1

Multiobject Tracking with Track Continuity: An
Efficient Random Finite Set Based Algorithm
Thomas Kropfreiter and Franz Hlawatsch

Abstract—We propose a random finite set (RFS) based algorithm for tracking multiple objects while maintaining track
continuity. In our approach, the object states are modeled by a
combination of a labeled multi-Bernoulli (LMB) RFS and a Poisson RFS. Low complexity is achieved through several judiciously
chosen approximations in the update step. In particular, the computationally less demanding Poisson part of our algorithm is used
to track potential objects whose existence is highly uncertain. A
new labeled Bernoulli component is generated only if there is
sufficient evidence of object existence, and then the corresponding
object state is tracked by the more accurate but more complex
LMB part of the algorithm. Simulation results for a challenging
scenario demonstrate an attractive accuracy-complexity tradeoff
and a significant complexity reduction relative to other RFSbased algorithms with comparable performance.
Index Terms—Multiobject tracking, multitarget tracking, labeled multi-Bernoulli process, random finite set, finite point
process, track continuity.

I. I NTRODUCTION
Multiobject tracking filters recursively estimate the timedependent number and states of multiple objects from noisy
and cluttered sensor measurements. This task is complicated
by an unknown association between objects and measurements
[1]–[4]. An important class of multiobject tracking filters,
which will be considered in this paper, describes both the states
and the measurements by random finite sets (RFSs) [4]–[12],
also known as finite point processes [13], [14].
In many applications, multiobject tracking filters are required to maintain track continuity, i.e., to estimate entire trajectories of consecutive object states. This can be achieved by
describing the object states by labeled RFSs [4], [7]–[9], [12].
A prominent filter using labeled RFSs is the labeled multiBernoulli (LMB) filter [9], in which the multiobject posterior
probability density function (pdf) is approximated by an LMB
pdf. An alternative filter, which uses RFSs but not labeled
RFSs, is the track-oriented marginal multi-Bernoulli/Poisson
(TOMB/P) filter [10]. This filter approximates the multiobject
posterior pdf by a combination of a multi-Bernoulli pdf and
a Poisson pdf. In each time step, a new Bernoulli component
is created for each measurement, and Bernoulli components
with low existence probabilities are pruned; furthermore, the
Poisson RFS supports the creation of new Bernoulli components. A label-augmented version of the TOMB/P filter that
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maintains track continuity is proposed in [12, Sec. XIII]. A
different modification of the TOMB/P filter, presented in [6],
transfers Bernoulli components with low existence probability
to the Poisson RFS instead of pruning them.
In this paper, we propose a multiobject tracking filter,
termed LMB/P filter, that maintains track continuity and is less
complex than the LMB filter and the TOMB/P filter and its
variants. In the LMB/P filter, the multiobject state is modeled
as a tuple of an LMB RFS and a Poisson RFS. The Poisson
RFS is used to track potential objects whose existence is highly
uncertain. Only if a measure of confidence exceeds a threshold,
the LMB/P filter creates a new labeled Bernoulli component—
based on the probability hypothesis density (PHD) of the
Poisson RFS—and then uses the LMB RFS to track the
corresponding potential object. This is different from the
TOMB/P filter, which always creates a new labeled Bernoulli
component for each measurement. Furthermore, the LMB/P
filter transfers certain labeled Bernoulli components back to
the Poisson RFS if another measure of confidence falls below
a threshold. As a consequence, the LMB/P filter offers a
better accuracy-complexity tradeoff than the PHD, LMB, and
TOMB/P filters.
The remainder of this paper is organized as follows. In
Section II, we review some fundamentals of RFSs. The system
model is presented in Section III. Section IV describes the
“exact” update step of a hypothetical filter that is based on
our system model. The approximate update step performed by
the proposed LMB/P filter is presented in Section V. Finally,
simulation results are reported in Section VI.
II. F UNDAMENTALS OF RFS S
An (unlabeled) RFS X = {x(1), . . . , x(n) } is a random
variable whose realizations 𝑋 are—with probability one—
finite sets {𝒙(1), . . . , 𝒙(𝑛) } of vectors 𝒙(𝑖) ∈ ℝ𝑑. Both the
vectors x(𝑖) and their number n = ∣X∣ (the cardinality of X)
are random, and the elements x(𝑖) are unordered. The statistics
of an RFS X can be described by the multiobject pdf 𝑓X (𝑋),
briefly denoted 𝑓 (𝑋) [4]. The PHD 𝐷X (𝒙) : ℝ𝑑 → [0, ∞)
of an RFS X is defined
by the fact that for any region
∫
𝒮 ⊆ ℝ𝑑, the integral 𝒮 𝐷X (𝒙)d𝒙 yields the expected number
of elements x ∈ X that lie in that region. For a Poisson RFS, the
cardinality n = ∣X∣ is Poisson distributed with some mean 𝜇.
Furthermore, given the cardinality 𝑛, the individual elements
x are independent and identically distributed (iid) with some
vector pdf 𝑓 (𝒙). This yields the multiobject pdf
∫
∏
∏
𝜇𝑓 (𝒙) = 𝑒− 𝜆(𝒙) d𝒙
𝜆(𝒙), (1)
𝑓 (𝑋) = 𝑒−𝜇
𝒙∈𝑋

𝒙∈𝑋
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where the product 𝜆(𝒙) ≜ 𝜇𝑓 (𝒙) is the PHD of the Poisson
RFS. A Bernoulli RFS is parametrized by a probability of
existence 𝑟 and a vector pdf 𝑠(𝒙). It is either empty with
probability 1−𝑟 or contains one element x ∼ 𝑠(𝒙) with probability 𝑟. A multi-Bernoulli RFS is the union of a fixed number
𝐽 of statistically independent Bernoulli
RFSs;)}
it is completely
{(
𝐽
specified by the parameter set 𝑟(𝑗), 𝑠(𝑗) (𝒙) 𝑗=1 .
In a labeled RFS X̃, each element is a tuple of the form
x[l] = (x, l) ∈ ℝ𝑑 × 𝕃,
} labels of
{ where 𝕃 is a finite set. The
˜ = (𝒙(1), 𝑙(1) ), . . . , (𝒙(𝑛), 𝑙(𝑛) ) are distinct,
any realization 𝑋
˜ the set of
i.e., 𝑖 ∕= 𝑗 implies 𝑙(𝑖) ∕= 𝑙(𝑗). We will denote by ℒ(𝑋)
˜
all the labels of 𝑋. The statistics of a labeled RFS X̃ can be
˜ [4]. An LMB RFS X̃ is
described by the multiobject pdf 𝑓 (𝑋)
a multi-Bernoulli RFS where the element x of each Bernoulli
component X(𝑗), 𝑗 ∈ {1, . . . , 𝐽} is augmented by a distinct
label 𝑙. Following [4], the same label 𝑙 is assigned to each state
realization 𝒙 of a given Bernoulli RFS X(𝑗). To simplify the
notation, we index the Bernoulli RFSs directly by their labels
𝑙, i.e., we denote them by X(𝑙), 𝑙 ∈ 𝕃, with corresponding
existence probabilities 𝑟(𝑙) and vector pdfs 𝑠(𝑙) (𝒙) [9]. The
multiobject pdf of an LMB RFS X̃ evaluated for a realization
˜ with cardinality ∣𝑋∣
˜ ≤ 𝐽, distinct labels, and label set ℒ(𝑋)
˜
𝑋
⊆ 𝕃 = {𝑙(1), . . . , 𝑙(𝐽) } (note that ∣𝕃∣ = 𝐽) is given by [9]
)
(
∏
∏
∏ (
′ )
(𝑙)
(𝑙
)
˜ =
˜ )=
1− 𝑟
𝑓 (𝑋)
𝑓 (𝑋
𝑟(𝑙) 𝑠(𝑙) (𝒙).
𝑙∈𝕃

˜
𝑙′ ∈𝕃∖ℒ(𝑋)

˜
(𝒙,𝑙)∈𝑋

(2)
˜
˜
For cardinality ∣𝑋∣ > 𝐽, 𝑓 (𝑋) = 0. The
{( LMB RFS)}X̃ is
completely specified by the parameter set 𝑟(𝑙), 𝑠(𝑙) (𝒙) 𝑙∈𝕃 .
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described by a multi-Bernoulli RFS XS𝑘 with existence probabilities 𝑝S (𝒙𝑘−1 ) and vector pdfs 𝑓 (𝒙𝑘 ∣𝒙𝑘−1 ). Finally, the
multiobject state of newborn (unlabeled) objects is modeled
as a Poisson RFS XB𝑘 with mean parameter 𝜇B and vector
pdf 𝑓B (𝒙𝑘 ) and, hence, PHD 𝜆B (𝒙𝑘 ) = 𝜇B 𝑓B (𝒙𝑘 ). Thus,
the entirety of unlabeled objects at time 𝑘, given 𝑋𝑘−1 , is
described by the RFS X𝑘 = XS𝑘 ∪ XB𝑘 .
(1)
At time 𝑘, a sensor produces M𝑘 measurements z𝑘 , . . . ,
{ (1)
(M𝑘 )
z𝑘 , which are described by an (unlabeled) RFS Z𝑘 ≜ z𝑘 ,
(M ) }
. . . , z𝑘 𝑘 . The measurements may originate from a labeled
object, an unlabeled object, or clutter. A labeled object with
[𝑙]
˜ 𝑘 is detected—i.e., it generates a measurement—
state 𝒙𝑘 ∈ 𝑋
( [𝑙] )
with probability 𝑝D 𝒙𝑘 , or is missed—i.e., it does not
( [𝑙] )
generate a measurement—with probability 1 − 𝑝D 𝒙𝑘 . If
it is detected, it generates one measurement z𝑘 , which is
distributed
according to the single-object likelihood function
(
[𝑙] )
𝑓 𝒛𝑘 𝒙𝑘 . We assume that z𝑘 is conditionally independent,
[𝑙]
given 𝒙𝑘 , of all the other measurements and object states. Accordingly, the measurements originating from labeled objects
are described by a multi-Bernoulli RFS ZL𝑘 with parameter set
{( ( [𝑙] ) (
[𝑙] ))}
𝑝D 𝒙𝑘 , 𝑓 𝒛𝑘 𝒙𝑘
. Similarly, an unlabeled ob𝑙∈𝕃𝑘−1
ject with state 𝒙𝑘 ∈ 𝑋𝑘 is detected with probability2 𝑝D (𝒙𝑘 ) or
missed with probability 1−𝑝D (𝒙𝑘 ). If it is detected, it generates
one measurement z𝑘 that is distributed according to the singleobject likelihood function 𝑓 (𝒛𝑘 ∣𝒙𝑘 ). We assume that z𝑘 is
conditionally independent, given 𝒙𝑘 , of all the other measurements and object states. Thus, the measurements originating
from unlabeled objects are
RFS
{( described by a multi-Bernoulli
)}
with
parameter
set
𝑝
(𝒙
),
𝑓
(𝒛
∣𝒙
)
.
Finally,
ZU
D
𝑘
𝑘
𝑘
𝑘
𝒙𝑘 ∈𝑋𝑘
the clutter-originated measurements are described by a Poisson
RFS ZC𝑘 with mean parameter 𝜇C and vector pdf 𝑓C (𝒛𝑘 ) and,
hence, PHD 𝜆C (𝒛𝑘 ) = 𝜇C 𝑓C (𝒛𝑘 ). It thus follows that the
C
overall measurement RFS at time 𝑘 is Z𝑘 = ZL𝑘 ∪ZU
𝑘 ∪Z𝑘 . Here,
L
U
C
Z𝑘, Z𝑘 , and Z𝑘 are assumed to be conditionally independent
˜ 𝑘 , 𝑋𝑘 ).
given (𝑋

We describe the multiobject state at time 𝑘 − 1 by the
tuple (X̃𝑘−1 , X𝑘−1 ), where X̃𝑘−1 is a labeled RFS with label
set 𝕃𝑘−1 and X𝑘−1 is an unlabeled RFS. We assume that
X̃𝑘−1 and X𝑘−1 evolve independently, i.e., X̃𝑘 and X𝑘 are
˜ 𝑘−1 , 𝑋𝑘−1 ). At time 𝑘−1,
conditionally independent given (𝑋
[𝑙]
˜ 𝑘−1 (briefly called
an object with labeled state 𝒙𝑘−1 ∈ 𝑋
( [𝑙] )
“labeled object”) either survives with probability 𝑝S 𝒙𝑘−1
( [𝑙] )
or dies with probability 1 − 𝑝S 𝒙𝑘−1 . If it survives, its
new state x𝑘 (without the label (𝑙) is distributed
according to
[𝑙] )
the single-state transition pdf 𝑓 𝒙𝑘 𝒙𝑘−1 , and the label is
preserved by the state transition. The states of different labeled
objects are assumed to evolve independently. Due to these
assumptions, the multiobject state of the labeled objects at time
˜ 𝑘−1 , is described by an LMB RFS X̃𝑘 with
𝑘, conditioned on 𝑋
( [𝑙] )
(
[𝑙] )
existence probabilities 𝑝S 𝒙𝑘−1 and vector pdfs 𝑓 𝒙𝑘 𝒙𝑘−1 .
Similarly, an object with unlabeled state 𝒙𝑘−1 ∈ 𝑋𝑘−1 (briefly
called “unlabeled object”) either survives with probability1
𝑝S (𝒙𝑘−1 ) or dies with probability 1−𝑝S (𝒙𝑘−1 ). If it survives,
its new state x𝑘 is distributed according to the single-state
transition pdf 𝑓 (𝒙𝑘 ∣𝒙𝑘−1 ). The states of different unlabeled
objects evolve independently. Thus, the multiobject state of the
survived unlabeled objects at time 𝑘, conditioned on 𝑋𝑘−1 , is

Let 𝑍1:𝑘 ≜ (𝑍1 , . . . , 𝑍𝑘 ) denote the ordered list of all
the measurements up to time 𝑘. Our goal is to estimate
the multiobject state (X̃𝑘 , X𝑘 ) from 𝑍1:𝑘 in a time-sequential
(recursive) manner. To this end, the proposed LMB/P filter
propagates an approximation of the posterior multiobject pdf
˜ 𝑘, 𝑋𝑘 ∣𝑍1:𝑘 ) from one time step to the next. First, in a
𝑓 (𝑋
prediction step, an approximation of the preceding posterior
˜ 𝑘−1 , 𝑋𝑘−1 ∣𝑍1:𝑘−1 ) is converted into an approximapdf 𝑓 (𝑋
˜ 𝑘, 𝑋𝑘 ∣𝑍1:𝑘−1 ). Next,
tion of the “predicted” posterior pdf 𝑓 (𝑋
in an update step, this latter approximation is converted into
˜ 𝑘, 𝑋𝑘 ∣𝑍1:𝑘 ).
an approximation of the new posterior pdf 𝑓 (𝑋
To derive the LMB/P filter, we model X̃𝑘−1 by an LMB
RFS and X𝑘−1 by a Poisson RFS. The LMB RFS consists
of ∣𝕃𝑘−1 ∣ labeled Bernoulli components with existence prob(𝑙)
abilities 𝑟𝑘−1 and vector pdfs 𝑠(𝑙) (𝒙𝑘−1 ), with 𝑙 ∈ 𝕃𝑘−1 .
The Poisson RFS is parametrized by the posterior PHD

an abuse of notation, 𝑝S (⋅) is used to denote both the survival
[𝑙]
probability of labeled objects (with argument 𝒙𝑘−1 ) and of unlabeled objects
(with argument 𝒙𝑘−1 ).

to 𝑝S (⋅), we denote by 𝑝D (⋅) both the detection probability of
[𝑙]
labeled objects (with argument 𝒙𝑘 ) and of unlabeled objects (with argument
𝒙𝑘 ).

1 With
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𝜆(𝒙𝑘−1 ). We assume that X̃𝑘−1 and X𝑘−1 are conditionally
independent given all the measurements up to time 𝑘−1, i.e.,
˜ 𝑘−1 ∣𝑍1:𝑘−1 )𝑓 (𝑋𝑘−1 ∣𝑍1:𝑘−1 ).
˜ 𝑘−1 , 𝑋𝑘−1 ∣𝑍1:𝑘−1 ) = 𝑓 (𝑋
𝑓 (𝑋
The prediction step is a straightforward extension (incorporating labels) of the prediction step of the TOMB/P
filter [10] and will not be presented here because of
space limitations. The predicted posterior pdf is obtained
˜ 𝑘 ∣𝑍1:𝑘−1 )𝑓 (𝑋𝑘 ∣𝑍1:𝑘−1 ), where
˜ 𝑘 , 𝑋𝑘 ∣𝑍1:𝑘−1 ) = 𝑓 (𝑋
as 𝑓 (𝑋
˜
𝑓 (𝑋𝑘 ∣𝑍1:𝑘−1 ) is an LMB pdf parametrized by existence prob(𝑙)
(𝑙)
abilities 𝑟𝑘∣𝑘−1 and vector pdfs 𝑠𝑘∣𝑘−1 (𝒙𝑘 ), with 𝑙 ∈ 𝕃𝑘−1 ,
and 𝑓 (𝑋𝑘 ∣𝑍1:𝑘−1 ) is (by virtue of an approximation) a Poisson
pdf parametrized by the PHD 𝜆𝑘∣𝑘−1 (𝒙𝑘 ). Expressions of
these parameters can be found in [10].
The “exact” update step for our system model is again a
straightforward extension (incorporating labels) of the update
˜ 𝑘 , 𝑋𝑘 ∣𝑍1:𝑘 ) =
step in [10]. The posterior pdf is obtained as 𝑓 (𝑋
˜
˜
𝑓 (𝑋𝑘 ∣𝑍1:𝑘 )𝑓 (𝑋𝑘 ∣𝑍1:𝑘 ), where 𝑓 (𝑋𝑘 ∣𝑍1:𝑘 ) is the pdf of an
LMB mixture (LMBM) and 𝑓 (𝑋𝑘 ∣𝑍1:𝑘 ) is a Poisson pdf.
Expressions of these pdfs or their parameters will be presented
in the following; they will provide a basis for developing the
“approximate” update step of the LMB/P filter in Section V.

∏

𝒂𝑘 ∈𝒜𝑘

(𝑙)
(𝑙,𝑎𝑘 ) ˜ (𝑙)
(𝑋𝑘 ) is an LMB pdf (cf.
𝑙∈𝕃𝑘 𝑓
)}
{( (𝑙,𝑎(𝑙)
(𝑙)
(𝑙,𝑎𝑘 )
𝑘 )
,𝑠
(𝒙𝑘 ) 𝑙∈𝕃 , and the
(2)) parametrized by
𝑟𝑘
𝑘
weights 𝑤𝒂𝑘 are given by
1 ∏ (𝑙,𝑎(𝑙)
)
𝑤𝒂𝑘 =
𝛽𝑘 𝑘 ,
(4)
𝐵𝑘

˜𝑘 ) =
Here, 𝑓 (𝒂𝑘 ) (𝑋

𝑙∈𝕃𝑘

(𝑙)

(𝑙,𝑚)

= 𝑟𝑘∣𝑘−1 𝑐𝑘

(𝑙,𝑚)

= 1,

𝛽𝑘

𝑟𝑘

(𝑙)

𝑠(𝑙,𝑚) (𝒙𝑘 ) =

(𝑙,𝑚)

,

(5)

(

[𝑙] ) ( (𝑚) [𝑙] ) (𝑙)
𝑝D 𝒙𝑘 𝑓 𝒛𝑘 𝒙𝑘 𝑠𝑘∣𝑘−1 (𝒙𝑘 )
,
(𝑙,𝑚)
𝑐𝑘

(6)
(7)

∫ ( [𝑙] ) ( (𝑚) [𝑙] ) (𝑙)
(𝑙,𝑚)
with 𝑐𝑘
= 𝑝D 𝒙𝑘 𝑓 𝒛𝑘 𝒙𝑘 𝑠𝑘∣𝑘−1 (𝒙𝑘 )d𝒙𝑘 , and for
(𝑙)
𝑎𝑘 = 0, we have
(𝑙,0)

= 1 − 𝑟𝑘∣𝑘−1 + 𝑟𝑘∣𝑘−1 𝑑𝑘 ,

(𝑙,0)

=

𝛽𝑘

𝑟𝑘

(𝑙)

(𝑙)

𝑠
(𝑙)

with 𝑑𝑘 =

(𝑙,0)

∫(

(𝑙)

(𝑙,0)

(𝒙𝑘 ) =

(𝑙)

(8)

(𝑙)

𝑟𝑘∣𝑘−1 𝑑𝑘
(

A. Exact Update Step for the Labeled Objects
We first discuss the posterior pdf of the labeled objects,
˜ 𝑘 ∣𝑍1:𝑘 ). The label set 𝕃𝑘 of X̃𝑘 evolves as 𝕃𝑘 =
𝑓 (𝑋
new
= ∅. Here, the labels
𝕃𝑘−1 ∪ 𝕃new
𝑘 , where 𝕃𝑘−1 ∩ 𝕃𝑘
𝑙 ∈ 𝕃𝑘−1 represent “legacy” Bernoulli components, which
already existed at time 𝑘 −1, and the labels 𝑙 ≡ (𝑘, 𝑚) ∈ 𝕃new
𝑘
represent new Bernoulli components, of which one is created
(𝑚)
for each measurement 𝒛𝑘 , 𝑚 ∈ {1, . . . , 𝑀𝑘 }. Note that, as
new
a consequence, ∣𝕃𝑘 ∣ = ∣𝑍𝑘 ∣ = 𝑀𝑘 .
[ (1)
(∣𝕃 ∣) ]T
with
Consider the association vector a𝑘 = a𝑘 ⋅ ⋅ ⋅ a𝑘 𝑘
(𝑙)
(𝑙)
entries a𝑘 defined as follows. For 𝑙 ∈ 𝕃𝑘−1 , a𝑘 = 𝑚 ∈
[𝑙]
{1, . . . , 𝑀𝑘 } indicates that the labeled object with state 𝒙𝑘
(𝑚)
(𝑙)
generates measurement 𝒛𝑘 , whereas a𝑘 = 0 indicates that
it does not generate a measurement. For 𝑙 ≡ (𝑘, 𝑚) ∈ 𝕃new
𝑘 ,
(𝑙)
(𝑘,𝑚)
= 1 indicates that the labeled object with
a𝑘 = a𝑘
[𝑙=(𝑘,𝑚)]
(𝑚)
(𝑘,𝑚)
state 𝒙𝑘
generates 𝒛𝑘 , whereas a𝑘
= 0 indicates
that it does not generate a measurement. Note that a𝑘 ∈
new
{0, . . . , 𝑀𝑘 }∣𝕃𝑘−1 ∣×{0, 1}∣𝕃𝑘 ∣ with ∣𝕃new
𝑘 ∣ = 𝑀𝑘 . We call each
possible value 𝒂𝑘 of a𝑘 a global association hypothesis. Furthermore, we call 𝒂𝑘 admissible if at most one measurement
is assigned to the same labeled object and no measurement is
assigned to more than one labeled object, i.e., if the nonzero
(𝑙)
entries 𝑎𝑘 are all different. We denote by 𝒜𝑘 the set of all
admissible 𝒂𝑘 . A derivation analogous to [10] now shows that
˜ 𝑘 ∣𝑍1:𝑘 ) is an LMBM pdf, i.e.,
𝑓 (𝑋
∑
˜ 𝑘 ).
˜ 𝑘 ∣𝑍1:𝑘 ) =
𝑤𝒂𝑘 𝑓 (𝒂𝑘 ) (𝑋
(3)
𝑓 (𝑋

∑

∏
(𝑙,𝑎𝑘 )
is a normalization factor.
𝒂𝑘 ∈𝒜𝑘
𝑙∈𝕃𝑘 𝛽𝑘
(𝑙)
(𝑙,𝑎𝑘 )
are known as association weights [10].
The factors 𝛽𝑘
(𝑙)
(𝑙)
(𝑙)
(𝑙,𝑎𝑘 ) (𝑙,𝑎𝑘 )
, 𝑟𝑘
, and 𝑠(𝑙,𝑎𝑘 ) (𝒙𝑘 ) are given
The parameters 𝛽𝑘
(𝑙)
as follows [10]. We first consider 𝑙 ∈ 𝕃𝑘−1 . For 𝑎𝑘 = 𝑚 ∈
{1, . . . , 𝑀𝑘 }, we have

where 𝐵𝑘 =

𝛽𝑘

,

(9)

( [𝑙] )) (𝑙)
1− 𝑝D 𝒙𝑘 𝑠𝑘∣𝑘−1 (𝒙𝑘 )
(𝑙)

𝑑𝑘

,

(10)

( [𝑙] )) (𝑙)
1−𝑝D 𝒙𝑘 𝑠𝑘∣𝑘−1 (𝒙𝑘 )d𝒙𝑘 . Next, we consider
(𝑙)

𝑙 ≡ (𝑘, 𝑚) ∈ 𝕃new
𝑘 . For 𝑎𝑘 = 1, we have
(𝑙=(𝑘,𝑚),1)

= 𝜆C (𝒛𝑘

(𝑙=(𝑘,𝑚),1)

=

𝛽𝑘

𝑟𝑘
𝑠

(𝑙=(𝑘,𝑚),1)

(𝑚)

(𝑚)

) + 𝜔𝑘 ,

(11)

(𝑚)

(𝒙𝑘 ) =

𝜔𝑘

(𝑙=(𝑘,𝑚),1)

𝛽𝑘

,

(12)

)
( (𝑚)
𝑝D (𝒙𝑘 )𝑓 𝒛𝑘 𝒙𝑘 𝜆𝑘∣𝑘−1 (𝒙𝑘 )

, (13)
(𝑚)
𝜔𝑘
)
( (𝑚)
∫
(𝑚)
with 𝜔𝑘 = 𝑝D (𝒙𝑘 )𝑓 𝒛𝑘 𝒙𝑘 𝜆𝑘∣𝑘−1 (𝒙𝑘 )d𝒙𝑘 , and for
(𝑙)
(𝑙=(𝑘,𝑚),0)
(𝑙=(𝑘,𝑚),0)
𝑎𝑘 = 0, we have 𝛽𝑘
= 1 and 𝑟𝑘
= 0.
(𝑙=(𝑘,𝑚),0)
(Note that 𝑠(𝑙=(𝑘,𝑚),0) (𝒙𝑘 ) is not defined since 𝑟𝑘
=0
implies that the object with label 𝑙 does not exist.)
B. Exact Update Step for the Unlabeled Objects
For the posterior pdf of the unlabeled objects, 𝑓 (𝑋𝑘 ∣𝑍1:𝑘 ),
a derivation analogous to [10] yields the Poisson pdf (cf. (1))
∫
∏
𝑓 (𝑋𝑘 ∣𝑍1:𝑘 ) = 𝑒− 𝜆(𝒙𝑘 ) d𝒙𝑘
𝜆(𝒙𝑘 ),
(14)
𝒙𝑘 ∈𝑋𝑘

where 𝜆(𝒙𝑘 ), the updated posterior PHD, is given by
𝜆(𝒙𝑘 ) = (1− 𝑝D (𝒙𝑘 ))𝜆𝑘∣𝑘−1 (𝒙𝑘 ).

(15)

V. A PPROXIMATE U PDATE S TEP
The proposed LMB/P filter is derived by a two-stage approximation of the exact update step discussed above. In the
˜ 𝑘 , 𝑋𝑘 ∣𝑍1:𝑘 ) is approximated by the product of
first stage, 𝑓 (𝑋
˜ 𝑘 ∣𝑍1:𝑘 ) in (3)
an LMBM pdf of smaller complexity than 𝑓 (𝑋
and a pdf that is the set convolution [4] of a multi-Bernoulli
pdf and a Poisson pdf. In the second stage, the LMBM pdf is
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approximated by an LMB pdf and the multi-Bernoulli/Poisson
convolution pdf is approximated by a Poisson pdf.
A. First Approximation Stage
The first approximation is based on the following partitionings of the label set 𝕃𝑘 and of the measurement set 𝑍𝑘 . We
first partition the label set of the legacy Bernoulli components
¯∗ , with 𝕃∗ ∩ 𝕃
¯∗
as 𝕃𝑘−1 = 𝕃∗𝑘−1 ∪ 𝕃
𝑘−1
𝑘−1
𝑘−1 = ∅. Here,
(𝑙,𝑚) (𝑙,𝑚)
∗
𝑟𝑘
≥ 𝛾
𝕃𝑘−1 consists of all 𝑙 ∈ 𝕃𝑘−1 for which 𝛽𝑘
for some 𝑚 ∈ {0, . . . , 𝑀𝑘 }, with a positive threshold 𝛾 ,
(𝑙,𝑚) (𝑙,𝑚)
∗
¯∗
and 𝕃
𝑟𝑘
is a
𝑘−1 = 𝕃𝑘−1 ∖ 𝕃𝑘−1 . The product 𝛽𝑘
[𝑙]
“measure of confidence” that the labeled object with state 𝒙𝑘 ,
(𝑚)
𝑙 ∈ 𝕃𝑘−1 exists and is associated with measurement 𝒛𝑘 (if
𝑚 ∈ {1, . . . , 𝑀𝑘 }) or is missed (if 𝑚 = 0).
We also partition the set of measurements as 𝑍𝑘 = 𝑍𝑘∗ ∪ 𝑍¯𝑘∗ ,
with 𝑍𝑘∗ ∩ 𝑍¯𝑘∗ = ∅. Here, 𝑍𝑘∗ consists of all measure(𝑚)
(𝑙,𝑚) (𝑙,𝑚)
𝑟𝑘
≥ 𝛾leg
ments 𝒛𝑘 , 𝑚 ∈ {1, . . . , 𝑀𝑘 } for which 𝛽𝑘
(𝑚)
for some 𝑙 ∈ 𝕃∗𝑘−1 and of all measurements 𝒛𝑘 , 𝑚 ∈
for which
{1, . . . , 𝑀𝑘 } corresponding to 𝑙 ≡ (𝑘, 𝑚) ∈ 𝕃new
𝑘
(𝑙=(𝑘,𝑚),1) (𝑙=(𝑘,𝑚),1)
𝑟𝑘
≥ 𝛾new , with two further positive
𝛽𝑘
thresholds 𝛾leg and 𝛾new . The partitioning 𝑍𝑘 = 𝑍𝑘∗ ∪ 𝑍¯𝑘∗
corresponds to a partitioning of the set of measurement indices
𝑚 as {1, . . . , 𝑀𝑘 } = ℳ∗𝑘 ∪ ℳ̄∗𝑘 , with ℳ∗𝑘 ∩ ℳ̄∗𝑘 = ∅.
According to the above definition of 𝑍𝑘∗ , the measurements
in 𝑍𝑘∗ (with indices 𝑚 ∈ ℳ∗𝑘 ) are likely to originate from
some objects with labels 𝑙 ∈ 𝕃∗𝑘−1 ∪ 𝕃new
𝑘 .
Since each measurement 𝒛𝑘 ∈ 𝑍𝑘 corresponds to a new
∗
¯∗
Bernoulli component 𝑙 ∈ 𝕃new
𝑘 , the partitioning 𝑍𝑘 = 𝑍𝑘 ∪ 𝑍𝑘
also corresponds to a partitioning of the label set 𝕃new
as
𝑘
new∗
¯ new∗, with 𝕃new∗ ∩ 𝕃
¯ new∗ = ∅. Here, 𝕃new∗
=
𝕃
∪
𝕃
𝕃new
𝑘
𝑘
𝑘
𝑘
𝑘
𝑘
¯ new∗ correspond to 𝑍 ∗ and 𝑍¯ ∗, respectively. Finally,
and 𝕃
𝑘
𝑘
𝑘
with
combining the above partitionings of 𝕃𝑘−1 and 𝕃new
𝑘
yields
𝕃
our earlier partitioning 𝕃𝑘 = 𝕃𝑘−1 ∪ 𝕃new
𝑘 =
𝑘
¯∗ ∪ 𝕃new∗ ∪ 𝕃
¯ new∗. We note that our partitioning
𝕃∗𝑘−1 ∪ 𝕃
𝑘−1
𝑘
𝑘
scheme is different from the grouping procedure used in the
LMB filter [9]; in particular, the LMB filter partitions labeled
objects and measurements that are likely to originate from
them based on the Mahalanobis distance.
The first approximation is now obtained by pruning in (3)
unlikely associations 𝒂𝑘 . More specifically, these associations
are chosen as those 𝒂𝑘 ∈ 𝒜𝑘 that contain one or several
[𝑙]
¯∗
associations of labeled states 𝒙𝑘 , 𝑙 ∈ 𝕃
𝑘−1 with measurements
(𝑚)
𝒛𝑘 , 𝑚 ∈ {1, . . . , 𝑀𝑘 } and those 𝒂𝑘 ∈ 𝒜𝑘 that do not
[𝑙]
¯ new∗ with some 𝒛 (𝑚),
associate each 𝒙𝑘 , 𝑙 ≡ (𝑘, 𝑚) ∈ 𝕃
𝑘
𝑘
∗
𝑚 ∈ ℳ̄𝑘 . It can be shown that this pruning results in an
˜ 𝑘 , 𝑋𝑘 ∣𝑍1:𝑘 ) by
approximation of the exact posterior pdf 𝑓 (𝑋
˜ 𝑘 , 𝑋𝑘 ∣𝑍1:𝑘 ) = 𝑓 ′ (𝑋
˜ 𝑘 ∣𝑍1:𝑘 )𝑓 ′ (𝑋𝑘 ∣𝑍1:𝑘 ).
𝑓 ′ (𝑋

(16)

˜ 𝑘 ∣𝑍1:𝑘 ), is an LMBM pdf of lower
The first factor, 𝑓 ′ (𝑋
complexity than (3), given by
∑
′
˜ 𝑘 ∣𝑍1:𝑘 ) =
˜ 𝑘 ).
𝑤𝒂′𝑘 𝑓 (𝒂𝑘 ) (𝑋
(17)
𝑓 ′ (𝑋
𝒂′𝑘 ∈𝒜′𝑘

[ (1)′
(∣𝕃′ ∣)′ ]T
Here, a′𝑘 = a𝑘 ⋅ ⋅ ⋅ a𝑘 𝑘
, where 𝕃′𝑘 ≜ 𝕃∗𝑘−1 ∪ 𝕃new∗
and
𝑘
(𝑙)′
∗
the entries a𝑘 are as follows (cf. Section IV-A). For 𝑙 ∈ 𝕃𝑘−1 ,

(𝑙)′

[𝑙]

a𝑘 = 𝑚 ∈ ℳ∗𝑘 indicates that the labeled object with state 𝒙𝑘
(𝑚)
(𝑙)′
generates 𝒛𝑘 , whereas a𝑘 = 0 indicates that it does not gen(𝑙)′
(𝑘,𝑚)′
erate a measurement. For 𝑙 ≡ (𝑘, 𝑚) ∈ 𝕃new∗
, a𝑘 = a𝑘
=1
𝑘
[𝑙=(𝑘,𝑚)]
indicates that the labeled object with state 𝒙𝑘
generates
(𝑚)
(𝑘,𝑚)′
𝒛𝑘 , whereas a𝑘
= 0 indicates that it does not generate
∗
new∗
a measurement. Thus, a′𝑘 ∈ ({0} ∪ ℳ∗𝑘 )∣𝕃𝑘−1 ∣ × {0, 1}∣𝕃𝑘 ∣ .
Furthermore, 𝒜′𝑘 in (17) is a reduced association alphabet that
comprises all the admissible 𝒂′𝑘 , i.e., those whose nonzero
′
(𝑙)′
˜ 𝑘 ) are LMB
entries 𝑎𝑘 are all different. Finally, the 𝑓 (𝒂𝑘 ) (𝑋
)}
{( (𝑙,𝑎𝑘(𝑙)′ ) (𝑙,𝑎(𝑙)′ )
, 𝑠 𝑘 (𝒙𝑘 ) 𝑙∈𝕃′ , and (cf.
pdfs parametrized by 𝑟𝑘
𝑘
(4))
(𝑙)′
∏
1
(𝑙,𝑎
)
𝑤𝒂′𝑘 = ′
𝛽𝑘 𝑘 ,
(18)
𝐵𝑘
′
𝑙∈𝕃𝑘

with 𝐵𝑘′ =
(𝑙)′

(𝑙,𝑎𝑘 )

∑

𝒂′𝑘 ∈𝒜′𝑘

∏

𝑙∈𝕃′𝑘

(𝑙)′

(𝑙,𝑎𝑘 )

𝛽𝑘

(𝑙)′

(𝑙,𝑎𝑘 )

. Here, 𝛽𝑘

(𝑙)′

(𝑙,𝑎𝑘 )

, 𝑟𝑘

,

(𝑙)′
𝑎𝑘 =

𝕃∗𝑘−1

and 𝑠
(𝒙𝑘 ) are given for 𝑙 ∈
by (5)–(7) if
(𝑙)′
∗
𝑚 ∈ ℳ𝑘 and by (8)–(10) if 𝑎𝑘 = 0, and for 𝑙 ≡ (𝑘, 𝑚) ∈
(𝑙)′
(𝑙=(𝑘,𝑚),0)
𝕃new∗
by (11)–(13) if 𝑎𝑘 = 1 and by 𝛽𝑘
= 1 and
𝑘
(𝑙=(𝑘,𝑚),0)
(𝑙)′
(𝑙=(𝑘,𝑚),0)
𝑟𝑘
= 0 (and 𝑠
(𝒙𝑘 ) undefined) if 𝑎𝑘 = 0.
The second factor in (16), 𝑓 ′ (𝑋𝑘 ∣𝑍1:𝑘 ), is the set convolution [4] of a multi-Bernoulli pdf and{(a Poisson pdf. The
)}multi(𝑙,0)
Bernoulli pdf is parametrized by 𝑟𝑘 , 𝑠(𝑙,0) (𝒙𝑘 ) 𝑙∈𝕃¯∗
𝑘−1
{( (𝑙=(𝑘,𝑚),1) (𝑙=(𝑘,𝑚),1)
)}
and 𝑟𝑘
,𝑠
(𝒙𝑘 ) 𝑚∈ℳ̄∗ , where 𝑚 ∈ ℳ̄∗𝑘
𝑘
¯ new∗. Here, 𝑟(𝑙,0) and 𝑠(𝑙,0) (𝒙𝑘 )
corresponds to 𝑙 ≡ (𝑘, 𝑚) ∈ 𝕃
𝑘

𝑘

(𝑙=(𝑘,𝑚),1)

are given by (9) and (10), respectively, and 𝑟𝑘
and
𝑠(𝑙=(𝑘,𝑚),1) (𝒙𝑘 ) by (12) and (13), respectively. The Poisson
pdf is as in the exact update step, and thus given by (14), (15).
B. Second Approximation Stage
In the second approximation stage, the LMBM pdf
˜ 𝑘 ∣𝑍1:𝑘 ) is approximated by an LMB pdf 𝑓˜(𝑋
˜ 𝑘 ∣𝑍1:𝑘 ) and
𝑓 ′ (𝑋
′
the multi-Bernoulli/Poisson convolution pdf 𝑓 (𝑋𝑘 ∣𝑍1:𝑘 ) is
approximated by a Poisson pdf 𝑓˜(𝑋𝑘 ∣𝑍1:𝑘 ). The LMB ap˜ 𝑘 ∣𝑍1:𝑘 ) is based on formally interpreting
proximation of 𝑓 ′ (𝑋
the weights 𝑤𝒂′𝑘 in (17), (18) as the probability mass function
(pmf) of a′𝑘 , i.e., setting 𝑝(𝒂′𝑘 ) ≜ 𝑤𝒂′𝑘 for 𝒂′𝑘 ∈ 𝒜′𝑘 and
𝑝(𝒂′𝑘 ) ≜ 0 otherwise. Expression (17) can then be rewritten as
∑
′
˜ 𝑘 ∣𝑍1:𝑘 ) =
˜ 𝑘 ),
𝑓 ′ (𝑋
𝑝(𝒂′𝑘 )𝑓 (𝒂𝑘 ) (𝑋
(19)
˜𝑘
𝒂′𝑘 ∈𝒜
∗
new∗
where 𝒜˜𝑘 ≜ ({0} ∪ ℳ∗𝑘 )∣𝕃𝑘−1 ∣ × {0, 1}∣𝕃𝑘 ∣ . Note that although the summation set 𝒜˜𝑘 is larger than 𝒜′𝑘 in (17), Eq.
(19) is equivalent to (17) because 𝑝(𝒂′𝑘 ) = 0 for 𝒂′𝑘 ∈ 𝒜˜𝑘∖𝒜′𝑘 .
Following [10], we now “approximate” 𝑝(𝒂′𝑘 ) by the prod( (𝑙)′ )
uct of the marginal pmfs 𝑝 𝑎𝑘 , i.e.,
∏ ( (𝑙)′ )
𝑝 𝑎𝑘 , 𝒂′𝑘 ∈ 𝒜˜𝑘 ,
𝑝(𝒂′𝑘 ) ≈ 𝑝′ (𝒂′𝑘 ) ≜

𝑙∈𝕃′𝑘

where
( (𝑙)′ )
𝑝 𝑎𝑘 ≜

{∑
∑

˜leg
𝒂′∼𝑙
𝑘 ∈ 𝒜𝑘
˜new
𝒂′∼𝑙
𝑘 ∈ 𝒜𝑘

𝑝(𝒂′𝑘 ), 𝑙 ∈ 𝕃∗𝑘−1
𝑝(𝒂′𝑘 ), 𝑙 ∈ 𝕃new∗
𝑘

(20)

). In (20), 𝒂′∼𝑙
denotes the
(recall that 𝕃′𝑘 = 𝕃∗𝑘−1 ∪ 𝕃new∗
𝑘
𝑘
(𝑙)′
′
vector 𝒂𝑘 with the 𝑙th component, 𝑎𝑘 , removed, and the
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∗
new∗
summation sets are 𝒜˜leg
∪ ℳ∗𝑘 )∣𝕃𝑘−1 ∣−1 × {0, 1}∣𝕃𝑘 ∣
𝑘 ≜ ({0}
∗
new∗
and 𝒜˜new
≜ ({0} ∪ ℳ∗𝑘 )∣𝕃𝑘−1 ∣ × {0, 1}∣𝕃𝑘 ∣−1. Substi𝑘
′
′
′
˜𝑘 ) =
tuting 𝑝 (𝒂𝑘 ) for 𝑝(𝒂′𝑘 ) in (19) and using 𝑓 (𝒂𝑘 ) (𝑋
∏
(𝑙)′
(𝑙,𝑎𝑘 ) ˜ (𝑙)
(𝑋𝑘 ) (cf. (2)) yields
𝑙∈𝕃′𝑘 𝑓
∑ ∏ ( (𝑙)′ )
(𝑙)′
˜ (𝑙) )
˜ 𝑘 ∣𝑍1:𝑘 ) ≜
𝑝 𝑎𝑘 𝑓 (𝑙,𝑎𝑘 ) (𝑋
𝑓˜(𝑋
𝑘

˜𝑘 𝑙∈𝕃′𝑘
𝒂′𝑘 ∈𝒜

(

∏

=

∑

)

( (𝑙)′ )
(𝑙)′
˜ (𝑙) )
𝑝 𝑎𝑘 𝑓 (𝑙,𝑎𝑘 ) (𝑋
𝑘

𝑙∈𝕃𝑘−1 𝑎(𝑙)′∈{0}∪ℳ∗
𝑘
𝑘

×

∑

∏

( (𝑙)′ )
(𝑙)′
˜ (𝑙) ). (21)
𝑝 𝑎𝑘 𝑓 (𝑙,𝑎𝑘 ) (𝑋
𝑘

(𝑙)′
𝑙∈𝕃new∗
𝑘
𝑎 ∈{0,1}
𝑘

˜ 𝑘 ∣𝑍1:𝑘 ) =
This can be shown to be an LMB pdf 𝑓˜(𝑋
∏
(𝑙)
(𝑙)
˜
˜
𝑓
(
𝑋
),
where
𝑓
(
𝑋
)
is
a
labeled
Bernoulli
pdf with
𝑙∈𝕃′𝑘
𝑘
𝑘
parameters
⎧
( (𝑙)′ ) (𝑙,𝑎𝑘(𝑙)′ )
∑

⎨ (𝑙)′
𝑟𝑘
, 𝑙 ∈ 𝕃∗𝑘−1 ,
∗ 𝑝 𝑎𝑘
𝑎
∈{0}∪ℳ
(𝑙)
𝑘
𝑘
(22)
𝑟𝑘 =
(𝑙)′

⎩𝑝(𝑎(𝑙)′= 1) 𝑟(𝑙,𝑎𝑘 =1) ,
new∗
𝑙
∈
𝕃
,
𝑘
𝑘
𝑘
⎧
(𝑙)′
( (𝑙)′ ) (𝑙,𝑎𝑘 ) (𝑙,𝑎(𝑙)′ )
∑

1

𝑠 𝑘 (𝒙𝑘 ),
⎨𝑟(𝑙) 𝑎𝑘(𝑙)′∈{0}∪ℳ∗𝑘 𝑝 𝑎𝑘 𝑟𝑘
𝑘
(𝑙)
𝑠 (𝒙𝑘 ) =
𝑙 ∈ 𝕃∗𝑘−1 ,


⎩𝑠(𝑙,𝑎𝑘(𝑙)′=1) (𝒙 ),
𝑙 ∈ 𝕃new∗.
𝑘

𝑘

(23)
Note that 𝕃∗𝑘−1 depends on 𝛾 and 𝕃new∗
depends on 𝛾leg and
𝑘
𝛾new .
Next, we approximate 𝑓 ′ (𝑋𝑘 ∣𝑍1:𝑘 ) in (16) by a Poisson pdf
∫
∏
˜
˜ 𝑘 ),
(24)
𝑓˜(𝑋𝑘 ∣𝑍1:𝑘 ) ≜ 𝑒− 𝜆(𝒙𝑘 ) d𝒙𝑘
𝜆(𝒙
𝒙𝑘 ∈𝑋𝑘

˜ 𝑘 ) is chosen equal to the PHD correspondwhere the PHD 𝜆(𝒙
′
ing to 𝑓 (𝑋𝑘 ∣𝑍1:𝑘 ). One can show that
˜ 𝑘)
𝜆(𝒙
∑ (𝑙,0)
∑ (𝑙=(𝑘,𝑚),1)
=
𝑟𝑘 𝑠(𝑙,0) (𝒙𝑘 ) +
𝑟𝑘
𝑠(𝑙=(𝑘,𝑚),1) (𝒙𝑘 )
¯∗
𝑙∈𝕃
𝑘−1

(

)

𝑚∈ℳ̄∗
𝑘

(25)
+ 1− 𝑝D (𝒙𝑘 ) 𝜆𝑘∣𝑘−1 (𝒙𝑘 ).
∑
(𝑙,0)
Here, 𝑙∈𝕃¯∗ 𝑟𝑘 𝑠(𝑙,0) (𝒙𝑘 ) corresponds to labeled objects
𝑘−1
that are unlikely to exist; the corresponding labeled Bernoulli
components are thereby transferred back to the Poisson
∑
(𝑙=(𝑘,𝑚),1) (𝑙=(𝑘,𝑚),1)
𝑠
(𝒙𝑘 ) corRFS. Furthermore, 𝑚∈ℳ̄∗ 𝑟𝑘
𝑘
responds to measurements that are( not likely )to originate
from any labeled object. Finally, 1 − 𝑝D (𝒙𝑘 ) 𝜆𝑘∣𝑘−1 (𝒙𝑘 )
corresponds to unlabeled objects that are undetected. Note that
∗
¯∗
𝕃
𝑘−1 depends on 𝛾 and ℳ̄𝑘 depends on 𝛾leg and 𝛾new .
Taken together, the two approximation stages of the approximate update step transform the predicted posterior pdf
˜ 𝑘 , 𝑋𝑘 ∣𝑍1:𝑘−1 ) into an approximation of the new posterior
𝑓 (𝑋
˜ 𝑘 , 𝑋𝑘 ∣𝑍1:𝑘 ). This approximation is given by
pdf 𝑓 (𝑋
˜ 𝑘 , 𝑋𝑘 ∣𝑍1:𝑘 ) = 𝑓˜(𝑋
˜ 𝑘 ∣𝑍1:𝑘 ) 𝑓˜(𝑋𝑘 ∣𝑍1:𝑘 ),
𝑓˜(𝑋
˜ 𝑘 ∣𝑍1:𝑘 ) is the LMB pdf in (21) and 𝑓˜(𝑋𝑘 ∣𝑍1:𝑘 )
where 𝑓˜(𝑋
is the Poisson pdf in (24). The update relations are (22)

and (23) for the LMB parameters and (25) for the Poisson
parameter. For general nonlinear/non-Gaussian system models,
a sequential Monte Carlo (particle-based) implementation of
the prediction and update steps of the LMB/P filter can be
developed along the lines of [11].
VI. E XPERIMENTAL S TUDY
A. Simulation Setup
We consider a two-dimensional (2D) region of interest (ROI) given by [−150, 150] × [−150, 150]. The object states consist of 2D position and velocity, i.e, 𝒙𝑘 =
[𝑥1,𝑘 𝑥2,𝑘 𝑥˙ 1,𝑘 𝑥˙ 2,𝑘 ]T. Their evolution is modeled as 𝒙𝑘 =
𝑨𝒙𝑘−1 + 𝑾𝒖𝑘 , where 𝑨 ∈ ℝ4×4 and 𝑾 ∈ ℝ4×2 are as
in [15, Sec. 6.3.2] and 𝒖𝑘 ∼ 𝒩 (0, 𝜎𝑢2 I2 ) with 𝜎𝑢2 = 0.01 is
an iid sequence of 2D Gaussian random vectors. Ten objects
appear and disappear at various times before 𝑘 = 30 and after
𝑘 = 140, respectively; they move toward the ROI center and
come in close proximity around 𝑘 = 100 [16, Sec. 9-A].
Within a measurement range of 300, a sensor produces
measurements according to the nonlinear range-bearing model
[
]T
𝒛𝑘 = 𝜌(𝒙𝑘 ) 𝜃(𝒙𝑘 ) + 𝒗𝑘 ,
( 𝑥 − 𝑝1 )
with 𝜌(𝒙𝑘 ) ≜ ∥𝒙′𝑘 − 𝒑∥ and 𝜃(𝒙𝑘 ) ≜ tan−1 𝑥1,𝑘
. Here,
2,𝑘 − 𝑝2
′
T
𝒙𝑘 ≜ [𝑥1,𝑘 𝑥2,𝑘 ] is the object position, 𝒑 = [𝑝1 𝑝2 ]T =
[0 −150]T is the sensor position, and 𝒗𝑘 is an iid sequence
of 2D Gaussian random vectors whose components are independent with standard deviations 𝜎𝜌 = 2 and 𝜎𝜃 = 1∘.
( [𝑙] )
The detection probability is 𝑝D 𝒙𝑘 = 𝑝D (𝒙𝑘 ) = 0.5. In
addition, the sensor produces clutter with mean parameter
𝜇C = 20 and a vector pdf 𝑓C (𝒛𝑘 ) that is linearly increasing
on [0, 300] and zero outside [0, 300] with respect to the range
component, and uniform on [0∘, 360∘ ) with respect to the angle
component; in Cartesian coordinates, this corresponds to a
uniform distribution on the measurement range region.
We compare the performance of the proposed LMB/P filter
with that of the PHD filter [4], [5], the LMB filter [9], and the
TOMB/P filter [6], [11]; these filters will be briefly referred
to as LMB/P, PHD, LMB, and TOMB/P, respectively. LMB/P
represents the posterior PHD of unlabeled objects and the
PHD of newborn unlabeled objects by 10.000 particles each;
however, the resulting 20.000 particles are reduced to 10.000
particles after the update step. Similarly, PHD represents the
posterior PHD and the PHD of newborn objects by 10.000
particles each, and reduces the resulting 20.000 particles to
10.000 particles after the update step. LMB/P, LMB, and
TOMB/P use 1.000 particles to represent the vector pdfs of
their Bernoulli components. TOMB/P represents the PHD of
undetected objects by a grid with 40.000 cells [6]. LMB/P,
LMB,3 and TOMB/P calculate approximations of the marginal
association pmfs by means of belief propagation [10], [12],
[18]. PHD uses kmeans++ clustering [19] for state estimation.
LMB/P, LMB, and TOMB/P declare an object as detected
if the existence probability of the corresponding Bernoulli
3 Our LMB implementation is based on an alternative derivation of the LMB
update equations that involves an approximation of the object-measurement
association pmf by the product of its marginals [17].
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× 𝑓v (𝑥˙ 1,𝑘−1 𝑥˙ 2,𝑘−1 )d𝒙𝑘−1 , 𝑚 = 1, . . . , 𝑀𝑘−1 ,
where 𝑓v (𝑥˙ 1,𝑘 , 𝑥˙ 2,𝑘 ) is the pdf of independent, zero-mean,
Gaussian random variables ẋ1,𝑘 , ẋ2,𝑘 with variance 25. LMB
(𝑙)
creates a new Bernoulli component with vector pdf 𝑠B (𝒙𝑘 ) =
(𝑚)
(𝑚)
𝑓˜B (𝒙𝑘 ), where 𝑙 = (𝑘, 𝑚), for each 𝒛𝑘−1 . The mean
number of newborn objects is 𝜇B = 0.1 for all filters. In
TOMB/P, the vector pdf of newborn objects is uniform on
the ROI. In LMB/P, the mean number of unlabeled objects
is initialized (at time 𝑘 = 0) by 0.01; in TOMB/P, the mean
number of undetected objects is initialized by the same value.
The thresholds used in LMB/P are 𝛾 = 10−2, 𝛾leg = 10−5,
and 𝛾new = 10−10. LMB uses threshold 10−3 for pruning
Bernoulli components, and TOMB/P uses the same threshold
for transferring Bernoulli components to the Poisson RFS [6].
B. Simulation Results
We measure the detection/tracking performance of the
various filters by the mean optimal subpattern assignment
(MOSPA) error with cutoff parameter 𝑐 = 20 and order 𝑝 = 1
[20], averaged over 1.000 Monte Carlo runs. Fig. 1(a) shows
the MOSPA error versus time 𝑘. One can see that LMB/P,
LMB, and TOMB/P perform similarly and substantially better
than PHD. Fig. 1(b) shows the runtimes of our MATLAB
implementations of the various filters on an Intel Xeon E52640 v3 CPU. LMB/P has the lowest runtime among the filters
with similar MOSPA error (i.e., LMB/P, LMB, and TOMB/P).
More specifically, its runtime is only 58.3% of that of LMB
and 66.4% of that of TOMB/P. We note that the runtime of
LMB/P can be further reduced—at the expense of a higher
MOSPA error—by increasing 𝛾 and 𝛾new . Regarding 𝛾leg ,
we observed that a higher value increases the MOSPA error
without reducing the runtime, while a lower value increases
the runtime without reducing the MOSPA error.
We conclude from these results that for an appropriate
choice of the thresholds 𝛾, 𝛾new , and 𝛾leg , LMB/P is significantly less complex than both LMB and TOMB/P while exhibiting effectively the same detection/tracking performance.
VII. C ONCLUSION
We proposed an efficient multiobject tracking algorithm that
maintains track continuity. Our algorithm is based on a combination of labeled and unlabeled random finite sets (RFSs),
and it achieves low complexity through several judiciously
chosen approximations in the update step. Simulation results
for a challenging scenario demonstrated an attractive accuracycomplexity tradeoff relative to other RFS-based multiobject
tracking algorithms. An interesting direction of future research
is an extension of our algorithm to multiple-detection measurement models and multisensor scenarios.
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TOMB/P
LMB
LMB/P (proposed)

20
MOSPA error

component exceeds 0.5, and then they calculate a state estimate as the weighted mean of the particles representing the
corresponding vector pdf.
The birth PHD of LMB/P and PHD is chosen as a mixture
of the pdfs
∫
)
( (𝑚)
(𝑚)
𝑓˜B (𝒙𝑘 ) ∝ 𝑓 (𝒙𝑘 ∣𝒙𝑘−1 )𝑓 𝒛𝑘−1 𝑥1,𝑘−1 , 𝑥2,𝑘−1
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Fig. 1: Detection/tracking performance and computational
complexity: (a) MOSPA error versus time 𝑘, (b) runtime per
time (𝑘) step.
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