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Motivation
• Geochemical compositions (e.g. concentrations of chemical elements in plants, soil and

snow) are often affected by values exceeding an upper detection limit (UDL), besides
that also by rounded zeros - values below lower detection limit.

• UDLs are common for K, P, Mn and Zn in ashed concentrations.

• For Compositional Data (CoDa), only the ratios between the variables (parts) contain the
relevant information.

• “Advanced” imputation techniques make use of the multivariate information:
CoDa deals with a specific geometry in the simplex, i.e. the Aitchison geometry
preserving all metric properties.

• Imputation is necessary for statistical analyses that rely on complete data. Therefore, the
task is to replace these values by meaningful numbers corresponding to the multivariate
data structure.

• Simple (but naive) approach commonly used in practise:
Replacing values above UDL by 1.2 times the UDL.

CoDa transformation and Tobit regression
Truncated regression model (τ is truncation point):

E [y | y > τ ] = xt · β + σ

 φ( τ−xt ·β
σ

)

1− Φ( τ−xt ·β
σ

)

 , (1)

where φ and Φ are density and distribution function of N(0, 1), respectively.
→ A complete version of the data matrix is required as a starting point for the iterative
algorithm, therefore the initialization values above UDL is achieved by naive imputation.
→ x is a composition, therefore it needs to be replaced with appropriate coordinates.

The CoDa geometry is described by the ilr transformation representing all pairwise
log-ratios; the obtained coordinates form an orthonormal basis in the simplex [1].
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, i = 1, ... , D − 1, (2)

ilr variables are assigned to an individual compositional part (here to the first one).

Tobit regression is used to estimate censored values:
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where β̂ are the estimated coefficients, σ̂ is the estimated standard deviation of the resi-
duals, and ψi1 is the transformed truncation point.

Procedure for imputation of values >UDL
The censored regression algorithm iteratively imputes parts with values above upper
detection limit:

1. For imputation in each variable a specific ilr representation is needed.

2. Tobit regression is applied.

3. Values >UDL are replaced by the estimated values using the Tobit regression model.

4. The corresponding inverse ilr transformation is done in order to be in original scale, i.e.

xi = exp
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 , i = 2, ... , D − 1. (4)

5. Do the same for next variable and recycle the process again.

6. After all parts are imputed, the algorithm starts again until the imputations only change
marginally.

Procedure of simulation study based on real data
Use geochemical data set from Norway with 13 selected variables and 604 observations.
Simulation is done using R package robCompositions [4]:

1. For each variable in turn, UDL values are generated according to certain quantiles from
0.5 - 0.95.

2. For those quantiles compute imputation for classical least-squares and robust regression
using an MM estimator in order to downweight the influence of large residuals, and for
the “naive” approach.

3. Evaluate average effect of all the variables for particular UDLs (quantile).
Two measurements of distortion are provided:
• Relative difference in covariance matrix (RDCM)
• Compositional error deviation (CED)

UpDeep project
Upscaling deep buried geochemical exploration techniques into European business [2].
TU Wien is responsible for statistical data analysis.

[5]

Simulation results
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Simulation conclusions:

1. With increasing proportion of values >UDL, the imputation methods based on Tobit
regression work better than the naive approach according to both error measurements.

2. Here, the robust method has slightly lower performance than the classical method.

Biplots - real data example

−0.2 −0.1 0.0 0.1 0.2

−
0.

2
−

0.
1

0.
0

0.
1

0.
2

Imputed data

PC1 (clr−robust)

P
C

2 
(c

lr−
ro

bu
st

)

1

2

3

4

5

6
7

8
9

10

11

12

13

14

15

16

17

1819

20

21

22 23

24

25 26
27
28

29

30

31

32

33
34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

5051

52

53 54

55

56

57

58

59
60
6162

63

64

65

66

67
68

69

70

7172 73

74

75

76

77

78
79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95
96

97

98

99
100

101

102

103

104

105

106

107
108 109

110 111

112

113
114

115

116

117

118

119120
121122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

−6 −4 −2 0 2 4 6

−
6

−
4

−
2

0
2

4
6

Mo

Cu

Pb

Zn

Ag

Ni

Co

Fe

As

Au

Sr

Cd
Sb

Bi

Ca

P

La

Cr

Mg

Ba

Ti

BAl

Na

Sc
Tl

S

Se
Ga

Cs

Ge

Nb

Rb

Sn

Zr

Y

Ce

Li

PrNd

Sm

Gd

Dy

−0.4 −0.2 0.0 0.2

−
0.

4
−

0.
2

0.
0

0.
2

Raw data

PC1 (clr−robust)

P
C

2 
(c

lr−
ro

bu
st

)

1

2

3

4

5

6
7

8
9

10

11

12

13
14

15

16

17

18

19

20

21

22

23

24

25

26
27

28

29

30

31

32

33

3435 36
37 38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

5455
56

57

58

59

60
6162

6364
65

66

6768

69

70

71

72

73

74

75

76

77
78

79

80

81

82
83

84

85

86
87
88

89
90

91

92

93

94

95

96

97

9899

100

101

102

103

104105

106

107

108109

110

111
112

113

114
115

116

117

118

119

120

121

122

123
124
125

126

127

128
129

130

−10 −5 0 5

−
10

−
5

0
5

MoCu
Pb

Zn

Ag
Ni

Co

Fe

As

AuSr
Cd

Sb

Bi

CaP

La

Cr

Mg

Ba

Ti

BAl
NaSc
Tl

S

Se

Ga
Cs

Ge

Nb
Rb

Sn

Zr

YCe Li
PrNd

Sm

Gd

Dy

• The imputed data reflect much better the multivariate data structure.

Future work
• Perform simulation studies to compare different imputation techniques in different

situations based on various real data sets.
• Implement also partial least squares method.
• Implement function for imputation of values above UDL in an R package.
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