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Oscillations of a visco-elastic belt drive

Alois Steindl1,∗

1 Institute for Mechanics and Mechatronics, TU Wien; Getreidemarkt 9; 1060 Wien

We investigate the loss of stability of the steady configuration of a planar visco-elastic belt drive. The belt is considered as
a linearly visco-elastic slender beam with small bending stiffness, which is driven by a steadily rotating drum. For a belt
clamped on both ends at different heights no Hopf bifurcation is found, but a perturbed pitchfork bifurcation is observed. For
a belt on a drum different Hopf bifurcation points are detected, which depend strongly on the viscous damping.

c© 2018 The Authors. PAMM published by Wiley-VCH Verlag GmbH & Co. KGaA Weinheim.

1 Introduction and model setup

Drive belts are frequently used tools for power transmission and their stable behaviour is important for the proper operation of
the facility. For slowly moving belts it is usually sufficient to consider the equilibrium states, but if the belt speed approaches
the wave speed in the belt, the influence of the drive motion has to be taken into account. Furthermore the small bending
stiffness is frequently neglected, but at the boundaries it’s effect becomes important. Due to the curvature at the endpoints
oscillations of the drums cause transversal excitations of the belts, while these excitations are usually considered as parametric,
when the steady state configuration is assumed straight.
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Fig. 1: Mechanical model of the belt drive moving with velocity v Fig. 2: Bifurcation diagram for a belt drive clamped at both ends at
different heights.

The equations of motion for a planar moving belt as displayed in Fig. 1 are given in [1]; in dimensionless form they read
(see e.g. [2])

x′ = (1 + ε) cosϑ, y′ = (1 + ε) sinϑ, (1a)

Eε = βN = β(F1 cosϑ+ F2 sinϑ), γEϑ′ =M, (1b)

M ′ = (1 + ε)(F1 sinϑ− F2 cosϑ), (1c)

F ′1 = −q1 + ẍ+ 2vẋ′ + v2x′′, F ′2 = −q2 + ÿ + 2vẏ′ + v2y′′, (1d)

where the linear operator Eu = u+ δ(u̇+vu′) models the visco-elastic material law. Here (·)′ denotes the derivative w.r.t. the
rescaled unstrained arc length s, ϑ is the inclination angle, δ is the damping parameter, β = P0/EA is the elongation due to
pre-stretching and γ = EJ/(P0L

2
0) is the bending stiffness; Po denotes a typical tension force and L0 a reference length, like

the distance between the drums. For typical belts the parameters δ, β and γ are very small, rendering the equations heavily
singularly perturbed.
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Fig. 3: Belt shapes for v = 0.7. The branches 1 and 3 are both
stable.

Fig. 4: Dependence of the Hopf bifurcation boundaries on the vis-
cous damping δ.

2 Numerical Results

2.1 Bifurcations of a belt clamped at both endpoints

In [3] a weightless, undamped belt was considered, whose ends were clamped and the right endpoint was slowly shifted
upwards, while the driving speed was steadily increased. Unstable oscillations were observed after the endpoint reached its
final height.

In order to detect the onset of oscillations, the shape of the steady configuration was calculated for fixed positions of the
endpoints and quasistatical variation of the belt speed v. Due to the singularly perturbed equations the collocation solver
Colsys ( [4]) was used, which is well suited for singularly perturbed equations. For the continuation the routine HOM ( [5])
was used. The bifurcation diagram is shown in Fig. 2: At v ≈ 0.43 an imperfect pitchfork bifurcation is observed: Along the
blue curve the critical eigenvalue almost reaches the stability boundary, but remains stable. Close to this event a pair of stable
and unstable solutions is born at a fold bifurcation. The shape of the solution branches for v = 0.7 is displayed in Fig. 3: The
outer stable configurations are almost symmetrical and display non-monotone behaviour in horizontal direction.

The different behaviour to the simulation results in [3] could be explained as follows: In [3] no damping was considered
and the right endpoint was smoothly moved to its final position in finite time; therefore the belt didn’t settle down to a steady
state. Furthermore in [3] the horizontal position x(s) was used as independent variable, which would lead to singularities,
when the steady configuration becomes non-monotone in x(s), as shown in Fig. 3. Of course, a non-linear treatment of the
bifurcation equations would be necessary, to get a reliable picture of the dynamics in the critical parameter regions.

2.2 Hopf bifurcation boundaries for a drum-driven belt

Next we consider a belt driven by moderately small drums (Ri/x1 = 0.1), as shown in Fig. 1. For this system we find a
series of Hopf bifurcations for different mode numbers. The first instability for small damping parameter δ = 0.01 occurs at
v ≈ 0.55. For increasing belt speeds the first mode becomes stable again, but the second mode becomes unstable. For higher
speeds v also the modes 3, 4, and 5 become unstable. The bifurcation boundaries can be seen in Fig. 4.

If the viscous damping is increased, the higher order modes remain stable, but the first and second mode still undergo Hopf
bifurcations.
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