Post-print version (generated on 24.03.2020)
This and other publications are available at:
http://www.acin.tuwien.ac.at/publikationen/ams/

Comparison of Modeling-free Learning Control Algorithms for
Galvanometer Scanner’s Periodic Motion
Shingo Ito1 , Han Woong Yoo2 , and Georg Schitter1
Abstract— For an accurate and precise periodic scanning
motion of a galvanometer scanner, this paper presents iterative
learning control (ILC) that is designed and implemented in the
frequency domain to compensate for system nonlinearities, such
as static friction. For a case that system identification in advance
is difficult due to the nonlinearities, the frequency-domain ILC
itself incorporates and performs system identification during
iterative learning, as modeling-free inversion-based iterative
control (IIC). A learning law is derived for a nonlinear system,
where the internal system identification is formulated as an
estimation problem of a Jacobian matrix that represents the
system. In order to find a suitable Jacobian estimation method
in the IIC, this paper compares Broyden’s method and the
linear method, as well as the secant method. To decease the
algorithms, the IIC is operated only at the harmonic frequencies
of the motion trajectory. In the implementation of the modelingfree IIC, the control input update is explicitly separated from
the Jacobian estimation, so that the IIC can still decrease the
motion error even when the Jacobian estimation is interrupted
for stability. The experimental results demonstrate that the
secant method is the best of the three for raster scanning due
to its fast learning and high tracking performance.

I. INTRODUCTION
Galvanometer scanners rotate a shaft with a mirror to
redirect an optical beam for scanning [1]. They are used
for example for confocal microscopy [2] and laser welding
[3]. When a galvanometer scanner is utilized for imaging,
its trajectory is usually periodic (e.g. raster scan using a
triangular wave), and a highly precise motion needs to be
realized by overcoming control challenges for high imaging
resolution.
One of the control challenges stems from the structure of
galvanometer scanners. Because the shaft is supported by
roller bearings, their friction needs to be compensated [4].
Particularly at the turning points of the periodic trajectory,
where the rotational velocity of the shaft is zero, static
friction is regarded as a dominant factor that impairs the
motion quality. Additionally, the shaft is usually rotated by
an electromagnetic actuator [1], and such an actuator can
have hysteresis dependent on design [5]. Although system
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nonlinearities can be compensated by feedback control, measurement noise is fed back, degrading the positioning resolution [6]. In contrast, feedforward control is advantageous in
that the control input compensating for nonlinearities can be
generated from a noise-free trajectory [7] or from a filtered
sensor signal with reduced measurement noise [8].
Among feedforward control, which typically requires an
accurate model of nonlinearities [9], iterative learning control
(ILC) has an advantage that nonlinearities do not have
to be modeled for compensation [10]. ILC can be used
for a system with a repeating motion, and it iteratively
modifies the control input based on the measured tracking
error in the previous trial [11]. For galvanometer scanners,
ILC algorithms are designed and implemented in the time
domain [12]–[14]. In some of these ILC designs, a frequency
response of a scanner is measured and utilized to increase
the learning speed of ILC [13], [14].
When a reasonable frequency response cannot be measured due to nonlinearities for an ILC design in advance
(cf. Section III-B), ILC can be designed in the frequency domain as inversion-based iterative control (IIC) [15], [16], and
system identification can be incorporated to perform during
learning. Such ILC is often referred to as modeling-free IIC
and is applied to piezoelectric [17]–[19] and magnetostrictive
actuators [20]. For modeling-free IIC, fast Fourier transform
(FFT) is often used. So far, two system identification algorithms have been proposed for IIC: the secant method and
the linear method [17], [18]. These algorithms treat the plant
as a linear system and do not explicitly take nonlinearities
into account.
In this paper, a learning law of modeling-free IIC is derived for a nonlinear SISO system, where the internal system
identification is formulated as a Jacobian matrix estimation
problem. Within this framework, algorithms estimating a
Jacobian matrix that are well-developed in other fields, such
as robotics [21], can be applied to modeling-free IIC. In
order to find suitable algorithms for a periodic motion of
a galvanometer scanner by taking that advantage, the linear
method and the secant method are compared with Broyden’s
method [22]. Furthermore, this paper uses Fourier series
expansion for modeling-free IIC, instead of FFT. This is
beneficial to decease the IIC algorithm by learning only at
selected frequencies.
The paper is organized as follows. Section II introduces
a galvanometer scanner. Section III analyzes the scanner.
The learning law of IIC for a nonlinear system is derived
in Section IV. In Section V different Jacobian estimation
methods are introduced to incorporate as modeling-free IIC.
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Fig. 2. Block diagram of the stabilized galvanometer with its input u(t)
and output y(t). The transfer function P (s) denotes its conceptual linear
model.

Section VI presents experimental results, and Section VII
concludes the paper.
II. S YSTEM DESCRIPTION
A. Hardware
Fig. 1 shows the galvanometer scanner (6870M, Cambridge Technology, Bedford, USA) to be controlled. An
electromagnetic actuator is used to rotate the shaft with a
mirror, which is supported by roller bearings. The rotation
of the shaft is measured by an internal capacitive angular
sensor. In order to drive the actuator, a custom-made current
amplifier is used.
The sensor and the amplifier are connected to a rapid prototyping control system (DS1005, dSpace GmbH, Paderborn,
Germany) by using a 16-bit ADC and DAC, respectively.
The resolution of the ADC is 6.54 × 10−4 deg. The sampling
frequency of the data acquisition and the prototyping control
system is set to fs = 20 kHz.
B. Feedback control
Because the galvanometer scanner itself is a marginally
stable system [14], a feedback controller C(s) is designed
to have it asymptotically stable. For the simplicity of the
implementation, a phase-lead compensator is cascaded with
a PI controller as C(s) [23], [24], and it is implemented by
the prototyping control system. In order to avoid the sensor’s
noise from degrading the positioning resolution, C(s) is
tuned such that the closed-loop bandwidth (-3 dB) is at a
relatively low frequency of about 300 Hz.
As shown in Fig. 2, the reference u(t) and the shaft angle
measured by the sensor y(t) are defined as the input and the
output of the stabilized scanner for its analysis, as well as
for the design of modeling-free IIC.
III. S YSTEM ANALYSIS
In this section, the stabilized scanner is analyzed not for
the modeling-free IIC design, but for the analysis of the
experimental results in Section VI.
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Fig. 3. Measured Bode plot of the stabilized scanner from its input u(t)
to output y(t). The amplitude of the input signal is changed from 0.01 deg
to 2 deg. The variation of the dynamics due to friction can clearly be seen
at low frequencies.

A. Quantization and measurement noise
The quantization noise and the measurement noise are
measured. For this evaluation, the input u(t) is set to 0 deg,
and the output y(t) is recorded as the noise. From the
recorded time-domain data, the root mean square (RMS)
value of the quantization and measurement noise is determined as 5.43 × 10−4 degrms .
B. Frequency response
A Bode plot of the stabilized scanner is measured from the
input u(t) to the output y(t) by varying the amplitude of the
input signal. As the results are shown in Fig. 3, the frequency
response greatly varies below 200 Hz. This is because the
feedback controller does not have a sufficient gain to compensate for the nonlinear friction of the bearings. Increasing
the gain is not desirable, because it also increases the control
bandwidth, and the measurement noise would degrade the
positioning resolution. Consequently, a reasonable frequency
response cannot be identified to derive a transfer function of
the stabilized system without including model uncertainties
for an IIC design. This experimental evaluation motivates the
use of modeling-free IIC for the scanner.
IV. IIC FOR NONLINEAR SYSTEM
When model-based IIC is applied to a system with model
uncertainties, the learning speed typically slows down, or the
tracking error diverges [15]. Therefore, modeling-free IIC is
used for the galvanometer scanner. In this section, a structure
and learning law of IIC are derived by explicitly considering
the nonlinearities.
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A. Motion trajectory
As often used for raster scan of imaging systems, a
band-limited triangular wave is selected as the scanner’s
motion trajectory r(t), which can prevent the input saturation
resulting from the limited actuator torque
r(t) =

lr
∑

(rk ej2πkfr t + rk∗ e−j2πkfr t ),

(1)

k=1

using the following complex Fourier coefficient rk and its
complex conjugate rk∗
{
4Ar (−1)(k−1)/2 for odd k,
rk = −j 2 2
(2)
π k
0
for even k.
The amplitude Ar , the frequency fr and the number of
harmonics lr are set to 5 deg, 40 Hz and 11, respectively, such
that the input saturation is prevented at the implementation.
B. Fourier series expansion for IIC
Due to the nature of IIC that learns from the previous
trial, the resulting control input u(t) is correlated with the
trajectory r(t). When r(t) has a fundamental period of
Tr = 1/fr , so does u(t) in AC steady state. This implies
that u(t) consists of the frequency components at fr and its
harmonic frequencies only. Thus, IIC can only compensate
for the tracking error at those frequencies. As the frequency
components in-between cannot be compensated by IIC, they
do not have to be considered in the design, when the
trajectory is periodic. This means that modeling-free IIC
algorithms can be simplified by learning only at fr and its
harmonic frequencies.
Since only the frequency components at the harmonic
frequencies of r(t) are needed, Fourier series expansion is
used to design and implement IIC. The complex Fourier
coefficient yk of the output y(t) at the k-th harmonic
frequency is given by [25]
∫ N Tr
1
yk =
y(t)e−j2πkfr t dt for 1 ≤ k ≤ l,
(3)
N Tr 0

where N is the number of the fundamental periods used to
calculate the coefficient. By setting N to an integer larger
than 1, the spectral leakage of y(t) can be prevented at the
harmonic frequencies, and the random noise of the sensor
can be reduced. For the scanner, N is set to 15. Due to the
integration of the feedback control, the stabilized system can
eliminate a steady-state error. Thus, the DC component is not
considered in (3).
By tuning the positive integer l in (3), the bandwidth of
IIC can be set to lfr . For the galvanometer scanner, l is set to
15, which is slightly larger than the maximum harmonics of
the trajectory lr = 11. This is because system nonlinearities
can create higher harmonics of the tracking error [17].
Similarly, when complex Fourier coefficients uk are given
for the control input, u(t) can be obtained as [25]
u(t) =

l
∑

k=1

(uk ej2πkfr t + u∗k e−j2πkfr t ),

(4)

where u∗k is the complex conjugate of uk .
For the IIC design, the complex Fourier coefficients uk
and yk are represented by a vector U and Y , respectively
U = [u1 u2 ... ul ]T , Y = [y1 y2 ... yl ]T .

(5)

Similarly, the trajectory’s coefficient rk is also written by a
l × 1 vector R as
R = [r1 r2 ... rl ]T where rk = 0 for k > lr .

(6)

By using Fourier series expansion for IIC, the size of
U , Y and R is l = 15. This is smaller than other learning
control algorithms. When a lifted form is used for ILC
in the time domain [11], the vector size is N Tr fs = 7500.
When FFT or discrete Fourier transform is used for IIC,
the frequency resolution is fr /N , and the vector size is 225.
Thus, when IIC is operated only at the harmonic frequencies
for a periodic motion, relatively complex algorithms (e.g.
Broyden’s method in Section V-A) can be easily implemented
due to the small vector size of l = 15. Furthermore, the
required memory to implement IIC can be decreased by using
Fourier series expansion (cf. [26]).
For the remainder of the paper, a subscript ·i is added to
variables for representing the data set at the i-th learning
iteration (e.g. Ui and Yi ) in the next sections.
C. Learning law of IIC for nonlinear system
The output Yi typically gradually varies at each learning
iteration, as often seen in a learning transient plot. Thus, it
is assumed that Yi can be differentiated with respect to i
∂Yi dUi
dUi
dYi
=
= Ji
,
(7)
di
∂Ui di
di
where Ji is a l × l Jacobian matrix, and its (m,n)-th element
is
∂ym,i
.
(8)
∂un,i
Equation (7) can be rewritten in a discrete form
Yi+1 − Yi = Ji (Ui+1 − Ui ).

(9)

Ui+1 = Ui + Ji−1 (R − Yi ) = Ui + Ji−1 Ei ,

(10)

IIC updates the control input to have the output track the
trajectory. Thus, by replacing Yi+1 by R, the learning law
of IIC is given for a nonlinear system as follows
where Ei is the coefficient vector of the tracking error. Notice
that (10) has a form of Newton’s method [22].
The non-diagonal elements of Ji explicitly consider the
system nonlinearities, coupling the harmonics. When the
non-diagonal elements are zero, Ji represents a linear system.
This linear assumption is commonly seen in the learning law
of both model-based and modeling-free IIC [17]–[20].
Fig. 4 shows the overall IIC structure. The measured sensor
signal y(t) is transformed into the Fourier coefficient vector
Yi , and the tracking error Ei is calculated with the motion
trajectory R. By using the learning law (10), the control
input is updated as Ui+1 , which is transformed into the timedomain signal u(t) by (4). The Jacobian required in (10) is
estimated by using methods in the next section.
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otherwise,

Dependent on the application, estimation of the Jacobian
Ji in (10) can be difficult in advance for an IIC design, and it
can vary for each iteration during learning. For these cases,
the learning control can be formulated as modeling-free IIC
by incorporating a Jacobian estimation method. The method
needs to correctly estimate Ji during iterative learning,
before the tracking error diverges due to the estimation error.
For the galvanometer scanner, three methods are compared.
In all the three cases, the identity matrix Il×l is selected as
the initial condition J−1 of the Jacobian [22], and U0 =
(J−1 )−1 R = R is used as the initial input by assuming
U−1 = Y−1 = 0 in (10).

where uk,i and yk,i are the k-th element of Ui and Yi ,
respectively, and ϵs is a constant.
The Jacobian estimation can be unstable in the case that
the difference of the input uk,i − uk,i−1 or the output yk,i −
yk,i−1 is close to zero. Furthermore for uk,i = uk,i−1 = 0,
the inverse of the corresponding Jacobian element is zero,
and the control input cannot be updated, regardless of the
tracking error. As a remedy, it was proposed to stop the
control input’s update at a frequency where the tracking
error is less than a threshold [17]. In this case, however, the
tracking error cannot be improved better than that threshold.
In this paper, only the Jacobian estimation is stopped when
the input difference is smaller than ϵs = 10−4 deg, which is
determined at the implementation. Notice that the learning
law of IIC (10) is still active even within that threshold to
further decrease the tracking error.
Note that weighted averaging of the Jacobian coefficients
over iterations is proposed [19], [20], which is beneficial
by filtering noise. However, this may decrease the learning
speed. Therefore, the averaging is not implemented for the
galvanometer scanner. Instead, the signal noise is reduced by
the Fourier series expansion (3), which is also beneficial for
reducing the noise of Ei in the learning law (10).

A. Broyden’s method

C. Linear method

When the Jacobian is not identified in Newton’s method,
Broyden’s method can be selected [22], and it is successfully
applied to visual servoing of robots [21]. One difference
between visual servoing and IIC is that the Jacobian elements
include imaginary parts. Therefore, Broyden’s method for
complex variables [27] are used to update the Jacobian at
each learning iteration as follows

While the secant method (12) uses the data at the i-th and
(i − 1)-th iterations, the linear method utilizes the data only
at the i-th as follows [17], [18]

Ui+1

Learning
law (10)

Ji

Modeling-free learning control

Trajectory R

Fig. 4. Block diagram of modeling-free IIC for the galvanometer scanner.
The Jacobian matrix estimation methods discussed in Section V are implemented in the “Update of J” block for comparison.

V. JACOBIAN MATRIX ESTIMATION

Ji = Ji−1 +

(∆Yi − Ji−1 ∆Ui )∆UiH
,
∆UiH ∆Ui + ϵb

(11)

when

rk = 0.

(14)

D. No update of Jacobian

∆Yi = Yi − Yi−1 ,

where the superscript ·H denotes the Hermitian transpose,
and ϵb is a constant preventing singularities [22] to invert Ji
in (10). A small value of ϵb is desired to increase the speed
of the Jacobian estimation [28] for the convergence of (10).
For the experimental evaluation of the scanner, ϵb is set to
10−9 at the implementation.
B. Secant method
By setting the non-diagonal elements of Ji to zero to
represent a linear system and by applying Broyden’s method
(11) to each diagonal element with ϵb = 0, the secant method
can be obtained [17], [19], [20], and it is modified as follows
Ji = diag(j1,i , j2,i , ..., jl,i ),

(13)

A problem of the linear method is that the control input
cannot be updated at the harmonic frequencies where rk is
zero [17]. Therefore for these frequencies, the control input
is set to zero as follows [18]
uk = 0

using
∆Ui = Ui − Ui−1 ,

jk,i = yk,i /uk,i .

(12)

For comparison with the above three methods, the learning
law of the modeling-free IIC (10) is also tested with a
case that the Jacobian matrix is not updated from its initial
condition (i.e. Ji = Il×l ).
VI. E XPERIMENTAL RESULTS
For the experimental evaluation, the tracking error e(t) =
y(t) − r(t) is recorded (in the time domain) one second after
the input update to ensure AC steady state at each iteration.
Fig. 5 shows the measured learning transient, comparing the
Jacobian estimation methods in Section V. In the case that
the Jacobian is not updated from its initial condition, the
tracking error diverges because the convergence criteria [15]
is not satisfied, and the scanner is stopped at the 14th iteration
to prevent damage. In contrast, when the Jacobian estimation
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(b)

e(t) = −e(t ± Tr /2).

(15)

The above condition may be satisfied by piezoelectric actuators with hysteresis [29], where modeling-free IIC is often
applied. In the case of galvanometer scanners, however, the
bearing friction cannot be perfectly uniform for the entire
actuation range (cf. [30]), for example due to the bearing
wear. Thus, it cannot be guaranteed that e(t) is symmetrical
as described in (15). Overall, the linear method is not suitable
for scanners with asymmetrical nonlinearities, which result
in a relatively large residual tracking error.
As shown in Fig. 5, the IIC with Broyden’s method
and the secant method can significantly decrease the the
tracking error. The measured RMS error at the 50th iteration with Broyden’s method and the secant method is
6.11 × 10−4 degrms and 5.96 × 10−4 degrms , respectively.
Notice that these residual errors are only about 10 % larger
than the noise floor of 5.43 × 10−4 degrms . In the time
domain signal of Fig. 6(b)(c), the peak-to-peak error is approximately within ±2 × 10−3 deg in both cases. This value
corresponds to three times the least significant bit of the
angular sensor. The major difference of the two methods can
be seen in the learning speed.
While the tracking error of the secant method converges
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is active, the error successfully deceases and converges to a
certain level, dependent on the estimation methods.
Although the linear method shows the fastest learning speed, the tracking error converges to a relatively
large value. At the 50th iteration, the RMS error is
3.87 × 10−3 degrms , seven times higher than the sensor’s
noise floor of 5.43 × 10−4 degrms . For further analysis, the
output signal y(t) and the tracking error e(t) at the 50th
iteration are shown in Fig. 6. The error spectrum of the linear
method in Fig. 6(e) shows peaks at 80 Hz, 160 Hz, 240 Hz,
320 Hz, 400 Hz and 480 Hz, which are even harmonic frequencies of the trajectory r(t) in (1). This is because r(t)
does not contain any even harmonics, and the IIC with the
linear method cannot compensate for the error (cf. Section,VC).
The even harmonics of the error indicate the scanner’s
nonlinearities and occur when e(t) does not satisfy the
following half-wave symmetry condition [29]
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Fig. 5. Measured learning transient when the Jacobian is not updated from
its initial condition and when Broyden’s method, the secant method and
the linear method are used. The green dotted line indicates the noise level
evaluated in Section III.
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Fig. 6. Measured results at the 50th iteration of Fig. 5: (a) sensor output
y(t), (b)-(d) tracking error e(t), and (e) its spectrum.

at the 7th iteration, Broyden’s method takes at least 38
iterations for convergence (Fig. 5). Even under an unrealistic
assumption that the Jacobian elements of the plant are real
and constant, Broyden’s method takes at most 2l = 30
iterations until the Jacobian converges [31]. Due to the
slow convergence of the Jacobian with Broyden’s method,
the tracking error can diverge during the operation of IIC,
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dependent on the initial condition and the motion trajectory.
The divergence may be prevented by introducing the iterative
coefficient that slows down the learning speed of IIC [32].
However, the experimental results with the galvanometer
scanner do not show benefits of Broyden’s method that
explicitly takes account of the system nonlinearities. In
summary, the secant method is the best of the three compared
methods for the galvanometer scanner, achieving a fast
learning speed and a small tracking error that is very close
to the noise floor of the sensor.
VII. C ONCLUSION
This paper derives a learning law of modeling-free IIC for
a nonlinear system in order to identify an ideal algorithm
for a galvanometer scanner. In the framework, the internal
system identification is formulated as a Jacobian estimation
problem, and three methods (Broyden’s method, the secant
method and the linear method) are compared by using a
40 Hz triangular wave of ± 5 deg as the motion trajectory.
In the implementation, the control input update is running
independently in parallel with the Jacobian update, such that
the learning control is still active to reduce the tracking error
even when the Jacobian update is interrupted.
The IIC using the linear method results in a relatively large
tracking error because it cannot compensate for the error’s
even harmonics. In contrast, both Broyden’s method and the
secant method can achieve a peak-to-peak tracking error of
about ± 2 × 10−3 deg. In comparison of these two methods,
the secant method has an advantage for its fast learning and
convergence in the case of raster scanning.
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