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ABSTRACT
In phase condenser mode the water level in the

draft tube of a Francis turbine is lowered, and thus,
the runner of the turbine rotates in the air. The rotary
motion of the rotor may induce a rotary wave with
a large amplitude in the water. It may be of the or-
der of the radius of the draft tube, and the wave may
eventually hit the runner.

To study the occurrence of the wave experiment-
ally a simplified experimental setup has been de-
veloped. To observe the wave a cylindrical container
made of plexiglass was manufactured with a rotat-
ing disc at its top end. Profiles are mounted on the
rotating disc to enhance the rotary air motion. The
experiments should clarify under which conditions a
rotary wave will form. The primary influence para-
meters are the distance of the water level from the
driving disc and the angular speed of the disc. De-
pending on these parameters we are interested in the
shape of the free surface, the amplitude of the wave
and the angular velocity of the wave.

In a first approach, the waves can be considered
inviscid and described by a flow potential. Thus, for
small amplitudes, the well known Stokes waves are
obtained. The large amplitude wave in the turbine
resembles the 1,1 mode (one maximum in the cir-
cumferential direction and one extremum in the ra-
dial direction). Moreover, the measured angular ve-
locity agrees well with the predicted value obtained
by potential flow theory. For small amplitudes, the
wave has a bump near one-third of the radius which
rotates around the axis of the cylinder. This mode
resembles the 1,2 mode of potential flow theory (2
extrema in the radial direction).

However, potential flow theory gives no clue to
the excitation mechanism of the wave. Thus, a more
involved analysis is necessary. For this purpose, we
decouple the problem into the airflow problem and
the water flow problem. The rotary air flow exerts
shear stress onto the free water surface inducing a
rotary flow in the water, as well. A stability analysis
of the base state will be performed in the limit of
large Reynolds numbers (based on the wave velocity)

and Ekman numbers (based on the rotation velocity
of the base flow) and compared with the experimental
findings.

Keywords: flow between rotating discs, phase
condenser mode, rotating fluids, rotary wave, sta-
bility

1. INTRODUCTION
In phase condenser mode the water level in the

draft tube of a Francis turbine is lowered, and the
runner runs in air dissipating electrical energy. The
rotary motion of the runner may induce a rotary wave
of large amplitude in the water, see [1] or [2].

In this paper, we will describe the mechanism
which excites the wave. For this purpose we will
investigate a simplified flow configuration: We con-
sider a vertical cylinder of radius R̃ and height H̃,
partially filled with water. At rest state, the water
depth is h̃W . The top lid of the cylinder rotates with
angular speed Ω̃A in its plane around the cylinder axis
and sets the air above the water into a rotary motion.
To enhance the rotary air motion T-shaped profiles
maybe mounted on the top lid, see Figure 1. The
wave form resembles very much the the well known
potential wave shown in Figure 2.

The rotary air flow induces shear stress on the
water surface which in turn will drive a flow in the
water. For moderate rotation velocities of the lid, the
air flow and the water flow are axis-symmetric. It
has been observed, that this axisymmetric flow will
become unstable and rotary waves will form if the
angular speed of the lid is increased above a certain
threshold.

Nowadays, one may think that the method of
choice would be a CFD simulation of the whole sys-
tem including both phases. However, due to the large
Reynolds numbers and that it takes several thousands
revolutions of the disc (rotor) until the wave forms
asymptotic methods to study the instability mechan-
ism seem to be more appropriate.

Shear stress induced water waves have been
studied by many authors in the context of ocean



Figure 1. Experimental setup
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Figure 2. Rotary potential wave 1,1 mode

waves. Miles [3] described an instability mechan-
ism based on the interaction of the shear flow of air
above a water surface. Among other authors Saj-
jadi [4] extended the ideas of Miles to the growth
of weakly non-linear Stokes waves. The excitation
mechanism of Miles and Sajjadi requires that there is
no base flow in the water. Bye & Ghantous [5], [6]
investigated waves in a circular container induced by
a rotating air flow by an inviscid Kelvin-Helmholtz
mechanism.

Here, we will follow a different approach. We in-
vestigate the stability of the axissymmetric base flow
induced by the air flow by an asymptotic expansion
with respect to suitable parameters, for large Reyn-
olds number of the wave and small Ekman numbers
of the base flow. In that setting it turns out that the
pressure response of the air flow to surface undula-
tions does not influence the leading order terms of
the stability analysis, see section 4.

Since the dynamic viscosity of air is much smal-
ler than that of water, we can decouple the two-phase
flow problem into two single-phase flow problems.
We assume that the slow water flow will not influence
the air flow above as long as the wave amplitudes are
small.

Thus, the water faces an almost unchanged axis-
symmetric shear stress distribution and pressure dis-
tribution on its surface.

We will begin our analysis by a dimensional ana-
lysis, then describe the inviscid wave mode. The core
of the paper will be a stability analysis of the axis-
symmetric base flow in the limit of large Reynolds
numbers. Finally, we report some experimental ob-
servations.

2. GOVERNING EQUATIONS AND
SCALING

Since we are primarily interested in the excita-
tion mechanism of the wave, we will investigate the
stability of the axis-symmetric base state. We assume
that the air flow is given and is not influenced by the
flow in the water as long as the wave amplitude is
much smaller than the cylinder radius.

Thus, we assume that the shear stress distribu-
tions at the free surface are given as

τ̃θ = τ̃0τθ(r), τ̃r = τ̃0τr(r), (1)

where τ̃0 is a suitable reference value for the surface
shear stresses.

Assuming laminar flow in the water, we can
estimate the angular velocity Ω̃0 of the base flow.
But before we introduce the Ekman number Ek =

ν̃/R̃2Ω̃0, where ν̃ is the kinematic viscosity of the
water. For small Ekman-numbers, we expect a
boundary-layer of thickness R̃

√
Ek near the free sur-

face. Thus, we can estimate

τ̃0 =
1
√

Ek
ρ̃ν̃Ω̃0 = ρ̃

√
ν̃R̃Ω̃

3/2
0 , (2)



and express Ω̃0 in terms of the reference value of the
surface shear stress. We obtain

Ω̃0 =

 τ̃2
0

ρ̃2ν̃R̃2

1/3

, Ek =

(
ρ̃

τ̃0

ν̃2

R̃2

)2/3

. (3)

A reference value for the angular wave speed can
be found by assuming that the wave is almost inviscid
and that the water is deep hW = h̃W/R̃ � 1. Thus, the
angular wave speed can only depend on the gravity
acceleration g̃, the container radius R̃ and the density
of the fluid ρ̃. Using this data, the reference angular

velocity has to be ω̃0 =

√
g̃
R̃ . Thus, the ratio between

inertia and viscous forces of the wave is character-
ized by the Reynolds number Re = R̃2

√
g̃/R̃/ν̃ .

The ratio between the characteristic angular
speed of the base flow and the characteristic angular
wave speed can be interpreted as a Froude number

Fr =
Ω̃0

ω̃0
=

1
Re Ek

. (4)

The governing equations for the fluid motion are
the Navier-Stokes equations. We choose a cylindrical
coordinate system with its origin on the cylinder axis
at the free unperturbed water surface. We refer all
lengths to the cylinder radius R. A natural choice for
the timescale is the reciprocal value of the reference
value for the angular wave speed. 1/ω̃0. Thus, we
scale the flow velocities accordingly.

At the free surface z = h(r, θ, t) we have to
prescribe dynamic boundary conditions in the azi-
muthal, the radial, and the vertical direction, and the
kinematic boundary condition.

Assuming a small Froude number the surface
curvature due to centrifugal forces can be neglected
for the base flow. Moreover, for the stability the lin-
earized version of the dynamic shear stress boundary
conditions are sufficient. They read in dimensionless
form

τθ(r)
Fr
√

Ek
= vz +

1
r

wθ, (5)

τr(r)
Fr
√

Ek
= uz + wr. (6)

Note, the Froude number enters the problem as a con-
sequence of choosing the azimuthal velocity of the
wave as reference. Referring to ω̃0 as reference an-
gular velocity would be the more natural choice for
the base flow. Doing so, one has to formally replace
the Reynolds number by the reciprocal value of the
Ekman number in the governing equations.

The dynamic boundary condition in vertical dir-
ection reads

−p + h +
2
Re

wz = 0, (7)

where p is the reduced (hydro-static pressure sub-
tracted) dimensionless pressure referred to ρ̃R̃2ω̃2

0
and h is the dimensionless height of the free surface.

r
−1.5

−1

−0.5

 0

 0.5

 1

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

τ

azimuthal shear stress τθ

radial shear stress τr

Figure 3. Normalized bottom shear stress for
h/R = 0.125, ReA = ΩAR2/νA = 3.07 · 105

Additionally, the kinematic boundary condition
has to be satisfied at the free surface

w = ht + uhr +
1
r

vhθ. (8)

The Navier Stokes equations in cylinder coordin-
ates can be found in [7].

3. THE BASE FLOW
To determine the base flow in the water, we pre-

scribe shear stress distributions τ̃θ and τ̃r for the azi-
muthal and radial shear stress components at the free
surface, which are determined by a CFD-simulation
of the air flow in a cylinder driven by rotating top lid
while the cylinder wall and the bottom are at rest. In
this paper, we will consider two different cases.

• Case 1: laminar air flow hA = 2, ReA =

R̃2Ω̃A/ν̃A = 10−3. The normalized bottom shear
stress distribution can approximated by

τr = −0.75 r
(
1 − e2.5(r−1)

)3
, τθ = 0.25 r(1−r)

• Case 2: turbulent air flow in a short cylinder
hA = 0.125, ReA = 3.07 · 105. The air flow
is computed using OpenFOAM employing the
k, ω-SST turbulence model.

The resulting normalized bottom shear stress
distributions are shown in Figure 3.

Assuming a small Froude number Fr, the free
surface can be approximated by a horizontal plane,
and we rescale the governing equations by

u = Fr UB v = Fr VB, w = Fr WB. (9)

Inserting this scaling into the Navier-Stokes equa-
tions, the Reynolds number is formally replaced by
the reciprocal value of the Ekman number 1/Ek.

Thus, for a given shear stress distribution the di-
mensionless flow field is determined by the dimen-
sionless water depth hw and the Ekman number Ek.
Following [8], the governing equations are reformu-
lated in terms of a stream function ψwith UB = ψz/R,
WB = −ψr/r and the azimuthal velocity v. The
resulting equations are discretized using a spectral
method based on Chebychev polynomials. Using
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Figure 4. Streamlines of base flow for case 2 for
different Ek -numbers

up to N = 80 Chebychev-polynomials in r and z-
direction, as well, we calculate the base flow for Ek-
man numbers in the interval 10−5 to 10−2 for all three
shear stress distributions. The solutions for N = 40
seem to be acceptable only for Ek > 5 · 10−4 and
agree well with the solutions for N = 80. We will
give a short discussion the accuracy of the solutions
in the section 4.4 where we present the results for the
growth rate.

In Figure 4 the streamlines for case 2 for three
values of the Ekman number are shown. We remark
that the qualitative behaviour is similar to the flow in
a cylinder with a rotating top lid. For Ek = 5.62 ·10−4

a vortex breakdown at the centerline as described in
[9] occurs. In the laminar flow case, the radial shear
stress is larger than the azimuthal shear stress. As
a consequence, the radial surface velocity is negat-
ive. Thus, at the free surface, there is a very thin
layer of fluid flowing towards the axis. In the tur-
bulent case, the azimuthal shear stress is larger than
the radial shear stress component, and there is no in-
ward directed fluid layer near the surface. Later, we
will see that the flow behaviour near the surface in-
fluences the stability considerably.

4. ASYMPTOTIC STABILITY ANALYSIS

We want to investigate the stability of the base
flow with respect to rotary waves. Thus, we linear-
ize the governing equations around the base state and
make the usual eigenvalue ansatz for the radial velo-
city component u

U = Fr uB(r, z; Ek) + u(r, z, nθ−ωt) expgt +..., (10)

where ω/n is the angular wave speed and g the
growth rate and n the wave number in the azimuthal
direction. For the other velocity components and the
pressure we make a similar ansatz.

We expand the eigenfunction, angular velocity,
and the growth rate with respect to large (wave)
Reynolds numbers Re and small Froude numbers Fr.
The Ekman number Ek has than the role of a coup-
ling parameter and thus is small, too. In the interior,

the flow field has an expansion of the form

u = u0 +
1
√

Re
u1/2 + Fr u1 + Fr2u2 + ..., (11)

written here for the radial velocity component. We
remark that a similar expansion is used for the angu-
lar wave speed and the growth rate. The expansion
is primarily an expansion with respect to the Froude
number Fr. This is indicated by the indices. Then the
terms of the expansion are functions of the Ekman
number Ek. We will evaluate the expansion terms un-
der the assumption that the Ekman number Ek � 1
is small. The zeroth-order term corresponds to an in-
viscid potential flow wave discussed in the following
subsection and well known from sloshing. However,
at the solid surfaces, the inviscid approximation has
to be supplemented by boundary-layers of dimen-
sionless thickness 1/

√
Re = 1/

√
Fr Ek to fulfill the

no-slip boundary conditions. The boundary-layers
suck and blow out fluid periodically and thus induce
a secondary flow of order 1/

√
Re. The interaction of

the base flow with inviscid potential flow wave in-
duce correction terms of the inviscid potential wave
of order Fr and Fr2. It can be shown that the term of
order Fr of the growth rate vanishes. Thus, one has
to inspect the terms of Fr2 to determine the stability
of the base flow. We remark, that the pressure vari-
ations in air due to a undulation of the interface wa-
ter/air are of the order Fr2

√
Ek and thus smaller than

the leading order terms which determine the stability
limit.

4.1. Inviscid waves modes
By observing the large amplitude wave shown in

Figure 1 one may be reminded of well-known slosh-
ing phenomena. Similar rotary waves can be excited
by shaking a vertical cylindrical container. In a first
stage, these waves can be described by potential flow
theory. Thus, we summarize the potential flow theory
of rotary waves, see [10].

For large Reynolds numbers and small wave
amplitudes we can approximate the flow in the wa-
ter by an inviscid potential flow. u0 = grad φ0, where
φ0 is the dimensionless flow potential. Combining
the linearized kinematic and the dynamic boundary
condition, we obtain the boundary condition at the
top surface z = 0:

φ0,tt + φ0,z = 0. (12)

A solution for the flow potential can be found by the
product ansatz

φ0(r, z, θ, t) = a(r)Z(z) sin(nθ − ω0t), (13)

h0(r, θ, t) = a(r)ω0 cos(nθ − ω0t). (14)

Inserting into the potential equation and separation
of the variables yields

a(r) = Jn(µr), Z(z) =
cosh µ(z + hw)

cosh hw
, (15)



Table 1. Zeros of the first derivative of the Bessel
function Jn

µnk k = 1 2 3 4 5
n = 1 1.8141 5.3314 8.5363 11.706 14.864

2 3.0542 6.7061 9.9694 12.170 16.348
3 4.2012 8.0512 11.345 14.586 17.789
4 5.3175 9.2824 12.682 15.964 19.196
5 6.4156 10.519 13.987 17.321 20.576

Table 2. dimensionless angular wave-velocity in
deep water hw � 1

ω0/n k = 1 2 3 4 5
n = 1 1.3569 2.3090 2.9217 3.4214 3.8553

2 0.8738 1.2948 1.5787 1.8145 2.0216
3 0.6832 0.9437 1.1228 1.2730 1.4059
4 0.5764 0.7617 0.8903 0.9989 1.0953
5 0.5066 0.6486 0.7480 0.8321 0.9072

where Jn is the Bessel function with index n and the
constant µ is determined from the kinematic bound-
ary condition u(1) = 0 at the container wall,

J′n(µ) = 0. (16)

For every index n ≥ 1 there is a sequence µn,k, k =

1, 1, 2, ... of zeros of the first derivative of Jn.
Inserting into the combined boundary condition

(12) yields an equation for ω0,

ω2
0 = µn,k tanh µn,khw. (17)

Thus, the dimensionless angular velocity is given by
ω0
n and the dimensionless frequency by ω0

2π . The wave
form is given by

h(r, θ, t) = Jn(µn.kr) cos(n, θ − ω0t). (18)

The first index n gives the number of maxima
in the azimuthal direction, the second index k gives
the number of local extrema in the radial direction.
Thus, the 1,1-mode has one maximum in the azi-
muthal direction and one extremum at the bound-
ary. The 1,2-mode has one local maximum at r =

1.8141/5.3314 = 0.3403.

4.2. Decay rate of the potential wave
The inviscid potential flow cannot satisfy the no-

slip boundary conditions at the cylinder wall and at
the bottom. Thus, near the wall and bottom time-
periodic boundary-layers develop. These boundary-
layers induce a secondary inviscid potential flow in
the interior of the fluid domain. Since in this case
the boundary-layer equations are linear we can solve
them analytically. The secondary potential flow to-
gether with the growth rate (damping) term g1/2 of
order O(Re−1/2) can be determined analytically, see
[10] p.163,

g1/2 = −

√
ω0

8

(
1 + (n/µnk)2

1 − (n/µnk)2 −
2µnkhw

sinh 2µnkhw

)
.

(19)

4.3. The wave/base flow interaction terms

The terms describing the interaction of the base
flow and the wave can be expanded into integer
powers of the Froude number Fr. They can be de-
composed into a sine- and a cosine-term,

ul = u(c)
l cos(nθ − ωt) + u(s)

l sin(nθ − ωt). (20)

Inserting into the linearized Navier-Stokes equa-
tions a Poisson equation for the pressure correction
terms p(s)

k and p(c)
k can be derived:

Ln p( j)
l = − f ( j)

l (r, z), l = 1, 2, .., j = c, s (21)

with

Ln p := prr +
1
r

pr −
n2

r2 p + pzz (22)

subject to the boundary conditions

p( j)
l,z − ω

2
0 p( j)

l + 2λ( j)
l φ0,z = e( j)

l , at z = 0, (23)

where λl = gl for j = s and λ = −ω j for j = c. At
the cylinder wall and bottom von-Neumann bound-
ary conditions hold:

∂

∂r
p( j)

l

∣∣∣∣∣
r=1

= 0,
∂

∂z
p( j)

l

∣∣∣∣∣
z=−hw

= 0. (24)

We remark that the inhomogeneities f ( j)
l and e( j)

l de-
pend only on already known terms of lower order.

The constant λ( j)
l has to satisfy a solvability con-

dition such that the boundary value problem is solv-
able. This condition can be obtained by multiplying
the partial differential equation and the free surface
condition by φ0 and integrating over the flow domain.
By partial integration we can derive the solvability
condition and thus determine λ( j)

l :

λ
( j)
l =

∫ 1
0 e( j)

l φ0|z=0r dr +
∫ 1

0

∫ 0
−hw

f ( j)
l φ0 r dzdr

2
∫ 1

0 φ0,zφ0|r,z=0r dr
.

(25)

To make the solution unique we impose the nor-
malizing condition∫ 1

0

∫ 0

−hW

p( j)
l rφ0 dzdr = 0. (26)

4.3.1. The O(Fr)-terms

For p(s)
1 the inhomogeneities read e(s)

1 =

− 2
rψzφ0,rz, f (s)

1 = φ0,rz

(
− 2

rψrr + 2
rψzz + 2

r2ψr

)
+

φ0,rr

(
2
rψrz −

4
r2ψz

)
+ φ0,zz

(
− 2

rψrz −
2
r2ψz

)
. When p(s)

l

is known, the velocities u(c)
1 , v(s)

1 , and w(c)
1 are determ-

ined from the expansion (with respect to Fr) of the
linearized Euler equations.

Inserting into the solvability condition, partial
integration, and making use of Bessel’s differential
equation for the r-dependent part of φ0 yields g1 = 0.



Thus, the expansion of the growth rate reduces to

g ∼
√

EkFrg1/2 + Fr2g2(Ek) + .... . (27)

The first term g1/2 is due to the viscous damping of
the wall and bottom boundary layers and thus negat-
ive. Thus, for an unstable mode, it is necessary that
g2 is positive provided Fr is sufficiently small. At the
stability, limit both terms must be of the same mag-
nitude which yields that Ek ∼ Fr3 ∼ Re−3/4.

But before we can solve the for the O(Fr2) term,
we have to determine ω1. The inhomogeneities
for the p(c)

1 -problem are e(c)
1 = − [2n

r VBw(s)
o , f (c)

1 =

− 2
r VBv(c)

0,r + n
r

(
2VB,ru

(s)
0 + 2VB,zw

(s)
0

)
− 2

r v(c)
0 VB,r

4.3.2. The boundary-layer at the free surface

We recall that at the free surface z = h the dy-
namic boundary conditions (5) and (6) have to be sat-
isfied. Since the inviscid potential wave cannot sat-
isfy these conditions we expect boundary-layer beha-
vior near the free surface. First, we have to determine
the order of magnitude of the boundary-layer terms.
We insert the eigenfunction ansatz (10) into the (6)

Fr
√

Ek
τr(r) = FruB,z|z=0 + Fr uB,zz|z=0h + uz|z=0 + ...

(28)

The first term on the right side balances the left side.
We keep in mind that the base flow has a boundary
layer of thickness

√
Ek at the free surface uB(z) =

ŭB(z/
√

Ek), ζ̆ = z/
√

Ek. while the wave has a bound-
ary layer of thickness 1/

√
Re. Thus, we have the bal-

ance
Fr
Ek

uB,ζ̆ζ̆ +
√

Reûζ = 0. (29)

with û(ζ) = u(z
√

Re) and ζ = z
√

Re. The boundary-
layer term of the radial component is of the order

Fr
Ek
√

Re
= Fr3/2Ek−1/2. The continuity equation in the

surface boundary-layer is given by,

ûr +
1
r

ûr +
v̂θ
r

+
√

Reŵζ = 0 , (30)

which yields that the boundary-layer of the vertical
velocity component ŵ is of the order Fr

EkRe = Fr2.

We expand the velocity field of the wave in the
boundary-layer at the free surface

u ∼ u0 + Fr3/2Ek−1/2û3/2(ζ). (31)

We remark that at the expected stability limit the first
and the second term are of the same order. For the
vertical component, we have the expansion

w ∼ w0 + Frw1 + Fr2ŵ2(ζ) + ... (32)

The boundary-layer equations for sine and cosine
part of the radial and tangential velocity component
are

ω0û(c)
2 = û(s)

2,ζζ , −ω0û(s)
2 = û(c)

2,ζζ , (33)

subject to the boundary conditions

û(s)
ζ = −EkuB,zzh

(s)
0 , û(c)

ζ = −Ekuzzh
(c)
0 , (34)

where h(c)
0 = 1

ω
φz is the leading order term of the per-

turbation of the water level due to the wave. For the
tangential velocity components v̂(c)

2 , v̂(s)
2 the same dif-

ferential equations hold. In the boundary conditions
uB has to be replaced by vB. Solving the boundary-
layer equations for the radial and tangential velocity
components and integrating the continuity equations
yield for the vertical velocity component

∆ŵ(c)
2 = ŵ(c)

2 (0) − ŵ2(−∞) = −
n
r

EkvB,zzh
(c)
0 . (35)

As a consequence the inhomogeneity e(s)
2 of the

free surface boundary condition for p(s)
2 can be writ-

ten as the sum of a boundary-layer contribution and
terms which depend on the velocities and the pres-
sure expansion in the core region. Accordingly g2
can be decomposed into a core ḡ2 and a boundary
layer ĝ2 contribution. The later is given by

2ĝ2

∫ 1

0
(h(c)

0 )2r dr = −n
∫ 1

0
EkVB,zz(h

(c)
0 )2 dr. (36)

The core part ḡ2 is determined from (21)-(23)
with e2 = −2ω0w(c)

0 τ2 − 2w(s)
0 g2 − ω0(w(c)

1 −

ω0h(s)
1 )τ1 − (w(s)

1 + ω0h(c)
1 )g1 − UB(w(s)

1,r + ω0h(c)
1,r) −

WB,z(w
(s)
1 − ω0h(c)

1 ) + n
r VB(w(c)

1 − ω0h(s)
1 ) −WB,ru

(s)
1 −

WBw(s)
1,z − ω0HB,ru

(c)
0 + ω0HBw(c)

0,z − ω2
0PB,zh

(s)
0 and

f2 = 4UB,ru
(s)
1,r + 2UB,rw

(s)
1,z + 2WB,zu

(s)
1,r + 2UB,zw

(s)
1,r +

2WB,ru
(s)
1,z + 4WB,zw

(s)
1,z −

2n
r (VB,ru

(c)
1 + Vz,Bw(c)

1 ) −
2
r (VBv(s)

1,r + VB,Rv(s)
1 )

4.4. The stability limit
In the following, we evaluate g2 = ḡ2+ĝ2 numer-

ically as a function of the Ekman number Ek for the
three different shear stress distributions on the free
surface. The Poisson equation for p(s)

1 and p(c)
1 is

solved numerically with the same method as the base
flow, namely by a spectral method using Chebychev
polynomials. By comparing the results for N=40,
N=60, and N=80 Chebychev polynomials, see fig-
ure 5, we conclude that the results for g2 are reliable
for Ek > 104 using 80 collocation points in each dir-
ection. In Figure 5 the results for the growth coeffi-
cient g2 has been determined using different numbers
of collocation points. We point out that the base flow
has been computed using the same number of colloc-
ation points.

In Figure 6 the growth coefficient g2 of different
modes is shown for case 1. For the 1,1 mode and 1,2
mode the coefficient g2 is positive for samll Ekman
numbers. For n−1 with n ≥ 4 there is in an interval of
Ekman numbers, where g2 is positive. However, for
Ek → 0 the growth coefficients g2 becomes negative.

For the airflow in the shallow cylinder, the situ-
ation is different. Here, g2 stay negative for the
modes 1,1, 1,2, 2,1, 3,1, 4,1. However, modes which



N=80
N=60
N=40

−0.35

−0.3

−0.25

−0.2

−0.15

−0.1

−0.05

 0

0.00010 0.00100 0.01000

g
_

2

Ek

Figure 5. Accuracy of the growth rate of mode
1,1 of case 2. Results are for N=40, 60, and 80
Chebychev polynomials.

1,2

32,1

16,1

1,1

4,1 2,1 3,1 3,2

8,1

−0.6

−0.4

−0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0.0001  0.001  0.01

g2

Ek

Figure 6. Coefficient g2 laminar case

are wavy at the circumference have intervals of Ek-
man numbers where g2 is positive. The stability limit
is given when Fr2g2 exceeds −Re−1/2g1/2 or in other
words g2 exceeds −Re3/2Ek2g2/g1/2. These curves
are indicated in Figure 7 for three different Reynolds
numbers. Thus, modes which are wavy at the cir-
cumference become unstable first.

5. EXPERIMENTAL RESULTS
The experimental setup is shown in Figure 1.

A cylindrical container with inner diameter d̃ =

200 mm is partially filled with water. On top of the
cylinder is a disc rotating with the angular speed Ω̃A.

In figure 8 the growth of the amplitude of the
wave as function of time is shown. The amplitude is
measured by recording short videos of length 0.5 −
0.8 s. Then the video is analyzed, and the amplitude
is determined using a millimetre grid on the cylinder.
The drive of the disc had 21 notches. Thus, we are
limited to the corresponding drive speeds. For an air
gap of h̃A = 31 mm only small amplitudes for drive
speeds less than 1382 rpm have been observed. For
Ω̃A = 1523 rpm, the ampliutde saturates at 25 mm,
For Ω̃ = 1769 rpm shortly after the last data point the
wave hits the disc. A similar behavior was observed
for h̃A = 35 mm and h̃A = 37 mm.

In Figure 9, the growth of the amplitude for dif-
ferent water level disc distances h̃A is shown. For a
distances larger than 41 mm the top speed of the disc
Ω̃A = 2927 rpm was not sufficient to generate a large
amplitude wave.
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Figure 7. Coefficient of groth coeffiecnts −g2/g12
(solid lines) and stability limit Re3/2Ek2 (dotted
lines) for Re1 = 3 · 105, Re2 = 105, and Re3 = 3 · 104

for different wave modes for case 2.
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To enhance the rotating air flow, a T-profile of
height 10 mm was mounted onto the disc. For h̃A =

108 mm, a slow increase was observed first. For
Ω̃A = 1539 rpm or 1792 rm the amplitude reaches
a plateau. Then the amplitude increases fast to the
final amplitude of about 80 mm. For h̃A = 150 mm,
Ω̃A = 1539 rpm the same final amplitude of 80 mm
was attained,see Figure 10.

In Figure 11 an intermediate initial stage of the
run h̃A = 108 mm Ω̃A = 1908 rpm is shown. It re-
sembles a 4,1 mode. In Figure 12 in an intermediate
stage h̃A = 108 mm Ω̃A = 1539 rpm a hump close to
the center rotating around the cylinder axis appears
for some time. It resembles a 1,2 mode.

6. CONCLUSIONS
We have discussed the stability of the base flow

in a cylindrical container with respect to rotary waves
excited by axis-symmetric shear stress on its surface.
The stability of the modes depends crucially on the
shear stress distribution. Only for the unrealistic case
of laminar air flow, the 1,1 mode is directly excited.
In the other cases, wavy modes seem to be excited
first, and the large amplitude 1,1 mode forms only
after some initial transient behaviour.
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