିሺ୶ି୴୲ሻమ
(9)
ሺǡ ǡ ሻ ൌ
 ସ௧
ͶɎ

2 Numerical Approximation
This section introduces two types of numerical approximations. On the one hand there is the finite difference
44 SNE 25(1) – 4/2015

method (FDM). In this approximation the derivative of
the differential equation is approached by taking the
difference quotient of the neighboring grid points. The
method is easy to use but slightly weak concerning the
accuracy. The second method is the finite element
method (FEM) and is based on formulating variations of
the differential equation. FEM determines approximated
solutions consisting of piecewise defined polynomials
on a fine resolution of the domain. The advantage of
FEM is the suitability for any geometry.
2.1 Finite Difference Method
One-dimensional. Using finite differences to approximate the first and second derivatives the partial
differential equation (2) transforms into an ordinary
differential equation.
ܿ െ ܿିଵ

୧ାଵ െ ʹ ୧  ୧ିଵ
(10)
ൌή
െݒή
݀ ݔଶ
݀ݔ

The time derivative can be replaced as follows
୩ାଵ

െ ୩
(11)
ൌ

ο
Using (11) equation (10) can also be written as a matrix
product
୩ାଵ
െ ୩
(12)
ൌ ܵ ή ܿ
οݐ
whereas ୩ is the current concentration of pollution and
୩ାଵ
the concentration in the next time step. In order to
determine ୩ାଵ using the Explicit Euler equation (12) is
rearranged.
୩ାଵ

ൌ ሺ ή ο  Ȥሻ

୩

(13)

It is well known that the Explicit Euler can be unstable
using the wrong step size relation. Notation (12) can be
also used to find the Implicit Euler formulation. The
current concentration on the right hand side in equation
(13) is replaced by the concentration of the future time
step in order to obtain the implicit formulation.
୩ାଵ

ൌ ሺȤ െ  ή οሻିଵ 

୩

(13)

Two-dimensional. Regarding the problem formulation in two dimensions the finite difference method
looks a little bit different. Due to the fact that an equidistant grid, ݀ ݔൌ ݀ ݕis used the approximation can be
given as follows

୶ାଵǡ୷  ୶ିଵǡ୷ െ Ͷ ୶ǡ୷  ୶ǡ୷ାଵ  ୶ǡ୷ିଵ
ൌή
݀ ݔଶ

(14)
ܿ௫ǡ௬ െ ܿ௫ିଵǡ௬ 
െݒή
݀ݔ
In contrary to the two-dimensional case the matrix nota-
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tion is not as easy as in one dimension.
݀ܿ
୩ାଵ
୩
(15)
୶ǡ୷ ൌ ୶ǡ୷  ݄
݀ݐ
Therefore only the Explicit Euler method is implemented as shown in (15).
2.2 Finite Element Method
The finite element method was only realized for the
convection-diffusion equation in one dimension.
μଶ
μ
μ
െ  ଶ   ൌ Ͳȳ
(16)
μ
μ
μ
ܿ ൌ Ͳ on ߲ȳ
First of all the weak solution of (16) is formalized using
a test function of the according Sobolev space ߶߳ܪଵ .
μ
(17)
Ԅȳ  න ሺ Ԅ   Ԅሻ ൌ Ͳ
න
ஐ μ
ஐ
The formulation of the Galerkin approximation is necessary to formulate the solution equation of the finite
element method.
୬
୬ ሺሻ

ൌ  ୨ ɔ୨ ሺሻ 

 ሺሻ

(18)

୨ୀଵ

The unknown variables ܿ in equation (18) have to be
determined. Using linear basis functions called 'hatfunctions' for ߮ a linear system of ݊ equations with ݊
unknowns, called the Galerkin formulation, results [3].
୬


୨ୀଵ
୬

μ ୨
න ɔ ɔ ȳ 
μ ஐౡ  ୧ ୨
(19)

 ୨ න
୨ୀଵ

ሺɔ୨ ɔ୧  ɔ୨ ɔ୧ ሻȳ ൌ Ͳ

ஐౡ 

In equation (19) ne is the number of elements in every
finite element and ȳೖ is the domain of element ݁ .
Equation (19) can also be written in a short form.
ሶ ήܯܿήܵ ൌͲ
୧୨ ൌ න

ɔ୧ ɔ୨ ȳ

ஐౡ 

୧୨ ൌ න

(20)

ሺɔ୨ ɔ୧  ɔ୨ ɔ୧ ሻȳ

ஐౡ 

The matrices of (20) are called mass matrix M and stiffness matrix ܵ. Considering the mentioned ’hatfunctions’
it is clear, that only a few of the possible integrals are
not equal zero.
Those basis functions which correspond to the corner points of the element will lead to non trivial results.
Because the element ݅ is connected to ݅ െ ͳ and ݅  ͳ
the profile of the matrices is a band matrix with width
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three.
ାଵ

െ ܿ
 ߠܵܿ ାଵ  ሺͳ െ ߠሻܵܿ  ൌ Ͳ
οݐ
Ͳ  ߠ  ͳ

ܯ

(21)

Equation (22) is called ߠ-method and will be used to
present implicit and explicit methods for solving (21).
The most common values for q are:
• ߠ ൌ Ͳ, Eplicit Euler
• ߠ ൌ ͳ, Implicit Euler
ଵ

• ߠ ൌ , Implicit Heun
ଶ

Using this method the Explicit and Implicit Euler algorithm can be given.
ܿ ାଵ ൌ ିܯଵ ሺ ܯെ οܵݐሻܿ  
(22)
ܿ ାଵ ൌ ሺ ܯ οܵݐሻିଵ  ܿܯ

3 Random Walk
An alternative method for simulating transport is the socalled random walk. This approach is contrary to the
numerical solutions. The focus changes from a macroscopic view to the simulation of microscopic behavior
of diffusion by analyzing movements of single particles.
3.1 Intuitive Approach
The intuitive approach describes a model which uses no
grid or collision rules. It is implemented again for both
dimensions.
One-dimensional. At the beginning t = 0 all the
particles are placed in the origin presenting the source
of pollution. The pollution injection happens only at t =
0. The simulation focuses on the convection and diffusion behaviour of these initial particles. In this approach
the movement of particles is described by:
୬ୣ୵ ൌ ୭୪ୢ 
(23)
 ݎൌ ܺ ή οݔ
The particle motion in (23) consists of three parts. In
order to get the new position ௪ at time  ݐ ο ݐthese
three components are summed up. The variable ௗ
stands for the position at time ݐ. The velocity field  ݒis
multiplied by the step size. The variable  ݎdescribes the
diffusive movement of a particle for one time step and is
added to the former particle position ௗ .
The second equation in (23) defines the movement r
in particular. It consists of the step size in space ο ݔand
a normally distributed random variable ܺ with mean
zero and unit variance. In every time step the new position of every particle is calculated with equation (23).
SNE 25(1) – 4/2015 45
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The simulation ends when the chosen simulation time
tend is reached.
Two-dimensional. For expansion in a twodimensional domain the movement has to be defined in
a different way. There is no initial velocity but there is
an initial direction of every particle ݀ . The diffusive
transport is realized by using a normally distributed
random variable ܺ and a uniformly distributed random
number ܷ. ܺ is used to generate a random length and ܷ
chooses a coincidental direction.
 ݎൌ ܺ ή ο ߙݔൌ ܷ ή ʹߨ
 ߙ െ  ߙ
ͳ
݀ ൌ  ቀ ቁ݀ାଵ ൌ ቀ

ቁ  ή ݀

ߙ
 ߙ
Ͳ

(24)

In (24)  ݎstands for the distance the particle moves in a
certain time step. The influence of this parameter is
similar to the diffusion coefficient. ܺ is the mentioned
normally distributed random variable and ο ݔdescribes
the step size in space. The second equation of (24) sets
the direction for the particle’s next move. The initial
direction ݀ is only necessary for the recursive definition. During simulation the direction of the last movement is used to calculate the next one. The convection is
realized by a shift in flow direction along ݔ. The final
formulation of the random walk movement can be given
as follows
(25)
௪ ൌ ௗ  ݀ ή  ݎ ݒοݐ
3.2 Gaussian Approach
This approach shows the connection between a random
walk approach and the analytical solution.
One-dimensional. The analytical solution of the
convection-diffusion equation (2) is used to define the
particle movement. Considering the probability density
function of a normal or Gaussian distribution
݂ሺݔሻ ൌ
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ͳ

݁

ሺ௫ିఓሻమ
ି
ଶఙ మ

(26)
ξʹߨߪ ଶ
At the beginning t = 0 all the particles are placed in the
origin presenting the source of pollution. The pollution
injection happens only at t = 0. The simulation focuses
on the convection and diffusion behaviour of these
initial particles. In this approach the movement of particles is described by:
୬ୣ୵ ൌ ୭୪ୢ 
(27)
 ݎൌ ܺ ή οݔ
the formal equivalence to the analytical solution (4) is
obvious. The parameters used in (27) stand for the mean
value m and the standard deviation s which characterize
46 SNE 25(1) – 4/2015

the position and the width of the Gaussian bell curve in
a unique way. Therefore the according parameters in (4)
can be read out. [4]
ߤ ൌݒήݐ

ߪ ଶ ൌ ʹ ή ݐܦ

(28)

Due to the properties and meaning of the parameters in
(28) the height and width of the concentration peak
depending on time is given. The corresponding particle
movement using (29) can be formulated as follows
௪ ൌ ௗ   ݒο ݐ ξʹܦο ݐή ܺ

(29)

The variable ܺ stands for a normally distributed random
number with mean zero and unit variance as in the intuitive approach. ܺ is newly generated in every step for
each particle. Identifiable by the velocity  ݒthe second
term stands for the convective motion. This term is
equal to the term of the intuitive approach. The radical
term describes the diffusive motion and is based on the
standard derivation.
Two-dimensional. In order to enlarge this approach
in two dimensions the movement along y-direction has
to be added. For an expansion in a two-dimensional
domain the ݕ-component of the movement has to be
defined. Due to the fact that there is no flux the new
particle position can be calculated using
௫௪ ൌ ௫ௗ   ݒο ݐ ξʹܦο ݐή ܺ௫ 
௬௪ ൌ ௬ௗ  ξʹܦο ݐή ܺ௬

(30)

The variables ܺ௫ and ܺ௬ stand for independent normally
distributed random numbers which are newly generated
in every step for each particle. The term ݒο ݐdescribes
the convective transport. Due to the fact that the diffusion coefficient is equal for the ݔ- and ݕ-direction the
diffusive movement ξʹܦο ݐin the random walk definition (30) is the same.

4 Results
In the following section the analytical solutions in both
dimensions are compared to the various approaches.
The different concentration errors are discussed. In
general the parameter setting is: diffusion coefficient
 ܦൌ ͲǤͲʹ and velocity  ݒൌ ͲǤͲʹ.
The step sizes ο ݐand ο ݔare variable. The regarded
simulation time varies between ݐௗ  ൌ ʹͷͲ and
ݐௗ ൌ ͷͲͲ.
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4.1 Analy
ytical vs. Fin
nite Differe
ence Metho
od
Results
First of all thhe numerical solutions are considered.
c
One-dime
ensional. In the plot below
w in Figure 1 the
red curve iss the analyticcal solution and
a the blue line
sketches thee numerical appproximation using the Impplicit
Euler algoritthm.

Figure 1. Comparison off the analytical solution and
FDMusing matrrix notation.

The results iin Table 1 shoow the instability of the Expplicit Euler meethod. The Im
mplicit Euler algorithm is not
only ultra-sttable but also faster and mo
ore exact thann the
Explicit Euller. The apprroximation ussing finite diffferences is welll-fitting.

ଵ

ଵ

ସ

଼

Ǥ ܧଵଵଽଽ

Ǥ ܧଵଶ

Table 2. The error
e
values for FDM are shown
n.

4.2
2 Analytica
al vs. Finite Element Method
M
Results
Thee accuracy of the finite elem
ment method is better than
of the
t finite diffeerence methodd.

.
Figure 3. The error for the Im
mplicit Euler algo
orithm of the
FEM is shown.

In Figure
F
3 abov
ve the upper plot shows the analytical
solu
ution as well as the finite eelement metho
od using Impliccit Euler. It is hard to distingguish the diffeerent curves.
ο ݐοݔ

Ex
xplicit
ԡǤ ԡλ

Euler
ԡǤ ԡͳͳ

Implicit
ԡǤ ԡλ

Euler
E
ԡǤ ԡͳ

ο ݐοݔ

uler
Explicit Eu
ԡǤ ԡͳ
ԡǤ ԡλ

ͳ

ͳ

ͲǤͲͳ

ͶǤʹ͵ͳି ܧସ

ͳ
ͲǤͲͳ

ͶǤͷ͵ି ܧସ

ͳ

ͳ

ǤǤͳͺି ܧସ ͵Ǥͳିି ܧହ ͻǤͻͷି ܧସ ͵ǤͲ͵ି ܧହ

ͳ

ଵ

ͲǤͲͲͻ

ͳǤͶͲͶି ܧସ

ͳͲ
ͲǤͲͳ

ͳǤͲͲି ܧସ

ͳ

ଵ

ǤǤʹ͵ି ܧସ ͺǤͲିି ܧହ ǤͲͻି ܧସ ͺǤͷͶି ܧହ

ଵ

ଵ

ͲǤͺ͵ͳି ܧହ

ͲǤͲͲ
Ͳͷ

Ǥ͵ʹ͵ି ܧହ

ଵ

ସ

ͲǤͲͲͷ

ଵ

ଶ

ଶ

ସ

͵Ǥͷ͵ͳି ܧହ

ଵ

NaN

Ͳʹ
ͲǤͲͲ

ଵ

NaN

ସ

଼

ଶ

ଵ

ଵ

ଶ

ଵ

Impliicit Euler
ԡǤ ԡλ
ԡǤ ԡͳ

Differe nt Methodss analysing Convection
n-Diffusion

Table 1. Error values of FEM using Explicit and Implicitt Euler.

Two-dime
ensional. Thhe results reg
garding the ttwodimensionall implementattion show a similar
s
behaviiour.
In the follow
wing the error values are stu
udied in detaill.
Also in tthe two-dimennsional case the
t Explicit E
Euler
works not foor all parameteer choices. Th
he error valuess are
again quite good. The fiinite differencce method off the
two-dimensiional domain approximates the convecttiondiffusion eqquation in an appropriate
a
waay.

͵ǤǤͳ͵ି ܧସ ͳǤͲʹିି ܧସ ʹǤͶି ܧସ ͳǤͲͳି ܧସ
NaN

NaN
N

ʹǤͶͻି ܧସ ͳǤͲͷି ܧସ

Table 3. Depending on the ussed FEM error values
v
are
show
wn.

Thee instability off the Implicit Euler is show
wn in the last
row
w of table 3. In
I general thee error resultss are smaller
com
mpared to the results of thee finite differrence method
in one
o dimension
n. The finite element meth
hod approximattes the convecction-diffusionn equation beetter than the
finiite difference method.
m

Explicit Eu
uler
ԡǤ ԡλ
ԡǤ ԡͳ

οݐ

οݔ

ͳ

ͳ

ͲǤͲʹ

ͳǤͷʹͶି ܧସ

ͳ

ଵ

ͲǤͲͳ

͵Ǥͻି ܧହ

ଵ

ଵ

ଶ

ସ

ͻǤͳͶͺି ܧସ

ͳǤͶͶି ܧହ

ଶ

ଶ
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4.3 Analy
ytical vs. Sttochastic Re
esults
The accuraccy of the ranndom walk ap
pproaches is discussed in thee following paaragraph.
One-dime
ensional. In the plot below
w in Figure 1 the
red curve iss the analyticcal solution and
a the blue line
sketches thee numerical appproximation using the Impplicit
Euler algoritthm.
.

Figure 4. Results of stocchastic based ra
andom walk aree
shown.

The graphicc in Figure 4 show the Gaussian
G
randdom
walk approaach coloured in red and th
he analytical ssolution in bluee. In the numeerical comparrisons the sim
mulation time is ݐௗ  ൌ ͷͲͲݏݏ. Due to long
g execution tiimes
for the partiicle movemennt this parameeter is reduceed to
ݐௗ  ൌ ʹͷͲ
Ͳݏ. The diffussion coefficien
nt is usually seet to
 ܦൌ ͲǤͲʹ but modifiess if the intuiitive approachh is
used.
οݐ

οݔ

ͳ

ଵ

ͳ

ହ
ଵ
ଵ

ଵ

ଵ

ଶ

ହ

ଵ

ଵ

ଶ

ଵ
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Gaussian Ra
andom Walk
ԡǤ ԡλ
ԡǤ ԡͳ
ି

ͲǤͲͳʹ

ͺǤͻͶͺܧ

ͲǤͲͲͺ

ͻǤͲି ܧ

ͲǤͲͲ

ͺǤͻͶͺି ܧ

ͲǤͲͳͲ

ͻǤͲି ܧ

Table 4. Comparison of random walk analytical solutio n.

The Table 4 shows all thee error resultss of the param
meter
study compaaring the anallytical solution
n and the randdom
walk. The ddiffusion coeffficient for the Gaussian-baased
algorithm iss set to  ܦൌ ͲǤͲʹ. Regard
ding simulatioon of
the convecttion-diffusion equation, thee implementaation
of the Gausssian-based raandom walk fiits better thann the
intuitive appproach. The nuumber of partiicles is 6000.
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015

wo-dimensio
onal. In orderr to compare the
t analytical
Tw
solu
ution to a random walk appproach the results have to
be adapted.
a
In th
he random wallk the output describes the
smo
oothed amoun
nt of particless in every celll. Due to the
initial Dirac-funcction the inteegral at the beginning has
valu
ue one. The area
a
of the ranndom walk do
omain is discrettizised. Thereefore the outpput has to bee divided not
only
y by the num
mber of particlles but also by
y the area of
the cells used for the flatteninng. Table 5 sh
hows the approximation resu
ults. The param
meter r descriibes the used
p size is deradiius for the flattening. If thhe spatial step
creaasing a greater radius r can be used. If r is chosen too
big compared to ο ݔthe resultt loses the sh
hape of a bell
ve. Compared
d to the resultss of the numeerical simulacurv
tion
n the random walk approaach leads to greater error
valu
ues. The numb
ber of particlees is 4000.
Implicit
ԡǤ ԡλ

uler
Eu
ԡǤ ԡͳ

ο ݐοݔ

࢘

ࡺ

ͳ

ͳ

͵

4000

͵Ǥ͵ͻͷି ܧଷ Ǥ͵Ͷͻି ܧସ

ͳ

ଵ

ͺ

4000

ͷǤͲ͵͵ି ܧଷ ͵Ǥ͵ି ܧହ

ଵ

ଵ

ଶ

ସ

ͳͷ

4000

ͶǤͷʹି ܧଷ ͳǤͲͲͷି ܧସ

ଵ

ଵ

ଶ

଼

ʹͲ

4000

ʹǤͺͲͳି ܧଷ ʹǤʹͲି ܧଷ

ͳ

ଵ

20

8000

ǤͶି ܧଷ ͳǤͺʹି ܧସ

ଶ

ସ

Table 5. Comp
parison of randoom walk analyticcal solution.

5 Conclus
sion
In general
g
the fiinite element method approximates the
con
nvection-diffusion equationn the best. Of
O course the
very
y best solution is the analyytical one. In spite of it all
rand
dom walk app
proaches are qquite good app
proximations
of the
t convection
n-diffusion equ
quation.
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