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Abstract. This paper contributes to exploring the connection between epistemic knowledge and communication complexity in distributed systems. We1 focus on Action Models, a well-known variant of
dynamic epistemic logic, which allows to cleanly separate the state of knowledge of the processes and
its update due to communication actions: Exactly like the set of possible global states, the possible
actions are described by means of a Kripke model that specifies which communication actions are
indistinguishable for which process. We first show that the number of connected components in the
action model results in a lower bound for communication complexity. We then apply this result, in the
restricted setting of a two processor system, for determining communication complexity lower bounds
for solving a distributed computing problem P: We first determine some properties of the action model
corresponding to any given protocol that solves P, and then use our action model communication complexity lower bounds. Finally, we demonstrate our approach by applying it to synchronous distributed
function computation and to a simple instance of consensus in directed dynamic networks.
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1

Introduction

Our paper is concerned with the idea to infer the communication complexity for solving a general
distributed computing problem P from the epistemic knowledge that must be attained by the
processes to solve P. More specifically, we take a first step to bridge Hintikka’s epistemic logic [14],
variants of which have very successfully been applied in distributed computing already [3,4,13], and
Yao’s communication complexity [23]. In this seminal work, Yao introduced methods for deriving
communication complexity lower bounds for distributed function computation in a system of 2
processes.
Epistemic logic [14] allows to formally reason about knowledge and belief in static multi-agent
systems. It relies on a Kripke model M that describes the possible global states (“possible worlds”)
of the system, where certain atomic propositions (facts like “variable xi of process pi is zero”) hold
true or not, along with an indistinguishability relation s ∼a s0 between global states s, s0 for every
agent (= process) a. Knowledge of some fact φ about the system in global state s is primarily
captured by a modal knowledge operator Ka , used in formal expressions like M, s |= Ka φ, which
captures the intuition that, being in the global state s, process a knows φ if φ holds in every global
state s0 that is indistinguishable from s for a. We will use the term epistemic model to refer to this
type of Kripke models, which focus entirely on a given “static” knowledge state of the processes.
Dynamic Epistemic Logic (DEL) [8, 12] also allows to incorporate communication-induced
knowledge gain into the formal reasoning. We will focus on a variant of DEL called Action Models [8],
which are particularly suitable for our purpose. Action Models can be used to describe possible communication events that may occur at certain times in an execution of some algorithm. Formally,
this is modeled by applying a sequence of (arbitrary) communication action models AM1 , AM2 , . . .
1

This work has been supported by the Austrian Science Fund FWF under the projects ADynNet (P28182) and
RiSE/SHiNE (S11405).

to an initial epistemic model M0 , which results in a sequence of epistemic models M0 , M1 , . . . that
describes the evolution of knowledge in the execution. Every AMk is represented by an independent
Kripke model here, which is orthogonal to the epistemic model Mk−1 it is applied to. By means
of a well-defined product ⊗ (see Sec. 2.1), this leads to the epistemic model Mk = Mk−1 ⊗ AMk .
This abstraction is particularly suitable for modeling synchronous systems, as AMk can be used to
express all the possible communication in round k here.
Our contributions: (1) We first exploit the clean separation of epistemic models and action
models to infer a natural lower bound for the number of bits that some process a must receive in
any protocol that faithfully implements a given action model AM. It is closely related to the number
of partitions in a’s indistinguishability relation in AM. (2) Restricting our attention to systems of 2
processes, we then infer a communication complexity lower bound for solving a problem P by (i)
determining the properties of the action model corresponding to any protocol that correctly solves
P, and (ii) inferring a communication complexity lower bound from this via the result of (1). We
apply our approach both to distributed function computation in synchronous systems [23] and to
consensus under message adversaries [1, 5, 22].
Related work: Van Ditmarsch et. al. [8] provide a comprehensive introduction into Dynamic
Epistemic Logic, including Action Models. Fagin et. al. [11] introduces the powerful runs and
systems framework, which allows to reason about knowledge in general distributed systems. Halpern
and Moses [13] use this framework to reason the role of (various forms of) common knowledge in
solving distributed consensus. They also elaborate on the Muddy Children problem, which is very
closely related to the Cheating Husbands problem [20] that we use for illustrating Action Models
in Sec. 4.
Communication complexity lower bounds deserve much to the seminal work [23] by Yao, which
studies distributed function computation for two processes. Among the techniques used for deriving
lower bounds is the fooling set method [18], which became quite popular, see e.g. [7]. The alternative
rank lower bound technique has been introduced in [19]. Among many other works, [9] and [10]
generalized the two-player setting to multi-party communication complexity. Indeed, Yao’s paper
[23] has also sparked quite some interest in the distributed systems community, which led to very
interesting lower bounds based on information-theoretic. A few examples, among many possible
others, are symmetry breaking in chains and rings [7] and lower bounds for all pair shortest paths
[15]. However, unlike our results, these approaches are usually tied to the specific problem P at
hand and do not use epistemic logic.
We are not aware of much work on the relation between communication complexity and epistemic models. Somewhat similar to our work is [6], which used dynamic epistemic logic and action
models in a combinatorial way to find a lower bound on communication complexity for the Russian
Cards problem. Alechina et. al. [2] investigated bounds for a system of reasoning agents, where
agents may have different knowledge and inferential capabilities and have to draw conclusions from
received messages, which contain formulas. They established a framework to verify time, memory
and communication bounds in such a system. Since the communication complexity in this work is
defined as the number of formulas, rather than the number of bits, however, it cannot be compared
to our approach.
Paper organization: We start by defining our system model in Sec. 2, followed by an introduction
to the relevant basics of Action Models (Sec. 2.1) and Communication Complexity (Sec. 3). In
Sec. 4, we demonstrate how Action Models work by means of the well-known Cheating Husbands
problem [20], and explain the connection between communication complexity and the number of
partitions in action models. Sec. 5 elaborates further on the connection between Action Models
and Protocol Trees introduced in [23]. Our main results can be found in Sec. 5.2, along with two
applications in Sec. 5.3 (details for consensus in directed dynamic networks had to be relegated

to Appendix A, however). Some conclusions and directions of future work in Sec. 6 round off our
paper.

2

Model

We consider synchronous message passing systems only. Such systems are modeled as a set Π of n
processes with unique identifiers, which are reliable and operate in lock-step rounds r = 1, 2, . . . .
The processes are modeled as state machines and connected by point-to-point communication links.
We consider both reliable links and unreliable links controlled by a message adversary [1, 5, 22],
which determines the links that successfully deliver the message sent over it in a round. More
specifically, at the beginning of round r, all processes send out a message to every other process
(and to themselves). Rounds are communication-closed, in the sense that each message sent in
round r can only be delivered in r. The message adversary determines which message is indeed
be delivered to the intended receiver. After this message exchange, all processes simultaneously
perform an instantaneous local computation step that terminates round r.
Note that, in the case of reliable links, the guarantee that all the messages sent in round r will
be delivered by the end of round r allows communication by time: if a process a did not receive
the message from process b by the end of round r, then a knows that b did not send this message.
Conversely, if a sends a message to b at the beginning of round r, a knows at the end of round r
that b received this message. Note that Ben-Zvi and Moses [4] modeled communication by time via
explicitly sending a virtual NULL-message instead of a real one.
Regarding the connection of action models and the synchronous model, we assume that a
single action model AMr is applied in each round r. For every possible communication pattern in
round r, which is determined (i) by the protocol and (ii) by the message adversary, it contains a
corresponding action. Clearly, two actions are indistinguishable for process a, if it receives the same
messages. Note carefully that the synchrony assumption makes sure that every process knows that
the action model AMr is to be applied, even if it does not receive a single message in round r.
2.1

Knowledge and Action Models

Usually, distributed computing problems also involve global constraints, like agreement in distributed consensus (see Sec. 5.3). The actions of a single process in a distributed system depend
solely on its local information, though, and the global behavior emerges from those local actions.
Thus, defining and proving the correctness of distributed systems typically involves arguments
about the behavior and interaction between individual processes. In such proofs, it is often argued
that: “Once the synchronous round r begins, all processes know that all the sent messages have
been delivered.”, for example.
To formalize such arguments, frameworks like [8, 11] allow to formally reason about knowledge
in such systems. We utilize a variant of Dynamic Epistemic Logic [12, 21], namely, Action Models,
which are well-suited for the simple synchronous systems considered in our paper. The following
Def. 1 to 4 and 7 will define epistemic models and action models, as well as the semantics of action
model logic. Illustrating examples can be found in Sec. 4 (Fig. 2 and Fig. 3).
Definition 1 (Kripke model, see [8], Definition 2.6) A Kripke model M is a tuple hS, R, V i
on a set of processes A, where S 6= ∅ is a set of states, R is a set of accessibility relations:
R = {Ra | a ∈ A}, with Ra ⊆ S × S. A state t ∈ S is accessible for process a ∈ A from state
s ∈ S, iff sRa t. V : P → 2S , P a set of atomic propositions (also called atoms), is a valuation
function for each proposition p ∈ P . For any proposition p ∈ P , V (p) ⊆ S is exactly the set of
states in which p is true.

In our context, the epistemic states s ∈ S, denoted (M, s), are the possible global states of the
distributed system, and Ra is interpreted as an indistinguishability relation for process a, thus is
denoted by ∼a in the sequel.
The following definition formally defines the Kripke model of the possible actions. It is independent of the epistemic model in Def. 1 it is applied to, except for the precondition function that
governs which actions are applicable in which epistemic state.
Definition 2 (Action Model, see [8], Definition 6.2) For given processes A and atomic propositions P and any logical language L, the action model M is a structure hS, ∼, prei such that S is
a set of actions, ∼a is an equivalence relation on S for each a ∈ A, and pre : S → L a preconditions function that assigns a precondition pre(s) ∈ L to each s ∈ S. A pointed action model is a
structure (M, s), with s ∈ S.
The following syntax is used to formally specify action model knowledge formulas. Basically,
it consists of formulas φ related to the epistemic state (the ”possible worlds”) of the system, and
formulas involving the application of some action α. The detailed semantics is given in Def. 7 below.
Definition 3 (Syntax of action model logic, see [8], Definition 6.3) Given processes A and
atoms P , the language LKC⊗ (A, P ) is the union of formulas φ ∈ Lstat
KC⊗ (A, P ) and pointed action
models α ∈ Lact
(A,
P
)
defined
by:
KC⊗
φ ::= p | ¬φ | (φ ∧ φ) | Ka φ | EB φ | CB φ | [α]φ
α ::= (M, s) | (α ∪ α)
with p ∈ P , a ∈ A, B ⊆ A, and (M, s) a pointed action model with finite domain S such that
for all t ∈ S the precondition pre(t) is a Lstat
KC⊗ (A, P ) formula that has already been constructed
in a previous stage of the inductively defined hierarchy. α ∪ α0 denotes a non-deterministic choice
between α and α0 .
Action models can be composed: To apply two different actions (M, s) and (M0 , s0 ) to some
epistemic state (M, s) subsequently, one can either apply them one after the other or determine
their composition (M00 , s00 ) = (M; M0 , (s, s0 )) and apply the resulting action (M00 , s00 ) in a single step.
Definition 4 (Composition of action models, see [8], Definition 6.7)) Let M = hS, ∼, prei
and M0 = hS0 , ∼0 , pre0 i be two action models in LKC⊗ . Then their composition (M; M0 ) is the action
model M00 = hS00 , ∼00 , pre00 i, such that:
S00
= S × S0
0
00
0
(s, s ) ∼a (t, t ) iff s ∼a t and s0 ∼0a t0
pre00 ((s, s0 ))
= hM, sipre0 (s0 )
0
0
with hM, sipre (s ) denoting an abbreviation for ¬[M, s]¬pre0 (s0 ).
To change the static epistemic status starting in an epistemic model M , one applies an action
model M, resulting in a new epistemic modem M 0 :
Definition 5 (Application of an action model) We define the application of action model M
on epistemic model M , resulting in M 0 , M 0 = (M ⊗ M), as M 0 = hS 0 , ∼0 , V 0 i with:
S0
= {(s, s) | s ∈ S, s ∈ S, and M, s |= pre(s)}
(s, s) ∼0a (t, t) iff s ∼a t and s ∼a t
(s, s) ∈ V 0 (p) iff s ∈ V (p)
Note that our complexity results will primarily rely on the axiom (s, s) ∼0a (t, t) iff s ∼a t and
s ∼a t, which implies that the application of two distinguishable actions s 6∼a t to indistinguishable
epistemic states s ∼a t causes distinguishable epistemic states (s, s) 6∼0a (t, t).

To define the semantics of common knowledge, the last ingredient of our Action Models, we
need to introduce the reflexive transitive closure of a relation R. It allows to express facts and
formulas φ that are commonly known to a subset of the processes, in the sense that “every process
knows that every process knows that every process knows
V . . . φ.”. We define “everybody in group
B knows φ” (EB φ), as a syntactic equivalence EB φ = a∈B Ka φ.
Definition 6 The reflexive transitive closure of a relation R is the smallest relation R∗ such that:
(i) R ⊆ R∗ , (ii) for all x, y, and z: xR∗ y ∧ yR∗ z ⇒ xR∗ z (transitivity), (iii) for all x, xR∗ x
(reflexivity).
We can now give the formal semantics of Action Model logic. It specifies the meaning of both
the operations for reasoning about knowledge in the epistemic model and the application of action
models.2
Definition 7 (Semantics of action model logic, see [8], Definition 6.8) Let M = hS, ∼, V i
be an epistemic model with (M, s), s ∈ S, an epistemic state of this model, M = hS, ∼, prei an action
act
model, and φ ∈ Lstat
KC⊗ and α ∈ LKC⊗ . Furthermore let A be a set of processes and P a set of atoms,
while a ∈ A, B ⊆ A and p ∈ P .
M, s |= p
iff s ∈ V (p)
M, s |= (φ ∧ ψ)
iff M, s |= φ and M, s |= ψ
M, s |= ¬φ
iff M, s 6|= φ
M, s |= Ka φ
iff for all t ∈ S such that s ∼a t : M, t |= φ
M, s |= EB φ
iff for all t ∈ S such that s ∼EB t : M, t |= φ
M, s |= CB φ
iff for all t ∈ S such that s ∼∗EB t : M, t |= φ
M, s |= [α]φ
iff for all M 0 , s0 such that (M, s)[[α]](M 0 , s0 ) : M 0 , s0 |= φ
(M, s)[[M, s]](M 0 , s0 ) iff M, s |= pre(s) and (M 0 , s0 ) = (M ⊗ M, (s, s))
[[α ∪ α0 ]] S
= [[α]] ∪ [[α0 ]]
∼b .
with ∼EB =
b∈B

In Sec. 4, we will use the Cheating Husbands problem [20] to exemplify how the Action Model
semantics works in practice; particular instantiations can be found in Sec. 5.3.

3

Communication Complexity Basics

In [23], Yao considers two processes p0 and p1 , which jointly solve the problem of evaluating the
non-constant function f : X × Y → Z, where X, Y and Z are arbitrary finite sets. Herein, the
input x ∈ X is only known to p0 , whereas the input y ∈ Y is only known to p1 . Clearly, p0 and p1
have to communicate with each other in order to solve the problem. Yao’s communication model
assumes that all communication links are reliable and that the processes send information to each
other alternatingly: one bit is sent by p0 then one bit is sent by p1 and so on, according to some
protocol P. The communication complexity of computing f is the least number of bits that need
to be exchanged between p0 and p1 by any deterministic protocol P in order to determine f (x, y)
at p0 or p1 . In fact, Yao assumes that the process that can compute f (x, y) first sends a special
NULL message to the other process and stops. It is also assumed that the processes both know the
identity of themselves and the other process a priori. Note carefully that this allows the design of
an asymmetric protocol, where some agreed-upon process, say, p0 sends the first bit.
2
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The following definition introduces the convenient notion of protocol trees, which uniquely describe the possible executions of a given protocol.
Definition 8 (Protocol trees, see [16], Definition 1.1) A protocol P over X × Y with range
Z is a binary tree, where each internal node v is labeled either by a function gv : X → {0, 1} or by
a function hv : Y → {0, 1}, and each leaf is labeled with an element z of Z. The root r is labeled by
g1 : X → {0, 1}. Intuitively, gk (resp. hk ) gives the bit sent by p0 (resp. p1 ) in round k.
The cost of the protocol P on input (x, y) is the length of the path taken on input (x, y), denoted
by DP (f ). As the longest such path is the height of the protocol tree, the maximal cost over all inputs
is the height of this protocol tree.
The cost of a problem f is the minimal cost of any protocol P that computes f , denoted by
D(f ).
Every root-leaf path in this tree corresponds to an execution of P on some input (x, y): At each
internal node, the process that is the next to send a bit is computing gv (resp. hv ), to determine the
value of the next communicated bit. Fig. 1 shows the definition of a function f : {x0 , x1 , x2 , x3 } ×
{y0 , y1 , y2 , y3 } → {0, 1}, which is computed by the protocol tree next to it.
g1 (x0 ) = 1 g1 (x1 ) = 0
g1 (x2 ) = 0 g1 (x3 ) = 0
x0
x1
x2
x3

y0
1
0
0
0

y1
1
0
0
0

y2
0
1
1
0

y3
1
1
1
0

h2 (y0 ) = 0 h2 (y1 ) = 0
h2 (y2 ) = 1 h2 (y3 ) = 1

0

h3 (y0 ) = 1 h3 (y1 ) = 1
h3 (y2 ) = 0 h3 (y3 ) = 1

g4 (x1 ) = 1 g4 (x2 ) = 1
g4 (x3 ) = 0
0

0

1

1

Fig. 1: An example of a function f (x, y) and one possible protocol tree for computing it. The dashed path corresponds
to some input in {x3 } × {y2 , y3 }. The left (resp. right) branch from each node v corresponds to sending bit 0 (resp.
1).

As witnessed by the leaves in the protocol tree, a protocol P can be seen as a way to partition
the set of possible inputs X × Y to multiple subsets leading to the same communication pattern.
The left (resp. right) child of a node corresponds to the case where the bit sent by the node’s
corresponding process is 0 (resp. 1). For example, the sequence of communicated bits for any input
pair in {x3 } × {y2 , y3 }, corresponding to the dashed path in Fig. 1, is (0, 1, 0). This leads to the
crucial notion of rectangles:
Definition 9 (Rectangles, see [16], Proposition 1.13) A partition R ⊆ X × Y is a rectangle
iff: (x, y) ∈ R and (x0 , y 0 ) ∈ R ⇒ (x, y 0 ) ∈ R. A rectangle is f -monochromatic iff for all (x, y) ∈ R
the result of f (x, y) = z is the same.
By exploiting the close relation between monochromatic rectangles and leaf, one can prove the
following Cor. 1 [16, 23]:
Corollary 1 (Lower Bound, see [16], Corollary 1.17) If any set of f -monochromatic rectangles induced by f has size at least t, then log2 t ≤ D(f ).

In the remaining paper, we will use a similar model as in [23], with the following two main
differences: (i) Each process can send an arbitrary number of bits in every round. (ii) We consider symmetric function computation (sometimes without communication by time), i.e., once an
algorithm for computing f (x, y) terminates, the result must be commonly known by both p0 and
p1 .

4

Communication Complexity of Action Models

We use the Cheating Husbands problem [20] to illustrate the connection between knowledge and
communication complexity. Herein, the women of a city ruled by a queen want to get rid of unfaithful
husbands. It is common knowledge that each of the women knows the fidelity-status of the husbands
of all other women, but does not know whether or not her own husband is unfaithful. The women
are not allowed to discuss their husbands fidelity with each other. The left model in Fig. 2 depicts
the initial epistemic model MCH for three women (a, b, c). Each state is labeled with the atomic
proposition (abc), a, b, c ∈ {0, 1}, i = 1(0) interpreted as “husband of i is unfaithful (faithful)”.

MCH

c

a

(011)

c

a

(010)

(111)

(110)

b
b

0
MCH

c

a

(011)

c

a

(010)
b

b

(101)

(001)

(110)
b

b
c

(000)

(001)
a

(111)

b

a
c
(100)

(000)

a
c

(101)

(100)

Fig. 2: Example Cheating Husbands: Left: The initial Kripke model MCH for three wives a, b, c.
0
reached after applying AMpub or AMpriv .
Right: The epistemic model MCH

In the original problem considered in [20], it is common knowledge among the women that the
queen will publicly announce whether there is at least one unfaithful husband or not. We can model
this announcement using the actions ¬t (“the queen does not announce anything”) and ≥ 1 (“the
queen publicly announces that there is at least one unfaithful husband”). It is well known [20] that,
in this scenario, the women can find all the unfaithful husbands by a synchronous protocol, which
requires every woman who gets to know her husband is unfaithful some day must shoot him at
midnight.
There is a variant of this problem, which also allows a correct solution: Here it is common
knowledge that, iff there is exactly one unfaithful husband, the queen tells his wife privately that
her husband is unfaithful on some a priori known day. All the other women will never hear anything
from the queen, and in no other case the queen announces anything. This can be modeled by the
actions ¬t (“the queen does not announce anything”) and ti for each woman i (“the queen tells
woman i that her husband is unfaithful”). It can be shown that the women are also able to shoot
all the unfaithful husbands, using the same protocol.
The two action models AMpub for the public announcement and AMpriv for the private announcement are depicted in Fig. 3. Applying AMpub and AMpriv on the initial epistemic model, the resulting
epistemic model is the same, depicted in Fig. 2 (right). Still, in the public scenario AMpub , the queen
“sends out” a single bit (“There is no / at least one unfaithful husband.”) to each woman, summing
up to n bits in total for n women. In the private scenario AMpriv , though, the queen only needs to
send a message (“You!”) to a single woman in some special cases, and sends nothing in most other

cases. Since we are a synchronous setting, however, every woman knows —via communication by
time— that, if the queen sent her a message, she would have received it by midnight of the a priori
known day. So, effectively, the queen sends a single bit (“Your husband is unfaithful”) to at most
one woman. Consequently, the communication complexity in the public scenario is higher than in
the private one.
One may conjecture that this difference is related to the information complexity of the a priori
knowledge: the communication complexity probably decreases with increasing a priori knowledge.
Exploring this relation is a very interesting research question but still out of reach.3 We therefore
focus on the relation between communication complexity and the number of possible “knowledgechanging” events in an execution, which are neatly encapsulated in the action models: in essence,
an action model just defines the possible observations of the global system state every single process
can make.
Considering a single woman a, it is apparent from Fig. 3 that both of the action models are
partitioned regarding the indistinguishability of a.

¬t

≥1

ta

b, c

a, b

tc

a, c

tb

¬t

Action model AMpub modeling the public Action model AMpriv modeling the private
scenario of the cheating husbands problem. scenario of the cheating husbands problem.

Fig. 3: Action models for the two scenarios of Cheating Husbands. The actions are denoted by: ¬t : the queen does
not make a statement, ≥ 1 : the queen publicly announces that there is at least one unfaithful husband, ti : the
queens tells i privately that her husband is unfaithful. The partitioning regarding a is depicted in red.

Definition 10 (Partitions of action models) An Action Model AM = hS, ∼, prei is partitioned
regarding process a if the underlying indistinguishability graph, consisting only of edges correspondS
ing to ∼a , is partitioned. I.e., there are sets of nodes Vi , such that for i 6= j Vi ∩ Vj = ∅, i Vi = V
and v ∈ Vi , v 0 ∈ Vj ⇒ (v, v 0 ) 6∈ E.
a.
The number of those partitions is denoted by NAM
Our claim is that there is a strong connection between the communication complexity, more
a in the
specifically, the number of bits received by process a, and the number of such partitions NAM
action model AM. In Fig. 3, both action models AMpub and AMpriv partition into two partitions, for
each woman i. Indeed, if the queen does not announce anything in AMpriv , woman a does NOT know
that the action has been ¬t, she only knows that the action has been in the partition {¬t, tb , tc }.
In Fig. 3, if ≥ 1 (in AMpub ) or ta (in AMpriv ) occurs, woman a of course immediately knows the action
itself, without receiving any additional information. In the case of ¬t (in AMpub ) or an action other
than ta (in AMpriv ), she learns the partition by not receiving anything, i.e., via communication by
time.
Since every woman has to be able to identify the actual partition the current action is in,
according to the semantics of ⊗ in Def. 5, the number of these partitions determines a lower bound
on the number of bits received by a woman in some scenario, i.e., a worst-case lower bound: As
both action models split into two partitions for each woman, the queen has to send one bit to each
of them in BOTH scenarios.
3

We note, however, that our findings do support this claim, as the action model is common a priori knowledge and
clearly more complex in the private than in the public scenario, cp. Fig. 3.

Note that this does NOT contradict our above observation that, in AMpriv , the queen sends a
message to at most one woman. In more detail, in action ta in AMpriv , the queen actively sends a
bit = 1 to woman a. In actions ¬t, tb , tc , the queen does not actively send anything to woman a,
but it does so passively via communication by time: as in [4], we model this by virtually sending a
NULL message.
Definition 11 We define an active bit as a bit (i.e., 0 or 1) sent via explicit communication from
some process a to some process b. A passive bit is defined as the bit “sent” in a NULL message
from some process a to some process b (communication by time).
Note that multiple active bits can be sent from a to b in a round, while a NULL message counts as
a single passive bit only.
We are now ready to define the communication cost of the application of a single action model:
Definition 12 The worst-case cost Da (AM) of the application of an action model AM for process
a is the worst-case number of active bits received by a when the action model is applied, i.e., the
maximum number of active bits received in some scenario.
Note carefully that it is the particular protocol that actually determines the encoding used for
communicating the occurrence of the actions to the processes. The number of active bits received
by a may hence depend on which particular action occurs, which explains why we restrict our
attention to the maximum number of active bits for defining Da (AM). Of course, this implies that
we can only guarantee that Da (AM) bits are sent in some scenario, not in any scenario. Even worse,
we cannot assume that the action causing the worst-case cost Da (AM) for process a is also causing
the worst-case cost Db (AM) for process b. Therefore, defining the total worst-case cost D(AM) of
the application of an action model AM as the sum of Da (AM) over all processes a, would be overly
conservative, and does hence not give a lower bound for the system-wide communication complexity.
However, we can give a lower bound for Da (AM):
Lemma 1 In a synchronous system with processes A, the worst-case cost Da (AM ) of the application
a − 1) ≤ D a (AM ), where N a is the number
of an action model AM for process a ∈ A satisfies log2 (NAM
AM
of partitions regarding a in AM.
Proof (Proof by contradiction). Suppose there exists an action model AM such that Da (AM) <
a − 1) for some process a ∈ A. Then 2Da (AM) + 1 < N a . Obviously, by receiving D a (AM)
log2 (NAM
AM
a
active bits with value 0 or 1, a can distinguish at most 2D (AM) + 1 (including the single passive
a
a , by a pigeonhole argument, there are at least two
bit) partitions of AM. Since 2D (AM) + 1 < NAM
partitions P0 and P1 which cannot be distinguished by a.
Now assume that applying (AM, s) at epistemic state (M, s) results in (M 0 , s0 ), and consider the
following scenario: (i) s0 ∼a s1 in epistemic model M , (ii) s0 ∈ P0 , s1 ∈ P1 in action model AM
applicable to s0 respectively s1 (s0 6∼a s1 , but P0 and P1 indistinguishable by a). Such a scenario
always exists, as one can choose s1 = s0 as well. By the semantics of Action Models (Def. 5 and 7),
we must have (s0 , s0 ) 6∼a (s1 , s1 ) in epistemic model M 0 . Since a cannot distinguish between (the
actions in) P0 and P1 , however, we inevitably have (s0 , s0 ) ∼a (s1 , s1 ), providing the required
a − 1) active bits during the application of
contradiction. Thus a has to receive at least log2 (NAM
(AM, s).
Lem. 2 provides a lower bound for Da (AM) in the case in which communication by time cannot
be used, e.g., when communication is unreliable. Its proof is almost identical to the proof of Lem. 1.

Lemma 2 In a system with processes A, the worst-case cost of Da (AM ) of the application of an
a ) ≤ D a (AM ), where N a is the number of
action model AM for process a ∈ A satisfies log2 (NAM
AM
partitions regarding a in AM.
So far, we only considered the application of a single action model. For the communication
complexity of an algorithm A solving a specific problem P using multiple rounds of communication,
the first thing that comes to mind is to sum up the communication complexity of single round action
models. Unfortunately, this would not provide a tight lower bound on the overall communication
complexity of A: while the worst-case execution of A may include the worst-case scenario of some
round r action model AMr , it does not necessarily include the worst-case scenario of action model AMr0
in round r0 . Fortunately, however, Def. 4 provides a way to alleviate this problem: By computing
the composition of the action models of rounds 1, 2, . . . , k, where k is the round in which A has
terminated, we get a single action model for which we can compute the lower bound using the
above method.
We conclude this section by stressing the fact that the worst-case cost Da (AM) given by Def. 12
is tied to the communication complexity for applying a given action model AM, i.e., of an algorithm
A that faithfully implements a given AM. Obviously, this is not equivalent to the communication
complexity for solving a specific problem, since the lower bounds for Da (AM) established in Lem. 1
and Lem. 2 are tied to a specific action model. In the following section, we will address the communication complexity of a given problem P, by considering action models that are optimal for
P.

5

Action Models and Protocol Trees

In this section, we will restrict our attention to distributed function computation in synchronous
systems of 2 processes. Clearly, all actions correspond to messages sent by one of the two processes
here, and each action can be distinguished from any other action by both processes at the end of
a round.
5.1

Action models of protocol trees

As process a can only send some information x to process b if it knows that x is valid, an action
corresponding to this sending process has to have a precondition containing Ka x. Consequently,
even though process a can distinguish the action s “a sends x to b” in round r from the action t
“a sends ¬x to b” in round r, the application of one of those actions does not change a’s view on
the facts x and ¬x in the resulting epistemic state compared to the original one, as a already knew
x resp. ¬x.4 On the other hand, since b can distinguish the actions s and t, b learns x resp. ¬x,
which eliminates edges in ∼b in the resulting epistemic model, leading to a partitioning between
the states where Kb x and Kb ¬x.
Note, however, that the fact that all actions are distinguishable for every process is only valid
because we have just two processes: In a system with e.g. three processes, it would be possible that
p0 doing actions s resp. t is sending 0 resp. 1 to process p1 but nothing to process p2 , thus p2 cannot
distinguish actions s and t. Nevertheless, even in a system of n processes, the terminal epistemic
model, in which the n processes all know the result of f , must be partitioned into several partitions
4

To be precise, this is only true if x is a preserved formula (as introduced in [8]), which requires x to be propositional
or positive knowledge (but not x = ¬Ka φ, for example). Thus we will also restrict ourselves to algorithms in which
preconditions of actions only involve preserved formulas, which is essentially a non-restriction for distributed
algorithms.

that are separated for all processes: Each such partition consists of (potentially multiple) epistemic
states in which the result of f must be the same. Otherwise, the result of f would not be common
knowledge.
Since all the processes have the same initial knowledge (except for their own input value), the
initial epistemic model M = (S, ∼, V ) is not partitioned, but rather a hypercube like in Fig. 2. The
terminal epistemic model is the result of applying the composed action model (for all rounds) to
the initial epistemic model. Thus, the required partitioning of the terminal epistemic model can
only result from some partitioning of the composed action model.
Definition 13 An algorithm A is defined by a set of action models {AM1 , . . . , AMk }, such that a
single action model AMi is applicable in round i of the synchronous execution. The action model AMi
partitions into tAMi ≥ 1 disjoint partitions (identically for both processes p0 , p1 ).
Definition 14 The composed action model of the first k rounds (CAMk ) is the composition of the
action models AM1 , . . . , AMk , inductively defined as CAM1 = AM1 and CAMk = (CAMk−1 ; AMk ). Every
CAMk = (SCAMk , ∼CAMk , preCAMk ) partitions into tCAMk disjoint partitions, where Pk,i denotes the i-th
partition of CAMk , consisting of actions Sk,i ⊆ SCAMk .
Clearly, if A computes f in m rounds, the relevant composed action model is CAMm . Observe
that applying the actions in Pk,i to the initial epistemic model M = (S, ∼, V ) leads to a set of
partitions of the epistemic model M 0 = M ⊗ CAMk , as required.
We can now define the protocol tree corresponding to the action model for algorithm A:
Definition 15 The protocol tree TA = (P, E) of an algorithm A, starting at the root vertex v that
represents the initial epistemic model M = (S, ∼, V ), is defined as:
P = {v} ∪ {Pk,i | Pk,i for some i is a partition of CAMk , k ∈ {1, m}}
E = {(v, P1,j ) | P1,j a partition of CAM1 } ∪ {(Pk,i , Pk+1,j ) | ∃s ∈ Sk,i , t ∈ SAMk+1 : (s, t) ∈ Sk+1,j for
some i and j, and k ∈ {1, m − 1}}.
Informally, Def. 15 states that each partition of each composed action model CAMk is a node in
the protocol tree. All the nodes corresponding to the partitions of CAM1 are connected to the root
node v. There is a connection between two nodes Pk,i and Pk+1,j on levels k and k + 1 if and only
if there is an action s ∈ Sk,i which is a prefix of an action (s, t) of Sk+1,j , with t ∈ SAMk+1 an action
of AMk+1 . The following Lem. 3 proves that TA is indeed a tree.
Lemma 3 TA is a tree.
Proof. First we show that each node in TA (except v) has at least one predecessor: To do so, we
prove that there is no node at level k that is not connected to any node at level k − 1. For the
nodes on level k = 1, this is trivial, since they are by definition connected to the single root v of the
tree. For the other nodes, assume that there is a node on some level k > 1 that is not connected
to any node at level k − 1. This would mean that there is a node Pk,i on level k such that none
of its actions (s, t) fulfills s ∈ Sk−1,j , t ∈ SAMk for any node Pk−1,j on level k − 1. Since Pk,i is a
partition of CAMk , and thus all of its actions are actions in the set of SCAMk , this contradicts the fact
that CAMk = (CAMk−1 ; AMk ) and Def. 4.
Finally, we prove that each node in TA has at most one predecessor: Suppose there are two
nodes Pk,1 and Pk,2 on level k, with actions s1 ∈ Sk,1 and s2 ∈ Sk,2 , which are both connected
to the same node Pk+1,i on level k + 1. Since s1 and s2 are in two different partitions, we obtain
s1 6∼p0 s2 ∧ s1 6∼p1 s2 . But as both Pk,1 and Pk,2 are connected to Pk+1,i , it also holds that
(s1 , t1 ) ∼p0 (s2 , t2 ) or (s1 , t1 ) ∼p1 (s2 , t2 ) for some t1 , t2 ∈ SAMk+1 . This contradicts Def. 4,
however.

So far, we only considered the protocol tree TA , which is solely defined in terms of the action
models CAMk . Now we turn our attention to the application of TA to the initial epistemic model
M = (S, ∼, V ) that is a hypercube. As already said, this must induce a partitioning of the resulting
epistemic model, i.e., the leaves in TA , in order to correctly compute f (x, y) at both processes.
The following Lem. 4 shows that the CAMm and the resulting TA of a correct solution must induce
rectangles at the leafs of TA .
Lemma 4 Let M = (S, ∼, V ) be the hypercube describing the initial epistemic model of a solution
algorithm for computing f (x, y), defined by the action models AM1 , . . . , AMm (resulting in the composed action model CAMm ) and the corresponding protocol tree TA . Then, every rectangle corresponds
to at least one partition in the final epistemic model M 0 = M ⊗ CAMm , i.e., at least one leaf, and
every leaf corresponds to some (not necessarily maximal) rectangle.
Proof. First, as A must compute f (x, y) for every input (x, y), and A terminates only in leaves
of TA , every (x, y) leads to some leaf. Consequently, for every rectangle R, which usually contains
more than one input, say (x1 , y1 ) and (x2 , y2 ), we can assign the set of leafs LR its constituent
inputs lead to.
We now show that actually |LR | = 1, which implies that every leaf corresponds to some rectangle. Suppose that both inputs (x1 , y1 ) and (x2 , y2 ) allow the application of actions leading to the
node ` of TA , then also (x1 , y2 ) and (x2 , y1 ) lead to `: The path through the tree has to be the same
for all of the four input pairs. We start our inductive argument at level k = 0, the initial epistemic
model. In the initial epistemic model, p0 cannot distinguish the situation with input (x1 , y1 ) from
(x1 , y2 ) resp. (x2 , y1 ) from (x2 , y2 ). A similar argument holds for p1 . Since (x1 , y1 ) and (x2 , y2 ) lead
to the same node `, the actions of AM1 have to be in the same partition for both of them and since p0
cannot distinguish (x1 , y1 ) from (x1 , y2 ), the action applied by p0 has to be the same in both cases
(similarly for (x2 , y2 ) and (x2 , y1 )). Since p1 cannot distinguish (x1 , y1 ) from (x2 , y1 ), the action
applied by p1 has to be the same in both cases (similarly for (x2 , y2 ) and (x1 , y2 )). As p0 ’s action
is the same for (x1 , y1 ) and (x1 , y2 ) and p1 ’s action is the same for (x1 , y2 ) and (x2 , y2 ), and the
actions of AM1 have to be in the same partition for (x1 , y1 ) and (x2 , y2 ), also the action for (x1 , y2 )
has to be in the same partition in AM1 . By the analogous argument, it follows that also the action
for (x2 , y1 ) in AM1 is in the very same partition of AM1 = CAM1 .
For the induction step, assume that the execution of A for (x1 , y1 ) resp. (x2 , y2 ) reached some
node Pk,i on level k of TA . By the induction hypothesis, also the executions for (x1 , y2 ) and (x2 , y1 )
have reached this node. Due to the initial premise of reaching the same leaf `, the executions
for (x1 , y1 ) and (x2 , y2 ) must reach some common node Pk+1,j corresponding to a partition in
CAMk+1 = (CAMk ; AMk+1 ). As already stated before, the epistemic model after round k + 1 can be
derived in two ways: Applying action model by action model or once applying CAMk+1 on the initial
epistemic model: the resulting epistemic models are equivalent. Thus, by the same argument as
before (only using AMk+1 instead of AM1 ), it follows that all the actions on the inputs have to be
in the same partition in AMk+1 and hence in CAMk+1 . Consequently, all the inputs lead to the same
node on level k + 1 as asserted.
5.2

Communication complexity lower bounds

In this section, we will prove a lower bound on the number of bits received by the processes during
the worst-case execution of a given algorithm A for computing a function f (x, y), using the action
model representation of Sec. 5.1. In the following, Di = Di (A) denotes the maximum number of
bits received by pi in any execution of A for computing f , and D = D(A) is the maximum total

number of bits received system-wide. We start with two communication complexity lower bounds
for D0 and D1 (the proof of Lem. 6 is analogous to the proof of Lem. 5):
Lemma 5 D0 ≥ log2 (RX ), where RX denotes the maximum number of rectangles in any row of
Mf , the matrix defining f .
Proof. Assume that the input of p0 is some fixed value xi ∈ X such that there are RX rectangles in
0
the row of Mf corresponding to xi . Suppose in contradiction that log2 (RX ) > D0 , hence RX > 2D .
0
0
By receiving D0 bits, p0 can distinguish at most 2D rectangles in the row of xi . Since RX > 2D ,
there are at least two rectangles R0 , R1 , which cannot be distinguished by p0 . According to Lem. 4,
R0 and R1 correspond to some leaves `0 and `1 of TA , which in turn correspond to some partitions
P0 and P1 of the composed action model for A. Thus, if p0 cannot distinguish R0 and R1 , p0 is also
not able to distinguish the corresponding partitions P0 and P1 .
As in the proof of Lem. 1, let M be the initial epistemic model and M 0 = M ⊗ M be the result
of applying A’s action model M to M . From Lem. 4 in conjunction with the fact that p0 is the only
process that can be uncertain about the initial epistemic state (xi , yi ), as xi is fixed and only yi is
arbitrary, we can infer the existence of the following scenario here: (i) s0 ∼p0 s1 in M , (ii) s0 ∈ P0 ,
s1 ∈ P1 in action model M applicable to s0 respectively s1 (P0 and P1 indistinguishable by p0 ), and
(iii) (s0 , s0 ) 6∼p0 (s1 , s1 ) in M 0 . Since p0 cannot distinguish between the states in partitions P0 and
P1 , however, we inevitably have (s0 , s0 ) ∼p0 (s1 , s1 ), providing the required contradiction.
Lemma 6 D1 ≥ log2 (RY ), where RY denotes the maximum number of rectangles in any column
of Mf , the matrix defining f .
The following Thm. 1 finally establishes a lower bound on D for a given algorithm A for
computing f . It relies on a lower bound on the number of partitions tCAMm of the composed action
model CAMm for A, and can hence be viewed as an action model analogon for Cor. 1.
Theorem 1 The maximum total number of bits D received by the processes in any execution of
any algorithm A that computes f (x, y) in m rounds has the lower bound log2 tCAMm ≤ D, where
tCAMm is the number of partitions of the composed action model of A after m rounds. It satisfies
tCAMm ≥ t, where t is the number of monochromatic rectangles of f (x, y).
Proof. Suppose tCAMm < t, i.e., there are less leaves in TA than there are monochromatic rectangles of
f (x, y). Then, there are two rectangles R1 , R2 that lead to the same leaf. However, this contradicts
Lem. 4, as every leaf corresponds to a single rectangle.
By Lem. 2, a lower bound for the worst-case cost Da = Da (CAMm ) regarding process a is
log2 taCAMm , where taCAMm is the number of partitions of CAMm regarding a. Additionally, every process
has to be able to distinguish all the partitions of CAMm , else the result of f (x, y) would not be
common knowledge. Thus, taCAMm = tCAMm and hence log2 tCAMm ≤ Da . Since trivially Da ≤ D, we
can conclude that log2 t ≤ log2 tCAMm ≤ D.
5.3

Application examples

We now demonstrate how to apply our approach by means of two simple examples. We first consider
distributed function computation, using the function f (x, y) and the protocol A given in Fig. 1,
where the processes send a single bit in each round alternatingly. Recall that A is optimal in terms
of communication complexity.
The corresponding action models, for the 3 rounds of algorithm A, are given in Fig. 4. An action
of the form e.g. (x0 , x1 ) encodes that p0 sends the information that its input value is either x0 or x1

to p1 . An expression like Ki x0 in a precondition formula means that, in the appropriate epistemic
state, pi knows that x0 is the input to p0 . Self-loops in the indistinguishability relation of the action
models are denoted by loops, in the following.

AM1 :

SAM1
∼pi
pre(x0 )
pre((x1 , x2 , x3 ))

=
=
=
=

{(x0 ), (x1 , x2 , x3 )}
loops
K0 x0
K0 (x1 ∨ x2 ∨ x3 )

AM2 :

SAM2
∼pi
pre((y0 , y1 , y3 ))
pre(y2 )
pre((y0 , y1 ))
pre((y2 , y3 ))

=
=
=
=
=
=

{(y0 , y1 , y3 ), y2 , (y0 , y1 ), (y2 , y3 )} (y0 , y1 , y3 )
loops
K1 (x0 ∧ (y0 ∨ y1 ∨ y3 ))
(y0 , y1 )
K1 (x0 ∧ y2 )
K1 ((x1 ∨ x2 ∨ x3 ) ∧ (y0 ∨ y1 ))
K1 (x1 ∨ x2 ∨ x3 ) ∧ (y2 ∨ y3 ))

SAM2
∼p0
pre(x3 )
pre((x1 , x2 ))

=
=
=
=

{x3 , (x1 , x2 )}
loops
K0 (x3 ∧ (y2 ∨ y3 ))
K0 ((x1 ∨ x2 ) ∧ (y2 ∨ y3 ))

AM3 :

(x0 )

(x3 )

(x1 , x2 , x3 )

(y2 )
(y2 , y3 )

(x1 , x2 )

The resulting composed action model is CAM3 :
SCAM3 = {s0 = (x0 , (y0 , y1 , y3 )), s1 = (x0 , y2 ),
s2 = ((x1 , x2 , x3 ), (y0 , y1 )),
s0
s1
s3 = (((x1 , x2 , x3 ), (y2 , y3 )), x3 ),
s4 = (((x1 , x2 , x3 ), (y2 , y3 )), (x1 , x2 ))}
∼pi = loops
s2
s3
pre((x0 , (y0 , y1 , y2 ))) = K0 x0 ∧ K1 (y0 ∨ y1 ∨ y3 )
pre((x0 , y2 )) = K0 x0 ∧ K1 y2
s4
pre((x1 , x2 , x3 ), (y0 , y1 )) = K0 (x1 ∨ x2 ∨ x3 ) ∧ K1 (y0 ∨ y1 )
pre(((x1 , x2 , x3 ), (y2 , y3 )), x3 ) = K0 x3 ∧ K1 (y2 ∨ y3 )
pre(((x1 , x2 , x3 ), (y2 , y3 )), (x1 , x2 )) = K0 (x1 ∨ x2 ) ∧ K1 (y2 ∨ y3 )

Fig. 4: Precondition functions (left) and action models (right) for the optimal algorithm A for f , given in Fig. 1.

The corresponding protocol tree TA and the rectangles corresponding to TA are depicted in
Fig. 5. It is apparent that there are 5 completely separated partitions in CAM3 corresponding to 5
leaves in the protocol tree TA . Thm. 1 thus reveals that D ≥ log2 (5). Alternatively, since A follows
the original Yao protocol, we can also directly apply Cor. 1. It confirms that A has to communicate
at least log2 (5) ≤ 3 bits to compute f . And indeed, in the corresponding protocol tree (of height
3), there are paths where 1 bit is sent/received in each of the 3 rounds.

v

x1 , x2 , x3
P1,0
y0 , y1

P1,1

y2 , y3

y2

P2,0

0
x3
0

0
x1 , x 2
1

y0

y1

y2

y3

x0

1

1

0

1

x1

0

0

1

1

x2

0

0

1

1

x3

0

0

0

0

x0

y0 , y1 , y3
1

Fig. 5: The protocol tree TA for function f defined in Fig. 1.

As our second application, we will use the approach developed in the previous sections to obtain
lower bounds for the communication complexity D for distributed consensus in directed dynamic
networks controlled by a message adversary.
In the consensus problem [17], each process p has an initial value xp and a decision value yp
in its local state. The value yp is written only once, and is undefined (yp = ⊥) initially. To solve
consensus in our model, where processes cannot fail but communication is unreliable, an algorithm
has to fulfill the following properties for each process p, q ∈ Π:
(Agreement) If p assigns value vp to yp and q assigns value vq to yq , then vp = vq .
(Termination) Eventually, every p assigns a value to yp .
(Validity) If each process p has input xp = v, then all processes q have to decide yq = v.
We restrict our attention to the very simple directed dynamic network made up of two synchronous processes p0 , p1 . The communication graph G r of each round r is controlled by an omniscient message adversary (MA) here [1, 5, 22], which determines which messages are delivered resp.
lost in round r: it chooses a sequence σ = G 1 , G 2 , . . . of graphs G r ∈ {←, ↔, →} for any round r.
We will focus on the message adversary M A↔2 here, which may generate all graph sequences not
starting with G 1 = G 2 =↔. There is a simple algorithm A solving consensus under M A↔2 .
Lacking space forced us to relegate the detailed modeling and analysis to Appendix A. In a
nutshell, we pursued two different approaches there:
(1) One can consider consensus as the distributed computation of a function f (x, y, σ), where the
result depends on the inputs of p0 (x) and p1 (y) and on the particular graph sequence σ chosen
by the MA.
(2) In order to directly apply our approach, we had to address the problem that consensus does
not specify a unique function: Validity only fixes the outcome for all inputs being the same, but
not in the remaining cases. Agreement, on the other hand, only requires the outputs at p0 and p1
to be the same. Consequently, the actual result of f (x, y, σ) depends on x, y and σ, but also on the
choices made by the algorithm A. We solved this problem by partitioning the function f (x, y, σ)
into multiple functions fi (x, y), which can be treated independently. Since every fi (x, y) led to the
(trivial) lower bound D ≥ 1, we obtained the same (trivial) lower bound D ≥ 1 as in (1).

6

Conclusions

We established a relation between the number of partitions in the composed action model of a
synchronous distributed algorithm A and the number of bits received by some process in a worst
case execution. For the restricted case of deterministic distributed function computation among 2
processes, we also provided a lower bound for the total communication complexity of any correct
solution algorithm. We provided two simple applications of our approach, which confirmed an
already known communication complexity lower bound for distributed function computation and
even reached out to consensus in directed dynamic networks under a message adversary. Part of our
current work is devoted to the shortcomings of our current approach, most notably, the restriction
to 2 processes.
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A

Lower bounds for consensus in dynamic networks

In this appendix, we provide the details for applying our approach to consensus under message
adversary M A↔2 that had been dropped from the main body of our submission due to lacking
space.
There is a simple algorithm A for solving consensus under M A↔2 : In round 1, p0 and p1 both
send their initial value x resp. y to each other. In round 2, each process sends the last value it
received (or its initial value if it did not receive any value in round 1). Once a process received
the same value it sent or does not receive a message in round 2, it decides the last value sent
and terminates. It is easy to show that it indeed solves consensus under M A↔2 . Note that, in a
straightforward implementation of A, the processes would receive 3 bits in total (i.e., system-wide)
in some execution.
A.1

First approach: Explicitly incorporating σ in f (x, y, σ)

We can consider consensus as the distributed computation of a function fA (x, y, σ) that depends
on the inputs of p0 (x) and p1 (y), but also on the particular graph sequence σ and the choices of
the solution algorithm A for resolving the freedom offered by the validity property. So unlike in
classic distributed function computation, where f (x, y) is given and every solution algorithm must
compute the same function, fA (x, y, σ) inherently depends on A here.
Fig. 6 shows f↔2 (x, y, σ) for A, as well as the action model AMk for each round k: The single
actions are given in the form (v0 , v1 , G ), with vi ∈ {0, 1} the value sent by pi and G ∈ {←, ↔, →}
the graph chosen by M A↔2 in the current round. The precondition for an action (v0 , v1 , G ) is
K0 v0 ∧ K1 v1 .
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Fig. 6: Left: A function f↔2 (x, y, σ) defining the outcome of consensus in the 2 process case with adversary M A↔2 .
Right: The Action Model AMk for each round k of algorithm A. Note that the indistinguishability relation ∼ is replaced
by straight lines here to improve readability.
The resulting composed action model after two rounds, CAM2 = (AM1 ; AM2 ), is depicted in Fig. 7
and has 32 actions split up in 2 partitions. Recall that the composition must explicitly omit combining (., ., ↔) ∈ AM1 and (., ., ↔) ∈ AM2 , as this is the forbidden graph sequence for M A↔2 . The
protocol tree Tcons corresponding to A is depicted in Fig. 8.
In Tcons resp. CAM2 , we observe tCAM2 = 2 leaves resp. partitions. Recalling Thm. 1, we observe
the lower bound DA (f↔2 ) ≥ 1. Obviously, this is a trivial lower bound for the number of received
bits in the system for solving consensus.
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Fig. 7: The graphical representation of CAM2 . The actions in the upper partition all lead to the decision 0, the ones
in the lower partition to a decision 1. They hence correspond to monochromatic rectangles.
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Fig. 8: The protocol tree Tcons corresponding to the action model CAM2 = (AM1 ; AM2 ) defined in Fig. 6 that solve
consensus by computing the function f↔2 . P1,0 represents the single partition of AM1 representing Fig. 6, 0 resp. 1
the two partitions of Fig. 7.

A.2

Second approach: Multiple distributed function computations

Alternatively, we can apply our approach also directly, by “splitting up” f↔2 (x, y, σ) into several
independent distributed function computations: we just partition the set of computed functions
into all the possibilities allowed by the consensus specification. Every partition is then an independent distributed function computation that can be treated by our approach. The worst-case
communication complexity of the original algorithm is then determined as the maximum worstcase communication complexity of the individual distributed function computations.
We denote the set of graph sequences for which the input of x and y results in a decision on z
z . For example, P 0 of the function f
by Pxy
↔2 given in Fig. 6 is {(↔, ←), (→, ←), (→, ↔), (→, →)}.
01
1 and P 0 are empty due to validity. The decision in P 0 and P 1 is given
Clearly the partitions P00
11
00
11
by validity and independent of the graph sequence, thus there is no need to consider them any
0 , P 1 , P 0 and P 1 .
further. These eliminations leave only the non-trivial sets P01
01
10
10
We now use these sets to build multiple two-dimensional function matrices depending solely on
x and y by taking all the possible intersections of those sets. For f↔2 (x, y, σ) given in Fig. 6, this
0 ∩ P 0 = ∅, P 0 ∩ P 1 = {(↔, ←), (→, ←), (→, ↔), (→, →)}, P 1 ∩ P 0 = {(←, ←), (←
results in P01
10
01
10
01
10
1 ∩ P 1 = P 0 ∩ P 1 = ∅. Each such intersection specifies the graph
, ↔), (←, →), (↔, →)} and P01
xy
xy
10
sequences for which a unique two-dimensional function matrix in x and y applies. For example,
0 ∩ P 1 = {(↔, ←), (→, ←), (→, ↔), (→, →)} are the graph sequences for which f (x, y) = x
P01
10
applies. As those intersections obviously are disjoint, the adversaries choice of the graph sequence
σ determines the actual function f 0 (x, y) that has to be calculated.

0
00
Fig. 9 shows the function f↔2 (x, y, σ) partitioned in the two-dimensional matrices f↔
2 and f↔2 .
0 and P 1 are marked blue, while the other partitions are marked orange (f 0 ) resp.
Partitions P00
11
↔2
00
red (f↔2 ).
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Fig. 9: Partitioning of three-dimensional function f↔2 into two two-dimensional functions f↔
2 and f↔2 . The trivial
0
1
partitions for P00
and P11
are marked blue, while the partitions relevant for the creation of the functions are marked
0
1
0
0
0
orange resp. red. Combining, e.g., P10
and P01
we get function f↔
2 (orange). The results for f↔2 (0, 0) and f↔2 (1, 1) are
0
0
given by Validity, while the other two results are defined by the used partitions, e.g., P10 corresponds to f↔2 (1, 0) = 0
00
0
in the lower left corner. Since f↔
2 and f↔2 are two-dimensional, the original rectangle-definition by Yao and hence
the results of Sec. 5.2 can be used again.

Since we are now back at the usage of two-dimensional function matrices depending solely on
local input values, we can use the original definition of rectangles and hence all the techniques of
Sec. 5.2. More specifically, in order to analyze the communication complexity of A, we analyze the
0
00
involved functions f↔
2 and f↔2 independently and take the maximum. Note that, in each of those
matrices of our example, the number of monochromatic rectangles t is 2.
0
00
As the two-dimensional functions f↔
2 and f↔2 are valid for specific subsets of graph sequences
only, we only need to consider composed actions which correspond to these graph sequences to
apply our method. Fig. 9 depicts the partitions of f↔2 as well as the partitions of CAM2 . We see that
in both cases CAM2 partitions to two partitions. Thus, the protocol tree for the two-dimensional
functions is the same as in Fig. 8, so tCAM2 = 2 again. Thm. 1 again reveals the trivial lower bound
1 already obtained by the first method.

