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a b s t r a c t
Pantograph current collectors, especially for high-speed trains, need to ensure safe contact with the catenary under stringent requirements on the dynamic contact force. A novel, high-dynamic pantograph test
rig with accurate virtual catenary emulation is presented that allows for eﬃcient, realistic, and reproducible testing. The complex dynamics of the pantograph/catenary interaction is modeled by a realtime-capable distributed-parameter description in moving coordinates. The proposed test rig controller
incorporates model-predictive impedance control to match the desired catenary dynamics. Additionally, it
keeps the exchange of the conserved quantities energy and momentum between the real pantograph and
the virtual catenary consistent to increase physical trustworthiness of the results, even in high-dynamic
test scenarios. The proposed methods are experimentally validated on the full-scale pantograph test rig.

1. Introduction
In recent years, railway current collectors (pantographs) have
become a limiting factor when pushing the velocity limits of highspeed trains. They need to ensure a steady contact with the catenary’s contact wire to maintain the train’s energy supply. Loss of
contact must be avoided to prevent arcing (and thus heavy wear).
As a result, modern pantographs have to fulﬁll high requirements:
small contact force variations, highly reliable operation, and long
life cycles. The main problem in the development process of highperformance, high-speed pantographs is the complexity of the interaction dynamics with the catenary. Therefore, physical trustworthiness of simulations is limited, requiring laborious actual track
tests. One way to reduce the need for measurement runs that
also allows for reproducible testing is to deploy the pantograph
on a test bed and examine its behavior in advance. This concept
is called hardware-in-the-loop (HiL) testing whereby the real, fullsize pantograph is the unit under test (UUT) that is being put into
interaction with a virtual catenary model. The goal thereby is to
emulate a real-world train ride already in the laboratory by applying realistic, dynamically generated load patterns that emerge from
the coupled interaction of the virtual catenary and the UUT.
Simpliﬁed pantograph HiL testing can be realized by exciting
the pantograph with a predeﬁned motion trajectory, such as the
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static pre-sag of the catenary’s contact wire [1]. However, the pantograph/catenary interaction is crucial to obtain realistic test results. To consider the catenary’s dynamic response, it has to be
either modeled in a simpliﬁed way by oscillators (ordinary differential equations, ODEs) or by high-ﬁdelity models (based on partial
differential equations, PDEs) [2,3].
Controlling the test rig so that it dynamically responds to the
UUT in the same way as the catenary model is accomplished by
impedance control [4,5], where a dynamic behavior rather than
a predeﬁned reference trajectory is tracked. Nowadays, impedance
control is not only applied in robotics for handling tasks but also
used, for example, in engine testbed control [6] or battery emulation [7]. The closely related ﬁeld of bilateral teleoperation is reviewed in Refs. [8,9].
Accurate, realistic emulation of the pantograph/catenary interaction needs a real-time-capable model in suﬃcient details, and
so high-ﬁdelity PDE modeling is imperative for accurate dynamics, especially at high speeds. A typical catenary conﬁguration consists of a carrier and a contact wire which are coupled via so-called
droppers. The carrier wire is additionally attached to inertia-ﬁxed
masts. Each wire can be modeled as an Euler-Bernoulli beam under axial tension, and due to the droppers the resulting equations
that need to be solved are two coupled PDEs with constraints [10].
Both wires are weakly damped, and typically a large computational domain is needed in order to capture wave propagation phenomena correctly without distortion by spurious reﬂections at the
boundaries.
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Since the early 20 0 0s HiL pantograph testing has been described, e.g. in Ref. [3]. There, the pantograph has been excited
with two hydraulic actuators from the top and the bottom to additionally take the train’s vertical displacement into account. The
tests have been performed using a passive pantograph at simulated
velocities of up to 180 km/h. Facchinetti and various co-authors
have published a series of papers showing the progress and newest
results of their pantograph test rig from 2004 to 2013 [2,11–14].
The improvements were made in terms of the catenary model’s
complexity (separate carrier and contact wires, as well as dropper
slackening [12]), a novel shifting procedure in Ref. [14], a lateral
actuator to incorporate stagger [14], and ﬁnally an actively controlled pantograph pan head [13]. In each of the aforementioned
contributions a modal approach was used to model the catenary’s
dynamics. In Ref. [15] an HiL test rig is proposed using two actuators for the vertical and one actuator for the horizontal contact
wire displacement. The catenary dynamics is modeled in a simpliﬁed way (physical mass-spring-damper system at the contact point
and pre-recorded displacement trajectories). A commercial pantograph HiL test rig can be found in Ref. [16], where the pantograph
is contacted with a spinning disc actuator enabling wear, arcing
and temperature tests of the contact strips. Therein the catenary is
modeled as a time-varying stiffness, similar as in Ref. [15].
However, the described test rigs face actuation limits in largedisplacement tests, e.g. when emulating tunnel entries, and the
measured contact force is directly fed into the virtual simulation
environment (VSE; here the virtual catenary dynamics) and the reaction (the contact wire’s displacement at the pantograph position)
is utilized as a tracking reference. Classical tracking control with its
intrinsic phase lag fails to provide state-of-the-art control performance as achieved by, for example, predictive control approaches.
Furthermore, ubiquitous test rig imperfections and limitations
are not adequately addressed by classical control designs in terms
of physical trustworthiness. It was shown in Ref. [17] that the consideration of energy and momentum balances on an HiL test rig
can eliminate systematic errors in test results.
The quality of impedance control is always determined by the
quality of the underlying model, and the catenary models used so
far are either highly simpliﬁed, or require large computational domains or artiﬁcial damping to avoid spurious unphysical boundary
effects.
The main contributions of this paper solve these issues as follows:
(a) an HiL actuation concept consisting of a high-dynamic linear
drive and a six-degree-of-freedom industry robot that allows
for high-dynamic maneuvers in a large operating area;
(b) a novel impedance control strategy incorporating energy and
momentum conservation, solved by a model predictive control approach to consider constraints and predict the complex catenary dynamics;
(c) an eﬃcient real-time-capable Eulerian approach [18] (a
ﬁxed pantograph interacts with a moving catenary) to solve
the distributed-parameter catenary dynamics combined with
special absorbing boundary layers.
In contrast to the control approaches of existing pantograph
HiL test rig designs, impedance control in this work is realized
via model predictive control (MPC). The basis of the controller is
a model of the underlying plant (the test rig actuator) and the VSE
(the catenary dynamics), and the future behavior of both is predicted in each time step, where the upcoming control moves are
the decision variables in an optimization problem. This allows to
incorporate constraints into the control problem and leads to superior control performance by eliminating the phase lag that emerges
in classical state feedback laws. For eﬃciently solving this optimization problem in real time, the size of the underlying models

of the MPC is limited. Hence, the proposed catenary model is formulated in a novel eﬃcient form where a special case of controlled
boundaries is used. The computational domains of the contact and
carrier wires are extended by small controlled boundary layers that
absorb all outgoing waves [19]. The periodic excitation emerging
from the train ride in combination with the catenary is modeled
as a time-varying periodic system.
The importance of obeying physical conservation laws in an
impedance-controlled test rig was already shown in Ref. [17] at a
combustion engine test rig. There, the fuel consumption on the real
track and in the virtual representation were not consistent because
small energy errors emerging from limited control bandwidth accumulated. It was shown that these errors could be eliminated by
considering conserved quantities by control.
One major challenge in HiL applications is to establish a robustly stable, yet highly transparent coupling of VSE and UUT.
These objectives are conﬂicting [9], and in Ref. [20] it is shown
that causality conﬂicts result in instability. For haptic interfaces,
passivity-based techniques [21,22] have been proposed to ensure
stability of VSE/ UUT coupling. Ref. [23] proposes to combine active
and passive actuators with a hybrid control algorithm to improve
the stable attainable impedance range.
In power-electronic HiL testing the coupling between the VSE
and the UUT was already under investigation in recent papers, but
not in terms of conserved quantities’ consistency. In Ref. [24] different possible interfacing concepts are discussed and it is also
stated that the conservation of energy has to be enforced, although
this topic is not pursued further there. In Ref. [25] a circuit for
electronic power-HiL simulations is described that relies on perfectly controlled voltage or current sources.
In contrast, the method proposed here guarantees the conservation of energy by introducing a correction term (interpreted as
a virtual force) acting on the VSE. This allows the formulation of
both energy and momentum conservation laws directly as control
goals.
The outline of this paper is as follows: In Section 2 the test
rig system setup, the VSE and their interconnection are outlined.
All relevant signals, the conserved quantities, as well as the general control goals are speciﬁed. Section 3 lays the theoretical foundation for impedance control and presents the control in form
of a model predictive controller. As VSE model an eﬃcient railway catenary model structure is described in Section 4. Finally,
Section 5 demonstrates the functionality of the proposed control
concept with experimental results, followed by conclusions.
2. Problem description
2.1. High-dynamic pantograph test rig
The novel high-speed pantograph test rig considered in this
work is displayed in Fig. 1.
It consists of a linear drive that is attached to a robot arm. A
full-size pantograph current collector represents the UUT. This test
rig setup allows for large-scale maneuvers such as to emulate tunnel entries and exits (via the robot’s motion) as well as vertical
displacements in a broad frequency range (achieved via the linear
drive) as needed for high-ﬁdelity catenary emulation. In this work,
only the linear drive is considered as actuator.
The available measurements are the position of the linear drive
as well as the contact force at the slider’s end position where contact with the pantograph is made.
A mathematical description of the test rig dynamics can be obtained by physical modeling approaches where the relevant dynamics are described by the equations of motion. The parameters are either taken from data sheets or obtained by parameter
identiﬁcation based on measurement data. Another possibility is to
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xvse and velocity x˙ vse at the contact point) serve as reference trajectories to be tracked by the test rig’s physical contact point (xtr ,
x˙ tr ).
This way, the VSE dynamics can be realistically emulated for the
UUT.
2.4. Control tasks
The ﬁrst task of the controller is to track the position xvse and
velocity x˙ vse signals of the VSE on the test rig in the UUT/test rig
contact point, so that the position and velocity errors are ideally
zero:

epos (k ) = xtr (k ) − xvse (k ) ,

(3)

evel (k ) = x˙ tr (k ) − x˙ vse (k ) .
Fig. 1. Testbed setup and the UUT (property of Siemens AG Austria, MO MLT BG
PN).

describe the input/output behavior of the system solely based on
measurement data without any structural assumptions (black-box
model). In the following, the test rig dynamics are assumed to be
described by a linear time-invariant (LTI) discrete-time state-space
system:

xtr (k + 1 ) = Atr xtr (k ) + Btr utr (k )





x (k )
ytr (k ) = tr
= Ctr xtr (k ) ,
x˙ tr (k )

(1)

with xtr and x˙ tr being the position and velocity of the test rig at the
pantograph’s contact point, respectively, and utr (k ) as input signal
to the system. The sampling time is denoted by Ts . Furthermore,
Atr , Btr and Ctr are the appropriate dynamic, input, and output matrices, respectively.
Remark 1. Here, the assumption of LTI system dynamics is justiﬁed because all nonlinear effects (fricion, cogging force) are already compensated in the underlying test rig control system.
2.2. Virtual simulation environment
The virtual simulation environment (VSE), in this case a dynamic catenary model, is assumed to be available as a lineartime-varying (LTV) discrete-time state-space model with sampling
time Ts realizing the catenary equations of motion as outlined in
Section 4:

However, both quantities are different from zero because of test rig
limitations, measurement noise and unmodeled system dynamics.
This leads to discrepancies in the energy extracted from the UUT
and injected into the VSE (also observed in [17]).
To counteract this effect the controller is allowed to modify the
measured contact force Ftr by adding a correction force Fcor :

Fvse (k ) = Ftr (k ) + Fcor (k ) .

Using Fcor the controller has the authority to achieve its second
task: energy and momentum conservation. Energy conservation is
achieved by keeping the difference in energy extracted from the
UUT and the energy injected into the VSE small,

E (k ) = Etr (k ) − Evse (k ) ,



x (k )
yvse (k ) = vse
= Cvse (k )xvse (k ) .
x˙ vse (k )

Etr (k ) =

k


Ts Ftr ( j )x˙ tr ( j ) ,

j=0

Evse (k ) =

k


(6)
Ts (Ftr ( j ) + Fcor ( j ) )x˙ vse ( j ) .

j=0

Thereby, the discrete-time approximations of the energy and momentum integral quantities are used throughout. As can be seen
from Eqs. (5) and (6), the energy balance is affected by the choice
of Fcor . Moreover, a momentum error now emerges due to the different values of Ftr and Fvse :

⎛

 p( k ) =

k


Ts Ftr (k ) −

j=0

(2)

The signals xvse (k ) and x˙ vse (k ) denote the position and velocity of
the catenary at the pantograph’s contact point at time t = kTs , and
Fvse is the force input signal into the VSE at the pantograph contact
position. The time-varying system matrices are the dynamic matrix
Avse (k ), the input matrix Bvse (k ) and the output matrix Cvse (k ).
2.3. Realization of accurate coupling between UUT and VSE
To perform accurate HiL testing, a physically correct coupling
between the UUT and the VSE has to be accomplished by control
as seen in Fig. 2.
In each sampling interval, the contact force between test rig
and pantograph is measured, modiﬁed if necessary, and fed into
the VSE model as force input. The VSE is set in motion by the forcing, and its response (in terms of catenary vertical displacement

(5)

where Etr (k ) denotes the discretized, cumulated energy exchanged
at the contact point between UUT and test rig, and Evse (k ) is the
energy introduced into the VSE:

xvse (k + 1 ) = Avse (k )xvse (k ) + Bvse (k )Fvse (k ) ,



(4)

=

k


k

j=0

⎞

Ts ⎝Ftr (k ) + Fcor (k )⎠





Fvse (k )

Ts Fcor (k ) .

(7)

j=0

As a consequence, both momentum and energy conservation have
to be considered by control.
Summarizing the controls tasks described in this section,
the controller has to minimize the position/velocity errors
Eq. (3) while keeping the errors in energy E Eq. (5) and momentum p Eq. (7) suﬃciently small, as indicated in Fig. 2. This
is achieved using both Fcor and utr as control variables and results
in a multivariable control law.
3. Control methodology
3.1. Proposed integrated impedance control structure
The proposed controller structure is illustrated in Fig. 3. In
this variant of an integrated impedance control (IIC) architecture
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Fig. 2. HiL testing control concept: The proposed controller realizes an accurate coupling of the pantograph (unit under test, right) and the virtual catenary (VSE, left) via
the test rig. The controller minimizes the position, velocity, momentum, and energy errors by using both the test rig control input utr and the virtual correction force Fcor ,
based on model predictions of the test rig and the VSE models.





xtr (k )
utr (k )
xvse (k ) , u(k ) =
, z(k ) = Ftr (k )
Fcor (k )
 p( k )

x (k ) =
with

A (k ) =

E (k ) =

Atr
0
0



0

0
0 ,
1

B (k ) =

Ctr
C=
0T

−Cvse
0T

Avse (k )
0



0

Bvse (k ) ,
0



Btr
0
0



0

(8)



Bvse (k ) ,
Ts

(9)

0
.
1

The disturbance z(k) acting via E is the contact force Ftr (k ).
The vector of future control moves is deﬁned as:
Fig. 3. Block diagram of the integrated impedance control (IIC) MPC concept. The
MPC controls both the test rig as well as the VSE, thereby optimizing for tracking,
momentum, and energy control goals simultaneously.

[26], the MPC is based on models of both, the test rig dynamics
Eq. (1) and the VSE dynamics Eq. (2). Additionally, the controller is
given access to two control signals: the test rig control input utr (k )
and the virtual correction force Fcor (k ).
In contrast to a classical cascaded impedance control scheme
(in which the controller only tracks the response of the VSE by
controlling the test rig), the IIC concept allows predictive lagfree tracking, and the controller’s access to the VSE excitation via
Fcor (k ) adds the possibility to control tracking, momentum error,
and energy error simultaneously.
A linear time-varying MPC problem is formulated to achieve
tracking and momentum error control. This control problem is
then augmented by a constraint formulation that results in a reduction of the energy error.

3.2. Linear time-varying MPC formulation for tracking and
momentum conservation
The combined prediction model composed of the LTI test rig
dynamics Eq. (1), the LTV VSE dynamics Eq. (2), and including the
momentum error Eq. (7) reads:

x(k + 1 ) = A(k )x(k ) + B(k )u(k ) + E(k )z̄(k ),



y ( k ) = C ( k )x ( k ) =

epos (k )
evel (k ) ,
 p( k )



U = uT ( k )

uT ( k + 1 )

...

T

uT (k + Nc − 1 )

(10)

with the control horizon Nc . This vector is then used in a quadratic
cost function to penalize the upcoming control moves and control
errors,

J ( U, x , k ) =

Np


xT (k + i )Q̄x(k + i ) +

i=1

N
c −1

uT (k + i )Ru(k + i )

i=0

(11)
where Np and Nc are the prediction and control horizons, respectively. The weighting matrices Q and R (both symmetric and
positive-deﬁnite) are used to penalize the control errors and the
input amplitudes, respectively.
To obtain the sequence of optimal future control moves Eq. (10),
the optimization problem

U∗ = arg min
U

J ( U, x ( k ), k )

(12)

is solved in each sampling interval. For the unconstrained optimization problem Eq. (12) a closed-form
analytic solution can be

obtained by solving ∂∂U J (U, x(k ), k ) ∗ = 0 for U∗ . However, the reU
sulting control moves may not be applicable because of test rig
limitations. Linear inequality constraints are incorporated, yielding
the constrained convex quadratic programming problem

U∗ = arg min J (U, x(k ), k )
U

subject to MU U ≤ γu , and

(13)

Mx X ≤ γx ,
where MU (k) and Mx (k) are constraint coeﬃcient matrices that together with the right-hand-side vectors γ u and γ x allow to formulate linear input, state, and output inequality constraints with



X = xT ( k )

xT ( k + 1 )

...

T

xT (k + Np − 1 )

(14)
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denoting the stacked vector of predicted states. These states can be
calculated by knowledge of the current state vector x(k), the prediction model Eqs. (8)–(9), and U from Eq. (10). Since it is in general not possible to obtain a closed-form solution to problems of
the form Eq. (13), iterative solvers have to be used, see Ref. [27] for
a comprehensive review.
3.3. Energy conservation via constraints
Unlike the momentum error (that can be directly considered
in a linear MPC problem), the energy error Eq. (5) depends nonlinearly on the correction force Fcor . The incorporation of energy
conservation Eq. (5) directly in the MPC optimization problem
(13) would lead to a quadratic optimization problem with nonlinear constraints. This would increase the computational demand
signiﬁcantly and thus render this option unsuitable for real-time
MPC with high sampling rates. Instead, suitable constraints on the
correction force are formulated that lead to a reduction of the energy error Eq. (5):

| E ( k ) | < | E ( k − 1 ) | .

(15)

The main result allowing energy conservation in the closed loop
is formulated in the following.
Assumption 1. The closed-loop system realized by Eqs. (12) and
(9) is internally asymptotically stable.
Theorem 1. Consider the MPC problem deﬁned in Eqs. (12) and
(9) for which Assumption 1 holds. Then there exist bounds
−
+
−
Fcor
(k ), Fcor
(k ) for the virtual correction force, Fcor
(k ) ≤ Fcor (k ) ≤
+
(k ), so that the discrete-time energy error E (k ) = Etr (k ) −
Fcor
Evse (k ) → 0 as k → ∞.
Proof of Theorem 1. By considering Eq. (6) the only unknown is
Fcor (k ). All other values can either be measured or constructed. For
example, the VSE contact point velocity x˙ vse (k ) is expressed as:
vel
x˙ vse (k ) = Cvel
vse xvse (k ) = Cvse Avse (k − 1 )xvse (k − 1 )

+ Cvel
vse Bvse (k − 1 )(Ftr (k − 1 ) + Fcor (k − 1 )) .

(16)

the bounds Eq. (18) on the correction force only if |x˙ vse (k )| > x˙ thr
vse .
The threshold has to be chosen small enough so that it is suﬃciently often exceeded in order to guarantee energy error reduction.
Theorem 2. Given an MPC problem Eqs. (12) and (9) with closedloop stable test rig and VSE dynamics by Assumption 1, that is excited
by an arbitrary force input Ftr (k ) with limk→∞ Ftr (k ) = c, c ∈ R that
leads to a system response such that |x˙ vse (k )| < x˙ thr
vse ∀k (i.e. the energy conserving bounds are never activated), then the resulting energy
error Eq. (6) stays bounded.
Proof of Theorem 2. With the system at rest at k = 0: x(0 ) =
0 and assuming a step force input Ftr (k ) = ϕσ (k ) such that
|x˙ vse (k )| < x˙ thr
vse ∀k holds from the optimization problem Eq. (12) together with the state-space system Eq. (9) and the step input size
ϕ , the system response can be computed by usage of a linear
state-feedback law with a gain matrix Kmpc (k ) (unconstrained MPC
problem equivalent to a state-feedback law, see [28])

x(k + 1 ) = (A(k ) − B(k )Kmpc (k ) )x(k ) + E(k )ϕ .

(17)

Starting from Eq. (17) and using Eq. (6) the bounds
−
+
Fcor
(k ) ≤ Fcor (k ) ≤ Fcor
(k ) ,

(18)

can be derived such that Eq. (17) holds. For x˙ vse (k ) > 0 this leads
to the following expressions for the lower and upper bounds on
the correction force Fcor (k ):





(1 − α )E (k − 1 )
x˙ tr (k )
+ Ftr (k )
−1 ,
x˙ vse (k )Ts
x˙ vse (k )


E ( k − 1 )
x˙ tr (k )
+
Fcor
(k ) =
+ Ftr (k )
−1 .
x˙ vse (k )Ts
x˙ vse (k )
−
Fcor
(k ) =

x (k ) =

k


Ftr ( j )g(k − j ) =

j=0

k


ϕ g (k − j ) .

The bounds resulting from the cases x˙ vse (k ) < 0 or E (k − 1 ) < 0
are derived analogously, and utilizing a correction force in the corresponding range leads to a reduction in energy error. 
Corollary 1. The virtual force Fcor (k ) can be used by the proposed
MPC via suitable constraints to guarantee long-term energy conservation E → 0 at the UUT/VSE interface.
The magnitude of the correction force necessary to decrease the
energy E(k) may grow to arbitrarily large values as |x˙ vse (k )| → 0,
as can readily be seen by inspecting Eq. (19). A natural extension of
Theorem 1 is to introduce a threshold velocity x˙ thr
vse > 0 and impose

(21)

j=0

From asymptotic stability of the system (including the summation
of Fcor in the last state) the vector-norm of the weighting sequence
approaches zero:

lim

k→∞

g ( k ) = 0 .

(22)

The correction force Fcor is then just dependent on ϕ and can be
expressed utilizing the derived weighting sequence g(k):

Fcor (k + 1 ) = [0T



= 0T

1]Kmpc (k )x(k )



1 Kmpc (k )

k


(23)
g ( k − j )ϕ

(24)

j=0

= K˜mpc (k )ϕ .

(25)

K˜mpc (k ) is used to obtain the value of the correction force at time
instant k + 1 and because of the asymptotic closed-loop stability
following limits with exponential decay hold:

lim

k→∞

K˜mpc (k ) = 0 ,

(26)

lim x˙ vse (k ) = 0 ,

(27)

lim e˙ vel (k ) = 0 ,

(28)

lim Fcor (k ) = 0 .

(29)

k→∞
k→∞

(19)

(20)

The state trajectory deﬁned by Eq. (20) is linearly scaled by the
step height ϕ and therefore the system can be expressed as
a discrete-time transfer function G(z), respectively a convolution
summation including its weighting sequence g(k ) = Z −1 {G(z )}:

Now a constant 0 < α < 1 is introduced denoting the decay rate
of the energy error. For the case E (k − 1 ) > 0 the following inequality should be met:

0 ≤ E ( k ) ≤ α E ( k − 1 ) .

21

k→∞

The energy error Eq. (5) then is:

E ( k ) =

k


[Ftr ( j )e˙ vel ( j ) − Fcor ( j )x˙ vse ]Ts

(30)

j=0

< C (ϕ ) < ∞ ,

(31)

where C(ϕ ) is a constant only depending on ϕ and not on k. The
inequalities are valid because all summation terms in Eq. (30) are
dependent on ϕ and are exponentially decaying and thus their sum
is bounded. 
Corollary 2. For any suﬃciently small and norm-bounded persistent
excitation Ftr (k ), the velocity of the VSE never exceeds the threshold

22
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(|x˙ vse (k )| < x˙ thr
vse ∀k). In this case the proposed energy error reduction
constraint is never imposed. However, from a convolution summation
based on the elementary test case in Theorem 2 it follows that the
energy error is Lipschitz-bounded.
3.4. Robustiﬁcation heuristics
In HiL experiments on the pantograph test rig it was observed
that ensuring energy conservation through bounds obtained by
Eqs. (18) and (19) occasionally led to high-frequency oscillations.
It was found that the Fcor values needed for energy error reduction
can show strong oscillations which induce such high-frequency oscillations in the VSE and subsequently in the test rig.
One way to address these issues is to impose rate constraints
on Fcor . However, simply imposing constraints on rate and absolute
values on Fcor together with bounds obtained from energy conservation Eq. (18) may render the optimization problem Eq. (13) infeasible. Therefore, a heuristic relaxation technique is devised to
ensure feasibility and consequently to robustify HiL testing by suppressing unwanted high-frequency oscillations. The necessary concept is deﬁned as constraint hierarchy:
Deﬁnition 1. A constraint hierarchy C (A, B ) is deﬁned as

Fig. 4. Typical catenary setup.

Fig. 5. Railway catenary system description where one span is modeled and extended by absorbing layers. In the pantograph-ﬁxed coordinates, the masts and
droppers move through the computational domain.



C ( A, B ) =

A∩B
if A ∩ B = {∅}
x ∈ A : d ({x}, B ) = d (A, B ) otherwise

(32)

where A, B ⊂ R are nonempty sets, {∅} denotes the empty set, and
the minimum set distance d is deﬁned as

d (A, B ) = min |x − y| , x ∈ A , y ∈ B.
x,y

(33)

It is noted that for interval constraints represented by A, B, the set
C corresponds to that region satisfying both constraints if possible;
otherwise preference is given to fulﬁll constraint A, and C (A, B ) is
that subset of A having minimal distance to B.
Proposition 1. A speciﬁc implementation of the constraint hierarchy in Deﬁnition 1 is proposed, so that high-frequency oscillations are signiﬁcantly reduced and energy error reduction is still
achieved. The user-deﬁned intervals of the correction force Fcor (k ) and
min ,
max ] and F
its rate are denoted by Fcor,usr = [Fcor,usr
Fcor,usr
cor,usr =
min
max
[Fcor,usr , Fcor,usr ], respectively. The bounds obtained by Eqs.
(18) and (19) in order to decrease the energy error are denoted by the
+
THM1 = [F − (k ),
set Fcor
Fcor
(k )]. To guarantee feasibility of the concor
straints, the following constraint hierarchy on Fcor (k ) is proposed:
THM1 )
1. C1 = C (Fcor,usr , Fcor
2. C2 = C (Fcor (k − 1 ) + Fcor,usr , C1 )

where the set C2 deﬁnes the admissible interval of Fcor (k ).
By implementing the constraint hierarchy concept in
Proposition 1, the MPC optimization problem is guaranteed to
be feasible and it is assured that no strong, high-frequency
excitation input into the VSE is being generated. The rate constraints on Fcor are always obeyed. If feasible, also the absolute
value constraints on Fcor are obeyed. Finally, if also the energy
error reduction constraints retain feasibility, then those are also
obeyed. This technique may deteriorate energy error minimization performance, but it retains stability and robustness in the
application.

typical catenary-pantograph setup is displayed in Fig. 4. Each catenary span is comprised of a carrier wire attached to two masts. Additionally, a contact wire is connected to the carrier wire via several droppers to minimize the static pre-sag. Typically, the wires
are modeled as Euler-Bernoulli beams (EBBs) under axial tension
in resting coordinates. The pantograph contact is then modeled
as a force input signal moving along the catenary and acting on
the contact wire [10]. This approach has the disadvantage that
model size and thus simulation duration have to be chosen apriori, which is not suitable for HiL applications. In Ref. [14] a
shifting-scheme of the virtual catenary representation to realize a
pantograph HiL test rig has been developed. Thereby the catenary
model is periodically re-initialized. However, this approach suffers
from several disadvantages:
•

•

model size, since for correct computation at least three spans
were needed,
increased implementation effort to avoid periodic shocks due to
the shifting procedure.

In this paper the catenary is described in pantograph-ﬁxed
coordinates (“Eulerian description”) and the underlying PDEs are
discretized by ﬁnite differences as proposed in Ref. [18]. Additionally, controlled absorbing boundary layers as developed in
Ref. [19] were added to both ends of the computational domain
to absorb outgoing waves (see Fig. 5). The catenary is assumed periodic in the mast distance (span length), hence a periodic timevarying model structure is obtained where the masts and droppers
travel through the domain described in pantograph-ﬁxed coordinates.
In this work, dropper slackening is disregarded, so the catenary
model becomes linear. This reduces the computational demands
and allows to pre-compute the prediction matrices of the MPC.
Additionally, in contrast to Refs. [10,18] static effects (static solution, pre-sag) are omitted within the catenary model, but instead
treated separately as time-varying signal offsets. The resulting system structure is a linear periodically time-varying (LPTV) system
which will be derived in the following sections.

4. VSE model: a railway catenary system

4.1. Equations of motion

For the proposed HiL pantograph test rig a dynamic catenary
model of the catenary vertical dynamics is used as VSE model. A

The catenary’s dynamics is described by a system of coupled axially loaded EBBs in moving (i.e., pantograph-ﬁxed) coor-
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dinates:

ρ Aco ẅco + βco w˙ co = −EIco wco + (Tco − ρ Aco v )wco
2

. . . + βco vwco − 2ρ Aco vw˙ co + fdr (ζˆ , t ) + fcontact (ζˆF , t ) ,

(34)

ρ Aca ẅca + βca w˙ ca = −EIca wca + (Tca − ρ Aca v2 )wca
. . . + βca vwca − 2ρ Aca vw˙ ca − fdr (ζˆ , t ) ,

(35)

ζˆ ∈ [0, L + 2Labs ] , t ∈ R .
+

Thereby, the ﬁelds w(ζˆ , t ) denote the vertical displacements as deviations from the stationary deformation of the catenary obtained
without pantograph contact. They are functions of time t and the
moving spatial coordinate ζˆ = ζ + vt, with the resting spatial co-

ordinate ζ and the velocity of the pantograph v. The constant parameters are the mass per unit length ρ A, viscous damping coefﬁcient β , bending stiffness EI, axial load T, and span length Lspan .
The length of the domain interior is L, the length of the computational domain is L+2Labs (see Fig. 5). Additionally, the abbreviations
w˙ = ∂∂wt and w = ∂ wˆ have been used. The subscripts co and ca de∂ζ

note the parameters and displacements of the contact and carrier
wires, respectively. The distributed contact force between the catenary and pantograph is deﬁned in moving coordinates as

fcontact (ζˆ , t ) = Fvse (t )δ (ζˆF ) ,

(36)

where δ (ζˆF ) is a ﬁnite support membership function (see Ref.
[10].) at the pantograph position ζˆF (ﬁxed in the moving spatial
coordinate). The coupling by means of droppers — here modelled
as springs with stiffness kdr, j , j = 1, . . . , Ndr (see Fig. 5) — is described by the force distribution

fdr (ζˆ , t ) =

Ndr




kdr, j wca (ζˆdr, j (t ), t ) − wco (ζˆdr, j (t ), t )


δ (ζˆdr, j (t ))

j=1

Then, the absorbing layers are implemented according to the
method described in [19], where a state feedback control law is
used to calculate forces acting on each node in the boundary layers
so that they mimic the behavior of perfectly matched layers and
avoid reﬂections of outgoing wave packets back into the domain
interior.
Denoting the time index of the t-sampled system by n (t =
nt), the implicit LPTV system is obtained as:

A+1 (n )w(n + 1 ) = A0 (n )w(n ) + A−1 w(n − 1 ) + B(n )Fvse (n ) .

ρ Aco ẅco + βco w˙ co = −EIco wco + Tco wco
. . . + fdr (ζ , t ) + fcontact (ζF (t ), t ) ,

(38)

ρ Aca ẅca + βca w˙ ca = −EIca wca + Tca wca − fdr (ζ , t ) .

(39)

4.2. Discretization by ﬁnite differences
To obtain a real-time catenary model as VSE model, the system
Eqs. (34)–(37) is ﬁrst discretized using second-order central differences (see e.g. Ref.[29]) on an equidistant mesh in time and space
with suitable mesh sizes t and ζˆ , respectively. These step sizes
are typically chosen according to requirements on accuracy, stability, real-time-capability, and memory limits. Thereby, the clamped
boundary conditions

wca (x = 0, t ) = wca (x = L + 2Labs , t ) = 0
wco (x = 0, t ) = wco (x = L + 2Labs , t ) = 0
wca (x = 0, t ) = wca (x = L + 2Labs , t ) = 0
wco (x = 0, t ) = wco (x = L + 2Labs , t ) = 0
are assumed (for the deviations from the static solution).

(40)

Thereby, the collocated localized displacements are deﬁned as



w(n ) = wTca (n )



T

wTco (n )

and

T

wl (n ) = wl (0, nt ), wl (ζ , nt ), . . . , wl (L, nt ) ,
with l = {co, ca}. The matrices A+1 (n ) and A0 (n) are time-varying
due the dropper movement and a Crank-Nicolson-type [30] implicit formulation of the dropper stiffness terms was utilized to
improve stability if high-stiffness droppers were modeled. Aggregating the states as

xvse (n ) = [wT (n )

T

wT (n − 1 )]

and solving Eq. (40) explicitly for xvse (n + 1 ), one obtains the
discrete-time LPTV system

xvse (n + 1 ) = Avse (n )xvse (n ) + Bvse (n )Fvse (n ) ,

(41)

yvse (n ) = Cvse xvse (n ).
The system dynamics in Eq. (41) is sampled with sampling time
t. However, to allow for faster computation several time steps
can be aggregated with the input held constant. If so, an integer
down-sampling factor m↓ is deﬁned with Ts = m↓ t, m↓ ∈ N and
the time steps are chosen so that, additionally, the system is periodic in an integer number of samples Nper in either time base:

(37)
0 − vt is the current position and ζˆ 0
where ζˆdr, j = ζˆdr
the start,j
dr, j
ing position of the jth dropper. Thus the droppers periodically
leave and enter the computational domain (ζˆdr, j ∈ [0, L+2Labs ]).
The equations Eqs. (34)–(37) result in a linear periodically timevarying (LPTV) system with Fvse (t ) being the only exogenous input.
The dynamics of a catenary in a ﬁxed coordinate system can be
described by Eqs. (34) and (35) when v is set to 0 m/s and considering that the dropper and mast positions are now time-invariant,
whereas the contact force position ζF (t ) = ζF0 + vt now varies as
the train is moving under a ﬁxed catenary system:

23

Lspan
∈ N and
vt
Nper,t
Lspan
=
=
∈ N.
m↓
vTs

Nper,t =
Nper,Ts

(42)

To express Eq. (2) in the down-sampled time base Ts , Eq. (41) is
applied m↓ times to express xvse (n + m↓ ) = xvse (k + 1 ) with k =
m↓ n (see Ref.[31] for the time-invariant down-sampling; the timevarying case is notably more tedious notationally and omitted
here). The input force is kept constant over the down-sampling duration Fvse (n ) = Fvse (n + i ) , i = 1 . . . m↓ − 1.
Remark 2. It is noted that the matrices A+1 (n ), A0 (n) and A−1 (n )
are sparse matrices, whereas the resulting matrix Avse (n ) is
densely populated.
In the following section, the down-sampled version of model
Eq. (41) will be compared to a catenary-ﬁxed reference formulation to show that the described reductions (absorbing layers and
down-sampling) are indeed suitable to model the main catenary
dynamics in a frequency range up to 20 Hz.
4.3. Real-time catenary model parameters and basic validation
To demonstrate the test rig control concept, in this work a simpliﬁed real-time pantograph-ﬁxed catenary model is utilized that
is brieﬂy validated against a catenary-ﬁxed reference simulation
from Ref. [32]. The reference model framework fulﬁlls the requirements of the simulation validation part of EN50318 [33].1 It utilizes
1
The validation in this standard consists of two parts: ﬁrst by means of a reference simulation and second by means of measurement data. The ﬁrst part of the
EN50318 could be met, the second part could not be performed due the lack of
suitable measurement data.
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Fig. 6. Validation of the catenary model: a) displacement over time (left) and b) the frequency domain representation of the contact force (right) obtained by a Fast Fourier
Transform (FFT).

Table 1
Parameters of both catenary models.

ρA

β

kg/m

kg/s/m

EI
N m2

T
N

Contact
Carrier
Dropper j

1.35
1.35
1

0
0
2

150
150
3

20 × 103
20 × 103
4

ζˆdr, j in m
kdr, j in N/m

5
10 0 0

21.67
10 0 0

38.33
10 0 0

55
10 0 0

Fstatic

Ts

ζ

Pantograph-ﬁxed
Catenary-ﬁxed

120 N
120 N

1/170 s
1/680 0 0 s

Wire

1.54 m
0.24 m

t =

Ts
m↓

1/850 s
–

a much smaller sampling time and element discretization and the
parameter values and catenary setup are summarized in Table 1.
As a simpliﬁed choice, based on EN50318 [33] both wires’ parameters were chosen identical. However, the catenary setup can
easily be generalized to arbitrary catenary parameters but then requires additional tuning of the absorbing layers’ parameters specifically for each wire.
The sampling time of the LPTV catenary model is chosen according to the available computational power and memory resources of the deployed real-time computer, see Section 5. The total length of the computational domain was set to the length of
one span L + 2Labs = Lspan = 60 m. The length of each absorbing
layer was chosen to Labs = 4.62 m.
For validation of the reduced LPTV model against the highﬁdelity reference simulation a pantograph based on the model
used in [33] with a reduced contact stiffness and a static uplift
force of 120 N is moving with a speed of 60 m/s. Fig. 6 shows the
displacement of the contact wire at the pantograph’s position of
both models in the time domain and the resulting contact force
in the frequency domain. It can be seen that the pantograph-ﬁxed
model shows less compliance at the span frequency of 1 Hz, but
the relative shape is preserved well. Also, the low-frequency content of the contact force is reproduced well, and higher frequency
contents are attenuated compared to the reference solution. Especially when compensating the gain error by correcting the static
displacement by a constant factor the position trajectories are in
overall good agreement (ﬁt of 88.7 %, respectively 75.5% in the uncompensated case, both calculated in a normalized mean square
error computation).

tained. This is valid over a wide range of possible wire parameters
and pantograph speeds. In this work the choices on the sampling
time t (and especially its down-sampled version Ts ) and the total
length L + 2Labs were made in close coordination with system limitations of the real-time computer, see Section 5. The length Labs
of the absorbing layer should generally be chosen only as large as
necessary to suﬃciently attenuate the reﬂections of outgoing wave
packets back into the domain.
The observed deviation from the catenary-ﬁxed formulation (visualized in Fig. 6) arises mainly from a substantially coarser spatial
discretization (see bottom of Table 1) as well as the small computational area where the absorbing layers even attenuate physical relevant contributions of the pantograph-catenary interaction.
Further comparative simulation studies revealed that increasing
the length L enhances model quality signiﬁcantly. Here, the small
lengths of L and Labs were necessary to meet memory requirements of the real-time hardware. For the same reason the downsampling to the slower Ts -time-base was introduced, drastically reducing the amount of matrices needed to describe the catenary dynamics in Eq. (2).
A signiﬁcant simpliﬁcation decision is to disregard dropper
slackening, yielding a linear model and, in turn, allowing to employ
the subsampling procedure as outlined in Section 4.2. Under such
aggregation over time (producing densely populated system matrices in Eq. (41)), an online re-computation is currently not feasible
in real time (which would allow to consider dropper slackening).
Disregarding dropper slackening is also assumed to be the main
reason of the relatively small asymmetry of the trajectory of the
contact wire’s displacement at the pantograph position, even for
higher tested speeds.
One alternative approach to consider dropper slackening during
computation is utilized in a ﬁnite-element catenary code reviewed
in Ref. [34]: there the slackening is considered by right-hand-side
correction forces determined iteratively in each time step. Yet another approach is to directly perform online adaptations of the
sparse stiffness matrices in each time step, which is currently under investigation by this work’s authors.
Having mentioned the considered model’s limitations, in turn,
the moving-coordinate (pantograph-ﬁxed) formulation shows the
following signiﬁcant advantages over a classical formulation:

•

4.4. Discussion of the LPTV catenary model
In principle, the reduced real-time catenary model’s parameter
can be arbitrarily chosen as long as the desired model quality is at-

•

6.25 times fewer states per span for similar ﬁdelity,
strongly shortened computational domain: For this setup a 5srun of the catenary-ﬁxed formulation requires a simulation area
of 15 spans (900 m) to avoid reﬂections versus 1 span (60 m)
of the pantograph-ﬁxed formulation.
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Table 2
MPC parameters.

5.2. HiL results

1−α
6 × 10−6
˜

Q
⎡

1
⎣0
0

•

0
10−4
0

Np , Nc
25

x˙ thr
vse
0.01 m/s

⎤

0
0 ⎦
103

R



1
0

0
50



Ts
1/170 s

each second simulated takes about 460 s (catenary-ﬁxed) compared to ≈ 83 ms of the pantograph-ﬁxed formulation2 .

Taking these facts into account, the proposed coordinate transform and the use of absorbing layers (see Fig. 5) lead to a good
trade-off between computational effort and accuracy and is thus
well-suited for real-time applications. Especially the linear timevarying structure of the real-time model allows to directly employ a high-ﬁdelity catenary model in an MPC algorithm. This allows to use, for example, a nonlinear ﬁnite-elements-based highﬁdelity catenary model as an on-line reference from whose states
the MPC’s linear catenary model (as shown here) is initialized in
each time instance.
5. Experimental results
In this Section the methods presented so far will be demonstrated on a real-world pantograph test rig. An extended IIC-MPC
as described in Section 3 is implemented with energy and momentum conservation capabilities. The VSE is a high-order, linear, periodically time-varying state-space model of a catenary that represents a train ride at v = 60 m/s.
5.1. Implementation details
The test rig depicted in Fig. 1 consists of an industrial robot
with an attached linear drive. In this work, only the latter was actuated because the regular operating conditions (no tunnel entries)
can already be captured in its operating range. A classic LQR control law with a sampling rate of 50 0 0 Hz is used as the inner test
rig control loop, where the motor current was the control variable.
The LTI state-space system of the test rig Eq. (1) as used for the
model predictive impedance control is thus already a controlled
subsystem. The sampling rate of the LQR controlled system was
chosen as fast as possible to allow for best possible tracking control and disturbance rejection. The linear drive positions as well as
the contact force are available as measurements. The MPC as well
as the test rig control are implemented on a dSPACE DS1006 realtime platform with a 2.8 GHz quad-core processor. Table 2 summarizes MPC implementation details, whereby the weighting matrix
Q is calculated as

˜C.
Q = CT Q

(43)

Low control weights are put on the velocity error when designing the MPC, so controlling the position and momentum errors are
the main control goals. Furthermore, 1 − α (the energy error decay factor, see Eq. (17)) is arbitrarily chosen as (1 − α )/Ts = 0.001
corresponding to a time constant of τ = 10 0 0 s. Its value is chosen so as not to signiﬁcantly affect the VSE dynamics at relevant
frequencies. Additionally, a velocity threshold is chosen which de−
+
activates constraints Fcor
(k ), Fcor
(k ) on the correction force Fcor (k )
thr
for |x˙ vse (k )| < x˙ vse as described by Theorem 2.

To demonstrate energy and momentum correcting properties of
the MPC an HiL test run is started with deactivated energy conservation in the controller (no bounds on Fcor (k ) are imposed, but
high input weighting on Fcor (k ), so that almost exclusively the test
rig input utr (k ) is utilized for classical impedance tracking).
Due to the neglected dynamics of the pantograph as the UUT,
the limited test rig bandwidth as well as imperfections such as
noise or uncertainties, a small velocity error emerges and thus
an energy error E(k) accumulates. Then, the MPC correction
force constraints are globally activated, except for small velocities: |x˙ vse (k )| < x˙ thr
vse (see Theorem 2). The results from this time
instant on are displayed in Fig. 7. The ﬁrst row of Fig. 7 shows
the impedance tracking behavior. The main task of impedance control, namely tracking the VSE’s dynamic behavior by the test rig is
excellently achieved: high position tracking performance with no
phase-lag even under high dynamic movements can be observed
in Fig. 7b, which shows a detailed view of the position trajectories
of the test rig respectively the VSE from Fig. 7a. Fig. 7c depicts the
corresponding normalized tracking error.
To demonstrate the method’s robustness in terms of altered
UUT dynamics, the pantograph’s contact force is varied in the
range of 130N to 220 N by changing the pantograph’s bellow pressure, as visualized in Fig. 7d. There it is also demonstrated that
only modest control action on Fcor is applied at the catenary. Additionally, the momentum error shown in Fig. 7e introduced by the
artiﬁcial correction force stays bounded (its integral was not part
of the control goal and thus a nonzero steady-state error remains).
The energy error Eq. (5) is visualized in Fig. 7f, and for the ﬁrst
600 s it is continuously decreasing. In contrast to Theorem 1, however, the energy error is not strictly monotonically decreasing because of the threshold on the VSE’s velocity, as well as the constraint hierarchy described in Section 3.4. The energy error decays
faster than the chosen time constant of τ =10 0 0 s, which has been
deﬁned as an upper bound in Eq. (17). For times t > 600 s, a residual energy error remains and no further reduction is possible by
the proposed test rig controller with the current settings. Noting
that in Eq. (19) the magnitude of the correction force is scaled
by the magnitude of the energy error, the authors attribute the
nonzero energy error to the fact that the energy error reduction
(via Fcor ) is outweighed by the energy errors generated by model
errors and imperfections. To investigate this phenomenon further,
the MPC constraint hierarchy is considered. To do so, the energy
error is split into two parts:

E (k ) = EON (k ) + EOFF (k ) ,

on a standard PC (Intel i7 3.2 GHz).

(44)

where at each sampling interval only one of these elements contributes (is non-zero). The term EON (k ) sums up all changes in
the energy error when bounds obtained via Eq. (19) were active on Fcor (k ), i.e. energy error minimization was active. In contrary, if the threshold velocity was not exceeded (|x˙ vse (k )| < x˙ thr
vse )
or the constraint hierarchy prevented the use of energy conserving constraints on Fcor (k ), the change in the energy error was
summed up in EOFF (k ). These accumulated energy error contributions EON (k ) and EOFF (k ) are deﬁned as



EON (k ) =

ON

(k ) and EOFF (k ) =

with
ON

(k ) =

OFF


E ( k ) − E ( k − 1 )
0


(k ) =



(k ) ,

(45)

Eq. (19 ) activated
else

(46)

k

and
2

25

OFF
k

E (k ) − E (k − 1 ) Eq. (19 ) deactivated
0

else .

(47)

26
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Fig. 7. Results of a typical HiL test run demonstrating functional catenary impedance tracking, as well as energy and momentum conservation between the UUT and the VSE.
Subplot a) shows the position trajectories over a large time span with varying pantograph uplift force, demonstrating the method’s robustness. Subplot b) shows a zoomed
view of the trajectories and c) the corresponding position error in percent. Subplot d) shows the contact, respectively the correction force and e) shows that the momentum
error stays bounded while the energy error between the UUT and the VSE is decreasing.

Fig. 8. Detailed analysis of the constraint activity with activated energy conversation: 1) Zoomed view shows how E is split into parts with activated (black, solid) and
deactivated (gray, solid) Fcor constraints. 2) Accumulated energy error contributions EON (black, dashed) and EOFF (gray, dashed) are decreasing and increasing, respectively.

Fig. 8 shows the computed accumulated errors EOFF (k ) and
EON (k ) with dashed lines. Furthermore E(k) and a zoomed segment of E(k) where sequences with activated (black) and deactivated (gray) constraints are shown.
These results show, based on the accumulated error, that the
energy error is increasing when the constraints are deactivated and
is decreasing when the constraints are activated.
The proposed heuristics enables a robust implementation of
high-dynamic test rig control that keeps momentum and energy
errors small despite model imperfections and disturbances, while
at the same time achieving excellent impedance tracking performance.

Remark 3. As a ﬁnal remark, considering the energy error in the
control concept is seen to strongly improve the stability of the
coupled system. Coupling the system to a moderately stiff environment (here, by simulating a contacted linear pantograph dynamics) and with typical model errors present, simulation studies show that considering the energy conservation allows safe operation at signiﬁcantly higher model errors. In turn, if energy errors were ignored by the controller, destabilization at high frequencies quickly emerged. This typical result demonstrates the robustifying effect of considering and controlling energy errors in
the impedance controller. It is ﬁnally noted that the stabilizing
passivity-based schemes in haptic interaction control (such as the
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energy-bounding algorithm [21]) are closely related to the concept
of energy conservation via control.
6. Conclusions
To obtain physically trustworthy results from an HiL test run,
the UUT/VSE coupling has to be tracked accurately, and moreover
the physical conservation laws (energy and momentum) have to
be made consistent at the UUT/VSE interface. A model-predictive
impedance control concept has been proposed that realizes these
control tasks for high-dynamic railway catenary emulation in a
pantograph current collector test rig. The distributed-parameter
virtual catenary dynamics is realized by a high-order time-varying
state space description based on a ﬁnite difference approximation
of the model equations and integrated into the MPC. Speciﬁcally, a
novel moving-coordinate (pantograph-ﬁxed) Eulerian catenary description combined with absorbing boundaries of the computational domain yield a real-time-capable model with high ﬁdelity.
In order to balance and control momentum and energy errors
at the interface simultaneously, the MPC controls both the test rig
input as well as the VSE excitation force. Its predictive structure
allows to attain lag-free tracking and thus to realize a high-quality
interface, which additionally is consistent in the long run in terms
of conserved quantities.
Experimental results on the full-scale test rig in contact with a
real pantograph validate the proposed method and show the high
tracking performance and the conservation properties of the control concept. This allows highly realistic HiL testing of pantographs
in virtual test rides on high-speed tracks. Ongoing research work
aims at realizing alternative, ﬁnite-element-based realtime catenary models to signiﬁcantly alleviate current computational and
memory requirements and further improve HiL testing ﬁdelity.
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