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Inexact Newton-Kantorovich Methods for
Constrained Nonlinear Model Predictive Control*

Asen L. Dontchev1, Mike Huang2, Ilya V. Kolmanovsky3, Marco M. Nicotra3

Abstract—In this paper we consider Newton-Kantorovich type
methods for solving control-constrained optimal control problems
that appear in model predictive control. Conditions for con-
vergence are established for an inexact version of the Newton-
Kantorovich method applied to variational inequalities. Based on
these results, two groups of algorithms are proposed to solve
the optimality system. The first group includes exact and inexact
Newton and Newton-Kantorovich implementations of the Sequen-
tial Quadratic Programming. In the second group, exact and
inexact Newton and Newton-Kantorovich methods are developed
for solving a nonsmooth normal map equation equivalent to
the optimality system. Numerical simulations featuring examples
from the aerospace and automotive domain are presented which
show that inexact Newton-Kantorovich type methods can achieve
significant reduction of the computational time.

I. INTRODUCTION

In recent years, Constrained Nonlinear Model Predictive
Control (CNMPC), see e.g. [1]–[4] and references therein,
has been receiving an increasing amount of attention as a
systematic approach to control nonlinear systems. In many
current and envisioned applications, especially to complex
autonomous systems operating in dynamically changing en-
vironments, CNMPC requires repeated numerical solution of
constrained nonlinear optimal control problems. One of the
main challenges for the successful implementation of CNMPC
is that these optimal control problems must be solved at a
faster timescale with respect to the dynamics of the controlled
system. To address this challenge, a number of computational
approaches for CNMPC have been developed over the last few
decades. In particular, the Sequential Quadratic Programming
(SQP) method, which is a popular Newton type method for
solving constrained optimization problems, has been pursued
for CNMPC. Specifically, in [5], [6], and [7], approximate
differentiation, non-smooth penalty functions, and initial value
embeddings have been used for reducing the computational
cost of the individual SQP operations. Along similar lines,
in [8] a trust-region feasibility-perturbed SQP algorithm de-
veloped in [9] is applied to CNMPC. In [10] a continuation
strategy is proposed for solving the optimality system associ-
ated with the unconstrained optimal control problem. In [11],
the SQP approach is combined with a neighboring extremal
strategy to develop a predictor-corrector type algorithm for fast
solution updates. An overview to computational strategies for
CNMPC can be found in the book [2].
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Despite these encouraging developments and actual imple-
mentations in the process control industry (see, e.g., [12]),
further enhancements are needed to accommodate applications
to systems with fast dynamics and limited on-board computing
power; such systems appear in, e.g., the aerospace and auto-
motive domain.

In this paper, we highlight the potential for further reducing
the computational effort by combining a version of the Newton
method proposed by L. V. Kantorovich [13] with an inexact
Newton iteration proposed by Dembo et al. [14] for solving
nonlinear equations. To be specific, recall that the standard
Newton method for solving the nonlinear equation f(x) = 0,
where f : Rn → Rn is a continuously differentiable function,
has the form

f(xk) +∇f(xk)(xk+1 − xk) = 0, k = 0, 1, . . . , (1)

where ∇f(x) is the Jacobian of f at x. In numerical analysis
textbooks one finds the classical result, sometimes attributed
to Cauchy as in [15], that if the Jacobian ∇f(x̄) at a solution
x̄ of the equation is invertible, and if the starting point x0 is
close enough to x̄, then the iteration (1) generates a sequence
xk which is convergent to x̄ with a rate that depends on the
properties of f . Kantorovich proposed a different approach to
analyzing the convergence of the Newton method by imposing
conditions at the point x0, where the iterations begin, rather
than at an (unknown) solution x̄. Furthermore, he showed
that, to achieve convergence, there is no need to calculate the
Jacobian at each iteration but use the Jacobian evaluated at the
starting point. That is, the iteration (1) is replaced by

f(xk) +∇f(x0)(xk+1 − xk) = 0, k = 0, 1, . . . , (2)

which Kantorovich called the modified Newton process. In
other words, the Kantorovich modification of the Newton
method consists in computing the Jacobian only once, at the
beginning, and reusing it in every successive iteration. This
would clearly result in saving computational time — but most
importantly, as discovered by Kantorovich, the method still has
theoretically the same convergence properties as the Newton
method. This makes the Kantorovich approach particularly
attractive for solving numerically large-scale structured opti-
mization problems such as those appearing in optimal control
and CNMPC.

Kantorovich proved the so-called semilocal convergence
of his modification of the Newton method by using a new
approach, subsequently called the majorization technique, see,
e.g., [16]. More recently, the iteration (2) was named the
Newton-Kantorovich method, e.g., in the books [17] and [18],
which is the name we use in this paper. In [19], and perhaps
elsewhere, this method is called the chord method, however,
using this name may cause some confusion since in other
references the term is used for the secant method. Throughout



the years, the Kantorovich convergence theorem has been
extended and modified in a number of ways by, in particular,
utilizing various extensions of the majorization technique, but
not only. We will not go into discussing these works and only
mention an early version of the Kantorovich theorem due to
Bartle [20], an extension of which is our main Theorem 1
presented in the next section.

Another remarkable development leading to savings of time
for computations is the inexact Newton method proposed by
Dembo, Eisenstat, and Steihaug in [14], who observed that,
to achieve convergence, it is not necessary to solve exactly
the linear equation (1) representing the Newton iteration.
Specifically, Dembo at el. replaced the exact iteration (1) with

‖f(xk)+∇f(xk)(xk+1−xk)‖ ≤ ζk‖f(xk)‖, k = 0, 1, . . . ,
(3)

where ζk is a forcing sequence of positive numbers convergent
to zero. Most importantly, they proved that any sequence {xk}
starting close enough to a solution x̄ and generated by (3)
is superlinearly convergent to x̄. The key discovery here is
that we can obtain convergence by using less computations at
each iteration. Basic information about this method is given
in the book of Kelley [19], where convergence and numerical
implementations are discussed.

In this paper we combine the ideas of the Newton-
Kantorovich method and the inexact Newton method, and we
apply them to solving variational inequalities, representing
in particular first-order necessary optimality conditions for
optimal control problems. Our aim is to reduce the time
for computations, an issue with crucial importance in Model
Predictive Control.

Various Newton type methods for solving variational in-
equalities and optimization problems have been extensively
studied since the 70s. In the last two decades, a number of
new developments have appeared and are detailed in several
books [21]–[27]. The extension of Kantorovich approach to
variational inequalities goes back to basic works of S. M.
Robinson, see [28], [29]. Kantorovich type theorems for a
general inclusion in Banach spaces, which includes variational
inequalities as a special case, are presented in [30]–[34].

Preliminary results pertaining to the implementation of the
exact Newton-Kantorovich scheme to NMPC have been re-
ported in our conference paper [35], which addressed the
case of penalized constraints. The present paper provides a
rigorous theoretical framework for applying inexact Newton-
Kantorovich-like algorithms. In addition, we present extensive
computational case studies, including exact and inexact Newton
and Newton-Kantorovich strategies.

This paper is organized as follows: Section II of this paper
addresses the convergence of an inexact version of the Newton-
Kantorovich method applied to the following variational in-
equality: find a point x ∈ C such that

〈ϕ(x), y − x〉 ≥ 0 for all y ∈ C, (4)

where ϕ : Rn → Rn is a continuously differentiable function
with Jacobian at x denoted by ∇ϕ(x), and C is a closed
and convex set in Rn. The main convergence theorem, Theo-
rem 1, provides a theoretical basis for developing numerical
strategies for solving variational systems of this kind, and

its proof is given in the Appendix. Section III introduces a
control-constrained optimal control problem and an associated
optimality system involving the state and costate equations as
well as a variational inequality for the control. This section
discusses inexact and exact versions of the SQP method
with Newton-Kantorovich updates and with Newton updates.
Analogous versions of a nonsmooth Newton method applied
to a nonsmooth equation equivalent to the optimality system
are also presented. Section IV provides results of numerical
experiments for two examples of applications to spacecraft
attitude control and diesel engine control.

Throughout the paper we use the following notation: Rn
denotes the standard Euclidean space of dimension n equipped
with the usual scalar product 〈·, ·〉 and the associated norm ‖·‖.
The closed ball with center x and radius a is denoted as IBa(x).
We use the operator norm for matrices. The distance from a
point x to a set C in Rn is d(x,C) = infv∈C ‖v− x‖. Given
a closed and convex set C ⊆ Rn, its normal cone mapping
NC is defined as

NC(x)=

{
{y ∈ Rn | 〈y, v − x〉 ≤ 0 for all v ∈ C} if x ∈ C,
∅ otherwise.

In this notation, the variational inequality (4) can be written
equivalently as the inclusion

ϕ(x) +NC(x) 3 0. (5)

II. AN INEXACT NEWTON-KANTOROVICH METHOD FOR

VARIATIONAL INEQUALITIES

In this section we study convergence of the following inexact
version of the Newton-Kantorovich method for solving the
variational inequality (5):

(ϕ(xk) + (A+Bk)(xk+1 − xk)

+NC(xk+1)) ∩ IBζkσ(xk)(0) 6= ∅ (6)

for k = 0, 1, . . . , where A is an n×n matrix, Bk is a sequence
of n × n matrices, ζk is a sequence of positive numbers
convergent to zero, denoted ζk↘0, and σ is a function from
Rn to itself which is locally Lipschitz continuous.

For A = 0, Bk = ∇ϕ(xk), and σ = 0, we obtain
the standard exact Newton method for solving the variational
inequality (5); for C = Rn it reduces to (1). For A = ∇ϕ(x0),
Bk = 0, C = Rn, and σ = 0, we obtain the Newton-
Kantorovich method for (2). Further, for A = 0, Bk =
∇ϕ(xk), C = Rn, and σ(x) = ‖f(x)‖ the iteration (6)
reduces to (3). Another particular case of (6) is when A = 0
and Bk represents quasi-Newton updates; this is an extensive
subject which we will not discuss in this paper.

The following theorem, the proof of which is given in the
Appendix, provides sufficient conditions for convergence of the
iterative process (6) to a solution of (5).

Theorem 1. Assume that the mapping

Rn 3 y 7→ (A+NC)−1(y) ⊂ Rn (7)

is single-valued and Lipschitz continuous with a Lipschitz
constant κ on Rn and let there exist a constant µ ∈ (0, 1/(2κ))
such that

‖Bk‖ ≤ µ for all k ∈ {0, 1, . . . }. (8)



Then, given a sequence ζk↘0, for any starting point x0 ∈ Rn,
there exists a unique sequence {xk} generated by the iteration
(6). Furthermore, assume that there exist constants a > 0,
δ > 0 and l > 0 such that, for

t :=
κ

1− κµ
(
δ + µ+ ζ0l

)
< 1, (9)

the following conditions hold:
(a) the starting point x0 satisfies

d(0, ϕ(x0) +NC(x0)) + ζ0σ(x0) < at(1− t), (10)

where the function σ is Lipschitz continuous on IBa(x0)
with Lipschitz constant l;

(b) along the sequence {xk} one has

‖ϕ(xk)−ϕ(xk−1)−A(xk−xk−1)‖ ≤ δ‖xk−xk−1‖. (11)

Then xk ∈ Ba(x0) for all k ∈ {0, 1, . . .} and the sequence
{xk} converges r-linearly to a solution x̄ of (5) in IBa(x0).
Specifically, ‖xk − x̄‖ ≤ atk for all k ∈ {1, 2, . . . }, where t
is as in (9).

Although in the case of practical large-scale structured
optimization problems that appear in CNMPC it might not
be always possible to verify all assumptions of Theorem 1
a priori, given estimates of the constants κ, µ, a, δ, l, one may
check whether the starting point x0 satisfies (10) and monitor
conditions (8) and (11) during computations. This can be used
as general guidelines to enhance the computations and provide
a tool for troubleshooting in non-convergent cases.

Clearly, if C = Rn, the assumption involving (7) reduces
to the invertibility of A, in which case κ = ‖A−1‖. If C is
a proper convex and closed subset of Rn, this assumption is
satisfied for example when there exists β > 0 such that

〈Au, u〉 ≥ β‖u‖2 for all u ∈ C − C, (12)

where C − C = {v − w | v, w ∈ C}; then the Lipschitz
constant is κ = β−1. A short proof of this statement is given
in the Appendix.

For A = ∇ϕ(x̄), where x̄ is a solution of (5), Bk =
∇ϕ(xk)−∇ϕ(x̄) and σ = 0, (6) becomes the exact Newton
iteration

ϕ(xk) +∇ϕ(xk)(xk+1 − xk) +NC(xk+1) 3 0. (13)

In this case, assumption (7) means that the mapping A+NC
appearing in (5) is globally strongly regular at x̄ for −ϕ(x̄)−
Ax̄. When we localize this condition to a neighborhood of
(−ϕ(x̄) − Ax̄, x̄) ∈ gph(A + NC), then we have the usual
local strong regularity as defined by S. Robinson in [36]; for
an extensive treatments of regularity properties of mappings in
variational analysis and optimization, see the book [21]. Note
that when C is a cone, then the local strong regularity at the
origin is equivalent to the global one. In the path-breaking
work of Josephy [37] and in numerous works on Newton type
methods that have followed, the local strong regularity at a so-
lution x̄ has been utilized to establish superlinear convergence
of the iteration (13) provided that the starting point is close
to x̄, a recent collection of results in that direction is given
in [26]. In this paper we prefer not to involve an unknown
solution in the assumptions. Another possibility is to assume

local strong regularity at the starting point; this however leads
to complications with controlling the neighborhoods during
iterations which in turn may require other conditions; as a
result, the local conditions become considerably more difficult
to verify and less appealing for application to the large-
scale structured optimization problems as those appearing in
CNMPC. Still, it would be perhaps interesting to explore, at
lest theoretically, possible ways to localize the strong regularity
that would lead to meaningful results for computations; we put
this topic aside for future research.

For A = ∇ϕ(x0), Bk = 0, C = Rn, and σ = 0,
from Theorem 1 we obtain a version of the Kantorovich
theorem as given in, e.g., [20]. In the Appendix we show
that Theorem 1 implies not only a version of the original
Kantorovich convergence theorem but, under an additional
assumption, also yields the standard convergence result which
requires the initial point x0 be close to a solution x̄. We also
show how to obtain superlinear and quadratic convergence
depending on the properties of the function ϕ. Note that, unlike
the the bulk of convergence results in the literature concerning
(13), the assumptions of Theorem 1 are stated only in terms of
relations among constants that bound the expressions involved
in the method. Another difference is that the assumptions of
Theorem 1 do not involve any information regarding a solution,
neither do we assume that the function ϕ is differentiable. As
seen in Section III, the latter opens the door to extending the
Newton-Kantorovich method to problems involving nonsmooth
functions.

To incorporate the inexact method of Dembo et al. [14],
the straightforward extension to variational inequalities would
employ the residual, i.e σ(x) = d(−ϕ(x), NC(x)). However,
if we use this expression as a measure of inexactness, we may
encounter difficulties with the assumption in Theorem 1 that
σ is Lipschitz continuous since the normal cone mapping NC
may not even be continuous. A way to avoid this is to employ
the so-called normal map associated with (5), in the form

ν(z) := ϕ(PC(z)) + z − PC(z), (14)

where PC is the projection mapping on the set C. As shown in
[29], the equations x = PC(x) and z = x−ν(x) give a one-to-
one correspondence between the zeros of ν and the solutions
of (5). Furthermore, since ν is locally Lipschitz continuous, the
function σ(x) = ‖ν(x)‖ satisfies assumption (b) in Theorem 1.

To illustrate how to apply Theorem 1, consider the optimiza-
tion problem

Minimize g(x) subject to x ∈ C, (15)

for a twice continuously differentiable function g and a closed
and convex set C. The Newton iteration (13) applied to the
first-order necessary optimality condition ∇g(x)+NC(x) 3 0
has the form

∇g(xk) +∇2g(xk)(xk+1 − xk) +NC(xk+1) 3 0 (16)

for k = 0, 1, . . . . Let x̄ be a solution of (15). Setting
A = ∇2g(x̄), Bk = ∇2g(xk) − ∇2g(x̄), and σ = 0, we
obtain (16) as a particular case of (6). In this case, condition
(12), with A = ∇2g(x̄) is a strong form of the basic second-
order optimality condition for (15), also called coercivity; this



condition holds for example when the function g is strongly
convex If the variational inequality (16) is solved by first
converting it to a quadratic programming problem and then
solving that problem, we come to the familiar SQP method.
Setting σ(x) = ‖∇g(PC(z)) + z−PC(z)‖, we can formulate
the conditions for the inexact SQP method.

III. THE NEWTON-KANTOROVICH METHOD FOR OPTIMAL

CONTROL PROBLEMS

This section specializes the results of the preceding section
to the following discrete-time optimal control problem:

Minimize J(x, u) =

N−1∑
i=0

`(xi, ui) + Φ(xN ) (17)

subject to the constraints

xi+1 = f(xi, ui), i = 0, 1, . . . , N − 1, x0 given, (18)

xi ∈ Rn, ui ∈ Ui, i = 0, 1, . . . , N − 1, (19)

where x = (x1, · · · , xN ) ∈ Rn×N , u = (u0, . . . , uN−1) ∈
Rm×N , ` : Rn × Rm → R, Φ : Rn → R and f : Rn ×
Rm → Rn, xi ∈ Rn and ui ∈ Rm are the state and control
vectors, respectively, and i is the running discrete time. The sets
Ui represents control constraints. Each Ui is assumed to be a
convex and closed subset of Rm. The functions `,Φ and f are
defined in respective Euclidean spaces and assumed to be twice
continuously differentiable everywhere. Here and below, with
some abuse of notation, all vectors are considered as column
vectors although they may be not written as such.

To apply the Lagrange multiplier rule to (17), we need
to make sure that the equality constraint given by the state
equations (18) satisfies the constraint qualification condition.
In our case this condition reduces to linear independence
of the gradients of the constraints. Indeed, for any ρ =
(ρ0, . . . , ρN−1) ∈ Rn×N , there always exists a solution
(ξ, η) ∈ Rn×N × Rm×N that satisfies the difference relation

ξi+1 −∇xf(x̄i, ūi)ξi −∇uf(x̄i, ūi)ηi = ρi,

i = 0, 1, . . . , N − 1, ξ0 = 0.

Thus, from, e.g., [38, Theorem 6.14], the first-order necessary
condition for problem (17) can be stated in terms of the
Lagrangian

L(x, u, q) = J(x, u) +

N−1∑
i=0

〈qi, xi+1 − f(xi, ui)〉, (20)

where q = (q0, . . . , qN−1) is the vector of Lagrange mul-
tipliers, also referred to as the costates, and the state and
control variables are grouped in the vectors x = (x0, . . . , xN )
and u = (u0, . . . , uN−1), respectively. Let v̄ = (x̄, ū) be
a solution to (17). Specifically, by calculating the derivative
of the Lagrangian (20) and making some rearrangements,
we obtain the first-order necessary optimality condition for
problem (17) as the following system which includes the state
equations determined by a forward recursion, the costate equa-
tions determined by a backward recursion, and a variational

inequality for the control:

xi+1 =f(xi, ui), i = 0, 1, . . . , N − 1, x0 given,
qi−1 =−∇xH(xi, ui, qi), i = 1, . . . , N − 1,
qN−1 =−∇Φ(xN ),
0 ∈∇uH(xi, ui, qi) +NUi(ui), i = 0, . . . , N − 1,

(21)
where the Hamiltonian H(x, u, q) = `(x, u) − 〈q, f(x, u)〉.
Problem (21) consists of a discrete-time two-point bound-
ary value problem combined with a structured variational
inequality. If the sets Ui are described by inequality and
equality constraints, the optimality conditions can be written
equivalently as a complementarity problem with associated
Lagrange multipliers. In this paper, we avoid the direct usage of
Lagrange multipliers which simplifies the notation, decreases
the number of variables, and bypasses several issues, e.g. con-
straint qualification, normality, and complementary slackness.
A potential drawback of this approach, however, is that we
move away from techniques using, e.g. duality and multiplier
methods, which could be beneficial in certain situations.

The remainder of this section is dedicated to the introduction
of exact and inexact versions of standard Newton and Newton-
Kantorovich type strategies for solving the optimal control
problem (17).

A. Exact/inexact SQP/Kantorovich type methods

The exact version of the SQP-Kantorovich iteration is as fol-
lows: First, choose the starting point (x0

i , q
0
i , u

0
i ) and compute

the matrices:

Ai = ∇xf(x0
i , u

0
i ), Bi = ∇uf(x0

i , u
0
i ),

R = ∇2Φ(x0
N ) Ti = ∇2

xxH(x0
i , q

0
i , u

0
i ),

Si = ∇2
xuH(x0

i , q
0
i , u

0
i ), Vi = ∇2

uuH(x0
i , q

0
i , u

0
i ).

(22)

Then, given the current iteration (xki , q
k
i , u

k
i ), compute the

increments (ξki , η
k
i , χ

k
i ) by solving the system of equations

ξki+1 −Aiξki −Biχki + xki+1 − f(xki , u
k
i ) = 0,

ηki−1+ATi η
k
i +Tiξ

k
i +Siχ

k
i + qki−1+∇xH(xki , u

k
i , q

k
i ) = 0,

ηkN−1 +RξkN + qkN−1 +∇Φ(xkN ) = 0,

STi ξ
k
i −BTi ηki + Viχ

k
i

+∇uH(xki , u
k
i , q

k
i ) +NUi(u

k
i + χki ) 3 0,

(23)
for i = 1, . . . , N − 1 and with ξk0 = 0. The next iteration is
obtained as

xk+1
i = xki + ξki , qk+1

i = qki + ηki and uk+1
i = uki + χki .

Note that, for the standard SQP iteration, at each iteration
the matrices in equation (23) would instead be computed as
follows:

Aki = ∇xf(xki , u
k
i ), Bki = ∇uf(xki , u

k
i ),

Rk = ∇2Φ(xkN ) T ki = ∇2
xxH(xki , q

k
i , u

k
i ),

Ski = ∇2
xuH(xki , q

k
i , u

k
i ), V ki = ∇2

uuH(xki , q
k
i , u

k
i ).

(24)
The inexact SQP-Kantorovich iteration has the following form:
given the current iterate (xki , q

k
i , u

k
i ), the kth increment is



obtained by solving the system

‖ξki+1 −Aiξki −Biχki + xki+1 − f(xki , u
k
i )‖

≤ ζkσkx,
‖ηki−1 +ATi η

k
i + Tiξ

k
i + Siχ

k
i + qki−1

+∇xH(xki , u
k
i , q

k
i )‖ ≤ ζkσkq ,

‖ηkN−1 +RξkN + qkN−1 +∇Φ(xkN )‖ ≤ ζkσkN ,
d(0, STi ξ

k
i −BTi ηki +Viχ

k
i +∇uH(xki , u

k
i , q

k
i )

+NUi (u
k
i + χki )) ≤ ζkσku.

(25)

with ξk0 = 0, where

σkx =

N−1∑
i=0

‖xki+1 − f(xki , u
k
i )‖, (26)

σkq =

N−1∑
i=0

‖qki−1 +∇xH(xki , u
k
i , q

k
i )‖, (27)

σkN = ‖qkN−1 +∇Φ(xkN )‖, (28)

σku = ‖∇uH(xki , PU (uki ), qki ) + uki −PU (uki )‖.(29)

This provides a less stringent termination criteria for the
underlying QP subsolver with respect to (23). Once again,
the difference between the inexact SQP and the inexact SQP-
Kantorovich is that the former computes the matrices in the
quadratic problem at each iteration as in (24), whereas the
latter computes them only at the starting point (x0, q0, u0) as
in (22).

B. Nonsmooth Newton type methods

Another approach to solving the optimality system (21) is
to replace it by a (nonsmooth) equation and then apply a
nonsmooth Newton method. This can be done in various ways
which are described in detail in the books [22], [23], [24].
The main convergence result for this method states that if
the function involved is semismooth and each element of the
generalized Jacobian at the reference solution is nonsingular,
then one has superlinear convergence provided that the iteration
starts close enough to the solution. If the function is strongly
semismooth then we have quadratic convergence. In this paper,
the original variational inequality is reduced to a semismooth
equationthe approach developed in [29], which is based on
introducing the normal map (14) associated with (5). Without
going into further details, we only mention that in our examples
the constraint set C is polyhedral, therefore the projection
mapping PC is a piecewise linear, hence a semismooth (even
strongly semismooth) function. Thus, the nonsmooth Newton
iteration has the form,

ν(zk) +A∆zk = 0,

where A is a square matrix which is an element of the Clarke
generalized Jacobian ∂ν(zk). Taking advantage of the compo-
sition rule ∂ϕ(PC(z)) = ∇ϕ(PC(z))∂PC(z), we obtain

∂ν(zk) =
(
∇ϕ(PC(zk))− I

)
∂PC(zk) + I.

Abusing notation, the normal mapping for the optimality
system (21) has the form

ν(x, u, q) =


x0

xi+1 − f(xi, PU (ui))
qi−1 +∇xH(xi, PU (ui), qi)

qN−1 +∇Φ(xN )
∇uH(xi, PU (ui), qi) + ui − PU (ui)


and the set C = Rn × Rn × Rn × Rn × U. Therefore, given
the current estimates (xki , q

k
i , u

k
i ), the nonsmooth Newton-

Kantorovich method solves (21) by computing the increments
(ξki , η

k
i , χ

k
i ) obtained as solutions the following system of

equations:

ξki+1 −APi ξki −BPi ∂PU (uki )χki + xki+1 − f(xki , PU (uki )) = 0,

ηki−1 +AP,Ti ηki + TPi ξ
k
i + SPi ∂PU (uki )χki + qki−1

+∇xH(xki , PU (uki ), qki ) = 0,

ηkN−1 +RξkN + qkN−1 +∇Φ(xkN ) = 0,

SP,Ti ξki −B
P,T
i ηki +

(
(V Pi −I)∂PU (uki )+I

)
χki

+∇uH(xki , PU (uki ), qki ) + uki −PU (uki ) = 0,
(30)

with ξk0 = 0 and where the matrices APi , B
P
i , T

P
i , S

P
i , V

P
i are

defined as in (22), with the only exception that u0
i should be

replaced by PU (u0
i ). If U is a box, say U = {u ∈ Rm | ai ≤

ui ≤ bi}, the Clarke generalized Jacobian of PU is easy to
compute. Namely, ∂PU (u) is a diagonal matrix with

[∂PU (u)]ii :=


1 if ai < ui < bi,

any number in [0, 1] if ai = ui or ui = bi,

0 otherwise.

In the numerical simulations provided in this paper, we assign
∂PU (ui) = 0.1 whenever ui belongs to the boundary of U .

As in the preceding cases, the difference between the
nonsmooth Newton method and the nonsmooth Newton-
Kantorovich method is that in the former the matrices APi , BPi ,
SPi , TPi , V Pi are recomputed at each iteration in analogy to
(24), whereas in the latter they are only computed at the starting
iteration. It is important to note that the result in Theorem 1
is still applicable if we take as the matrix A any nonsingular
element of Clarke’s generalized Jacobian. To satisfy condition
(11), one may assume that the latter has a small radius and
then apply [21, Proposition 6F.3].

For the inexact nonsmooth Kantorovich iteration: given the
current iterate (xki , q

k
i , u

k
i ), the kth increment is obtained by

solving the system

‖ξki+1 −APi ξki −BPi ∂PU (uki )χki + xki+1

−f(xki , PU (uki ))‖ ≤ ζkσkx,
‖ηki−1 +AP,Ti ηki + TPi ξ

k
i + SPi ∂PU (uki )χki + qki−1

+∇xH(xki , PU (uki ), qki )‖ ≤ ζkσkq ,
‖ηkN−1 +RξkN + qkN−1 +∇Φ(xkN )‖ ≤ ζkσkN ,
‖SP,Ti ξki −B

P,T
i ηki +

(
(V Pi −I)∂PU (uki )+I

)
χki

+∇uH(xki , PU (uki ), qki ) + uki −PU (uki )‖ ≤ ζkσku,
(31)

with ξk0 = 0 given and with σkx , σkq , σkN , and σku defined as in
(26)-(29). This equation can be solved by using the same linear
solver that would be used for equation (30), but utilizing the
inequalities (31) to modifying the termination criteria rather
than imposing the standard fixed tolerance value.



IV. NUMERICAL CASE STUDIES

In this section we present results of numerical simulations
with the goal of comparing the convergence rate of the
standard SQP and nonsmooth Newton methods with their
inexact and Kantorovich counterparts. This will be done by
monitoring the computational time and number of iterations
of the different solvers depending on the prediction horizon
length N . The numerical simulations are performed on two
practically relevant nonlinear systems from the aerospace and
the automotive domain. The first example addresses the attitude
control of a spacecraft, whereas the second addresses the
control of a turbocharged diesel engine. In both case studies,
the model predictive controller is implemented by formulating
an appropriate optimal control problem which is iteratively
solved at each time step. For the sake of comparison, the
termination criteria is always ek ≤ ε, where ε > 0 is the
allowed tolerance value and ek is the residual of the optimality
system (21), computed as

ek =

N−1∑
i=0

‖xki+1 − f(xki , u
k
i )‖

+

N−1∑
i=0

‖qki−1 +∇xH(xki , u
k
i , q

k
i )‖+ ‖qkN−1 +∇Φ(xkN )‖

+

N−1∑
i=0

‖uki − PU (uki −∇uH(xki , u
k
i , qi))‖.

Given a solution (x?, q?, u?), the control input issued to the
system is u?0. The solution is then used to initialize the Newton-
like iterations of the following time step. In both case studies,
the following methods are used to solve the optimal control
problem:

• SQP: Each iterate (23) is formulated as a Quadratic
Programming (QP) subproblem and is solved to a fixed
tolerance ε2 � ε using the smoothed Fischer-Burmeister
method detailed in [39]. The second order terms in (23)
are updated at each iteration according to (24).

• INEXACT SQP: The QP subproblems are generated and
solved as in the “SQP” method, but the tolerance of the
subsolver is a function of the current residue. This is done
in accordance to (25).

• SQP-KANTOROVICH: Analogous to the “SQP” method,
but the second order terms are computed only at the first
iteration using (22). The QP subproblems are solved to a
fixed tolerance ε2 � ε.

• INEXACT SQP-KANTOROVICH: This method combines
the “Inexact SQP” and the “SQP-Kantorovich” formu-
lations by both computing the second order terms only
at the first iteration and varying the tolerance of the QP
subsolver on the basis of the current residue.

• NSN: The Nonsmooth Newton iteration in equation (30)
is solved by implementing the GMRES method (see e.g.
[40]) to a fixed tolerance ε2 � ε. The second order terms
are updated at each iteration according to (24);

• INEXACT NSN: The iterations are generated and solved
for the NSN method, but the tolerance of the linear solver
is a function of the current residue. This is done in
accordance to (31);

• NSN-KANTOROVICH: Analogous to the NSN method,
but the second order terms are computed only at the first
iteration using (22). The linear equality is solved to a fixed
tolerance ε2 � ε.

• INEXACT NSN-KANTOROVICH: This method combines
the Inexact NSN and the NSN-Kantorovich methods by
both computing the second order terms only at the first
iteration and varying the tolerance of the linear solver on
the basis of the current residue.

Note that, in many industrial applications, models may not
lend themselves easily to equation-based representation and
automated differentiation (e.g. they may contain look-up tables,
etc.). To take this into account, the numerical experiments
compute the first and second order derivatives numerically
rather than analytically. For a given function f(a), the partial
derivatives are computed using the central difference method

∂f

∂aj

∆
≈ gi(a) =

f(a+ hei)− f(a)

h
,

∂2f

∂ai∂aj

∆
≈ gi(a+ hej)− gi(a)

2h
+
gj(a+ hei)− gj(a)

2h
,

where h = 10−6 is the step size of the approximation and ei
is a vector of the same length as a such that [ei]i = 1 and
[ei]j = 0, ∀j 6= i. The proposed solvers are compared in
terms of both maximum and mean computation time obtained
in Matlab/Simulink running on an ASUS Notebook N550J
(2.4GHz and 8GB RAM). Note that, although the reported
computation times are suitable for comparison of different
approaches with each other, they are likely not to be indicative
(in an absolute sense) of what would be observed for practical
implementations based on a faster optimized C code albeit
running in slower target micro-controllers. The maximum and
mean number of iterations performed by each solver is also
reported.

A. Spacecraft Attitude Control

As a first example, consider the spacecraft model described
in [41]. The vehicle attitude is parameterized using Euler
angles, where [θ]1 is the roll angle, [θ]2 is the pitch angle and
[θ]3 is the yaw angle. Given the vector of angular velocities
ω ∈ R3 and the vector of control torques u ∈ R3, the attitude
dynamics are given by the following state-space equations{

θ̇ = E(θ)ω
ω̇ = ω̂Jω + u,

(32)

where1

E(θ) =
1

cos([θ]2)

c([θ]2) s([θ]1)s([θ]2) c([θ]1)s([θ]2)
0 c([θ]1)c([θ]2) −s([θ]1)c([θ]2)
0 s([θ]1) c([θ]1)

 ,
(33)

ω̂ =

 0 [ω]3 −[ω]2
−[ω]3 0 [ω]1

[ω]2 −[ω]1 0

 , (34)

and J = diag([120 100 80]) kg · m2 is the inertia matrix.
Given a desired attitude reference r ∈ R3, the system is

1For the sake of shortening the notation, c(x), s(x) denote cos(x),
sin(x).
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Fig. 6.1. Closed-loop response of the satellite (solid) given a change
in the desired reference (dashed).
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Fig. 6.2. Control input generated by the Model Predictive Control
law, given a prediction horizon N = 20.

stabilized using a model predictive control law with a finite
prediction horizon N , which will be varied. This is done by
solving at each time step the following optimal control problem

min

[
θN−r
ωN

]T
P

[
θN−r
ωN

]
+

N−1∑
i=0

[
θi−r
ωi

]T
Q

[
θi−r
ωi

]
+uTi Rui,

(35)
subject to the dynamics[

θi+1

ωi+1

]
=

[
θi
ωi

]
+ Ts

[
E(θi)ωi

ω̂iJωi + ui,

]
(36)

where Ts = 1s is the sampling time, and subject to the input
constraints

umin ≤ [u]h ≤ umax, h = 1, 2, 3, (37)

with umin = −0.1 Nm and umax = 0.1 Nm.
The proposed cost matrices for equation (35) are Q =
diag([1 1 1 10 10 10]) and R = diag([0.1 0.1 0.1]). To
ensure local stability of the MPC scheme, the terminal cost
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Fig. 6.3. Comparison of the average and maximum runtime required
by each SQP solver.
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Fig. 6.4. Comparison of the average number of iterations performed
by each SQP solver.

matrix P is computed by linearizing equation (36) and solving
the discrete-time algebraic Riccati equation

P = Q+ATPA−ATPB(R+BTPB)−1BTPA. (38)

Figures 6.1-6.2 illustrate the behavior of the closed-loop system
subject to the proposed Model Predictive Control law for a
prediction horizon of N = 20. We note that, regardless of the
method used to solve the optimal control problem, the closed-
loop response remains practically unchanged. Given a step
change in the system reference, the control inputs are initially
operated at their full saturation values in a way that is some-
what similar to a bang-bang control for a double integrator. At
the end of the transient, the spacecraft is successfully stabilized
to the desired attitude.

The simulations are performed using ε = 10−4 for the termi-
nation criteria, ε2 = 10−10 for the fixed-tolerance subsolvers,
and ζk = 10−3 ·2−k for computing the tolerance of the inexact
subsolvers. Figure 6.3 compares both the average and the
maximum runtime achieved by the SQP type solvers depending
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Fig. 6.5. Comparison of the average and maximum runtime required
by each semismooth Newton solver.
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Fig. 6.6. Comparison of the average number of iterations performed
by each semismooth Newton solver.

on the length of the prediction horizon N , whereas Figure 6.4
reports the average number of iterations. All SQP-solvers had
a maximum number of iterations equal to 5. It is interesting
to note that even though the inexact and the Kantorovich
versions use more iterations than the basic SQP method, their
overall runtime is shorter. This is likely due to the fact that the
computational time needed at each iteration is shorter because
the Jacobian does not need to be recomputed. Please note that
if the Jacobian were computationally inexpensive to compute,
the Kantorovich method would likely be slower than the classic
implementation due to the higher number of iterations. Figures
6.5-6.6 report the same data for the nonsmooth Newton solvers.
The behavior is similar in that the inexact Kantorovich method;
that is, we have shorter computational time than the standard
implementation. In these simulations, the maximum number of
iterations performed by all the nonsmooth Newton methods is
13.
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Fig. 6.7. Simplified diesel engine model.
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Fig. 6.8. Closed-loop response of the diesel engine states for a
prediction horizon of N = 20. The dashed lines represent the
desired equilibrium x̄, whereas the solid lines provide the actual state
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Fig. 6.9. Closed-loop response of the diesel engine inputs for a
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input at steady-state ū, whereas the solid lines provide the actual inputs
issued by the MPC.
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Fig. 6.10. Comparison of the average and maximum runtime required
by each SQP solver.
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Fig. 6.11. Comparison of the average number of iterations performed
by each SQP solver.

B. Diesel Engine

As a second case study, we consider a (simplified) turbo-
diesel engine model detailed in [42]. Referring to Figure 6.7,
the state vector x = [p1 p2 Pc]

T describes the inlet pressure
p1, the exhaust pressure p2 and the compressor power Pc.
The control input [u]1 corresponds to the opening angle of
the exhaust gas recirculation valve, whereas [u]2 reflects the
guide vane position of the variable geometry turbine. The state
space model is given by

ṗ1 = k1(Wc +We − kep1),
ṗ2 = k2(kep1 +Wf −We −Wt),

Ṗc = (ηmPt − Pc)/τ,
(39)
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Fig. 6.12. Comparison of the average and maximum runtime required
by each semismooth Newton solver.
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Fig. 6.13. Comparison of the average number of iterations performed
by each semismooth Newton solver.

where Wf is the mass flow rate of fuel, Pt = ηtcpT2(1 −
(pa/p2)µ)Wt is the turbine power,

We = Ae
p2√
RaT2

(1− cos([u]1)) Ψ
(
p1
p2

)
,

Wt = Ae
p2√
RaT2

(1− cos([u]2)) Ψ
(
pa
p2

)
,

Wc = ηc
Tacp

1
(p1/pa)µ−1

Pc,

(40)

are the exhaust gas recirculation mass flow rate, the turbine
mass flow rate, and the compressor mass flow rate, respectively.
The function Ψ is a linear approximation of the orifice flow as
a function of the pressure ratio,

Ψ(r) =


ψ (a) , if r ≥ a,
−ψ (a) , if r ≤ a−1,

−ψ (a) + 2ψ(a) r−a
−1

a−a−1 , if r ∈ (a−1, a),

where

a =

(
2

γ + 1

)1/µ

,



and

ψ(a) =

√
2γ

γ − 1

(
a

2
γ − a

γ+1
γ

)
.

The remaining parameters are positive physical constants as
detailed in [42].

Given a fuel mass flow rate Wf imposed by the driver torque
request, the desired air mass flow rate W̄c and desired EGR
mass flow rate W̄e that maximize engine efficiency subject
to NOx emissions constraints are tabulated by the engine
manufacturer. The steady-state equilibrium that corresponds to
the desired mass flows can then be obtained from equations
(39)-(40), and represents the reference point for the control
law

p̄1 = W̄c+W̄e
ke

,

p̄2 = pa
(

1 + W̄c
W̄c+Wf

Ta
T2

1−(p̄1/pa)µ

ηcηtηm

)−1/µ

,

P̄c = ηmηtcpT2

(
1−

(
pa
p̄2

)µ)
(W̄c +Wf ).

The steady-state control input then follows from the first two
equations of (40),

[ū]1 = arccos

(
1− W̄e

Ae

√
RaT2
p̄2

Ψ
(
p̄1
p̄2

)−1
)
,

[ū]2 = arccos

(
1− W̄c+Wf

Ae

√
RaT2
p̄2

Ψ
(
pa
p̄2

)−1
)
.

Given the desired operating point corresponding to the state
vector, x̄ = [p̄1 p̄2 P̄c]

T, and ū, the Model Predictive
Controller is tasked with solving the following optimal control
problem: minimize the cost function

(xN − x̄)TP (xN − x̄)

+
∑N−1
i=0 (xi − x̄)TQ(xi − x̄) + (ui − ū)TR(ui − ū),

(41)
subject to the dynamics

xi+1 = xi+Ts

 k1(Wc(xi) +We(xi, ui)− kep1,i)

k2(kep1,i+Wf,i−We(xi, u1,i)−Wt(xi, ui))

(ηmPt(xi)− Pc,i)/τ,

,
(42)

where Ts = 0.01 s is the sampling time, and the control
constraints

umin ≤ [u]h ≤ umax, h = 1, 2, (43)

with umin = 0 o and umax = 82 o. The weight matrices
for equation (41) are R = diag([4 4]) and Q = diag([5.4 ·
10−5 4.3·10−5 5.9·10−7]). To ensure closed-loop stability,
the terminal cost matrix P is computed by linearizing equation
(42) and solving the discrete-time algebraic Riccati equation
(38). Figures 6.8-6.9 illustrate the closed-loop behavior of
the controlled system given a sudden decrease and successive
increase in Wf . Given a decrease in Wf at time t = 1 s,
both EGR valve and VGT are opened to reduce the intake and
exhaust pressures. During the initial transient, the control input
[u]1 is operated at the upper saturation limit [u]1 = 82 o. Given
an increase in Wf at time t = 6 s, both the EGR valve and
VGT are closed to increase the intake and exhaust pressures.
Interestingly enough, the control input [u]1 is briefly operated
at the lower saturation limit [u]1 = 0 o, which causes a spike
in the exhaust pressure p2. This speeds up the engine dynamics

since both the recirculation flow We and the air intake flow
Wc increase substantially for higher values of p2.

The simulations are performed using ε = 10−2 for the ter-
mination criteria, ε2 = 10−8 for the fixed-tolerance subsolvers,
and ζk = 10−3 ·2−k for computing the tolerance of the inexact
subsolvers. Figure 6.10 compares both the average and the
maximum runtime achieved by the SQP type solvers depending
on the length of the prediction horizon N , whereas Figure
6.11 reports the average number of iterations. All SQP-solvers
had a maximum number of iterations that decreased from 23
to 13 as the length of the prediction horizon increased. Once
again, we note that the inexact and the Kantorovich use shorter
overall runtime than the basic SQP method although they
need more iterations. Note that, when the prediction horizon
increases, the number of iterations decreases yet the time per
iteration increases. The reduction in the number of iteration is
fairly interesting and could be due to the fact that, when the
horizon length increases, the quality of the initial guess is also
improved. The increase in the time per iteration is expected
since the size of the subproblems scale with the length of
the horizon. A similar behavior can be seen in Figures 6.12-
6.13 which pertain to the nonsmooth Newton method and its
variants.

V. CONCLUDING REMARKS

In this paper we develop a theoretical framework to sup-
port the implementation of inexact Newton-Kantorovich type
methods for solving optimal control problems with control
constraints. In our main Theorem 1 we present sufficient con-
ditions for linear convergence of such methods. This theorem
can be easily extended to infinite dimensional (Banach) spaces
when the normal cone mapping NC is replaced by a set-valued
mapping with closed graph.

While our primary application is for constrained nonlinear
model predictive control, our results are also relevant to solv-
ing offline or online various kinds of trajectory optimization
problems. Overall, the computational experiments indicate that
applying inexact Newton-Kantorovich methods has a potential
for significant computational time savings without degrading
the accuracy. In our future work we will focus on problems
with both state and control constraints, and on the interplay
between continuous-time models and their discretized counter-
part.
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[2] L. Grüne, and J. Pannek, Nonlinear Model Predictive Control,
Second Edition, Springer, 2017.

[3] D. Q. Mayne, J. B. Rawlings, C. V. Rao, and P. O. Scokaert,
“Constrained model predictive control: Stability and optimality”,
Automatica, vol. 36(6), pp. 789–814, 2000.

[4] D. Q. Mayne, “Model predictive control: Recent developments
and future promise”, Automatica, vol. 50(2), pp. 2967–2986,
2014.

[5] M. Diehl, H.G. Bock, J.P. Schlöder, R. Findeisen, Z. Nagy,
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APPENDIX

Proof of the implication (12) ⇒ (7)

Recall that a set-valued mapping F : Rn →→ Rn is said to be
monotone if

〈y − y′, x− x′〉 ≥ 0 whenever (x, y), (x′, y′) ∈ gphF.

A monotone mapping F is said to be maximal monotone
whenever its graph cannot be enlarged to become the graph
of another monotone mapping, and is strongly monotone if
there exists a scalar σ > 0 such that

〈y−y′, x−x′〉 ≥ σ‖x−x′‖2 whenever (x, y), (x′, y′) ∈ gphF.

Using these definitions, the following statement, also valid in
Hilbert spaces, is well-known. Let F : X →→ X be maximal
monotone and strongly monotone with constant σ > 0. Then,
the inverse F−1 is single-valued and Lipschitz continuous on
X with Lipschitz constant σ−1.

To show that (12) implies (7), observe first that under (12)
the mapping F := A + NC is maximal monotone. Further,
y ∈ Ax+NC(x) is the same as having

〈y −Ax, v − x〉 ≤ 0 for all v ∈ C.

Let (x, y), (x′, y′) ∈ gph(A+NC). Then

〈y −Ax, x′ − x〉 ≤ 0 and 〈−y′ +Ax′, x′ − x〉 ≤ 0.

Adding these inequalities we get

〈y − y′ +A(x′ − x), x′ − x〉 ≤ 0



and then

〈A(x′ − x), x′ − x〉 ≤ 〈y′ − y, x′ − x〉.

But then A + NC will be strongly monotone provided that
there is β > 0 such that

β‖x− x′‖2 ≤ 〈A(x′ − x), x′ − x〉 for all x, x′ ∈ C.

This is condition (12).

Proof of Theorem 1

In the proof, we utilize the following simplified version of
Robinson’s inverse function theorem, see [21, Theorem 5G.3]
with a = b =∞:

Lemma 1. Let F : Rn →→ Rn be a set-valued mapping
whose inverse F−1 is single-valued and Lipschitz continuous
everywhere with a Lipschitz constant κ. Then, for any n × n
matrix B such that ‖B‖ < 1/κ, the mapping (B + F )−1

is a Lipschitz continuous function with Lipschitz constant
κ/(1− κ‖B‖).

Proof of Theorem 1. Utilizing Lemma 1, we get that the
mapping Dk = (A+Bk+NC)−1 is single-valued everywhere,
hence the iteration (6) generates a unique sequence {xk}; in
addition, each mapping Dk is a Lipschitz continuous function
with Lipschitz constant κ/(1 − κµ). From (10), there exists
y0 ∈ ϕ(x0)+NC(x0) such that ‖y0‖+‖σ(x0)‖ ≤ at(1− t).

We will show by induction that the sequence {xk} generated
by the method (6) has the following properties:

(i) ‖xk − x0‖ ≤ a;
(ii) ‖xk − xk−1‖ ≤ atk for each natural number k.

We use induction, starting with k = 1. First, note that, by
the iteration (6), there exists r0 ∈ Rn with ‖r0‖ ≤ ζ0σ(x0)
such that x1 = D0(−ϕ(x0) + (A+B0)x0− r0). Since x0 =
D0(y0−ϕ(x0) + (A+B0)x0), from condition (a) we obtain

‖x1 − x0‖ ≤ κ(‖y0‖+ ‖r0‖) ≤ at(1− t) ≤ a.

Assume that for some natural number k > 1 and for all
j = 0, 1, 2, . . . , k − 1 there exists rj ∈ Rn such that ‖rj‖ ≤
ζjσ(xj),

‖rj−rj−1‖ ≤ ζj l‖xj−xj−1‖ for j = 1, 2, . . . , k−1 (44)

and for j = 1, 2, . . . , k − 1 the iterates

xj = Dj−1(−ϕ(xj−1) + (A+Bj−1)xj−1 − rj−1) (45)

satisfy conditions (i)–(ii) above. Clearly, from (b), the set-
valued mapping x 7→ IBζjσ(x)(0) is Lipschitz continuous in
the Hausdorff metric, for any j, hence there exists rk ∈ Rn
such that ‖rk‖ ≤ ζkσ(xk) and also (44) holds for j = k. As
for the case j = k, the left side of (45) implies

(A+Bk−1)xk+NC(xk) 3 −ϕ(xk−1)+(A+Bk−1)xk−1−rk−1.

By adding and subtracting Bkxk and rearranging the terms,
we have

(A+Bk)xk +NC(xk) 3 −ϕ(xk−1) + (A+Bk−1)xk−1

+Bkxk −Bk−1xk − rk−1.

As a result, (45) with j = k can be re-written as

xk = Dk(−ϕ(xk−1) +Axk−1 +Bkxk −Bk−1xk

+Bk−1xk−1 − rk−1).

Subtracting this last equality from 45 with j = k + 1, we get

xk+1 − xk = Dk(−ϕ(xk) + ϕ(xk−1) +A(xk − xk−1)

+Bk−1(xk − xk−1)− rk + rk−1).

Utilizing (8), (11) and (44), we obtain

‖xk+1 − xk‖ ≤ κ

1− κµ (‖ − ϕ(xk) + ϕ(xk−1)

+A(xk − xk−1)‖
+‖Bk−1(xk − xk−1)‖+ ‖rk − rk−1‖
≤ κ

1− κµ (δ + µ+ ζ0l)‖xk − xk−1‖

= t‖xk − xk−1‖.

Hence,

‖xk+1 − xk‖ ≤ tk−1‖x1 − x0‖ ≤ tka(1− t).

Furthermore,

‖xk+1 − x0‖ ≤
k∑
j=0

‖xj+1 − xj‖ ≤ a(1− t)
∞∑
j=0

tj = a.

This completes the induction step and hence (i) and (ii) hold
for all k.

We shall prove now that the sequence {xk} is convergent.
By condition (b), for any natural numbers k and p we have

‖xk+p+1 − xk‖ ≤
∑k+p
j=k ‖x

j+1 − xj‖ ≤
≤
∑k+p
j=k a(1− t)tj ≤ tk

∑∞
j=0 a(1− t)tj = atk.

Hence, {xk} is a Cauchy sequence and is therefore convergent.
Let x̄ = limk→∞ x

k. Since Bk(xk+1 − xk) → 0 and
ζkσ(xk) → 0, passing to the limit in (6) we obtain that x̄
is a solution of (5). Also, by (a), ‖x̄−x0‖ ≤ a. Using (b), for
any natural number k we have

‖xk − x̄‖ = limm→∞ ‖xk − xk+m‖ ≤
≤ limm→∞

∑k−1+m
i=k ‖xi − xi+1‖ ≤

≤ limm→∞
∑k−1+m
i=k a(1− t)ti ≤ atk.

This completes the proof.

Proof of the considerations on Theorem 1

Consider now the exact Newton method (13) obtained
from (6) by setting A = ∇ϕ(x̄) for a solution x̄ of (5),
Bk = ∇ϕ(xk)−∇ϕ(x̄) and σ ≡ 0. We will now show how
to derive from Theorem 1 the classical (Cauchy) convergence
theorem for the method under the additional assumption that
the function x 7→ d(0, ϕ(x)+NC(x)) is upper semicontinuous
at x = x̄. This assumption is strong but it holds when, for
instance, C is a ball, a hyperplane, or the entire Rn. However,
it may be violated when C is a polyhedron and x̄ is a vertex
of it.

Suppose that the mapping (A + NC)−1 is a Lipschitz
continuous function (as noted in Section I, this assumption can
be localized as in the original version of the Josephy theorem)
with a Lipschitz constant κ. This condition implies that x̄ is the
only solution of (5) in a neighborhood of x̄ and, moreover, for
every starting point x0 there exists a unique sequence generated
by (13). Choose a positive µ < 1/(2κ); then there exists α > 0
such that

‖∇ϕ(x)−∇ϕ(x̄)‖ ≤ µ for all x ∈ IBα(x̄).



Choose δ > 0 such that

t :=
κ(δ + µ)

1− κµ < 1 (46)

and make α smaller if necessary to obtain

‖ϕ(x)− ϕ(x′)−∇ϕ(x̄)(x− x′)‖ ≤ δ‖x− x′‖ (47)

for all x, x′ ∈ IBα(x̄). By assumption, the function x 7→
d(0, ϕ(x)+NC(x)) is upper semicontinuous at x̄, therefore we
can make α smaller if necessary so that d(0, ϕ(x)+NC(x)) <
t(1 − t) for all x ∈ IBα(x̄) and, moreover, x̄ is the only
solution of (5) in IBα(x̄). Now choose x0 ∈ IBα(x̄). Then
from Theorem 1 we obtain that the sequence generated by the
iteration (13) converges linearly to a solution of (5) in IBα(x0)
and this solution is of course x̄. Furthermore, after adapting
(45) to the changed notations, we have

xk+1 = Dk(−ϕ(xk) +∇ϕ(xk)xk).

and
x̄ = Dk(∇ϕ(xk)x̄− ϕ(x̄)).

Hence,

‖xk+1 − x̄‖ ≤
κ

1−κµ‖ − ϕ(xk) + ϕ(x̄) +∇ϕ(xk)(xk − x̄)‖×
‖xk − x̄‖.

(48)

Taking into account (46) and (47) in the last inequality, we
obtain that the sequence {xk} is linearly convergent to x̄.
Furthermore, from (48), taking into account that

‖ − ϕ(xk) + ϕ(x̄) +∇ϕ(xk)(xk − x̄)‖ (49)

converges to zero with k →∞, we obtain that the convergence
is actually superlinear. In addition, if we assume that the
derivative ∇ϕ is Lipschitz continuous around x̄, then the mean
value theorem applied to (49), and the result used in (48), yields
quadratic convergence.
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