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Summary
We propose an inverse scheme for acoustic source localization based on solving the corresponding partial dif-
ferential equation in the frequency domain (Helmholtz equation) by applying the Finite Element (FE) method.
This allows us to fully take into account the actual boundary conditions as given in the measurement setup. To
recover the source locations, an inverse scheme based on a sparsity promoting Tikhonov functional to match
measured (microphone signals) and simulated pressure is proposed. The properties of this inverse scheme and its
applicability to source localization in the low frequency range will be demonstrated.
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1. Introduction

Acoustic source localization is a main task in the develop-
ment of new products. In the last years, considerable im-
provements have been achieved in acoustic source local-
ization using microphone arrays. For this purpose, usually
acoustic beamforming is used to determine source loca-
tions and distributions, measure acoustic spectra for com-
plete models and subcomponents, and project results from
the array to far field points. The fundamental processing
method, Frequency Domain Beamforming (FDBF) [1] is
robust, fast, and renders continuous source distributions as
continuous images. To this end, the beamforming map a is
computed by

a(g) = ḡTCg (1)

with g denoting the steering vector [2], C the cross spec-
tral matrix (CSM) of the microphone array signals and T
the transposed. Here, a bar denotes complex conjugation.
The CSM is computed from the measured microphone sig-
nals and is modeled by

C =
N

j=1

σjgḡ
T (2)
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withN the assumed number of sound sources. Fixing only
the source strength σk to be nonzero results in

C = σkgkḡ
T
k (3)

and the source computes by

a(g) = σkḡ
T
kgkḡ

T
kgk. (4)

By normalizing ḡTkgk = 1, one obtains the correct source
location with strength σk. The theoretical resolution is
given by the Rayleigh limit [3] as well as by the Spar-
row limit [4]. Drawbacks are caused by the Point Spread
Function (PSF) of the array, which is the convolution
of the spatial array response with a single point source.
The PSF has a strong main lobe as well as strong side
lobes for low frequencies, so that weaker sources may be
hidden. Therefore, a second signal processing step is re-
quired to convert a raw FDBF map into a source map.
This can be done by application of an overall scaling fac-
tor, known as the integration technique [1] or deconvolu-
tion by, e.g., DAMAS [5], Clean-SC [6], SC-DAMAS [7],
L1-Generalized Inverse Beamforming (L1-GIB) [8]. A de-
tailed comparison and a recent overview on deconvolution
techniques and application to 2D and 3D sound source lo-
calization can be found in [9, 10]. There, the different tech-
niques are compared with respect to position detection,
source level estimation and computational time. The main
findings for source localization in a free radiation environ-
ment can be summarized as follows: (1) SC-DAMAS pro-
vides the best source map at highest computational costs;
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(2) Clean-SC has the best trade-off between fast computa-
tion and correct source detection; (3) for a case of two or-
thogonal microphone arrays only L1-GIB results in good
3D source maps at reasonable computational costs. De-
spite these advances in beamforming techniques, it has to
be mentioned that major limitations arise from the source
model. In the standard approach, the sources are modeled
as monopoles or/and dipoles and the steering vector g de-
scribing the transfer function between source and micro-
phone signal is modeled by Green’s function for free ra-
diation. A different choice of steering vectors can improve
the results as demonstrated in [2]. Thereby, a reasonable
enhancement in the correct estimation of source location
could be obtained.

A further challenge for these methods are source lo-
calization at low frequencies and in environments with
partially or fully reflecting surfaces, for which beam-
forming techniques do not provide physically reasonable
source maps. In such cases, the steering vectors have to be
adapted to take the reverberant environment into account.
In a recent publication, two approaches have been investi-
gated [11]: (1) modeling reflections by a set of monopoles
located at the image source positions; (2) experimentally
based identification of Green’s function. Thereby, the best
results could be obtained by using the formulation with the
experimentally obtained Green’s functions.
The second approach for source localization can be at-

tributed to the class of time reversal (TR) techniques.
Originally, TR has been invented as an experimental tech-
nique [12, 13] and has then be applied to many appli-
cations involving, e.g., underwater acoustics [14], geo-
physics [15], biomedical imaging [16], non-destructive
testing (NDT) [17] and also to acoustic sound source lo-
calization [18, 19] as well as aeroacoustic source localiza-
tion [20]. TR relies on the linearity and a reciprocity prop-
erty of wave propagation phenomena in non-dissipative
media. Therefore, recording wave signals and propagat-
ing them back in time will result in a re-focusing of the
time-reversed waves at the source positions. This tech-
nique has been shown to be quite robust, sometimes even
in the presence of very high noise levels [17]. In [18], the
time-reversal acoustic sink (TRAS) approach has been ex-
perimentally applied to the audible frequency range us-
ing different transient sound sources in a reverberation
room. There, a focal spot of a seventh of a wavelength
was achieved by applying TRAS. Hence, it can be con-
cluded that this approach in combination with numerically
solving the wave equation may be a promising method in
acoustic imaging and localization of acoustic and vibra-
tional sources. In the presence of attenuation, TRAS does
not perform well, though.
The third category of methods for source localization is

provided by solving the inverse-source problem based on
a constrained minimization problem, where a cost func-
tional is minimized under the constraint that the forward
problem (wave equation with source term) is fulfilled. This
approach assumes that the material and geometric proper-
ties of the domain of interest are known, and aims at find-

ing the position and strength of all sources. This approach
can be performed both in time and in frequency domain.
Main application towards acoustics is the reconstruction
of surface velocity distributions using the boundary ele-
ment method for numerically solving the wave equation
[21, 22, 23]. Therefore, this approach is often called the in-
verse boundary element method. Since a part of the sound
field decays quickly (evanescent waves), the reconstruc-
tion of particular vibration patterns is ill-posed and needs
appropriate regularization. In [24] different regularization
methods such as Tikhonov regularization with the L-curve
criterion or generalized cross-validation, have been dis-
cussed and applied to stationary and rolling tire noise re-
construction. In particular, the L-curve criterion provided
realistic source reconstruction, and especially for mea-
sured data, where spatially correlated measurement errors
such as transducer phase and position error are present,
showed to be very robust.

A detailed overview of all different approaches includ-
ing a unified formalism, a categorization and very inter-
esting comparisons based on numerical and experimental
data is provided in [25]. According to this categorization,
our approach belongs to inverse methods based on iterative
Tikhonov regularization including sparsity of the recon-
struction. It relies on solving the wave equation in the fre-
quency domain (Helmholtz equation) by applying the Fi-
nite Element (FE) method. For this purpose, any other nu-
merical method, e.g. the Boundary Element (BE) method
can be applied, which may be even more efficient with re-
spect to CPU time, depending on the particular scenario. In
doing so, we can consider the actual boundary conditions
as given in the measurement setup. To recover the source
locations, we apply an inverse scheme based on a sparsity
promoting Tikhonov functional to match measured (mi-
crophone signals) and simulated pressure. A clear advan-
tage of such inverse methods is its ability to fully take into
account realistic geometry and boundary condition sce-
narios, as well its straightforward generalizability to sit-
uations with convection and/or attenuation.

In summary, it can be concluded that acoustic source lo-
calization is a strong research topic in various application
fields and a large number of scientists from different com-
munities have contributed by a substantial amount of spe-
cial methods. As stated in [25], there is no general source
localization approach and the most appropriate choice de-
pends on the combination of pre-knowledge and applica-
tion case.

The rest of the paper is organized as follows. In Sec-
tion 2 the physical/mathematical model, which is able to
consider sources both inside the domain and on its bound-
ary, is presented. The optimization approach based on the
adjoint method and its numerical scheme are discussed in
Section 3. Numerical results on a simplified car model in
2D are presented in Section 4. Finally, we summarize our
approach and provide an outlook on further research in
Section 5.

648



Kaltenbacher et al.: Inverse Scheme for Source Localization ACTA ACUSTICA UNITED WITH ACUSTICA
Vol. 104 (2018)

2. Physical and mathematical model

Assume that the original geometry of the setup and Fou-
rier-transformed acoustic pressure signals pms

i (ω) (ω being
the angular frequency, i = 1, . . . ,M) measured by micro-
phones at positions xi are given.
Since the identification is performed for each fixed fre-

quency ω, the dependency on ω is neglected in the nota-
tion. To mimic the Sommerfeld radiation condition on a
finite domain Ω ⊆ Rd, d ∈ {2, 3}, a perfectly matched
layer (PML) is used and the following partial differen-
tial equation (PDE) known as the Helmholtz equation on
Ω = Ωacou ∪ΩPML is considered

∇ · D∇p + bk2p = σin in Ω (5)

with the wave number k ∈ R, the searched for interior
acoustic sources σin(x) in the domain Ωsc ⊆ Ωacou and

D(x, y, z) =




diag ηy (y)ηz(z)
ηx(x)

,
ηz(z)ηx(x)
ηy (y)

,
ηx(x)ηy (y)

ηz(z)

in ΩPML

1 in Ωacou

b(x, y, z) =
ηx(x)ηy(y)ηz(z) in ΩPML

1 in Ωacou

with appropriately chosen complex valued functions ηx,
ηy, ηz (for details see [26]). Note that the real part of D
and b is close to unity also in the PML region. Homoge-
neous Neumann conditions on the whole boundary of Ω
are imposed, part of them just as a simple way to close the
outer boundary of the PML domain, part of them to model
the sound-hard boundary part of the acoustic domain. Fur-
thermore, sound sources on the surface of the obstacle are
modeled by

n · D∇p = σbd on ∂Ω. (6)

We want to stress that the acoustic pressure p is a complex
valued function. First of all, the weak form of (5), (6) is
derived by testing with an arbitrary complex valued func-
tion v ∈ V and integrating by parts

Ω
(D∇p) ·∇v̄ − bk2pv̄ dx

= −
Ω
σinv̄ dx −

∂Ω
σbdv̄ ds ∀v ∈ V, (7)

where the function space V and its dual V ∗ will be spec-
ified later on. More generally, in order to include delta
pulses as well, we consider not only sound sources as reg-
ular functions of the space variable, but as elements of the
dual V ∗, so that (7) becomes

A(p, v) =
Ω

(D∇p) ·∇v̄ − bk2pv̄ dx

= − σin + σbd, v̄ V ∗,V ∀v ∈ V. (8)

The inverse problem under consideration is to recon-
struct σin, σbd (or one of them) from microphone array
measurements of the pressure

pms
i = p(xi), i = 1, . . . ,M (9)

at certain points x1, . . . ,xM ∈ Ω \ Ωsc, so the measure-
ments take place at a certain distance from the sources.
Here σin, σbd may be
(a) point sources, i.e. sums of delta pulses δxj

for xj ∈
Ωsc;

(b) sums of smooth peak functions gj(x), e.g., Gaussian
peaks

e−|x−xj |2/s2j

with given variances sj for xj ∈ Ωsc;
(c) smoothly distributed sources;
as well as combinations of these cases. All these cases can
be covered (case (c) in an approximate sense) by the fol-
lowing ansatz, that will be used throughout this paper

σin + σbd =
N

j=1

aje iϕjµj (10)

with a priori given functionals µj ∈ V ∗ as well as
searched for amplitudes a1, a2, . . . , aN ∈ R and phases
ϕ1, ϕ2, . . . , ϕN ∈ [−π/2, π/2]. Here, N = N in + Nbd

with N in the number of possible sources in the domain
Ωsc ⊂ Ω and Nbd their number on the boundary. This can
be seen as follows:
(a) Using the delta distributions δxj

concentrated at the
points xj with

xj ∈ Ωsc , j = 1, . . . ,N in (11)

xj ∈ ∂Ω , j = N in + 1, . . . ,N in +Nbd = N,

results in

µj = δxj
, µj, v̄ V ∗,V = v̄(xj), (12)

provided functions in V are continuous at the points xj
so that their point evaluations make sense. To this end,
we use the Sobolev space V = W 1,r(Ω) with r > d.

(b) Smooth functions

µj, v̄ V ∗,V =
Ω
gj v̄ dx, j = 1, . . . ,N in,

µj, v̄ V ∗,V =
∂Ω
gj v̄ ds, j = N in + 1, . . . ,N,

with gj ∈ L2(Ω) for j ≤ N in, gj ∈ L2(∂Ω) for j >
N in, and V = W 1,2(Ω).

(c) The use of finite element nodal basis functions Nj(x)
on Ω satisfyingNj(xk) = δjk, and

µj, v̄ V ∗,V =
Ω
Nj v̄ dx, j = 1, . . . ,N in,

µj, v̄ V ∗,V =
∂Ω
Nj v̄ ds, j = N in + 1, . . . ,

N in +Nbd,

649



ACTA ACUSTICA UNITED WITH ACUSTICA Kaltenbacher et al.: Inverse Scheme for Source Localization
Vol. 104 (2018)

allows to approximate smooth interior and boundary
sources

a(x)e iϕ(x) ≈
N in

j=1

aje iϕjNj

ã(x)e iϕ̃(x) ≈
N in+Nbd

j=N in+1

aje iϕjNj

with

aj = a(xj), ϕj = ϕ(xj), j = 1, . . . ,N in,

aj = ã(xj), ϕj = ϕ̃(xj), j = N in + 1, . . . ,N,

and use V = W 1,2(Ω).
In all cases, elliptic regularity provides W 2,2 smoothness
of p away from the source domain, so that point evalua-
tions (9) make sense and we end up with the solution space
U = {u ∈ V ∗ : u|Ω\Ω̄sc ∈ W 2,2

loc (Ω \ Ω̄sc)} p. Indeed,
well-posedness of the forward problem for k2 outside a
discrete set of eigenvalues accumulating only at infinity,
follows from spectral theory for compact operators.

3. Optimization based source identification

The number N of sources is unknown and actually the
mentioned identification problem can be considered as
a discretization of an infinite dimensional inverse prob-
lem with a forward operator mapping from the space of
regular Radon measures M(Ω) = C0(Ω)∗ (particularly
in case (a) above) to RM via the parameter-to-state map
S : M(Ω) → U , σ → p, and the measurement operator
O : U → RM , p → (p(x1), . . . , p(xM )), see also [27] for
the wave equation in time domain. By compactness of the
observation operator, the inverse problem under consider-
ation is ill-posed.

Fitting of the parameters by means of Tikhonov regu-
larization amounts to solving the constrained optimization
problem

min
p∈U,a∈RN ,ϕ∈[− π

2 ,
π
2 ]

N
J (p, a, ϕ) s.t. A(p, ·) = f, (13)

with A as defined in (8),

f, v V ∗,V = −Re
N

j=1

aje iϕj µj, v V ∗,V ∀v ∈ V,

a = (a1, . . . , aN ), ϕ = (ϕ1, . . . , ϕN ), and

J (p, a, ϕ) =

1
2

M

i=1

|p(xi) − pms
i |2 + α

N

j=1

aj
q

+ β

N

j=1

ϕ2
j .

In here, the exponent q ∈ (1, 2] enhances sparsity of the
reconstruction, when chosen close to one. Moreover, the
regularization parameters α, β have to be chosen appro-
priately. According to the sequential discrepancy principle

[28], we choose β = α = α02−m with m the smallest expo-
nent such that following inequality

M

i=1

p(xi) − pms
i

2 ≤ ε (14)

is fulfilled, where ε denotes the measurement error. In-
deed, according to [29], we can expect this to lead to a
convergent regularization method.

The box constraints on the phases ϕi can be realized,
e.g., by a barrier term in the cost functional, i.e., by replac-
ing the original Tikhonov functional by

J (p, a, ϕ) = −ρ
N

j=1

ln(
π

2
+ ϕj) + ln(

π

2
− ϕj)

+
1
2

M

i=1

|p(xi) − pms
i |2 + α

N

j=1

aj
q

+ β

N

j=1

ϕ2
j

with some penalty parameter ρ > 0. This also helps to
avoid phase wrapping artifacts.

To derive the first order optimality conditions and the
gradient of the reduced cost function

j(a, ϕ) = J p(a, ϕ), a, ϕ ,

where p = p(a, ϕ) is supposed to satisfy the constraint

A(p, v) = −
N

j=1

ajRe e iϕj µj, v̄ V ∗,V ∀v ∈ V, (15)

the following Lagrange functional is considered

L(a, ϕ, p, z) = J (p, a, ϕ) + A(p, z)

+
N

j=1

ajRe e iϕj µj, v̄ V ∗,V

Due to regularity of the constraint, a minimizer has to sat-
isfy the following optimality conditions, with some adjoint
state z:

0 =
∂L
∂aj

(a, ϕ, p, z)

= αq aj
q−1

sign(aj) + Re e iϕj µj, z̄ V ∗,V

for j = 1, . . . ,N (16)

0 =
∂L
∂ϕj

(a, ϕ, p, z)

= 2βϕj − ajIm e iϕj µj, z̄ V ∗,V (17)

+ρ
2ϕj

(π/2 − ϕj)(π/2 + ϕj)
for j = 1, . . . ,N

0 =
∂L
∂p

(a, ϕ, p, z)[w] (18)

= A(w, z) +
M

i=1

Re (p(xi) − pms
i )w̄(xi) ∀w ∈ U
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0 =
∂L
∂z

(a, ϕ, p, z)[v] (19)

= A(p, v) +
N

j=1

ajRe e iϕj µj, v̄ V ∗,V ∀v ∈ V.

Here (19) is just the state equation (15), whereas (18) is
the adjoint equation for z = z(a, ϕ), whose strong form
(in terms of z̄) is

∇ ·D∇z̄ + bk2z̄ = −
M

i=1

p(xi) − pms
i δxi

in Ω

n ·D∇z̄ = 0 on ∂Ω. (20)

Therewith, in order to carry out, e.g., some gradient or
quasi Newton method for solving this optimality system,
the gradient of the reduced cost functional is computed via

∂j

∂ai
(a, ϕ) =

d
dai

J p(a, ϕ), a, ϕ

=
d
dai

L p(a, ϕ), a, ϕ, z(a, ϕ)

=
∂L
∂p

p(a, ϕ), a, ϕ, z(a, ϕ)
∂p

∂ai
(a, ϕ)

+
∂L
∂ai

p(a, ϕ), a, ϕ, z(a, ϕ)

∂L
∂z

p(a, ϕ), a, ϕ, z(a, ϕ)
∂z

∂ai
(a, ϕ)

=
∂L
∂ai

p(a, ϕ), a, ϕ, z(a, ϕ)

(and analogously for the derivative w.r.tϕi), where the first
equality holds by definition, the second equality by the fact
that p(a, ϕ) satisfies the constraint, and the last equality by
the state and the adjoint equation.

This allows us to compute all 2N components of the
gradient by just solving two PDEs, the state and the adjoint
equation.

Evaluation of these gradients according to (16), (17)
requires the quantities µj, z̄ V ∗,V for z̄ solving the adjoint
equation (18). After discretization of (18), z̄will be a finite
element function

z̄ =
neq

a=1

zRe,aNa − izIm,aNa ,

withNa the finite element basis functions. Thus, with pre-
computed values

mja = µj,Na V ∗,V

evaluation of the above mentioned quantities can be sim-
ply carried out by a matrix vector multiplication

µj, z̄ V ∗,V =
neq

a=1

mja(zRe,a − izIm,a).

Note that in case (c), the matrixM = (mja)j,a=1,...,neq is the
FE mass matrix, whereas in case (a), it is just the identity
matrix.

In our special parametrization of the sources (10), aj
are actually signed amplitudes, hence the true physical
quantities compute from a and ϕ as follows.

Amplitude : |aj|

Phase :




ϕj if ϕ ≥ 0

ϕj + 2π if ϕ < 0
if aj > 0

ϕj + π if aj < 0.

For our practical realization, a minimization by a gra-
dient method with Armijo line search is applied. Since
the differential operators for the state equation (see (15))
and the adjoint equation (see (20)) are the same, the FE
system matrix for both PDEs is the same, which results
in a computational highly efficient solution process. Fur-
thermore, the computational time does not depend on the
number of microphones nor on the assumed number of
possible sources. Finally, the inverse scheme results in a
source map both for amplitude and phase and in addition
the reconstructed acoustic field is provided. Nevertheless,
it should be mentioned that the applicability of the scheme
towards computational time is mainly restricted to the low
frequency range. The discretization effort and therefore the
number of degree of freedoms in 2D is of the order O(h−2)
(in 3DO(h−3)), where h is the mesh size being determined
by (assuming linear finite element basis functions)

h ≈ λmin

10
=

c

10 fmax
. (21)

In (21) c is the speed of sound and fmax the highest fre-
quency of acoustic sources. A detailed description of the
implemented scheme including a pseudo-code is presented
in the Appendix.

4. Numerical results

The numerical example consists of a simplified car as dis-
played in Figure 1 and Figure 2, where we position two
acoustic sources with equal intensity, one near a side mir-
ror and one near a wheel housing.

The chosen frequency is 500Hz, so that the wave-
length is about 0.68m assuming a speed of sound of
340m/s in air. As displayed in Figure 1, the microphones
of setup 1 are positioned at the top and at both sides with
a total number of 23 measurement points. The three line
arrays were positioned according to [30]. The microphone
spacing was set to 0.3m, satisfying the spatial aliasing the-
orem [31]. In setup 2 (see Figure 2) just 11 microphones
have been used. The microphones were placed closer to
the car and the microphone spacing has been increased to
0.6m, knowing that the design rules for beamforming ar-
rays do not hold. This microphone arrangement is just used
for the inverse scheme to demonstrate that the method is
sensitive to the positioning of the microphones.

The floor as well as the boundary around the car is
sound hard (fully reflective) and on the remaining three
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Figure 1. Computational setup 1 for identification of the sources
around a car.

Figure 2. Computational setup 2 for identification of the sources
around a car.

sides free radiation is modeled using the mentioned PML
technique. To realistically simulate the measured values
at the microphone positions, we perform computations on
a fine grid with 250.514 degrees of freedom for setup 1
(respectively 80.990 for setup 2) with a PML region which
is twice as thick as the one used in inverse computations
later on. Moreover we add random noise to this simulated
data.

In a first step, we demonstrate that the identification
with beamforming algorithms does not work well for such
a case. To this end, we use the simulated acoustic pres-
sure values at the microphone positions (without noise) as
input. Figure 3 displays the source maps of setup 1 ob-
tained with the classical beamforming algorithm and with
DAMAS using Green’s function of free radiation for com-
puting the steering vectors. Thereby the amplitude of the
sources were normalized to the maximum of the original
source.

Classical beamforming finds a lot of fictious sources,
which cannot be distinguished from the true sources. Due
to the coherence between the two sources, DAMAS will
have problems to find the correct source position (see Fig-

(a) (b)

(c) (d)

Figure 3. (Colour online) Source maps obtained with beamform-
ing algorithm applied on setup 1 (just the source region is dis-
played). The green dots show the correct source positions, and
the red spot the identified ones. (a) Classical beamforming, (b)
DAMAS (both sources), (c) DAMAS (left source), (d) DAMAS
(right source).

ure 3b). However, activating for each computation just
one source, DAMAS performs quite well as expected.
Thereby, the position of the source near the side mirror is
well identified (see Figure 3c), whereas the position of the
source near the wheel housing does not match the correct
one (see Figure 3d). Here, modified steering vectors, e.g.
based on measured Green’s functions as described in [11],
may improve the result. Summarizing, it can be stated that
deconvolution approaches such as DAMAS are robust and
perform well. However, instead of the real source distri-
bution (see Figure 4a) single point sources are identified.
Therefore, the obtained source amplitudes are higher.

For the identification with our inverse scheme, we con-
struct a different grid with just 62.854 degrees of freedom
in the case of setup 1 (respectively 20.431 for setup 2).
In addition, the thickness of the PML on this grid is just
half the size as in the data simulation. We set the start-
ing values of our regularization and penalty parameters to
α = 1, β = 1 and ρ = 1. Furthermore, for the exponent
q, we choose the value 1.1. All other parameters of the
inverse scheme are chosen as described in the Appendix.
The searched for sources are modeled by delta peaks for
each of the 2.881 nodes within the source region. The to-
tal elapsed CPU time (stand-alone PC with an Intel Xeon
E5-2640, 2.50GHz processor) for getting the source map
was about 45 minutes for setup 1 (respectively 15 minutes
for setup 2). Thereby, 15 outer loops have been performed
(see Algorithm 1 in the Appendix) reducing the regular-
ization parameters α, β, ρ to 6.10352 · 10−5.

To mimic the real situation, we add noise to obtain dif-
ferent signal-to-noise ratios (SNR) for the simulated pres-
sure values at the microphone positions computed on the
fine grid. These values are then used in our inverse scheme,
which performs the identification of the sources on the
coarser grid. The results of the reconstructed sources are
displayed in Figure 4 and Figure 5. Again the amplitude
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(a) (b)

(c) (d)

(e) (f)

Figure 4. Amplitude of original source and identified sources
of setup 1 (unit dB). Original source (a), Identified source with
SNR = 40 dB (b), 26 dB (c), 20 dB (d), 10 dB (e), 2 dB (f).

(a) (b)

(c) (d)

(e) (f)

Figure 5. Amplitude of original source and identified sources
of setup 2 (unit dB). Original source (a), Identified source with
SNR = 40 dB (b), 26 dB (c), 20 dB (d), 10 dB (e), 2 dB (f).

of the sources were normalized to the maximum of the
original source. One can clearly see that we get a reason-
able reconstruction of the sources for both setups and for
all cases of SNR. The amplitude for each source is also
given in Table I.

Table I. Amplitude of the identified source at the true source po-
sition normalized to the maximum of the original source (unit
dB).

Setup 1

SNR 40 dB 26 dB 20 dB 10 dB 2 dB

Source 1 −6.04 −6.10 −5.98 −5.96 −6.38
Source 2 −3.83 −3.88 −3.73 −3.75 −4.64

Setup 2

SNR 40 dB 26 dB 20 dB 10 dB 2 dB

Source 1 −2.94 −2.85 −2.65 −2.59 −2.90
Source 2 −2.62 −2.38 −1.94 −0.68 1.53

(a) (b)

(c) (d)

(e) (f)

Figure 6. Computed acoustic pressure (Sound pressure level
in dB). Using original sources (a), Using identified source based
on SNR = 40 dB (b), 26 dB (c), 20 dB (d), 10 dB (e), 2 dB (f).

It should be noted that some artificial sources not
present in the forward simulation are reconstructed, an ef-
fect which gets more pronounced as the SNR decreases.
The main advantage of this approach is that a detailed
source distribution both in amplitude and phase is iden-
tified, and finally with these information we can perform a
numerical simulation to obtain the acoustic field.

Applying now the identified source distributions and
performing sound field computations result in the acoustic
fields as displayed in Figure 6 and Figure 7.
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(a) (b)

(c) (d)

(e) (f)

Figure 7. Computed acoustic pressure (Sound pressure level
in dB). Using original sources (a), Using identified source based
on SNR = 40 dB (b), 26 dB (c), 20 dB (d), 10 dB (e), 2 dB (f).

Table II. RelativeL2 error between measured and computed pres-
sure values at the microphone positions.

SNR 40 dB 26 dB 20 dB 10 dB 2 dB

Setup 1 2.67% 2.91% 3.77% 8.53% 16.35%
Setup 2 1.98% 2.13% 2.38% 3.24% 5.29%

The acoustic field computed by the reconstructed
sources compares well to the original acoustic field (see
Figure 6a and Figure 7a), and just for the lowest SNR de-
viations are clearly observed (see Figure 6f and Figure 7f).
Here, the measurement positions of setup 2 provides better
results compared to setup 1.

Table II summarizes the achieved error value between
the acoustic pressure values at the microphone positions
computed according to (14) and normalized to the L2-
norm of the measured pressure values.

Here, we can observe that the relative L2 error is quite
low, even in the case of SNR being 2 dB. This fact clearly
indicates that we should increase the number of micro-
phones or use other microphone positions with a higher
sensitivity to improve our identification of the acoustic
sources.

These results demonstrate the applicability of our in-
verse scheme. A further improvement can most probably
be obtained by using microphone positions with a higher
sensitivity as can be seen by using the different micro-
phone positions in setup 1 and 2. Therefore, the question
of optimal positioning of the microphones arises, which
will be subject of our further research.

5. Conclusion

Acoustic source localization, especially in the low fre-
quency range, is still a topic of ongoing research with
strong practical applications. A main restriction is the as-
sumption of Green’s function for free radiation. Some of
currently available signal processing techniques overcome
this limitation by using experimentally determined or nu-
merical computed Green’s function to adapt the steering
vectors. Our developed inverse scheme fully solves the
Helmholtz equation with the correct boundary conditions.
The first numerical results demonstrate the potential of our
approach and clearly show its applicability in the low fre-
quency range. The main advantage of this approach is that
a detailed source distribution both in amplitude and phase
is identified, and finally with this information we can per-
form a numerical simulation to obtain the acoustic field.
To further improve our method, we currently investigate
in the optimal positioning of the microphones.

Appendix

The implemented optimization based parameter identifica-
tion algorithm is based on a gradient method with Armijo
line search as displayed in Algorithm 1. Thereby, the call
State(a, ϕ) solves the state equation according to (15) and
Adjoint(a, ϕ, p) the adjoint equation according to (20).
The residual res between the measured pressure signals
and the computed ones is evaluated according to

res(p) =
M

i=1

|p(xi) − pms
i |2.

Furthermore, the Tikhonov functional computes as

TikFnc a, ϕ, res = res + α

N

j=1

|aj|q + β

N

j=1

|φj|2

− ρ

N

j=1

ln
π

2
− ϕj + ln

π

2
+ ϕj

and the gradient with respect to the amplitudes aj and the
phases ϕj computes by

Gradient a, ϕ, p, z =





daj = qα|aj|q−1sign(aj)
+ Re e iϕj

a mjaz̄a ,

d
φ
j = 2βϕj

− ajIm e iϕj
a mjaz̄a

+ ρ
2φj

( π2 −ϕj )( π2 +ϕj )
.

Finally, Table A1 lists the values of the used initial reg-
ularization parameters as well as parameters used in Algo-
rithm 1.
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