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Abstract—Vehicle-to-Vehicle channels pose large modeling challenges due to their time-varying nature and
their large Doppler shifts. While new descriptions for the
channel are being researched, many standardization bodies
and hardware manufacturers still rely on the concept
of a tapped delay line as channel description. In this
paper, we rephrase the problem of estimating a tapped
delay line with given number of taps as sparse array
processing problem. We formulate the problem via the
complex LASSO algorithm, and modify the cost function to
only consider frequency regions of interest. We thus end up
at a description that estimates a tapped delay line impulse
response from channel sounder data in such a way that
a given subspace of frequencies is optimally fitted. Our
results show that this combination of subspace projection
and LASSO optimization allow to estimate the desired
channel of interest with high precision and provides large
gains over conventional delay line estimation methods.
Index Terms—Intelligent Transport Systems, Vehicular
Channel Models, c-LASSO

I. I NTRODUCTION
Accurate representations of the vehicular channel have
been the focus of interest for over a decade [1], [2].
Their high relative Doppler speeds lead to strong nonstationarity [3], and the outdoor scenarios result in
unique Doppler spectra due to asymmetrical scatterer
placement [4]. Due to these challenges, novel signal
representations have been researched to find accurate low
complexity descriptions of the vehicular channel. Among
these signal descriptions are the prolate spheroidal sequences [5], which prove to be of high potential. On
the other hand, standard models such as the tapped
delay line are still being employed and adapted. The
tapped delay line imposes that there are exactly K0
groups of scatterers in the communication path. The
groups of scatterers are uncorrelated, and the different
multi-paths within one group are not resolvable, leading
to uncorrelated small scale fading parameters for each
tap. These strong assumptions diverge from real channel
scenarios occurring. However, the model is still widely
used [6], [7], in part due the fact that the imposed
assumptions facilitate designing the channel by picking
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Doppler spectra and fading distributions. Moreover, the
structure of a tapped delay line results in easy hardware
implementation in emulation settings, making the model
relevant for standardization bodies that define models for
implementation on test devices [8]. The use of tapped delay line descriptions continues further to millimeter wave
communications [9], [10]. Frequently, however, tapped
delay line models are postulated from models, or fitted
from measurements in very basic fashion. For example,
the position of the needed taps may be interpolated from
the bandwidth and the delay spread [11], or the Doppler
spectra are imposed and only the Doppler spread fitted
to measurements [8].
We reinterpret the impulse response estimation as
an array processing problem where we compute a
sparse solution in time domain that best matches a
given frequency response through convex optimization.
To achieve this, we impose the sparsity order K0 of
nonzero values in our tapped delay line. We furthermore
introduce a weighting matrix that allows us to define
frequency ranges that are important to emulate well,
and show that the problem formulation is equal to the
complex version of the Least Absolute Shrinkage and
Selection Operator (LASSO) problem [12], the Complex
LASSO (c-LASSO) [13]. We demonstrate that through
the subspace projection in frequency, we use tapped
delay lines to accurately represent channel impulse responses even if we don’t know the actual sparsity of the
source array. Then, we apply this sparse fit to channel
sounder data and show that by reducing the bandwidth
of interest, we achieve accurate fits with sparse delay
line models that are useful when considering application
in band limited scenarios, such as emulation. We compare our results to the typical approach of taking the
K0 strongest peaks of the measurement (peak search),
and demonstrate large possible gains through subspace
projections. For in depth performance evaluation, we
use vehicular channel sounding measurements done at
typical vehicular frequencies.
We denote vectors and matrices as lower and uppercase boldface, respectively (e.g. h and W). Time

indices are given by square brackets, and may apply
to whole vectors that change over time (x[i], h[i]). pnorms are denoted as || · || p . Furthermore, sets are written
calligraphic (K), and the number of elements in the set
is denoted as |K0 |.
II. S PARSE I MPULSE R ESPONSE E STIMATION
|h|2 in dB
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are linked by the DFT matrix, and by defining the
sparsity order K0 , we introduce the optimization problem
xl0 [i] = arg min ||W (h[i] − Fx) || 2

||x||0 ≤ K0 .
(3)
We call the set of indices K0 [i] ⊂ N where xl0 is nonzero
at time i the support of xl0 , with |K0 [i]| = K0 for all i. As
cost function f0,W (·) to be minimized we use a weighted
version of the least squares,
x

f0,W (y) =y H W H Wy
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which allows assigning importance to frequency ranges,
improve the estimate for those ranges while reducing the
overall complexity. This objective function is a positive
semidefinite program and thus convex [14]. The problem
statement is replaced using the c-LASSO [13]
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Fig. 1. Realization of frequency response h and corresponding impulse
response x.

We consider a communication channel of a given
bandwidth B, of which we observe the time-varying
frequency response h[i], sampled at N equidistant frequency points, where N is an odd number. We assume
this frequency response is described in the baseband, and
is centered around the 0 carrier. Furthermore, we impose
that this frequency response is caused by a channel
impulse response that shows only few active taps, and
depends on time index i. Such a tapped delay line x[i]
is typically written as function of both time i and delay
j in terms of a sequence of Dirac impulses
Í
x[i, j] = k ∈K0 [i] xk [i]δ[k − j],
(1)
where xk [i] is the complex amplitude of the kth tap,
K0 [i] is the set of active taps j at time instant i, and
|K0 [i]| = K0 [i]  N. For the remainder of this paper,
we will write the time variant impulse response as time
variant vector x[i]. We assume the observed frequency
response to depend on x[i] via the Fourier transform
corrupted by noise
h = Fx + n,

(4)
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s.t.

(2)

where n ∼ CN (0, σ 2 I N ×N ). Furthermore, F ∈ C N ×N
is the centered, unitary Discrete Fourier Transform
(DFT) matrix with the following entries Fk,n =
2π k
N −1
√1 e−j N (n− 2 ) . One realization of a vehicular channel
N
frequency response that is taken from measurements is
shown Fig. 1, along with the corresponding magnitude
of the impulse response estimate computed by x̂ = F H h.
The figure illustrates the few dominating taps in the
impulse response.
A. Estimation
Our goal is to represent a time-variant complex-valued
frequency response h[i] ∈ C N through a sparse timevarying impulse response xl0 [i] ∈ C N . The two vectors

xl1 [i] = arg min ||W(h[i] − Fx)||22
x

s.t.

||Dx||1 ≤ ,
(5)

or, in its Lagrangian form


xl1 [i] = arg min ||W(h[i] − Fx)||22 + µ||Dx||1 .
x

(6)

The matrix D allows to adapt the penalties for different
entries in x being nonzero, while µ is a regularization
parameter that allows us to tune the sparsity order of
the resulting estimate [13]. By introducing y = Wh and
A = WF, we arrive at the original formulation in [13],
allowing us to use the given results directly, which were
shown to be optimal in the Mean Squared Error (MSE)
sense. We interpret the weighting matrix W as a spectral
mask that weights subcarriers of interest with 1, and
all others with 0. Thus, we introduce the set S ⊂ N
containing the indices of all subcarriers of interest, and
construct W as W S = Diag(δ1, δ2, . . . , δ N ), where Diag
is a diagonal matrix whose kth diagonal entry is 1 if
and only if k ∈ S, otherwise 0. W S is a projection
matrix, which reduces the number of sum terms in the
cost function f0 (·) from N to |S| in Eq. (4). Although
we will only consider adjacient frequency ranges in
this paper, it is not required for the W S matrix. For
example, if a strong interferer was known to be active
on a given frequency index, that index can be removed
in the projection. For the matrix D, we set the identity
matrix to fair weighting (every time index is considered
equally). We now apply the algorithm from Table 3 in
[13] to iteratively find the optimal estimate xl0,W for a
given sparsity order K0 . A special case solution is found
through a simple peak search for W being the identity
matrix I N ×N . Then, WF spans an orthonormal basis.
In this case, the optimal time domain support for our
K0 -sparse impulse response is obtained by computing
the dense impulse response x̂ = F H h and find the K0
indices Speak where | x̂| is maximal. Then, we construct
the tall DFT matrix F0 ∈ C N ×K0 that only consists of
columns of F corresponding to indices in Kpeak . Finally,

we find the K0 optimal nonzero entries of the solution
vector through the Moore-Penrose pseudoinverse († )
xpeak,nonzero = F0† h.

(7)

This least squares step can be adjusted to only work on
the subcarriers in Speak by taking the same support set
Kpeak and using a projected version of the inverse
xpeak, S,nonzero = (WF0)† Wh.

LASSO achieve a reduction of up to 20 % for 65
subcarriers. In the signal dominated regime, we see that
good MSEs can’t be achieved if the chosen K0 is too low
compared to the original data. Furthermore, peak search
approaches LASSO for high SNR values.
TABLE I
M EASUREMENT PARAMETERS

(8)

Center frequency [GHz]
Measurement bandwidth [MHz]
Transmit power [dBm]
Test signal length [µs]
Snapshot repetition time [µs]
Recording time [s]
Speed Tx [km/h]
Speed Rx [km/h]

We use both the full peak-search result, and the projected
version in later performance analysis as comparison.

10 sources xl1
10 sources xpeak
30 sources xl1
30 sources xpeak
100 sources xl1
100 sources xpeak
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(a) MSE on 65 subcarriers.
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Fig. 2. Simulated performance evaluation for K0 = 10.
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In order to evaluate the performance, we generate random frequency responses, and evaluate the fitting qualities. To this end, we assume that we have a bandwidth of
240 MHz, split into 769 frequency slots. Therefore, the
impulse response x has 769 possible delays according to
Eq. (2). We generate data with 10, 30 and 100 randomly
chosen active taps, each tap being complex Gaussian
CN (0, 1) distributed, and normalize the overall signal
to have mean power 1. We then add noise according
to Eq. (2). Since the subcarrier power is 1, the overall
Signal-to-Noise Ratio (SNR) on each subcarrier equals
σ −2 . From this, we calculate LASSO fits. We analyze
the performance of the fits for σ −2 ∈ [−6, 8] dB. For
the projection matrix W, we choose bandwidths of 20
and 60 MHz, located at the center frequency, resulting
in S65 = [353, 407] and S193 = [289, 481] (Fig. 2).
As performance metric, we use the normalized MSE
evaluated at the active subcarriers, therefore
MSE Nsub (x) =

||W Nsub (h − Fx)||22
Nsub ||h||22
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Fig. 3. Channel sounder results.

IV. M EASUREMENT-BASED E STIMATION
In this section, we apply the presented algorithm to
conducted channel sounder measurements. The measurements were taken in 2009 as part of the DRIVEWAY
measurement campaign [15]. We chose a road crossing
scenario, where transmitting and receiving vehicle both
approach the road crossing, as depicted in Fig. 4. The
relevant parameters of the channel sounder measurement
are given in Table I. Figure 3 shows the channel sounder
data for the given measurement scenario. As is shown,
for 7 seconds, the received power was low, and only
afterwards, a noticeable power was detected.
Rx

.

PDP [dB]

MSE65

III. P ERFORMANCE E VALUATION

5.6
240
27
3.2
307.2
10
10 − 20
30

(9)

Here, we divide only by the number of nonzero terms
in the summation in the numerator to avoid bias towards
small bandwidths. The results clearly shows 2 regions.
Noise dominated (< 0 dB), and signal dominated (>
0 dB). In the noise dominated regime, h is not sparse in
any representation, and the normalized MSE is constant.
However, the combination of subspace projection and

Tx

Fig. 4. Urban crossing channel scenario.

(a) K0 = 10, 20 MHz.

(b) K0 = 10, 60 MHz.

(c) K0 = 8, 20 MHz.

(d) K0 = 8, 60 MHz.

(e) K0 = 4, 20 MHz.

(f) K0 = 4, 60 MHz.

Fig. 5. Power Delay Profile (PDP) for K0 ∈ {4, 8, 10} with 20 and 60 MHz bandwidth.
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(a) 20 MHz bandwidth, MSE65 = 1.12 · 10−4 .
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(b) 60 MHz bandwidth, MSE193 = 1.3 · 10−3 .
Fig. 6. Performance evaluation for K0 = 10.
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A. Estimation Results
The channel sounder provides a total of 769 frequency
points, corresponding to a bandwidth of 240 MHz. We
estimate the impulse response for sparsity values between 4 and 28, and choose 20 and 60 MHz as bandwidths of interest, which corresponds to 65 and 193
frequency slots. The PDP for 4, 8 and 10 taps at a
bandwidth of 20 and 60 MHz is shown in Fig. 5. The
plots show that the c-LASSO keeps the main contributions of Fig. 3, while discarding noisy components. For
progressively smaller sparsity number K0 , the taps focus
even stronger around the key contributions. The main
difference between the two shown bandwidths is that
the PDP for 20 MHz show a minimum distance between
adjacent active taps. This is caused by the low-pass filter
criterion we imposed, which makes taps that are spaced
to close to each other unresolvable. Figure 6 shows the
original frequency response, and the 20- and 60 MHz
sparse fits with K0 = 10, as well as the MSEs on the
bandwidth of interest, which is denoted by black lines.
We see an improvement in MSE of more than an order of
magnitude by choosing a smaller region to fit. Figure 7
shows the Power Spectral Density (PSD) estimate for the
strongest tap as a function of time, based on a LASSO
estimate with K0 = 10 and a bandwidth of 60 MHz. The
c-LASSO fit captures the Line-of-Sight (LOS) path, and
the time variant, narrow Doppler shift that comes from
one car passing the other. Calculating stable PSDs fits for
the other, reflected, taps is difficult due to the weaker taps
being less correlated in time (Fig. 5). Figure 8 shows
the MSE over time for different sparsities. In the first
6 seconds, the channel sounder provides mainly noise,
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Fig. 7. PSD estimate for the strongest tap.

afterwards a progressively stronger LOS is established,
leading to lower MSEs. The MSE curves never reach
a lower error floor, meaning that all configurations are
able to resolve the dominant paths. However, increasing the sparsity still helps to resolve weaker multipath
components. Figure 9 shows the average MSE in the
LOS region. We evaluate LASSO and peak-search fits
for 20 and 60 MHz and evaluate the MSE for 65 and
193 subcarriers for both according to Eq. (9). For both
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Fig. 8. MSE over measurement time for LASSO fits.

MSE65

evaluations, we add the performance of the full bandwidth peak search fit. When the MSE is calculated for
65 subcarriers, the smallest bandwidth fits are the best,
and LASSO outperforms peak search. For narrowband
estimations Fig. 9a, classic peak search hits an error
floor, while the c-LASSO approach outperforms the
other approach at K0 = 10, and continues to improve for
larger values K0 . The dependence on the sparsity order
is not strongly pronounced, it is however decreasing
continuously. For the MSE taken with respect to 193
subcarriers, the narrowband estimates show that they
don’t work outside their optimized band. The 20 MHz
peak search results are not visible as they are far above
the scale.
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Fig. 9. MSE as a function of chosen sparsity K0 .

V. C ONCLUSION
We discuss an optimal way to fit channel sounder data
to a time-variant tapped delay line of a given size, and
a prescribed frequency set of interest. Our results show
that this estimate captures the source measurements very
well, especially if the bandwidth of interest has been
reduced suitably. In this case, due to the lost orthogonality of the DFT, peak search is no longer optimal, and
instead the c-LASSO approach is used. We furthermore

demonstrated that the MSE depends far stronger on
the algorithm and the chosen optimization bandwidth
than the exact number of taps used to represent the
channel. Therefore, if a system already prescribes a
band limit, a suitably low number of taps can be chosen while still performing well. This approach lends
itself to implementation in channel emulation, where
the emulation bandwidth is already given as a hardware
design criterion, and focus lies on the straightforward
implementation mechanism of the tapped delay line.
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