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ABSTRACT
We propose a method for detecting and estimating multiple objects
from multiple noisy images with partly overlapping observation areas. The goal is to detect the objects that are “locally” present in the
individual observation areas and to estimate their states. Our method
is based on a new closed-form expression of the marginal posterior
probability hypothesis density (PHD) and admits a distributed implementation. Simulation results demonstrate performance gains over
correlation-based and PHD-based methods that do not take advantage of the overlapping observation areas.
Index Terms— Random finite set, FISST, probability hypothesis density, PHD, image processing.
1. INTRODUCTION
Detecting and estimating objects from observed images is important in applications such as visual tracking [1], autonomous driving [2], remote sensing [3], biomedical analytics [4, 5], and SLAM
[6, 7]. Methods for object detection and estimation from image-like
data include [8–16]. Recently, methods based on random finite sets
(RFSs) [17, 18] have been proposed for applications in target tracking and data fusion. Some of these methods involve the probability
hypothesis density (PHD), which is a first-order moment of an RFS
distribution [19–21]. An RFS method that detects and tracks multiple objects based on a sequence of images is proposed in [16]. This
method uses a multi-Bernoulli filter and assumes a single sensor or
multiple sensors with identical observation areas (OAs).
Here, we propose a PHD-based method for the problem of estimating the number and states of objects from multiple noisy images.
We allow for overlapping OAs and extend the data model of [16] to
this case. However, differently from [16], we consider estimation
from a single set of images, rather than sequential estimation from
a temporal sequence of images. Our goal, more specifically, is to
estimate the numbers and states of the objects that are present in the
individual OAs. This amounts to estimating the “local RFS” of the
objects present in a given OA. The proposed estimator is based on a
new closed-form expression of the marginal posterior PHD. It takes
advantage of the overlapping OAs by using all the relevant images,
and it can be easily implemented in a decentralized manner. Simulation results demonstrate the superior performance of our estimator
compared to both a PHD-based estimator using only the respective
image and a classical correlation-based estimator [22, Ch. 3].
This paper is organized as follows. After a review of some RFS
fundamentals in Section 2, the data model and a statistical formulaThis work was supported by the FWF under grants P27370-N30 and
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tion are described in Section 3. The proposed estimator is developed
in Section 4. Simulation results are presented in Section 5.
2. RFS FUNDAMENTALS
d

An RFS X ⊆ R is a finite set of a random number of random vectors
x ∈ Rd, i.e., X = {x1 , . . . , xk }, where k is a nonnegative random integer and the xi ∈ Rd are random vectors. (We use sans-serif type to
denote random quantities.) Note that the realization X = {x1 , . . . ,
xk } is not changed by a permutation of the elements x1 , . . . , xk .
Using the FISST framework [17, 18], an RFS X is characterized by
its probability density function (PDF) f (X), where X is any finite set of elements from Rd. The probability that X is contained
d
in
R a given closed set A ⊆ R can be calculated as Pr(X ⊆ A) =
f
(X)dX,
where
the
right-hand
side is a set integral [17, 18].
A
Similarly, an I-tuple of RFSs X1 , . . . , XI is characterized by the
joint PDF f (X1 , . . . , XI ), and the probability that the Xi are contained in closed sets Ai ⊆ Rd can be calculated by an iterated set
integral, i.e.,
Pr(X1 ⊆A1 , . . . , XI ⊆AI )
Z
Z
=
···
f (X1 , . . . , XI )dXI . . . dX1 .
A1

(1)

AI

The PHD D(x) of an RFS X is a real-valued function on Rd with
the defining property that its integral over any closed subset A ⊆ Rd
gives the expected number of elements of X contained in A, i.e.,
Z
E{|X ∩ A|} =
D(x)dx.
(2)
A

Here, |X| denotes the cardinality of X.
An important special RFS is the Poisson RFS, whose PDF is
[17, 18]
Y
f (X) = e−µ µ|X|
f (x),
(3)
x∈X

where µ > 0 is the mean of the random variable |X| and f (x) is a
vector PDF on Rd (also called spatial PDF). A Poisson RFS is fully
characterized by its PHD, which is given by
D(x) = µf (x).

(4)

3. DATA MODEL AND STATISTICAL FORMULATION
We assume that an unknown number of objects may be present in
one or several observed images. An object is characterized by its
state x ∈ R ⊆ Rd. For example, x may be the two-dimensional (2-D)
position of an object, in which case R ⊆ R2. We observe a collection
(1)
z1:I = (z1 , . . . , zI ) of I gray-scale images, where zi = zi · · ·
(M ) T
(m)
M
zi
∈ R , i ∈ {1, . . . , I} comprises the pixel values zi , m ∈
{1, . . . , M } of the ith image.

βi (x, z i ) =
R3
R5

R1

R4

Fig. 1. Schematic representation of five pairwise overlapping OAs
R1 , . . . , R5 associated with images z1 , . . . , z5 .
To characterize the statistical dependence of the images on the
object states, we first assume that only one object with state x = x
is present. Let Ti (x) ⊆ {1, . . . , M } denote the set of those pixelindices m in image zi that are affected by an object with state x. An
(m)
object affects pixel m ∈ Ti (x) by changing the distribution of zi .
(m)
More specifically, the conditional PDF of zi given x = x is [16]
(

(m)
φi zi , x if m ∈ Ti (x),

(m)
f zi
x =
(m) 
if m 6∈ Ti (x),
ψi zi

(m) 
(m)
whose integral
with known functions φi zi , x and ψi zi
(m)
with respect to zi is 1. We define the ith OA Ri ⊆ R as the set of
all state vectors x ∈ R that affect at least one pixel in image zi , i.e.,
Ri , {x ∈ R : Ti (x) 6= ∅}, i ∈ {1, . . . , I}.
SI
S
Evidently, i=1 Ri ⊆ R; for simplicity, we assume Ii=1 Ri = R,
i.e., the object affects at least one image zi . The pairwise intersections Rij , Ri ∩ Rj = Rji , i 6= j are allowed to be nonempty,
which means that the OAs of two different images zi and zj may
overlap. That is, if Rij 6= ∅, an object with state x ∈ Rij affects
both images zi and zj . However, we restrict to pairwise overlap, i.e.,
an object can affect at most two images simultaneously. This means
that Ri ∩ Rj ∩ Rk = ∅ for any choice of different indices i, j, and
k. Fig. 1 shows an example of pairwise overlapping OAs.
We now generalize to the case of multiple objects. While the
definitions of Ti (x) and Ri are still valid, we have to adapt the statistical dependence. We assume that the number and states of the
objects are random and that the objects do not possess an inherent
order. Accordingly, we model the entirety of all object states as an
RFS X ⊆ R with a given prior PDF f (X). Differently form [16],
we do not require Ti (x) and Ti (x′ ) for different x, x′ ∈ X to be
disjoint; hence a pixel may be affected by more than one object. We
also define a “local” object state RFS for each image zi as
i ∈ {1, . . . , I}.

(5)

That is, Xi contains only those elements of X that lie
S in Ri , i.e.,
those object states x ∈ X affecting image zi ; note that Ii=1 Xi = X.
Since the OAs Ri are allowed to overlap, certain states x may be
contained in two local RFSs simultaneously. More precisely, x ∈ Xi
and x ∈ Xj if and only if x ∈ X ∩ Rij .
The statistical dependence of the ith image zi on the state RFS
X is described by the local likelihood function f (z i |X). Following
[16], we assume that f (z i |X) factors as
Y
f (z i |X) = αi (z i )
βi (x, z i ),
(6)
x∈X

with

αi (z i ) =

M
Y

m=1

(m) 

ψi zi

,

(8)

By construction, Xi contains all state vectors x that affect image zi ,
i.e.,1
f (z i |X) = f (z i |Xi ).
(9)

R2

Xi , X ∩ Ri ⊆ Ri ,


Y φi zi(m), x
.
(m) 
m∈Ti (x) ψi zi

(7)

Therefore, given Xi , zi is conditionally independent of all the other
local RFSs Xj , and hence f (z i |X1:I ) = f (z i |Xi ). Furthermore,
we assume that given X1:I , zi is conditionally independent of all the
other zj . Thus, the global likelihood function f (z 1:I |X1:I ) factors
as
I
I
Y
Y
f (z 1:I |X1:I ) =
f (z i |X1:I ) =
f (z i |Xi ).
i=1

i=1

Using Bayes’ rule, we then obtain the joint posterior PDF (up to a
normalization factor) as
f (X1:I |z 1:I ) ∝ f (X1:I )f (z 1:I |X1:I ) = f (X1:I )

I
Y

f (z i |Xi ).

i=1

(10)
Here, f (X1:I ) is the joint prior PDF, which has to be determined
from the given prior PDF f (X), and f (z i |Xi ) = f (z i |X) (cf. (9))
is given by (6).
4. DETECTION AND ESTIMATION
4.1. The RFS Estimator
The problem considered in this paper is to jointly detect the number
of objects affecting image zi and estimate the states of these objects,
for each i ∈ {1, . . . , I}. This problem amounts to estimating each
local RFS Xi . Because an object can appear in two images, we consider estimation of each Xi from all the observed images zj = z j ,
j ∈ {1, . . . , I}, or equivalently from z 1:I , rather than from z i alone.
Our estimator of Xi is based on the marginal posterior PHD
Di (x|z 1:I ), which can be calculated from the marginal posterior
PDF f (Xi |z 1:I ) (assumed continuous) according to [17, Sec. 16.2]
Z
Di (x|z 1:I ) =
(11)
∆Xi (x)f (Xi |z 1:I )dXi .
Ri

Here, ∆Xi (x) , x′ ∈Xi δ(x − x′ ), where δ(x) is the Dirac delta
function. The marginal posterior PDF f (Xi |z 1:I ) is obtained from
the joint posterior PDF f (X1:I |z 1:I ) in (10) by integrating out all
Xj , j 6= i, i.e.,
Z
f (Xi |z 1:I ) =
f (X1:I |z 1:I )dX∼i ,
(12)
P

R∼i

where the right-hand side is the iterated set integral over all Rj
with j 6= i (cf. (1)). Once the marginal posterior PHD Di (x|z 1:I )
has been determined, Xi can be estimated by the following procedure [17, pp. 504–505]. First, the expected number of objects
in Ri given the Rimage observations z1:I = z 1:I is calculated as
E{|Xi ||z 1:I } = R Di (x|z 1:I )dx (cf. (2)). An estimate K̂i of the
i
number of objects in Ri is then obtained by rounding E{|Xi ||z 1:I }.
Next, the positions x̂i,k , k ∈ {1, . . . , K̂i } of the K̂i largest local
maxima of Di (x|z 1:I ) are determined. Finally, an estimate of Xi is
i
given by the set of all x̂i,k , i.e., X̂i = {x̂i,k }K̂
k=1 .
1 Indeed, for x ∈ X\R , we have T (x) = ∅ and thus (8) yields β (x, z )
i
i
i
i
= 1. Hence, from (6), f (z i |X) = f (z i |X ∩ Ri ), which equals f (z i |Xi )
due to (5).

4.2. Calculation of the PHD

4.3. Distributed Implementation

It remains to calculate the marginal posterior PHD Di (x|z 1:I ).
In principle, this consists of the following steps. Step 1: Determine the joint prior PDF f (X1:I ) from the given prior PDF f (X).
Step 2: Obtain the marginal posterior PDF f (Xi |z 1:I ) by evaluating
(10) and (12). Step 3: Obtain Di (x|z 1:I ) by evaluating (11). In
what follows, we will present a general closed-form expression of
f (X1:I ) (Step 1). We will also present closed-form expressions of
f (Xi |z 1:I ) (Step 2) and Di (x|z 1:I ) (Step 3) under the assumption
that the prior PDF f (X) is Poisson. Hereafter, we denote by E
the set of index pairs (i, j) ∈ {1, . . . , I} × {1, . . . , I} such that
Rij 6= ∅ and i > j. That is, E consists of the index pairs of all
intersecting OAs Ri and Rj , where the constraint i > j ensures that
the equivalent index pairs (i, j) and (j, i) are counted only once. We
also define the “neighbor set” Ni , {j 6= i : Rij 6= ∅} as the set of
indices j of all Rj intersecting Ri . Note that j ∈ Ni if and only if
i ∈ Nj . Finally, forRtwo finite sets X, Y ⊆ R, we define δY (X) via
the sifting property R g(X)δY (X)dX = g(Y ), for any continuous
function g(X) ∈ R.
The calculation of f (X1:I ) (Step 1) is based on the following
result, whose proof is omitted because of space restrictions and will
be provided in a future journal publication.

A distributed implementation of the proposed estimator can be obtained in a straightforward manner. Consider a decentralized sensor
network where sensor i observes image zi . Then, the calculation of
Di (x|z 1:I ) in (13) and the subsequent processing as described in
Section 4.1 can be performed locally at sensor i provided that those
parts of the “neighboring” images z j , j ∈ Ni that are affected by
the objects in Ri are available at sensor i. This means that the tuples
S
(m) 
with Mji , x∈Rji Tj (x) have to be transmitted
m, zj
m∈Mji
from the “neighbor sensors” j ∈ Ni to sensor i. We conclude that
each sensor i has to transmit to its neighbor sensor j ∈ Ni |Mij |
(m)
integers m and real numbers zi .

Theorem 1 Let f (X) be the prior PDF of X. Then the joint prior
PDF f (X1:I ) = f (X1 , . . . , XI ) of the local RFSs Xi = X ∩ Ri is
given for Xi ⊆ Ri by
!
I
Y
[
δXi ∩Rj (Xj ∩ Ri ).
Xi′
f (X1:I ) = f
i′ =1

(i,j)∈E

Q

Here, the factor (i,j)∈E δXi ∩Rj (Xj ∩ Ri ) ensures that all sets
Xi and Xj with (i, j) ∈ E contain the same elements in the overlap
area Rij . In other words, all events containing sets that do not satisfy
this condition are assigned zero probability under integration.
Hereafter, we assume that the prior PDF f (X) is Poisson (see
(3)). The next result, whose proof uses Theorem 1, states that the
marginal posterior PDFs f (Xi |z 1:I ) (Step 2) are then also Poisson.
Theorem 2 Let f (X) be Poisson with mean µ > 0 and spatial PDF
f (x). Then the marginal posterior PDF f (Xi |z 1:I ) of Xi = X ∩ Ri
given z1:I = z 1:I is again Poisson, i.e., for Xi ⊆ Ri
Y
|X |
f (Xi |z 1:I ) = e−µi µi i
fi (x|z 1:I ),
x∈Xi

with mean µi = µεi and spatial PDF
fi (x|z 1:I ) =

Y
1
f (x)βi (x, z i )
γij (x, z j ).
εi
j∈N
i

Here,
εi =

Z

f (x)βi (x, z i )

Ri

Y

γij (x, z j )dx,

j∈Ni

the function βi (x, z i ) was defined in (8), and γij (x, z j ) is equal to
βj (x, z j ) if x ∈ Rij and 1 otherwise.
Since the marginal posterior PDF f (Xi |z 1:I ) is Poisson with
mean µi and spatial PDF fi (x|z 1:I ), the marginal posterior PHD
Di (x|z 1:I ) (Step 3) is given by (4) with obvious modifications, i.e.,
Y
γij (x, z j ).
Di (x|z 1:I ) = µi fi (x|z 1:I ) = µf (x)βi (x, z i )
j∈Ni

(13)

5. NUMERICAL STUDY
We consider three gray-scale images z1 , z2 , and z3 , each of size 100
×100 pixels, where each pixel covers a unit square in R2. The centers of the images are located at p1 = (40 −10)T, p2 = (50 50)T,
and p3 = (100 100)T. The object states are 2-D position vectors,
i.e., x = (x1 x2 )T ∈ R ⊆ R2. The pixel index set Ti (x), i ∈ {1, 2, 3}
corresponds to a 5×5 array of pixels whose center is the pixel point
closest to x. Thus, the OAs Ri , i ∈ {1, 2, 3} are overlapping squares
in R2 (with nonempty intersections R12 and R23 ) and R is their
union. The global RFS X is assumed Poisson with µ = 4.696 (corresponding to X2 = X ∩ R2 being a Poisson RFS with mean 2) and
f (x) uniform on R. For each simulation run, a different global state
set X was randomly drawn from this Poisson distribution.
(m)
Given a set of object positions X = X, the pixel values zi are
randomly generated as
X
(m)
(m)
zi =
h(m; x − p̃i ) + ni .
(14)
(m)

x∈Ri

∩X

(m)

Here, Ri , {x ∈ Ri : m ∈ Ti (x)} is the set of all object positions
S
(m)
(m)
x that affect pixel zi (note that m Ri = Ri ). Furthermore,
h(m; x) is the point-spread function used in [16],


Is
(a−x1 )2 + (b −x2 )2
h(m; x) =
exp
−
,
2πσh2
2σh2
with source intensity Is , blurring factor σh2 = 2, and a and b defined
by m = 100(a − 1) + b, for a, b ∈ {1, . . . , 100}. Finally, p̃i ,
(m)
pi − (50 50)T, and ni is independent and identically distributed
zero-mean Gaussian noise with variance σ 2 = 1. According to (14),
(m)
(m)
each object affecting pixel zi , i.e., with position x ∈ Ri , adds
(m)
2
a deterministic value h(m; x− p̃i ) to the random noise value ni .
We compare the performance of the proposed estimator, hereafter termed “multiple-image PHD estimator” or briefly ME, with
that of two reference methods, namely, a “single-image PHD estimator” (SE) and a single-image correlation-based estimator (CE)
[22, Ch. 3]. These estimators apply the same processing—described
below—to an estimator-dependent “spatial function.” For the ME,
the spatial function is the logarithm of the marginal posterior PHD
Di (x|z 1:I ) in (13). For the SE, it is the logarithm of Di (x|z 1:I ) in
2 Note that the deterministic values due to several (closely spaced) objects
may add up in our simulation even though this is not taken into account in
our model for the local likelihood function. In fact, we approximate the true
local likelihood function f (z i |Xi ) = f (z i |X) by the expression (6)–(8)

(m) 
(m) 
with φi zi , x = N h(m; x − p̃i ), σ2 and ψi zi
= N (0, σ2 ),
2
where N (µ, σ ) denotes a Gaussian PDF with mean µ and variance σ2.
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Fig. 2. Example of spatial functions of (a) ME (proposed), (b) SE, and (c) CE, for source intensity Is = 50.
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Fig. 3. Performance of the proposed multi-image PHD estimator (ME) and of the two reference methods (SE and CE) versus the source
intensity Is : (a) mean OSPA error, (b) mean cardinality error, and (c) mean localization error.

(13) with Ni = ∅, i.e., estimation of Xi is based solely on the respective image z i . For the CE, it is the correlation function c(x, z i ) ,
P
(m)
h(m; x − p̃i ), which is again based solely on z i .
m∈Ti (x) zi
The processing applied to the spatial function consists of the following steps. The spatial function is evaluated on the pixel grid. The
positions of the 20 largest function values are used to initialize 20 instances of a gradient ascent algorithm, which yield 20 local maxima
of the spatial function. We then discard all maxima below a threshold level t to obtain a reduced list of candidate positions. Starting
with the first candidate position, we cluster together all candidates
inside a circle with radius r and delete them from our candidate list.
This procedure is repeated until the list is empty. The position of the
largest maximum within each cluster is chosen as an estimate x̂ of
an object position x. Finally, the set of all the obtained object position estimates x̂ is used as the estimate of the local RFS Xi . We
note that this procedure differs from that described in Section 4.1
in
R that it avoids the numerically difficult computation of the integral
D (x|z 1:I )dx. The threshold t, gradient ascent step size, and
Ri i
cluster radius r were numerically optimized for each method.
Fig. 2 shows an example of the spatial functions of the three estimators for local RFS X2 at source intensity Is = 50. There are three
objects present, which are visible as bright spots (corresponding to
large local maxima). The SE and CE functions exhibit similar patterns. In the ME function, one can observe an enhancement of the
object peaks and a reduction of the noise in the two overlap areas.
To assess the performance of the three estimators, we use the
first-order mean OSPA distance [23] between the true local RFS X2
and the corresponding estimate X̂2 . The base metric of the OSPA
distance is chosen as the Euclidean distance, and the cutoff parameter is set to 30. In addition, we consider the cardinality and localization error components (the first-order OSPA distance is the sum

of these components [23]), which measure the average deviation between the true and estimated object number and object positions,
respectively. Fig. 3 shows the mean OSPA, cardinality, and localization errors obtained with the three estimators for various source
intensities Is . These mean errors were estimated by averaging over
10000 simulation runs per intensity value. According to the OSPA
curves, the proposed ME outperforms the two reference methods,
with the largest performance gains observed for small intensity values, i.e., in the low-SNR regime. The superior performance of ME
demonstrates the advantages of leveraging the overlap of the OAs by
basing the estimation of each local RFS on all the relevant images.
The error floors visible in Fig. 3 are probably due to clustering errors
and, in the case of ME and SE, our approximation of the true local
likelihood function by (6). Both the overall OSPA error and the cardinality error of ME are lower than the respective errors of SE, which
in turn are slightly lower than those of CE. The localization error of
ME is lower than that of SE and CE for small Is and similar otherwise. It is also seen that for Is between about 22 and 37, somewhat
surprisingly, CE achieves better localization results than SE.
6. CONCLUSION
We proposed a PHD-based method for the problem of locally estimating the number and states of objects from multiple noisy images
whose observation areas (OAs) are allowed to overlap. Our estimator is based on a closed-form expression of the marginal posterior
PHD and takes advantage of the overlap of the OAs. A distributed
implementation with moderate communication cost can be easily
obtained. Simulation results demonstrated that our estimator outperforms single-image PHD-based and correlation-based estimators
that do not exploit the overlapping OAs.
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