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Abstract. Nonlinear modeling of the inelastic behavior of materials by a multiplicative de-
composition of the deformation gradient tensor is commonly used in geometrically nonlinear
problems. Among the various scope of problems, the decomposition has proven applicable in
thermoelasticity, elastoplasticity, as well as for the description of residual stresses arising in
growth processes of biological tissues. In the context of smart materials, electro-elastic elas-
tomers, shape-memory alloys and piezoelectric materials have been considered. The present
paper reviews the nonlinear field equations of electro-elasticity and provides a general represen-
tation of the constitutive equations adopting the multiplicative decomposition of the deformation
gradient. In extension to previous contributions, the electrostatic body forces and couples are
consistently accounted for within the framework of thermodynamics. Exemplarily, the general
relations are particularized for a simple choice of free energy functions.

1 INTRODUCTION

As opposed to diverse well-established theories within the range of small deformation prob-
lems, large deformation or even finite strains occurring in materials that show both an elastic
and an inelastic response are more difficult to handle. One reason for the complexity is that the
intuitive splitting of strains into an elastic part and an inelastic part does not carry over to non-
linear strain measures in large deformation problems in view of the limited physical meaning of
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such decomposition, see, e.g., [1, 2]. To circumvent this problem, the concept of a multiplicative
decomposition of the deformation gradient has proven to be a successful approach that has been
adopted in thermoelasticity, elastoplasticity and for the modeling of residual stresses in growing
materials, see [3] for a review. In the context of smart materials, the multiplicative decomposi-
tion was employed in the modeling of shape-memory alloys [4] and electro-active polymers [5]. A
first approach regarding the electro-mechanical coupling in piezoelectric materials was presented
in [6], where electrostatic body forces and couples, however, remained disregarded.

The main aim of the present paper is to provide a complete, thermodynamically consistent
representation of the constitutive equations in problems of nonlinear electro-elasticity, where
the multiplicative decomposition of the deformation gradient serves as key concept. For this
purpose, we first discuss the balance equations of non-linear electro-elasticy in the familiar
spatial representation. From the balance of energy, we can subsequently identify the general
structure of the constitutive equations. Having transferred our theoretical basis into the material
representations, we introduce the fundamental concept of a multiplicative decomposition of the
deformation gradient into an electric part and a mechanical part. The decomposition involves
the notion of an intermediate configuration that is introduced into the deformation path. Once
the constitutive equations are given, we consider a particular type of a material response as an
example.

2 THREE-DIMENSIONAL BALANCE EQUATIONS

To begin with, we recall the balance relations that govern the electro-elastic behavior of
dielectric bodies subjected to an electric field. The electric field equations are typically given in
a spatial (or Eulerian) representation, in which a given (current) configuration of the material
bodies involved is referred to. On the contrary, the material (or Lagrangian) representation,
in which physical quantities refer to a reference state, is typically preferred in solid mechanics
problems. As the material representation of the electric field quantities is less intuitive, we begin
with giving the balance laws in their spatial (or Eulerian) representation following the reasoning
of Eringen and Maugin [7] and Yang [8].

Let Ω denote the volume occupied by a material body in the current configuration. In dielec-
tric bodies, for which the free charge density vanishes, i.e., ρe = 0, Gauss’ law of conservation
of charge reads !

∂Ω
d · n da =

!

Ω
divddv = 0, (1)

where d denotes the dielectric displacement and n is the outer unit normal to a surface element
da. Requiring the balance equations to hold not only for the entire body but also for every
sub-volume, we obtain the local representation by requiring the integrand of the volume integral
to vanish,

divd = 0. (2)

Faraday’s law in quasistatic form, !

∂Ω
curleda = 0, (3)

which again must hold for an arbitrary surface, implies that the electric field e can be represented
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by the spatial gradient a the electric potential φ, i.e.,

curle = 0 ⇔ e = − gradφ. (4)

Proceeding with the balance laws of mechanics, we first assume that the mass m of a body
remains conserved over time, which is why its material time derivative vanishes:

ṁ =
d

dt

!

Ω
ρdv =

!

Ω
(ρdv)˙=

!

Ω
ρ̇+ ρdiv v dv = 0, (5)

where the v = ẋ is the velocity field of the body’s material points. The local form of the balance
of mass consequently follows as

(ρdv)˙= ρ̇+ ρdiv v = 0. (6)

The balance of linear momentum reflects the electromechanical coupling in dielectric media by
means of the presence of electrostatic body forces

fE = (grad e) · p, (7)

where p denotes the (macroscopic) polarization vector and e is the electric field. The change in
linear momentum is balanced by body forces ρf + fE as well as the surface traction t acting
on a surface element with the outer normal n,

d

dt

!

Ω
ρ v̇ dv =

!

Ω
ρf + fE dv +

!

∂Ω
t da. (8)

Using Gauss’ theorem, the local form of the balance law is obtained as

ρ v̇ = divσ + ρf + fE = div
"
σ + σE

#
+ ρf , fE = divσE , t = σ · n, (9)

where the electrostatic body forces are represented by the divergence of the electrostatic stress
tensor σE . The sum of the Cauchy stress and the electrostatic stress tensor is referred to as
total stress tensor

σtot = σ + σE , σE = ed−
1

2
ϵ0 (e · e) I. (10)

The electric couple cE enters the balance of angular momentum

d

dt

!

Ω
x× ρv dv =

!

Ω
x×

"
ρf + fE

#
+ cEdv +

!

∂Ω
x× t da, cE = p× e, (11)

whose local form yields the symmetry relation

σS =
"
σS
#T

, σS = σ + σP , σP = ep. (12)

In the above equation, the polarization stress tensor σP has been introduced. The polarization
stress represents the distributed couples that occur in a dielectric material in presence of an
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electric field. Substituting the polarization stress in the definition of the total stress tensor (10),
we find

σtot = σS − σP + σE = σS + σM , σM = σE − σP = ϵ0ee−
1

2
ϵ0 (e · e) I, (13)

where the Maxwell stress tensor σM has been introduced.
Consistency with thermodynamical principles is a crucial aspect in constitutive modeling.

For this reason, the balance of energy plays a central role in our considerations. The global form
of the balance of energy reads
!

Ω
ρ

"
1

2
v · v + e

#
dv =

!

Ω

$
ρf + fE

%
· v + ℓE dv +

!

∂Ω
t · v da, ℓE = ρe ·

d

dt

"
p

ρ

#
, (14)

where e is the internal energy density and the electric power ℓE has been introduced. The
corresponding local form is obtained as

ρ ė = σ : grad v + ℓE = σ : grad v + ρe ·
d

dt

"
p

ρ

#
. (15)

By means of a Legendre transformation, ψ = e − e · p/ρ, we change the independent variables
and obtain the balance of free energy as

ρ ψ̇ = ρ ė− ρ ė ·
p

ρ
− ρe ·

d

dt

"
p

ρ

#
= σ : Ḟ · F−1 − p · ė, (16)

where the spatial velocity gradient has been expressed in terms of the deformation gradient, i.e.,
grad v = Ḟ · F−1.

3 CONSTITUTIVE RELATIONS

To determine the constitutive equations, we compute the rate of the free energy ψ = ψ(e,F),

ψ̇ =
∂ψ

∂F
: Ḟ+

∂ψ

∂e
· ė. (17)

Comparing the local balance of free energy with the above expression for its rate, we can identify
the general relations for Cauchy’s stress tensor and the polarization vector as

σ = ρ
∂ψ

∂F
· FT , p = −ρ

∂ψ

∂e
. (18)

In order to find a compact expression for the total stress tensor σtot, we augment the free
energy by the vacuum contribution ψaug,

Ω = ψ − ψaug, Ω̇ =
∂Ω

∂F
: Ḟ+

∂Ω

∂e
· ė, ρψaug =

1

2
ϵ0 (e · e) . (19)

The rate of the augmented free energy Ω then reads

ρ Ω̇ = ρ ψ̇ − ρ ψ̇aug = σ : Ḟ · F−1 − p · ė− ϵ0

&
e · ė+

1

2
(e · e)F−T : Ḟ

'
, (20)
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where the material time derivative of the determinant of the deformation gradient,

J̇ = (detF)˙=
∂ detF

∂F
: Ḟ = JF−T : Ḟ, (21)

has been regarded. Recalling the definition of the total stress (13) along with the fundamental
relation among the electric field quantities,

d = ϵ0e+ p, (22)

we obtain

ρ Ω̇ =

!
σ −

1

2
ϵ0 (e · e) I

"
: Ḟ · F−1 − d · ė =

#
σtot − ed

$
: Ḟ · F−1 − d · ė. (23)

The comparison with the general rate expression

Ω̇ =
∂Ω

∂F
: Ḟ+

∂Ω

∂e
· e, (24)

allows us to determine the constitutive equations for the total stress and the dielectric displace-
ment as

σtot = ρ
∂Ω

∂F
· FT + ed, d = −ρ

∂Ω

∂e
. (25)

4 MATERIAL FORMULATION OF GOVERNING EQUATIONS

From a solid mechanics point of view, we prefer to formulate the governing equations in
terms of material quantities that refer to the reference configuration of the considered body.
The physical fields are functions of the position vector X of the material points in the reference
configuration rather than their current position x, which is not known in advance. For this
purpose, we transform the integrals in the global form of the balance equations into integrals
over the domain in the reference configuration. Using Nanson’s formula, n da = J F−T ·N dA,
Gauss’ law (1) can be rewritten as

%

∂Ω0

D ·N dA = 0, DivD = 0, (26)

where “Div” denotes the material divergence, i.e., derivatives with respect to material coordi-
nates. The material counterpart to the dielectric displacement d has been introduced as

D = J d · F−T , d = J−1
D · FT (27)

If we replace the spatial gradient of the electric potential in (4) by the material gradient, we
obtain a natural definition of the material electric field as

E = −Gradφ = e · F, e = E · F−1. (28)

Regarding the balance of linear momentum, we recover the well-known relations of nonlinear
continuum mechanics,

ρ0v̇ = Div
#
S+ SE

$
+ ρ0f , (29)
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where the second Piola-Kirchhoff stress tensor S and Cauchy’s stress tensor σ—along with the
other stress tensors introduced above—are related through

S = J F−1 · σ · F−T , t0 = F · S ·N . (30)

The Lagrangian stress vector is denoted by t0 and ρ0 = ρJ is the mass density per unit volume
in the reference configuration. Substituting the material electric field quantities, we obtain the
second Piola-Kirchhoff electrostatic stresses as

SE = C−1 · ED −
1

2
ϵ0J

!
E ·C−1 · E

"
C−1. (31)

The balance of angular momentum yields the symmetry of the tensor SS ,

SS = J F−1 · σS · F−T = S+ SP , SP = J F−1 · ep · F−T = C−1 · EP. (32)

In the above relation for the polarization stress, the definition of the material polarization vector
has been introduced. Hence, the polarization transforms in the same way as the dielectric
displacement, i.e.,

P = J p · F−T , p = J−1P · FT . (33)

In material representation, relation (22) therefore becomes

D = ϵ0JE ·C−1 +P . (34)

Partitioning the surface of the body ∂Ω0 into Su and St, where the deformation x and the
traction t is prescribed, we can formulate the mechanical boundary conditions as

X ∈ Su : x = ξ, X ∈ St : t0 = τ0. (35)

Similarly, let Sφ denote the surface where the electric potential is prescribed, whereas the free
surface charge se density is given on Sd, the electric boundary conditions are

X ∈ Sφ : φ = ϕ, X ∈ Sd : D ·N = −σe, (36)

To directly determine the constitutive equations of the material stress and polarization, we
express the free energy as a function of the material electric field.

ψ(e,F) = ψ(e(E ,F),F) = ψ̄(E ,F) (37)

The change in the independent variables has been emphasized by an overbar in order to avoid
ambiguities. When taking the derivative of ψ̄ with respect to the deformation gradient for a
fixed material electric field (E = const), the dependence of the physical electric field e = e(E ,F)
on the deformation gradient needs to be regarded,

∂ψ̄

∂F
=
∂ψ

∂F
+
∂ψ

∂e
·
∂e

∂F
,

∂ψ

∂F
=
∂ψ̄

∂E
:
∂E

∂F
+

p

ρ
·
∂e

∂F
. (38)
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Introducing Green’s strain tensor E = (FT · F − I)/2 and substituting the relation for the
polarization (18),

∂ψ̄

∂E
:
∂E

∂F
= F ·

∂ψ̄

∂E
, p ·

∂e

∂F
= −ep · F−T , (39)

gives the constitutive equations for the Piola-Kirchhoff stress tensors S and SS , respectively,

S = ρ0
∂ψ̄

∂E
− JF−1 · ep · F−T = ρ0

∂ψ̄

∂E
− SP , SS = ρ0

∂ψ̄

∂E
(40)

The material polarization vector follows as

P = −ρ0F
−1 ·

∂ψ

∂e
= −ρ0F

−1 ·
∂ψ̄

∂E
·
∂E

∂e
= −ρ0

∂ψ̄

∂E
. (41)

To conclude material representation of the governing equations, we consider the relations for the
total stress tensor and the dielectric displacement. The total stress tensor follows as the sum of
the symmetric stress tensor SS and the Maxwell stresses SM ,

Stot = ρ0
∂ψ̄

∂E
+ SM , SM = ϵ0J

!
C−1 · EE ·C−1 −

1

2

"
E ·C−1 · E

#
C−1

$
. (42)

Rewriting the augmentation term ψaug(e,F) as a function ψ̄aug(E ,F), we find the relation

F ·
∂ψ̄aug

∂E
=
∂ψaug

∂F
+
∂ψaug

∂e
·
∂e

∂F
=
ϵ0J

ρ0

!
1

2
F−T

"
E ·C−1 · E

#
− F−T · EE ·C−1

$
. (43)

among the derivatives, which allows us to formulate the total stresses in terms of Ω̄(E ,F)

Stot = ρ0
∂Ω̄

∂E
, Ω̄ = ψ̄ + ψ̄aug. (44)

Proceeding in the same way for the derivatives with respect to the material electric field,

∂ψ̄aug

∂E
=
∂ψaug

∂e
·
∂e

∂E
=
ϵ0J

ρ0
E ·C−1, (45)

we obtain the constitutive equation for the material electric displacement vector:

D = ϵ0JE ·C−1 +P = ρ0
∂ψ̄aug

∂E
− ρ0

∂ψ̄

∂E
= −

∂Ω̄

∂E
. (46)

5 MULTIPLICATIVE DECOMPOSITION

Before we can specify the constitutive equations in more detail, we need to introduce the
multiplicative decomposition of the deformation gradient, which has proven to be an intuitive
approach in the modeling of the material response involving inelastic processes [3]. Accordingly,
the deformation gradient is split into an electric and a mechanical part,

F = Fm · Fe. (47)
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intermediate configuration

reference configuration current configuration
F = Fm · Fe

Fe(E) Fm

ψe(E ,E) ψm(E ,E)

ψ(E ,E)

F = Fe, Em = 0

S = −SP , E

F = I, Em = 0

S = 0, E = 0

F = Fm · Fe, Em

S, E

Figure 1: Concept of the multiplicative decomposition of the deformation gradient: a (fictitious) inter-
mediate configuration is introduced into the deformation path.

The concept of a multiplicative decomposition introduces an additional configuration into the
deformation path, see Fig. 1. By requiring the electric part of the deformation gradient to solely
depend on the (material) electric field, i.e., Fe = Fe(E), this intermediate configuration can
be regarded as a configuration that evolves from the reference configuration in presence of an
electric field. As opposed to conventional approaches, in which strain measures associated with
either the reference configuration or the current configuration are additively split into mechanical
and inelastic parts, the present approach leads to a more natural notion of strain. With both
operating on the intermediate configuration, we sum up an Almansi-type strain related to the
deformation path governed by Fe and a Green-type strain related to the mechanical part Fm,

ee =
1

2

!
I− F−T

e · F−1
e

"
, Em =

1

2

!
FT
m · Fm − I

"
, (48)

from which Green’s (total) strain follows upon a pull-back to the reference configuration

E = FT
e · (ee +Em) · Fe. (49)

The above considerations suggest the free energy to be split into two parts that are associated
with the respective paths in the deformation,

ψ̄ = ψm(Em) + ψe(E ,E), (50)

8

1323



Alexander Humer, Elisabeth Staudigl and Michael Krommer

where the mechanical part depends on Em = F−T
e ·E ·F−1

e − ee only. The constitutive equation
for the (symmetric) Piola-Kirchhoff stress SS then becomes

SS = ρ0
∂ψm

∂Em
:
∂Em

∂E
+ ρ0

∂ψe

∂E
= ρ0F

−1
e ·

∂ψm

∂Em
· F−T

e + ρ0
∂ψe

∂E
. (51)

For the (material) polarization, we obtain the relation

P = −ρ0
∂ψm

∂Fe
:
∂Fe

∂E
− ρ0

∂ψe

∂E
(52)

6 EXEMPLARY CONSTITUTIVE RELATIONS

In what follows, we want to particularize the relations for the material response by choosing
simple examples for ψm and ψe. To begin with, we assume the electric part as a quadratic
function in the (material) electric field

ρ0ψe = −
1

2
E · χ · E , (53)

where χ denotes the second-order susceptibility tensor. With this choice, the (symmetric) Piola-
Kirchhoff stress SS simplifies to

SS = ρ0F
−1
e ·

∂ψm

∂Em
· F−T

e , (54)

since ∂ψe/∂E = 0, and the polarization vector reads

P = −ρ0
∂ψm

∂Em
:
∂Em

∂E
+ E · χ. (55)

For the mechanical part in the deformation path, we exemplarily consider a stress response
similar to the St. Venant-Kirchhoffmaterial, which can be regarded as a generalization of Hooke’s
law to large deformation problems,

ρiψm =
1

2
Em : 4D : Em, (56)

where 4D denotes the fourth-order tensor of elastic moduli. As compared to the conventional
St. Venant-Kirchhoff relations, Green’s (total) strain is replaced by Em in the above relation and
the density is the mass density per unit volume in the intermediate configuration ρi = J−1

e ρ0
(with Je = detFe). With Je depending on the electric field only, the constitutive equation for
the (symmetric) Piola-Kirchhoff stress SS becomes

SS = JeF
−1
e ·

!
4D : Em

"
· F−T

e . (57)

Taking the derivative of ψm with respect to the the material electric field E , we obtain the
material polarization vectors as

P = −
#
ρ0ψmI− (I+ 2Em) ·

!
4D : Em

"$
· F−T

e :
∂Fe

∂E
+ E · χ. (58)
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To determine the total stress tensor, we first introduce the material counterpart of the Maxwell
stresses

SM = ϵ0JC
−1 · EE ·C−1 −

1

2
ϵ0J

!
E ·C−1 · E

"
C−1. (59)

The total stresses therefore read

Stot = JeF
−1
e ·

!
4D : Em

"
· F−T

e + ϵ0JC
−1 · EE ·C−1 −

1

2
ϵ0J

!
E ·C−1 · E

"
C−1. (60)

Using the relation that holds among the electric field, the polarization and the dielectric dis-
placement, the latter is obtained as

D = ϵ0JE ·C−1 −
#
ρ0ψmI− (I+ 2Em) ·

!
4D : Em

"$
· F−T

e :
∂Fe

∂E
+ E · χ. (61)

Having determined the relations for SS and P, the electric part of the deformation gradient
Fe remains to be specified to close the governing equations. We can, for instance, assume a
series expansion in the form

Fe = I+ E · 3e+ EE : 4b+ . . . , (62)

where 3e represents the third-order tensor of piezoelectric coefficients and 4b is the fourth-order
material tensor related to electro-striction.

The concept of an intermediate configuration, which is intrinsically linked to the multiplicative
decomposition of the deformation gradient, suggests the idea of “de-stressing” that is familiar
from other fields of constitutive theories. In the context of nonlinear thermomechanics, the
notion of “isothermal de-stressing” is introduced for the conceptual removal of stresses from
the current configuration while keeping the temperature constant, i.e., preserving the inelastic
(thermal) strains. In elastoplasticity, the idea of “elastic de-stressing” describes the process of
removing stresses from the current configuration such that the intermediate configuration differs
from the reference configuration by the plastic deformation. In nonlinear electro-elasticity, we
have already encountered several notions of stresses in our derivations, which raises the question
of which stresses are to be removed from the current configuration in order to recover the
intermediate configuration. To identify the proper concept of de-stressing, we start from the
requirement that no mechanical deformation is present in the intermediate configuration, i.e.,
Fm = I, Em = 0, since its evolution from the reference configuration due to the presence of an
electric field is solely described by Fe. Irrespective of the particular structure of the mechanical
part of the free energy ψm, we presume that it is of quadratic order in Em at least. If the electric
part follows Eq. (53), the symmetric second Piola-Kirchhoff stress tensor vanishes identically,
i.e., SS = 0. The (mechanical) stresses in the intermediate configuration therefore equal the
negative of the polarization stresses,

S = SS − SP = −SP = −C−1
e · EP, C−1

e = F−1
e · F−T

e . (63)

The total stress tensor in the intermediate configuration is therefore identical to the Maxwell
stresses (42),

Stot = SS + SM = SM = JeC
−1
e · EE ·C−1

e −
1

2
ϵ0Je

!
E ·C−1

e · E
"
C−1

e . (64)
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Eventually, the (material) polarization vector follows from the electric free energy (53) as

P = E · χ. (65)

From the above relations, we can summarize the following observations:

• The symmetric stress tensor SS is zero in the intermediate configuration. De-stressing
therefore implies removing SS in the current configuration.

• The mechanical stress tensor S does not vanish in the intermediate configuration but equals
the negative of the (non-symmetric) polarization stress. We can interpret this result in
terms of body forces that are present in the intermediate configuration. As opposed to the
total electrostatic body forces, which are represented by the divergence of SE, however,
only the non-symmetric part related to the susceptibility (i.e., polarizability),

S = −SP = −(SE − SM ), (66)

contributes to the mechanical stresses S. The contribution from the symmetric Maxwell
tensor SM vanishes in the intermediate configuration.

• The material polarization vector P only contains the electric part; no mechanical coupling
exists in the intermediate configuration.

• In general, the intermediate configuration need not be compatible, i.e., the material volume
elements do no longer fit together upon the de-stressing from the configuration. The
incompatibility of the intermediate configuration causes additional stresses acting on the
body in the current configuration.

7 CONCLUSIONS

In the present paper, we have discussed the general structure of the constitutive equations in
the framework of nonlinear electro-elasticity. The modeling of the material response is based on
thermodynamic principles and allows for various kinds of electro-mechanical coupling. The mul-
tiplicative decomposition of the deformation gradient into an electric and a mechanical part plays
a key role in the present approach. The electric part describes the evolution of an intermediate
configuration from the reference configuration due to the presence of an electric field, whereas
the mechanical part plays a crucial role in the stress response associated with the mechanical
part in the deformation path. Due to the presence of electrostatic body forces and couples, the
concept of de-stressing from the current configuration has been adapted to the diverse notions of
stresses in the present problem of electro-elasticity. The main advantage of the present approach
for the constitutive modeling lies in the fact that we can immediately resort to classical energy
functions of nonlinear elasticity and electrostatics for the parts of the free energy associated with
the electric and the mechanical deformation path, respectively. The electro-mechanical coupling
due to, e.g., piezoelectricity or electrostriction, is reflected in the structure of the electric part
of the deformation gradient.
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