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Abstract—We study the compression of data in the case where
the useful information is contained in a set rather than a
vector, i.e., the ordering of the data points is irrelevant and the
number of data points is unknown. OQur analysis is based on
rate-distortion theory and the theory of finite point processes.
We introduce fundamental information-theoretic concepts and
quantities for point processes and present general lower and
upper bounds on the rate-distortion function. To enable a
comparison with the vector setting, we concretize our bounds
for point processes of fixed cardinality. In particular, we analyze
a fixed number of unordered Gaussian data points and show that
we can significantly reduce the required rates compared to the
best possible compression strategy for Gaussian vectors. As an
example of point processes with variable cardinality, we study
the best possible compression of Poisson point processes. For the
specific case of a Poisson point process with uniform intensity
on the unit square, our lower and upper bounds are separated
by only a small gap and thus provide a good characterization of
the rate-distortion function.

Index Terms—Source coding, data compression, point process,
rate-distortion theory, Shannon lower bound.

I. INTRODUCTION

The continuing growth of the amount of data to be stored
and analyzed in many applications calls for efficient methods
for representing and compressing large data records [1]. In
the literature on data compression, one aspect was hardly
considered: the fact that we are often interested in sets and not
in ordered lists, i.e., vectors, of data points. Our goal in this
paper is to study the optimal compression of finite sets, also
called point patterns, in an information-theoretic framework.
More specifically, we consider a sequence of independent and
identically distributed (i.i.d.) point patterns, and we want to
calculate the minimal rate—i.e., number of representation bits
per point pattern—for a given upper bound on the expected
distortion. For this analysis, we need distributions on point
patterns. Fortunately, these and other relevant mathematical
tools are provided by the theory of (finite) point processes
(PPs) 2], [3].

The theory and applications of PPs have a long history, and
in most fields using this concept—such as, e.g., forestry [4],
epidemiology [5], and astronomy [6]—significant amounts of
data in the form of point patterns are collected, stored, and
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processed. Thus, we believe that lossy source coding may be of
great interest in these fields. Furthermore, the recently studied
problem of super-resolution [7], [8] or more generally atomic
norm minimization [9] results in a point pattern in a continuous
alphabet and is often described by some statistical properties.
In this setting, one frequently deals with noisy signals, and
thus an additional distortion resulting from lossy compression
may be acceptable.

As a more explicit example, consider a database of minutiae
patterns in fingerprints [10], [11]. Minutiae are endpoints and
bifurcations of ridge lines on the finger. Typical data consists
of x- and y-positions of points in some relative coordinate sys-
tem and may well include further information such as the angle
of the orientation field at the minutiae or the minutia types. For
simplicity, we consider here only the positions; any additional
information can be incorporated by a suitable adaptation of
the distortion measure. A fingerprint of good quality typically
contains about 40—100 minutiae [10]. For many minutia-based
algorithms for fingerprint matching, the order in which the
minutiae are stored is irrelevant [11] and a fingerprint can
thus be represented as a point pattern. Furthermore, different
pressures applied during the acquisition of a fingerprint lead to
varying local deformations and thus varying minutiae for the
same finger. Hence, in most applications, a small additional
distortion due to compression will be acceptable. Because the
exact locations as well as the number of minutiae acquired for
the same finger may vary, the squared OSPA metric as defined
further below in (71) appears well suited for measuring the
distortion between minutiae patterns.

A. Prior Work

Information-theoretic work on PPs is scarce. An extension
of entropy to PPs is available [3, Sec. 14.8], but apparently
the mutual information between PPs was never analyzed in
detail (although it is defined by the general quantization-
based definition of mutual information [12, eq. (8.54)] or its
equivalent form in (15) below). A similar quantity was recently
considered for a special case in [13, Th. VI.1]. However,
this quantity deviates from the general definition of mutual
information, because the joint distribution in [13, eq. (5)]
implies a fixed association between the points in the two PPs
involved.

Source coding results for PPs are available almost exclu-
sively for (infinite) Poisson PPs on R [14]-[17]. However, that
setting considers only a single PP rather than an i.i.d. sequence
of PPs. More specifically, the sequence considered for rate-
distortion (RD) analysis in [14]-[17] is the growing vector of
the smallest n points of the PP. This approach was also adopted
in [18], where the motivation was similar to that of the present
paper but the main objective was to study the asymptotic
behavior of the RD function as the cardinality of the data set



grows infinite. It was shown in [18] that the expected distortion
divided by the number of points in the data set converges to
zero even for zero-rate coding. Although we are interested in
the nonasymptotic scenario, the motivation given in [18] and
the fact that the per-element distortion increases significantly
less fast than in the vector case are of relevance to our work.

In channel coding, PPs were used in optical communications
[19], [20] and for general timing channels [21]. However, the
PPs considered are again on R and in most cases Poisson PPs.

A different source coding setting for point patterns was
presented in [22], [23] . There, the goal was not to reconstruct
the points, but to find a covering (consisting of intervals) of
all points. There is a tradeoff between the description length
of the covering set and its Lebesgue measure, both of which
are desired to be as small as possible.

For discrete alphabets, an algorithm compressing multisets
was presented in [24]. However, from an information-theoretic
viewpoint, the collection of all (multi-)sets in a discrete alpha-
bet is just another discrete set and thus sufficiently addressed
by the standard theory for discrete sources.

To the best of our knowledge, the RD function for i.i.d.
sequences of PPs has not been studied previously. In full
generality, such a study requires the definition of a distortion
function between sets of possibly different cardinality. A
pertinent and convenient definition of a distortion function
between point patterns was proposed in [25] in the context
of target tracking (see (71) below) .

B. Contribution and Paper Organization

In this paper, we are interested in lossy compression of i.i.d.
sequences of PPs of possibly varying cardinality. We obtain
bounds on the RD function in a general setting and analyze the
benefits that a set-theoretic viewpoint provides over a vector
setting. Our results and methods are based on the measure-
theoretic fundamentals of RD theory [26].

As the information-theoretic analysis of PPs is not well
established, we present expressions of the mutual information
between dependent PPs, which can be used in upper bounds on
the RD function. Our main contribution is the establishment
of upper and lower bounds on the RD function of finite PPs
on R, The upper bounds are based either on the RD theorem
for memoryless sources [26] or on codebooks constructed by
a variant of the Linde-Buzo-Gray algorithm [27]. The lower
bounds are based on the characterization of mutual information
as a supremum [28], which is closely related to the Shannon
lower bound [29, eq. (4.8.8)]. To illustrate our results, we
compare the setting of a PP of fixed cardinality with that
of a vector of the same dimension and find that the RD
function in the PP setting is significantly lower. Furthermore,
we concretize our bounds for Poisson PPs and, in particular,
consider a Poisson PP on the unit square in R2, for which
our bounds convey an accurate characterization of the RD
function.

The paper is organized as follows. In Section II, we present
some fundamentals of PP theory. In particular, we introduce
pairs of dependent PPs, which are relevant to an information-
theoretic analysis but not common in the statistical literature.
In Section III, the mutual information between PPs is studied

in detail, and some tools from measure-theoretic RD theory
that can be used in the analysis of PPs are introduced. In
Sections IV and V, we present lower and upper bounds on
the RD function of PPs in a general setting. These bounds
are applied to PPs of fixed cardinality in Section VI and to
Poisson PPs in Section VII. In Section VIII, we summarize
our results and suggest future research directions.

C. Notation

Boldface lowercase letters denote vectors. A vector ©* =
(T --- 2T € (RY)* with z; € R? will often be denoted
as (x1,...,xk) or, more compactly, as .. Sets are denoted
by capital letters, e.g., A. The set A + x is defined as
{y +x : y € A}. The complement of a set A is denoted
as A° and the cardinality as |A|. The indicator function
14 is given by L4(x) = 1 if 2 € A and Lu(x) = 0 if
x ¢ A. The Cartesian product A; x Ay X --- X Ay of sets
A, i = 1,...,k is denoted as [, A;. Sets of sets are
denoted by calligraphic letters (e.g., .4). Multisets, i.e., sets
with not necessarily distinct elements, are distinguished from
sets in that we use A, B,C to denote sets and X,Y, Z to
denote multisets. For a set A and a multiset X, we denote
by X N A the multiset {x € X : v € A}, which conforms
to the classical intersection if X is a set but contains x € A
more than once if X contains x more than once. Similarly,
the cardinality |X| of a multiset X gives the total number
of the (not necessarily distinct) elements in X. The set of
nonnegative integers {0} U N is denoted as Ny, the set of
positive real numbers as RT, and the set of nonnegative real
numbers as R>q. Sans serif letters denote random quantities,
e.g., X is a random vector and X is a random multiset (or
PP). We write E,[-] for the expectation operator with respect
to the random variable x and simply E[-] for the expectation
operator with respect to all random variables in the argument.
Pr[x € A] denotes the probability that x € A. #? denotes the
d-dimensional Lebesgue measure and B, the Borel o-algebra
on R? For measures y,v on the same measurable space,
1 < v means that p is absolutely continuous with respect to
v, i.e., that v(A) = 0 implies y(A) = 0 for any measurable set
A. A random vector x on R? is understood to be measurable
with respect to B,;. The differential entropy of a continuous
random vector x with probability density function g is denoted
as h(x) or h(g), and the entropy of a discrete random variable
x is denoted as H (x). The logarithm to the base e is denoted
log. For a function f: A — B and a set C C B, f~1(C)
denotes the inverse image {z € A : f(z) € C}. Finally, we

indicate by, e.g., ®) that the equality holds due to (42).

II. POINT PROCESSES AS RANDOM SETS OF VECTORS

In this section, we present basic definitions and results
from PP theory. In the classical literature on this subject, PPs
are defined as random counting measures [3, Def. 9.1.VI].
Although this approach is very general and mathematically
elegant, we will use a more applied viewpoint and interpret
PPs as random multisets, i.e., collections of a random number
of random vectors that are not necessarily distinct. These
multisets are assumed to be finite in the sense that they have
a finite cardinality with probability one.



Definition 1: A point pattern X on R¢ is defined as a finite
multiset X C RY, i.e., | X| < 0o. The collection of all point
patterns X on R? is denoted as N.

Our goal is to compress point patterns under certain con-
straints limiting an expected distortion. To this end, we have
to define random elements X on A and, in turn, a o-algebra.

Definition 2: We denote by S the o- algebra on A generated
by the collections of multisets N} (B) £ {X € N : [XNB| =
k} for all B € By and all k € Ny.

A. Finite Point Processes

The random variables X on (A, &) are called finite (spatial)
PPs on RY, hereafter simply referred to as PPs. Following [2,
Sec. 5.3], a PP X can be constructed by three steps:

bility mass function px;.

2) For each £k € N, let xg(k) be a random vector on
(R4)* with probability measure P)((k) and the following
symmetry property: xg() = (x1,...,x;) with x; € R?

has the same distribution as (x,(1),...,X(x)) for any
permutation 7 on {1,...,k}.

3) The random variable X is defined by first choosing a real-
ization k of the random cardinality |[X| according to px;.
Then, for |X| = k # 0, a realization ®1.;, = (@1, ..., k)
of x;k) is chosen according to P(k), and this realization
is converted to a point pattern via the mapping

Pr: (R = N

For [X| = 0, we set X = (). More compactly, this

procedure corresponds to constructing X as

1]
X:{m&@)

Remark 3: In principle, it is not necessary to start with

symmetric random vectors x§< ) . Indeed, the mapping ¢y, erases

any order information the vector xg(k) might have, and thus
we would obtain a PP even for nonsymmetric x§( ) However,
for our information-theoretic analysis, it will turn out to be
useful to have access to the symmetric random vectors x&k)
and the symmetric probability measures P)((k). Note that this
does not imply a restriction on the PPs we consider, as any
random vector can be symmetrized before using it in the PP

construction.

L1k {m17"'

xkt. (D)

if [X| =0
if [X| = k.

The probability measure on (N, &) induced by X is denoted
as Px and satisfies

Px(A) = Pr[X € A]

= pix (0 P( )

4(0) + ZP|X\

keN

LA @

for any measurable set A C N (i.e., A € &). This construction
indeed results in a measurable X [3, Ch. 9]. According to (2),

an integral with respect to Px (or, equivalently, an expectation
with respect to X) can be calculated as'

/gwﬁuam7=mmm1
N

=2 (0)9(0) + > o (B) B9 (61:(x”))]
keN

= P (©)a(0) + 3 pix /d o010 AP (1)
keN

3)

for any integrable function g: N' — R. In particular, by (3)
with g(X) = 14(X)g(X), we obtain

/Aﬁ(X)dPx( ) =pix|(0)14(0)g ®+ZP|X|

keN

<[, o) AP @) @
¢ (A)
for any A € G.

B. Pairs of Point Processes

For information-theoretic considerations, it is convenient to
have a simple definition of the joint distribution of two PPs.
Thus, similar to the construction of X, we define a pair of
(generally dependent) PPs (X,Y) as random elements on the
product space N x N\ as follows.

1) Let (JX],]Y]) be a discrete random variable on Ny x Ny =

N§ with probability mass function px| |v|.

2) For each (k, ¢) € N2\ {(0,0)}, let (x, y)&k\f) be a random
vector on (R%)*+¢ with probability measure P;’;’f) and
the following symmetry property: (X, y)g(k;f) = (X1,...,
Xk, Y15« - -5 Yp) With x;, y; € R¢ has the same distribution
as (Xpy (1) -5 er(k)’ Yr(1)s- - - » Yry(e)) fOr any permuta-
tions 7x on {1,...,k} and 7v on {1,...,¢}. Note that
for the cases k = 0 and ¢ = 0, we have (x y)§< Y) (yq,

..,y,) and (x, y)g( \?) (x1,...,Xg), respectively.

3) The random variable (X,Y) is defined by first choosing
a realization (k,¢) of the random cardinalities (|X], |Y])
according to pix|,yj. Then, for (|X[,|Y]) = (k)
with k& # 0 or £ # 0, a realzzatlon (1.5, Y1.0) =

(Z1,..., Tk, Y1,---,Ye) of (x, y)XY is chosen accord-
ing to P)Ekf), and this realization is converted to a pair

of point patterns via the mapping

(bk,Z: (Rd)k-‘r@ N N27

(1:k, Y1:0) — ({wl’-~-,$k}v{y15-~-’ye}) ®
if (k,¢) € N2, or
boe: RN =N yro— (0,{y1,...,ue}) (6
ifk=0and €N, or
bro: RYF 5> N2z ({21, 2}, 0) (D

IThis expression can be shown by the standard measure-theoretic approach
of defining an integral in turn for indicator functions, simple functions,
nonnegative measurable functions, and finally all integrable functions [2,
Sec. Al1.4].



if k€ Nand ¢ =0. For (k,¢) = (0,0), we set (X,Y) =
(D, 0). More compactly, the overall procedure corresponds
to constructing (X,Y) as

0.0) if (X[, [Y]) = (0,0)
X Y) =< oo ((xy)%%)) if (X],]Y]) = (k, )
#(0,0).

As we will often use inverse images of the mapping ¢ ¢ in
our proofs, we state some properties of ¢,;%(.A) for A C N2
in Appendix A.

The probability measure on (N2, & ®&) induced by (X,Y)
will be denoted as Px v and satisfies

Py (A) = pix,1v1(0,0)14((0,0))
+ Y P (e ORE (854(A))
(k,0)ENZ ®)
(k,0)#(0,0)

for any measurable A C N? (ie., A € & ® &). An integral
with respect to Pxy (or, equivalently, an expectation with
respect to (X,Y)) can be calculated as

] 90XV aBy(X.¥) = Elg(X.Y)
= pix|,1v|(0,0)g(®, @)

+ Z pix.v| (k

VE[g(0r (% ¥)i¥))]

(k,£)EN
(k,0)7(0,0)
=px v (0.0090.0) + D px v (k. 0)
(k,0)ENZ
(k,£)#(0,0)

X/ g(¢k,e($1:k,y1:e))dP>(<k\’/)(w1;k7y1:e) 9
(R )k+e ’

for any integrable function g: N2 — R. As in the single-PP
case, g(X,Y) = 14((X,Y))g(X,Y) results in an integral
expression similar to (4) for any measurable set A C N2,
The symmetry of the random vectors (X, y)( Y) implies that
the corresponding probability measures P( *) are symmetric

in the following sense. Let 7x and 7y be permutations on
{1,...,k} and {1, ..., ¢}, respectively, and define

wfx TV (Rd)k+e (Rd)k+e§

(ﬂslzka yl:é) — (w‘,—x(l), s Ty (k) s Yy (1) 5 oo y‘ry(é)) .
(10)
Then, for any measurable A C (R%)*+*
k£ k.l
P (A) = PES (e (A)). (11)

We will also be interested in marginal probabilities. For
a pair of PPs (X,Y), the marginal PP X is defined by the
probability measure Px(.A) = Px v (AxN) for all measurable
sets A C N. The corresponding probability measures P)gk) for
k € N satisfy

k k,
pix (K) P (B) = pi, v (k. 0) PUy (B)

+ 3 o vk, OPE (B x (RY))
LeN (12)

for Borel sets B C (R%)*, where for k € Ny

> vk ).

£eNy

pix (k) = 13)

The definition of the marginal PP Y is analogous. We caution
that the probability measures P>(<k) and P\(/) are in general
not the marginals of ng\’(e). Indeed, P>(<k) depends on P)Elff)
for all £ € Ny with x| vj(k,£) # O and, similarly, P{"
depends on P)((k’f) for all k € No with px| v|(k,£) # 0. In

particular, the probability measures of the marginals x&kYé ) and

k0
vy of (x,y)i)

respectwely

We will often consider the case of i.i.d. PPs. Two PPs X
and Y are independent if Pxy = Px x Py, ie., Pr[(X,Y) €
Ax X .Ay] = Pr[X S Ax] Pr[Y S Ay] for all Ax,.AY S
G&. Furthermore, X and Y are identically distributed if their
measures Px and Py are equal.

All definitions and results in this subsection can be readily
generalized to more than two PPs. In particular, we will
consider sequences of i.i.d. PPs in Section III-D.

generally are not equal to P(k) and P\(/),

C. Point Processes of Fixed Cardinality

There are two major differences between spatial PPs and
random vectors: first, the number of elements in a point pattern
is a random quantity whereas the dimension of a random
vector is deterministic; second, there is no inherent order
of the elements of a point pattern. PPs of fixed cardinality
differ from random vectors only by the second property.
More specifically, we say that a PP X is of fixed cardinality
IX| = k if pix|(k) = Pr[[X| = k] = 1 for some given
k € N (we do not consider the trivial case £k = 0). The
set of all possible realizations of X is denoted as N, i.e.,
Ni 2 {X € N : |X| = k}. The probability measure P
for a PP X of fixed cardinality |X| = k simplifies to (cf. (2))
Px(A) = P>(<k) (¢ *(A)), ie., itis simply the induced measure
of P;k) under the mapping ¢y.

Similarly, a pair of PPs (X,Y) is called of fixed cardinality
(X[, [Y]) = (k,€) if pix|,v|(k,£) = 1 for some given
k¢ € N, ie, Pr[|X| = k] = 1 and Pr[lY| = ¢ = 1
The corresponding probability measure Py y satisfies (cf. (8))
Pxy(A) = PR (¢%.0(A)). Because pix,v|(k,¢') = 0 for
(K", 0 £ (k, é) (13) implies pix| (k) = pix,|v|(k,£) = 1 and,
similarly, pjy|(£) = pix|,)v|(k,£) = 1. Thus, (12) simplifies
to P>((k) (B) = P)glff) (B x (R%)*) for Borel sets B C (R%)*.
Analogously, we obtain P(e)(B) = P(k‘e)((Rd) x B) for
Borel sets B C (R9)¢. Hence, the probability measures of the
marginals x(k D and y(k D of (x, y)§(7Y) are given by Px and
P\((Z), respectlvely.

D. Point Processes of Equal Cardinality

A setting of particular interest to our study are pairs of
PPs that have equal but not necessarily fixed cardinality. More
specifically, we say that a pair of PPs (X,Y) has equal cardi-



nality if p‘x|’|y|(k,f) =0 for k # /, ie., PI“[|X| = |YH = 1.
The corresponding probability measure Py y satisfies (cf. (8))
Py (A) = pix),1v1(0,0)1.4((0,0))
kk) [ —
+ > oy (B RIPY (9501(A)) -
keN
A significant simplification can be observed for the marginal
probabilities. Because pyx| v|(k, £) = 0 for k # £, (13) implies
pix|(k) = pix|,v|(k, k), and (12) simplifies to P;k)(B) =
P>(<]f{(k) (B x (R%)*) for k € N. Thus, the probability measure

of the marginal xg(kf ) of (x, Y)ﬁkf )

(k) &

is given by P)((k) and we
will write more compactly xy (kok) Analogously, we

XX,y
define yg(k) £ y&kf ), and thus can rewrite (x, y))((k\;c ) as

(kk) _ ( (k) (k))_

(XaY)x,y = Xx Yy (14)

III. MUTUAL INFORMATION AND RATE-DISTORTION
FUNCTION FOR POINT PROCESSES

Mutual information is a general concept that can be applied
to arbitrary probability spaces although it is most commonly
used for continuous or discrete random vectors. To obtain
an intuition about the mutual information between PPs, we
will analyze several special settings that will also be relevant
later. The basic definition of mutual information is for discrete
random variables [12, eq. (2.28)] and readily extended to
arbitrary random variables by quantization [12, eq. (8.54)]. By
the Gelfand-Yaglom-Perez theorem [30, Lem. 5.2.3], mutual
information can be expressed in terms of a Radon-Nikodym
derivative: for two random variables’ X and Y on the same
probability space,

dPxy
IXY)= [ 1 ——(X,Y) | dPxvy(X,Y) (15
0¥ = [1og (G (4Y) ) dBey(XY) (19
if Pxy < Px x Py and I(X;Y) = oo else.

A. General Expression of Mutual Information

Using (15), we can express the mutual information between
PPs as a sum of Kullback-Leibler divergences (KLDs). We
recall that the KLD between two probability measures ;o and
v on the same measurable space € is given as [31, Sec. 1.3]
) {fﬂ log (S&(z)) du(z) if p<v

00

(16)
else.

Dy (plv) =
As a preliminary result, we present a characterization of the
Radon-Nikodym derivative d(?’f%l’v) for a pair of PPs (X,Y).
A proof is given in Appendix B.

Lemma 4: Let (X,Y) be a pair of PPs. The following two
properties are equivalent:

(i) Pxy < Px x Py;
(ii) For all k,¢ € N such that pixy(k,£) # 0, we

have P)((lff) < P)((k) X P\((e); for all £k € N such that
k).

pix,)v|(k,0) # 0, we have Pg’c{(o) < P and for all
¢ € N such that pix v((0,¢) # 0, we have p)E(’)\f) < P\(/).

2We will use (15) mainly for PPs and thus use the notation of PPs. However,
it is also valid for random vectors.

Furthermore, if the equivalent properties (i) and (ii) hold, then

d(PX X Py) XY
where 0x v: N? — R> satisfies®
P11y (0,0)
Oxy(0,0) = —— =~ (17a)
xv(0.0) x| (0)pyy| (0)
(k,0)
pix, v (k,0) dPyy
0 x1.1),0) = T1.
o OnEa) 0= R @) ap )
(17b)
(0,0)
pix,v)(0,£) dPyy
0 @, : - :
xv (0 Gelwre)) pix|(0)pyy () apl ()
(17¢)
P, y) (K, £)
¢ T1:k), @) = —F——
XY (P (1:k), Pe(Yi:0)) oo (K)o (0
k.t
% %(wm Y1)
TR < )
(17d)

Here, the right-hand sides of (17) are understood to be zero if
pix|,v|(k,€) = 0.

Using Lemma 4, we can decompose the mutual informa-
tion between PPs into KLDs between measures associated
with random vectors. The following theorem is proved in
Appendix C.

Theorem 5: The mutual information I(X;Y) for a pair of
PPs (X,Y) is given by

106 Y) = TXE YD) + D pixg vy (k. 0) Die (B | PEY)

keN
+ 3 pixi v (0,0 Dk (B || YY)
LeN
+ )0 o,y (ks 0) D (P>(<f€Y’Z)HP>(<k) x PY.
kEN ¢eN (18)

Note that in general D, (Pyy” || P x PS) cannot be
represented as a mutual information because the probability
measures P)Ek) and P\((e) are not the marginals of P)Ekf).
However, for a pair of PPs of fixed cardinality or of edual
cardinality, a representation as mutual information is possible.

B. Mutual Information for Point Processes of Fixed
Cardinality

For a pair of PPs (X,Y) of fixed cardinality, i.e.,
P,y (k, £) = 1 for some k, £ € N (see Section II-C), we can
relate the mutual information to the mutual information be-

tween random vectors. Indeed, since P)Ek{(é), Py, and P\((E) are

the probability measures of (x, y);kf ) and its marginals, x&kf )

and y&k;f ), respectively, we obtain Dk, (P>(<k’f) HP)((k) X P\(/)) =

3Note that the functions ¢ are not one-to-one and thus, e.g., for
L1:k 7é ilzk with d)k(ml:k) = ¢k(£lk) = X, (17b) might seem to
give contradictory values for Ox y (X, (). However, due to our symmetry
assumptions on Pik\’/), P;k), and Py) (see Sections II-A and II-B), all
Radon-Nikodym derivatives on the right-hand side of (17) can be chosen
symmetric and thus the values of fx y given in (17) are consistent.



I (xg(kf),y)((kf)) Inserting this into (18) while recalling that

pix|, | (K, ¢") = 0 for (k',¢') # (k,£) and noting that
I(|X];]Y]) = 0, Theorem 5 simplifies significantly.
Corollary 6: Let (X,Y) be a pair of PPs of fixed cardinality

(IX],1Y]) = (k, £) for some k, £ € N. Then
k,0), (k0
106Y) = 104y vy) -

We can also start with an arbitrary random vector
(x*®),y®) on (R?)*+* without assuming any symmetry prop-
erties. In that case, the mutual information between x(%) and
y) cannot be completely described by the associated pair of
PPs (¢, (x(F)), ¢ (y®))) but we also have to consider random
permutations, i.e., discrete random variables t, and t, that
specify the order of the vectors in x*) and y(¥), respectively.
More specifically, for a point pattern X = {x1,...,xx}
where the indices are chosen according to a predefined total
order (e.g., lexicographical) of the elements, a permutation
7 specifies the vector* 7(X) £ (x,q1),..., % k) € (RY)F.
Using this convention, the random vector x'\*/ can be equiva-
lently represented by the associated PP d)k(x(k)) and a random
permutation ty specifying the order of the elements relative to
the predefined total order, i.e., x¥) = t,(¢5,(x*))). Applying
further the tie-break rule that ty(i) < ty(j) if x( )= x;k) and
1 < j, there is a one-to-one relation between the random vector
x(*) and the pair (qﬁk(x(k)),tx). Similarly, we can represent
y® by the pair (¢¢(y'?),ty). This leads to the following
expression of the mutual information between PPs of fixed
cardinality.

Lemma 7: Let (X,Y) be a pair of PPs of fixed cardinality
(IX],1Y]) = (k,¢£) for some k,¢ € N. Furthermore, let
(x®),y(®)) be a random vector on (R?)*+¢ such that (X,Y)
has the same distribution as (¢x(x")), ¢(y*))). Then

1Y) = I(x":y@) — I (t 00(y) [ 0 (x™))
16Msty [0y )
= 1(x";y) = It 66 (y') | o1 (x*))
—1(or(x™);ty | 9e(y'))
— Ity | gr(x®)), go(y)) (20)
where t, and ty are the random permutations associated with

the vectors in x(*) and y(©), respectively.

Proof: Due to the one-to-one relation between x(*) and
(or(x)), ), and between y® and (qﬁg(y(@)),ty), we have
I(x®);y®) = I(gp(x®), te; de(y*), ty). Using the chain
rule for mutual information [30, Cor. 5.5.3] three times, we
thus obtain

I(x®;y©)

19)

= I(¢k(x(k) ) de(y?) ) + 1 (tx; de(y?) | ¢k(X(k)))

+ 1 (x®; tyW “)) @1
= I (x®)); de(y D)) + I (tx; de(y ) | e (x*)))

+ (6 (x<'<> ty y de(y D)) + It ty | ¢ (x*)), m(ﬂé)%

4Here and in what follows, we use the same symbol 7 for both the
permutation on {1,...,k} and the associated mapping 7: ' — (R%)¥,
and we refer to both as permutation.

Because the distributions of (X,Y) and (¢;(x*)), ¢¢(y®)))
are equal, we have I(X;Y) = I(¢5(x*)); ¢,(y'?)). Hence,
(21) implies (19) and (22) implies (20). |

C. Mutual Information for Point Processes of Equal
Cardinality

f (X,Y) is a pair of PPs of equal cardinality (see Sec-
tion II-D), the mutual information I(X;Y) still simplifies
significantly compared to the general case.

Corollary 8: Let (X,Y) be a pair of PPs of equal cardinality,
ie., p‘x|7‘y‘(/€,€) =0 for k 75 {. Then

I0%:Y) = H(X]) + 3 ppxi (k) (73 y47) -
keN

Proof: We have |X| = |Y| and thus (see [12, eq. (2.42)])

(23)

I(|X[;[Y[) = H(|X]). Furthermore, we have pjx| v|(k,¢) =0
for k # £. Thus, by Theorem 5, we obtain
I(X;Y) = H(|[X|)
k.k k k
+ > o (ks k) Dice (B | x M)
keN

According to (13), px(k) = pjx|,|v|(k, k). Because Pﬁkvk%

P)Ek), and P( ) are the probability measures of (x, y)(k k)

and its marginals, xg() and y( ), respectively, (14) implies
Dy (P(k k)HP(k) Pék)) (x;k),y\(( )), which concludes
the proof. [ ]

As in the case of fixed cardinality, we can start with arbitrary
vectors (x(*), y(®)) without assuming symmetry. Combining
Corollary 8 with the expression of mutual information pro-
vided by Lemma 7, this approach yields the following result.

Theorem 9: Let (X,Y) be a pair of PPs of equal cardinality,
ie, px,v)(k,f) = 0 for k # (. For every k € N,
let (x®),y(*)) be random vectors such that (X(*),Y(*)) £
(61(xM), 91 (y®)) and (é(x”), 6x(yy”)) have the same
distribution. Then

I(X;Y)

= H(X)) + Y p (k) (1(xP:y®) -
keN

— I(x®); ¢ |Y(k)))

=H(X]) + > px (k) ([(X(k);y(k)) i
keN

— T(XW 3t | YOy — 7 (¢

I(tik)§ y () ‘ x(k‘)>

(24)
(60, Y | X

it | x(k),y(k))> (25)
where t)((k) and t§k) are the random permutations associated
with the vectors in x(*) and y(*), respectively.

Proof: Because the distributions of (X(*) Y(*)) and
(dr(x ), only (k))) are equal, we have I(X(*);Y(k)) —
(¢k(x§<)) d)k(yg())). Using this equality and applying
Lemma 7 to the pair of PPs (X(*), Y(*)), we obtain

I o (¥4))

= 1(x®),y )Y — (e, Y | X P 1 (xE), ) | ()



I( (k). y(k)) _ I(t(k
k). y(k
_ _r( )(( )’ty ) |X
On the other hand, applying Corollary 6 to the pair
of PPs of fixed cardinality (dr(x (k)),qbk(yg(k))), we have

(¢k( ), ¢k(yY )) I(x §<),y5/ )). Combining these
equalities and inserting into (23) concludes the proof. [ |

y () ‘x(k)) _ [(X(k) t(k) |Y(k))
(k)) )

D. Rate-Distortion Function for Point Processes

We summarize the main concepts of RD theory [12, Sec. 10]
in the PP setting. For two point patterns X,Y € N, let
pi N xN — R>( be a measurable distortion function, i.e.,
p(X,Y) quantifies the distortion incurred by changing X to
Y. A source generates i.i.d. copies X[j], 7 € N of a PP on
R?. Loosely speaking, the RD function Rix(j);en. o(D) gives
the smallest possible encoding rate for maximum expected
distortion D. In mathematical terms, Rx(;}), .y, (D) is the
infimum of all R > 0 such that for all ¢ > 0 there
exists an n € N and a source code, i.e., a measurable
mapping g,,: N — N™, satisfying log(|g,(N™)|) < nR and

E[l ZJ 1 p(X[j] Y[]])] < D +e¢, where (Y[1],...,Y[n]) =
gn(Xili : [ i) eN™.
Followmg common practice, we will write Rx(j)),cy, »(D)

briefly as R(D). Furthermore, we specify the source by only
one PP X and tacitly assume that (X[j]);en consists of ii.d.
PPs with the same distribution as X.

Remark 10: In the vector case, p(x,y) is usually defined
based on « — y, e.g., the squared-error distortion p(x,y) =
|z — y||?. However, in the case of point patterns X and Y,
this convenient construction is not possible because there is no
meaningful definition of X —Y as a difference between point
patterns. This results in a significantly more involved analysis
and construction of source codes.

For simplicity, we will assume p(X,X) = 0 for all
X € N. Moreover, we will use some general theorems for the
characterization of RD functions, which can also be applied
to the setting of PPs. These theorems require that there exists
a reference point pattern A* € A such that E[p(X, A*)] < oo
This condition is satisfied, e.g., if the distortion between
X € N and the empty set is a linear function of the cardinality
| X| (cf. (71)), ie., p(X,0) = ¢|X]|, and the PP X has finite
expected cardinality E[|X]] < oo.

The RD theorem for general i.i.d. sources [26, Th. 7.2.4 and
Th. 7.2.5] states that for a given source PP X and distortion
function p, the RD function can be calculated as

R(D) = inf I(X,Y)

- L (26)
XY):Elp(X,Y)]<D

where the infimum is taken over all pairs of PPs (X Y) such
that X has the same distribution as X and E[p(X, Y)] < D. The
expression (26) is useful for the derivation of upper bounds
on the RD function (see Section V). Another characterization
of the RD function that is more useful for the derivation of
lower bounds (see Section 1V) is [28, Th. 2.3]

R(D)

= Imax Imax
520 as()>0

(/Nlog as(X)dPx(X) — sD) 27

where the inner maximization is over all positive functions
as: N — RT satisfying

/ s (X)e P EY) dp(X) < 1 (28)
N

for all Y € V. Let us assume that the measures P)gk) are abso-

lutely continuous with respect to (.Z¢)* with Radon-Nikodym
(%)

derivatives d(?f;d) F = >(<k), 1.e., the x;k) are continuous random

vectors. Then, (27) and (28) can equivalently be written as

follows. Using (3) with g(X) = log as(X), (27) becomes

)log s () + Zp\x|

keN

< o 080 0n(@) £ 1) dr s )
(29)

R(D) =
(D) max max <P|x(

where dx.;, is short for d(.£4)*(xy.;) and the inner maxi-
mization is over all positive functions a,: N — R™T satisfying
(using (3) with g(X) = a,(X)e*P(XY) in (28))

Pixi(0)as(0)e P @¥) 13 " pi (k)

keN
X / . as(¢k(wlzk))e_sp((bk(wl:k)7Y)f)((k) (mlzk) dwl:k S 1
(R)*

(30)
forall Y € V.

IV. LOWER BOUNDS

Lower bounds on the RD function are notoriously hard to
obtain. The only well-established lower bound is the Shannon
lower bound, which is based on the characterization of the RD
function given in (27), (28). More specifically, by omitting in
(27) the maximization over «s and using any specific positive
function «, satisfying (28) yields the lower bound

R(D) > max (/Nlog as(X)dPx(X) — sD) .

The standard approach [29, Sec. 4] is to set a,(X) £
m, where fx = ‘fl% is the Radon-Nikodym derivative
of Px with respect to some background measure () on the
given measurable space (N, &) that satisfies Px < @, and
v(s), s > 0 is a suitably chosen function.

In this standard approach, ~(s) is chosen independently
of the cardinality of X, which is too restrictive for the
construction of useful lower bounds for PPs. Hence, we take
a slightly different approach and define o, (X) £ m
with appropriate functions +x|(s) that depend on [X|. More
specifically, we propose the following bound.

Theorem 11: Let X be a PP on R? and assume that for

all k € N, the measures P)((k) are absolutely continuous with
(k)
respect to (.£?)* with Radon-Nikodym derivatives % =
) e, x)
X > X

density functions f ") For any measurable sets Ay C

are continuous random vectors with probability
(RE)>



satisfying P (4z) = 1, ie. f{7(w14) = 0 for (L4)k-
almost all 1., € (Ag)¢, the RD function is lower-bounded
according to

(D) =) px(k)h

kEN

+ max ( Z px| (k) log Vi (s) — sD) (31)
keNg
where ~;, are any functions satisfying
e=sr(0Y) if k=0

> 32
(s) 2 {fAk P ) 4z, ifkeN OO

forall Y € A and s > 0.

Proof: The characterization of the RD function in (29)
implies that for any «ay satisfying (30),

R(D) > max (p|x( log a(0) + prq
keN

x / log as(66(@10)) £ (@100) A1 — sD)
(R)k

log a5 (D) +Zp\x|

(@)
max  (0)
keN

X/ 10gas(¢k(w1:k))f>(<k)($1:k)d931:k —SD)
Ak

(33)
where (a) holds because we assumed that f>((k)(m1:k) =0 for
(L 1)k -almost all 1.5, € (Ax)°. Using functions 7, satisfying
(32), we construct « as

if £ (@10) #0
(34)

k (:clzk.) =0

-1
A (@) (s)
1 if fx

o (r(e1k)) =

for x1.;, € (R?)* and

1
707(3) .
Due to (32), the functions -y, satisfy

as(0) £ (35)

o—s(0.Y)

Pix ©) Yo(s)

1
*k%p'“’“)/ ERE
)+ > pix(k)

keN

7SP(¢k(a"1:k):Y) dml:k

< pix|(0
=1

for all Y € AN, which is recognized as the condition (30)
evaluated for the functions a; given by (34) and (35). Inserting
(34) and (35) into (33) gives

R(D) > max <px|( 1og

Ol > pix(k)

keN

(K) (V1 <1>d .—D)
X Akfx (x1:1) log T o)) Tk — S

= max ( — pix|(0) logo(s)

-3 () — o (0) D)

keN

which is equivalent to (31). |

V. UPPER BOUNDS

We will use two different approaches to calculate upper
bounds on the RD function. The first is based on the RD the-
orem, i.e., expression (26), whereas the second uses concrete
codes and the operational interpretation of the RD function.

A. Upper Bounds Based on the Rate-Distortion Theorem

Let X be a PP defined by the cardinality distribution px,
and the random vectors Xx k) (see Section II-A). To calculate
upper bounds, we can construct an arbitrary pair of PPs (X, Y)
(see Section II-B) such that X has the same distribution as
X and E[p(X,Y)] < D. According to (26), we then have
R(D) < I(X;Y). However, it is often easier to construct
vectors (x(*), y(¥)) that do not satisfy the symmetry properties
we assumed in the construction of pairs of PPs in Section II-B.
The followm% corollary to Theorem 9 shows that in the
case where x4’ is a “symmetrized” version of x(%) we can
construct upper bounds on R(D) based on (x(*), y(¥)),

Corollary 12: Let X be a PP on R defined by the cardinality
distribution pjx| and the random vectors x;k). Furthermore, for
each k € N, let (x*), y(*)) be a random vector on (R?)2* such
that X(®) £ ¢, (x(¥)) has the same distribution as ¢, (x().
Finally, assume that

> o (k)

keN

p(X® YEN] <D (36)

with Y*¥) £ ¢, (y(*)). Then
R(D)

< H(X])) + Y pyx (k)
keN

— I (x®);¢(®) |Y<k>))

= H(X|) + Y px (k) ([(X(k);y(k)> i

keN
— T(XO3 ) | YO (1) 0 ‘x(’@)y(’f)))

(I(xw;y(k)) — I YW | X))

(37
(t)((k); v () ‘ X(k))

where t)((k) and t§k) are the random permutations associated
with the vectors in x*) and y(*), respectively.

Proof: We construct a pair of PPs ()N(,Y) of equal
cardinality. First, we define the cardinality distribution as
Py iv) (K, €) = O for k # ¢ and p|)~<|’|Y|(l~c, k) = pyx (k) for k €

Ny. Next, we define the random vectors (xgc)7 ygc)) such that

(X®, Y0 = (o (xM), pr(y ™)) and (dx(x), dr(yy"))



have the same distribution. By (24) and (25), we then obtain
for the pair of PPs (X,Y)
I(X;Y)

= H(X)) + o (k) (1(xF5y®) = 105 v 0 [x®)
keN

— T(x®W;(®) ‘Yu«)))

= HOX)) + 3w (6) (1(xP3y®) = (50 v [ )
keN

— T(XM); 40 | Y)Y — 7 () ¢(F) ,X<k>7y<k))) .

(38)

(39)

Furthermore, because X(*) has the same distribution as
¢k(x§(k)), the construction of (X,Y) implies that gbk(x%k))
has the same distribution as ¢k(x§(k)) too, and, in turn, the
PPs X and X have the same distribution. Since (36) implies
E[p(X,Y)] = S pen Pix (k) E[p(X®), Y*))] < D, we obtain
by (26) that R(D) < I(>~(; Y), which in combination with (38)
and (39) concludes the proof. [ |

B. Codebook-Based Upper Bounds

It is well known [12, Sec. 10.2] that the RD function for a
given PP can be easily upper-bounded based on its operational
interpretation if we are able to construct good source codes.
Let X be a PP and assume that there exists a source code
g: N = N such that [g(N)| = M. If E[p(X, g(X))] < D,
then the RD function at D satisfies

R(D) <logM. (40)

The construction of good source codes, even in the vector
case, is a difficult optimization task. In the case of PPs, this
task is further complicated by the absence of a meaningful
vector space structure of sets; even the definition of a “mean”
of point patterns is not straightforward. Our construction is
motivated by the Lloyd algorithm [32], which, for a given
number M of codewords (i.e., elements in g(N)), alternately
finds M “centers” X; € N and constructs an associated par-
tition {A;};=1,. ar of N. The resulting centers X1,..., Xy
can be used as codewords and the associated source code g is
defined as

g N = N; X —  argmin

X;e{X1,....Xm}

P(X, X]) :

That is, a point pattern X € A is encoded into the center
point pattern X; that is closest to X in the sense of mini-
mizing p(X, X;). In our setting, the Lloyd algorithm can be
formalized as follows:

o Input: PP X; distortion function p: N' x N — R>o;
number M € N of codewords.

o Initialization: Draw A/ different initial codewords X; €
N according to the distribution of X.

« Step 1: Find a partition of A into M disjoint subsets A;
such that the distortion incurred by changing X € A;
to X; is less than or equal to the distortion incurred by
changing X to any other X/, j' # j, ie., p(X, X;) <
p(X,X ;) for all j/ # j and all X € A,.

e Step 2: For each j € {1,...,M}, find a new code-
word associated with A; that has the smallest expected
distortion from all point patterns in A4;, i.e., a “center
point pattern” X; (replacing the previous X;) satisfying
Xj =argming_, Exxeq, [p(X, X)].

« Repeat Step 1 and Step 2 until some convergence criterion
is satisfied.

o Output: codebook {X1,..., X}

Unfortunately, closed-form solutions for Steps 1 and 2 do
not exist in general. A workaround is an approach known
in vector quantization as Linde-Buzo-Gray (LBG) algorithm
[27]. Here, a codebook is constructed based on a given set A
of source realizations. We can generate the set .A by drawing
i.i.d. samples of X. Adapted to our setting, the algorithm can
be stated as follows:

o Input: a set A C N containing |A| < oo point patterns;
distortion function p: N' x N’ — Rs>o; number M of
codewords.

« Initialization: Randomly choose M different initial code-
words X; € A.

« Step 1: Find a partition of A into M disjoint subsets A;
such that the distortion incurred by changing X € A;
to X is less than or equal to the distortion incurred by
changing X to any other X/, j' # j, ie., p(X, X;) <
p(X, X, ) for all j/ # j and all X € A,.

« Step 2: For each j € {1,..., M}, find a new codeword
associated with .4 that has the smallest average distortion
from all point patterns in A;, i.e., a “center point pattern”
X; € N (replacing the previous X ) satisfying

X, = argmini| Z (X, X).
T xeA,

Ken A 0

« Repeat Step 1 and Step 2 until some convergence criterion

is satisfied.

« Output: codebook {X1,..., X}

Step 1 can be performed by calculating |.A|M times a distor-
tion p(X, X;). However, Step 2 is typically computationally
unfeasible: in many cases, finding a center point pattern of
a finite collection A; of point patterns according to (41) is
equivalent to solving a multi-dimensional assignment problem,
which is known to be NP-hard. Hence, we will have to resort
to approximate or heuristic solutions. Note that we do not
have to solve the optimization problem exactly to obtain upper
bounds on the RD function. We merely have to construct a
source code that can be analyzed, no matter what heuristics or
approximations were used in its construction. A convergence
analysis of the proposed algorithm appears to be difficult, as
even the convergence behavior of the Lloyd algorithm in R¢
is not completely understood [33], [34].

VI. POINT PROCESSES OF FIXED CARDINALITY

In this section, we present lower and upper bounds on
the RD function for PPs of fixed cardinality as discussed in
Section II-C. We thus restrict our analysis to source codes
and distortion functions on the subset NV}, = {X e N : |X| =
k} C N. The assumption of fixed cardinality leads to more
concrete bounds and enables a comparison with the vector
viewpoint.



A. Lower Bound

For a PP X of fixed cardinality, the RD lower bound in
Theorem 11 simplifies as follows.

Corollary 13: Let X be a PP on R? of fixed cardinality
IX| = k, i.e., pixj(k) = 1 for some k € N. Assume that the

measure Py ") is absolutely continuous with respect to (.£)*

with Radon-Nikodym derivative (? AZTF = (k) . Then the RD

function is lower-bounded according to
R(D) > h( )((k)) + max( log vk (s) — sD)

where v is any function satisfying

e (s) 2/ s PO (@) ) g
(Rt

forall Y € Nj,.

We can obtain a simpler bound by considering a specific
distortion function. For point patterns X = {x1,...,xx}
and Y = {y1,...,yr} of equal cardinality k, we define the
distortion function as

pa(X,Y) 2 mmZsz yro?

where the minimum is taken over all permutations 7 on
{1,...,k}. This is a natural counterpart of the classical
squared-error distortion function of vectors. We note that a
generalization to sets X, Y of different cardinalities (and the
inclusion of a normalization factor 1/k) leads to the squared
optimal subpattern assignment (OSPA) metric defined in [25].
The idea of the following lower bound is that a source code
for PPs can be extended to a source code for vectors, by
additionally specifying an ordering.

Theorem 14: Let X be a PP on R? of fixed cardinality |X| =
k and let x(*) be a random vector on (R?)* such that ¢y, (x(*))
has the same distribution as X. Then the RD function for X
and distortion function p- is lower-bounded in terms of the RD
function Rye for x(*) and squared-error distortion according
to

(42)

R(D) > Ryec(D)

Proof: Let D > 0 be fixed. For any R > R(D) and
e > 0, the operational definition of the RD function (see
Section III-D) implies that there exists an n € N and a source
code g, : N™ — N™ such that log(|g,(N™)|) < nR and

— logk!. (43)

BlL Y mul o) <pve @
where (Y[1],...,Y[n]) = g.(X[1],...,X[n]) € N™ and

the X[j] are ii.d. copies of X. We define a vector source
code gyeen: (RHF)™ — ((RY)F)™ for sequences of length
n in (Rd)k by the following procedure. For a sequence
(@[], ..., @1 k[ ]) with @1.[j] € (RY)*, we first map
each Vector Z1:,[7] to the correspondlng point pattern X [j] =

or(zrils]) = {x1lj] [/]}. Then we use the source
code g, to obtain an encoded sequence of point patterns
(Y[1],...,Y[n]) = go(X[1],...,X[n]). Finally, we map

{wilil,- .-, yels]} to a vec-
by a permutation T[j] such

each point pattern Y[j
tor (Y-(ja )[j]w-',y‘rb](k)[]])

that the squared error Zle |[i] = yrij) (Z) H is mini-
. . ) - k

mized, ie., 7[j] = argming;;> i, Hazz — Y1)l H

Based on this construction, the elements (yT[ gyl

Yr1)(k) [1], < Yrnl(1) [n], < Yrnl(k) [n]) in the range of
Gvee,n Are sequences in gn(N™) with the elements of each
component Y[j] ordered according to some permutation

7[j]. As there are k! possible orderings for each com-
ponent, we have ’gvec,n((Rd)k”)‘ < (E)"gn(N™)| <
(khrerft < en(fitlogh) - Furthermore, for (yi.x[1],...,

Y1:6[1]) = Gueen (T1:1[1], - .., T1:k[n]), We have

b))

> lerkli] = yakli mez |23 [4]
Jj=1 i=
@ sz(X J
j=1
and thus for (y®[1],...,y®n]) = gecn(x®[1],...,

x(®[n]), where the x(*)[j] are i.i.d. copies of x(*,

2[5 20—y | =13 i 1)

(44)
<D-+e.

Hence, for an arbitrary R 2 R + logk! > R(D) +
logk! and ¢ > 0, we constructed a source code gyecn
such that log (‘gvecyn((Rd)k”) |) < nR and the ex-
pected average distortion between (x(¥)[1],...,x("[n]) and
Gvee,n (xF[1],...,x®)[n]) is less than or equal to D + e.
According to the operational definition of the RD function
in Section III-D, we hence obtain Ry..(D) < R(D) + log k!.
|
The offset log k! corresponds to the maximal information
that a vector contains in addition to the information present in
the set, i.e., the maximal information provided by the ordering
of the k£ elements. Indeed, the “information content” of the
ordering is maximal if all of the k! possible orderings are
equally likely, in which case it is given by log k!. For D — 0,
the bound (43) shows that the asymptotic behavior of the RD
function R(D) for small distortions is similar to the vector
case, i.e., Ryec(D). In particular, we expect that an analysis
of the RD dimension [35] of PPs can be based on (43) and
the asymptotic tightness of the Shannon lower bound in the
vector case [36]. On the other hand, (43) does not allow us to
analyze the RD function for £ — oo, as the resulting bounds
quickly fall below zero.
Let us combine the bound (43) with the classical Shannon
lower bound for a random vector x(*) with probability density
function f,x) and squared-error distortion, which is given by

[29, eq. (4.8.8)]
kd 27D
— 2<1+10g (k:d)) .

In particular, for a PP X on RY of fixed cardinality |X| =
k whose measure P>((k) is absolutely continuous with respect

Rvec(D) Z h(fx(k)) (45)



Ak i . _— ap{® (k)
o (£*)" with Radon-Nikodym derivative (ZTE = Ix’s

setting x(%) = xg(k), and combining (45) with Theorem 14

gives
kd 2nD
— !
5 (1—1—1 g( d )) logk!'. (46)

The same result can also be obtained by concretizing Corollary
13 for the distortion function ps.

R(D) > h(f) -

B. Upper Bound Based on the Rate-Distortion Theorem

We can also concretize the upper bounds from Section V
for PPs of fixed cardinality. Corollary 12 becomes particularly
simple.

Corollary 15: Let X be a PP on R? of fixed cardinality
|X| = k. Denote by x( ) the associated symmetric random
vector on (R)*. Furthermore, let (x(®), y(¥)) be any random
vector on (R%)?* such that ¢, (x(*)) has the same distribution
as Py (xg(k)). Finally, assume that

E[p2(ox(x*)), 1 (y™))] < D.

Then the RD function for distortion function ps, at distortion
D, is upper-bounded according to

R(D) < I(x (k>-y(k)) — It £ . (y®)) | ¢k(x(k)))
— I(x®)5t) | g (y))

where t,((k) and tgk) are the random permutations associated
with the vectors in x*) and y(*), respectively.

(47)

(48)

We can simplify (47) by using the following relation of ps
to the squared-error distortion of vectors:

k

p2 (O (®11), O (Y1:k)) = miHZHﬂ?i —yr)l?

=1
k
ZH%‘ —uil?
Hfﬂl & — Ykl (49)

Thus, E[|[x®®) — y®)||2] < D implies (47). This shows
that the upper bound I(x*);y(*)) on the RD function of a
random vector x(*) based on an arbitrary random vector y¥)
satisfying E[[[x*) — y(®||2] < D, is also an upper bound
on the RD function of the corresponding fixed-cardinality PP
X = ¢y (x)).

C. Codebook-Based Upper Bounds

We can also obtain upper bounds by constructing explicit
source codes using the variation of the LBG algorithm pro-
posed in Section V-B. We will specify the two iteration steps of
that algorithm for point patterns of fixed cardinality k. In Step
1, for a given set A C N, of point patterns and M center point
patterns X}, we have to associate each point pattern X € A
with the center point pattern X7 with minimal distortion
p2(X, X7). This requires an evaluation of p2(X, X7) for each
X € A and each j € {1,...,M}. If several distortions
p2(X, X7) are minimal for a given X, we choose the one
with the smallest index j. All point patterns X € A that are

associated with the center point pattern X are collected in
the set A;. In Step 2, for each subset A; C A, we have to
find an updated center point pattern X7 of minimal average
distortion from all point patterns in A4;, i.e.,

Z pg(X,)?)

XE.Aj

X! = argmin —— (50)

J
XGNk

\AI

We can reformulate (50) as the task of finding an “optimal”
permutation (corresponding to an ordering) 7y of each point
pattern X € A; according to the following lemma. A proof
is given in Appendix D.

Lemma 16: Let A; C N, be a finite collection of point pat-
terns in R? of fixed cardinality k €N, ie., forall X € A;, we
have X = {2 ... 2} with w(X) R<. Then a center
point pattern’ X5 = argmmXeNk |Aj| ZXGA]» pg(X,)Z') is
given as

S 2

with ac "
% (1)
XeA;

X X 1
X;‘:{ml,...,mk} |A| (51)

where the collection of permutations {75} xc A, is given by

(hven, = menin 3 5 3 [old], a8

Tx} XeA; i=1 XcA; X'€A;
(52)

By Lemma 16, the minimization problem in (50) is equiv-
alent to a multi-dimensional assignment problem (MDAP).
Indeed, a collection of permutations {7x }xc.4, corresponds
to a choice of k cliques®

& (X))
= {wrx(i) X € Aj},

i=1,...,k. (53)

Thus, for each point pattern X € A;, Tx assigns each of the
k vectors in X to one of k different cliques, such that no two
vectors in X are assigned to the same clique. Each resulting
clique hence contains |C;| = |.A;| vectors—one from each
X € Aj—and each vector x € X belongs to exactly one
clique for all X € A;. Note that the union of all X € A{% is the
same as the union of all cliques C;, i.e., Uxe 4, X = U, Ci.
The relation between the cliques C; and the point patterns
X € Aj is illustrated in Figure 1. We define the cost of a

clique C; as the sum
Do l=aF= Y Y
XeA; X'eA;

xzcC,; x’'eC;

22X H
"'X'( )

(54)
Finding the collection of cliques {C}};=1 . with minimal

sum cost, i.e.,

{C iz, k= {argmm Z Z Z |z — |2

z}zl ..... kzleCmEC

(55)

is then equivalent to finding the optimal collection of per-
mutations in (52). Moreover, according to its definition in
(54), the cost of a clique can be decomposed into a sum of

SThe center point pattern is not necessarily unique.
6An MDAP can also be formulated as a graph-theoretic problem where a
clique corresponds to a complete subgraph [37].
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Fig. 1. Cliques C; for A; = {X,Y,Z}, k = 4, and permutations
{rxrtxrea; ={rx,7v 72} with 7x (1) = 2, 7x(2) = 1, 7x(3) = 3,
Tx(4) = 4; Ty(].) = 3, Ty(2) = 4, Ty(3) = 2, Ty(4) =1, and
772(1) =4, 72(2) = 1, 72(3) = 2, 7z (4) = 3. Note that, e.g., 7y (4) =1
expresses the fact that y1 € Ca.

squared distances, each between two of its members. Thus, the
minimization in (55) is an MDAP with decomposable costs.
Although finding an exact solution to such an MDAP is
unfeasible for large k and large clique sizes |C;| = |Aj],
there exist various heuristic algorithms producing approximate
solutions [37]-[39]. Because we are mainly interested in the
case of a large clique size, we will merely use a variation
of the basic single-hub heuristic and the multi-hub heuristic
presented in [37]. Since these heuristic algorithms are used
in Step 2 of the proposed LBG-type algorithm, we will label
the corresponding steps as 2.1-2.3. The classical single-hub
heuristic is based on assigning the vectors mEX) in each point
pattern X € A; to the k different cliques (using a permutation
Tx) by minimizing the sum of squared distances between the
vectors ) and the vectors z\X") of one “hub” point pattern
X;. More spec:1ﬁcally, the algorlthm (corresponding to Step 2
of the LBG algorithm) is given as follows.
« Input: a collection .A; of point patterns; each point pattern
X € Aj contains k points in R%.
o Initialization: Choose a point pattern X; € A; (called
the hub) and define 7x, (i) =i fori=1,... k.
o Step 2.1: For each X = {x} x), (X)} EA \{X1},
find the best assignment between the vectors in X and
X, i.e., a permutation

— 2| (56)

TX = argmlnz ng:T(Z

=1
o Step 2.2: Define the clique C; according to (53), i.e.,

é{wgzi) X eA),  i=1,...k (57

o Step 2.3: Define the (approximate) center point pattern
X j* as the union of the centers (arithmetic means) of all

cliques, i.e.,
k
s 2 {ze with Z¢, £ |O| . (58)
=1 zeC;

o Output: approximate center point pattern X 5

The above heuristic requires only |A;| — 1 optimal as-
signments between point patterns. However, the accuracy of

the resulting approximate center point pattern X ; strongly
depends on the choice of the hub X; and can be very poor
for certain choices of X;. The more robust multi-hub heuristic
[37] performs the single-hub algorithm with all the X € A;
as alternative hubs X7, which can be shown to increase the
complexity to M optimal assignments, i.e., by a
factor of |A;|/2. We here propose a different heuristic that
has almost the same complexity as the single-hub heuristic
but is more robust. The idea of our approach is to replace the
best assignment to the single hub X; by an optimal assignment
to the approximate center point pattern of the subsets defined
in the preceding steps. More specifically, we start with a hub
X1 € Aj and, as in the single-hub heuristic, search for the
best assignment Ty, (see (56) with X = X5) between the
vectors in a randomly chosen X, € A; \ {Xi} and X;.
Then, we calculate the center point pattern X, of X; and
X, as in (57) and (58) but with A; replaced by {X1, X»}.
In the next step, we choose a random X3 € A; \ {X1, Xo}
and find the optimal assignment 7x, between the vectors in
X3 and XQ. An approximate center point pattern Xg of Xy,
Xo, and X3 is then calculated as in (57) and (58) but with
A replaced by {X;, X2, X3}. Equivalently, we can calculate
X5 as a “weighted” center point pattern of X3 and X5. We
proceed in this way with all the point patterns in 4;, always
calculating the optimal assignment 7 (r = 4,5, ...) between
the vectors in X, and the approximate center point pattern
X,_, of the previous r — 1 point patterns. A formal statement
of the algorithm is as follows.

« Input: a collection A; of point patterns; each point pattern
X € Aj; contains k points in R%.

« Initialization: (Randomly) order the point patterns X &€
Aj;, ie., choose a sequence (Xi,... ,X‘Aj‘) where the
X, are all the elements of A;. Set the initial subset center
point pattern X; to X.

. Forr:2,...,\,Aj|:

— Step 2.1: Find the best assignment between the vec-
tors in X, and Xr,l, i.e., a permutation 7x, =

. k (Xr) (erl) 2
argmin_ y " er(i) —x; .

— Step 2.2: Generate an updated (approximate) subset
)

center point pattern X, = {ng ,...,sc,(cx")} accord-

ing to
20— Ly DT S+ el
i = T4 (4) r
(59)
fori=1,... k.
« Output: approximate center point pattern X ;= X |A;]-

As in the case of the single-hub heuristic, we only have to
perform |A;| — 1 optimal assignments. The complexity of the
additional center update (59) is negligible. On the other hand,
the multi-hub algorithm can be easily parallelized whereas our
algorithm works only sequentially.

D. Example: Gaussian Distribution

As an example, we consider the case of a PP X on R? of
fixed cardinality |X| = k whose points are independently dis-
tributed according to a standard Gaussian distribution on R4,



ie., x;) (R9)* has i.i.d. zero-mean Gaussian entries with

variance 1. We want to compare the lower bound (43) to the
upper bounds presented in Sections VI-B and VI-C and to the
RD function for the vector setting, i.e., to the RD function of a
standard Gaussian vector x*) in (R?)*. In the PP setting, we
use the distortion ps (see (42)), while in the vector setting, we
use the conventional squared-error distortion. The RD function
for x(¥) in the vector setting can be calculated in closed form;
assuming D < kd, it is equal to

kd kd
RVeC(D) = 7 log <D> .

This result was shown (see [12, Sec. 10.3.2]) by using the RD
theorem for the vector case, i.e., (26) with obvious modifica-
tions, and choosing x(F) = y(k) + w®_ where w(¥) has ii.d.
zero-mean Gaussian entries with variance D/(kd), y*) has
i.i.d. zero-mean Gaussian entries with variance 1 — D/(kd),
and y®) and w*) are independent. This choice can be shown
to achieve the infimum in the RD theorem and hence the
mutual information I(x(*);y(*)) is equal to the RD function.

In the PP setting, inserting (60) into (43) results in the lower

bound kd kd
> — — | = l.
R(D) 5 lo ( 5 ) log k

For the calculation of the upper bound (48), we use a
similar approach as in the vector case. Let X be a PP of fixed
cardinality |X| = k, where xg(k) has i.i.d. zero-mean Gaussian
entries with variance 1. We choose x(*) = y(k) + wk),
where w(*) has i.i.d. zero-mean Gaussian entries with variance
o2 < 1, y® has i.i.d. zero-mean Gaussian entries with
variance 1 — 02, and y*) and w*) are independent. The
random vectors xg(k) and x(*) have the same distribution, and
the first term on the right-hand side in (48) is here obtained

as
kd 1
k). (k)

The second term on the right-hand side in (48) can be dropped,
which in general results in a looser upper bound. However,
in our example, this term can be shown to be zero and thus
dropping it does not loosen the bound. The third term can be
rewritten as

__r(

(60)

(61)

(62)

) on( y(’“))
((k)|¢k "))+ H(t k>|¢k

Because all the elements yl(- ) of y*) are i.i.d. and thus sym-
metric, the associated random permutation t)(,k)
distributed. Furthermore, this symmetry implies that t( ) is

independent of the values of the elements of ¢ (y k)) Thus,
H(t{ | gr(y™)) = H(t") = logk!. (64)

Furthermore, the entropy H (t§k) | ¢ (y*),x*)) is shown in
Appendix E to be bounded for any € > 0 according to

H (0 | pr(y®), x(8)
k(k—1) 9e2 NG

< (5 e () 15 (o))

(65)

2 X
x log k! + Ha(po(e)) + (1 — po(e)) log(k! — 1)

My, xk)) . (63)

is uniformly

where F\2(-;d) denotes the cumulative distribution function
of a x? distribution with d degrees of freedom, Hs(-) is
the binary entropy function, and po(s) = 1/(1 + (k! —
1) exp ( )) Inserting (64) and (65) into (63) and, in turn,
inserting (62) and (63) into (48), we obtain

R(D)<kdlog< L ) _10gk!+<k(k21)

x Fy» (2(19_5202);@ +1-Fp <Z22;kd)> log k!
+ Ha(po(e)) + (1 — po(e)) log(k! — 1) (66)

provided that (47) is satisfied. Due to (49), this is the case
if E[|x® —y®|2] < D. Because E[|[x*) — y®)[]2] =
E[||w®)|2] = dko?, we thus choose 0 = D/(kd).

By choosing ¢ appropriately, we can show that the upper
bound (66) converges to the lower bound (61) as D — 0,
i.e., that the lower bound (61) is asymptotically tight. Indeed,
choosing € > 0 such that ¢ — 0 and 5/0 —ooas D — 0, we
obtain F 2(2(17;,)@) =0, F\2(%5;kd) — 1, and po(e) —

1. Thus, (66) gives

R(D) < %1 og (%) —logk! + o(1)

o)

(67)

where o(1) is a function that converges to zero as D — 0.
In Figure 2, we show the upper bound (66) for d = 2,
cardinalities k = 4 and k = 30, and € = 0%/* = (D/( I<:d))3/8
in comparison to the lower bound (61) and the vector RD
function (60). We see that as D — 0, our upper and lower
bounds are tight. However, as the upper bound was designed
for small values of D, it is not useful for larger values of D.

We also considered codebook-based upper bounds following
(40). Using the LBG-type algorithm presented in Sections V-B
and VI-C, we constructed codebooks for fixed-cardinality PPs
with £ = 4 and k = 30 i.i.d. Gaussian points. As input to the
LBG algorithm, we used |A| = 100 - M random realizations
of the source PP. In Step 2 of the algorithm, we employed
the multi-hub heuristic as well as the modified single-hub
heuristic proposed in Section VI-C. The expected distortion
D = E[p2(X,g(X))] for each constructed source code g
was calculated using Monte Carlo integration [40, Ch. 3].
In Figure 3, we show the resulting upper bounds on the RD
function based on codebooks of up to M = 2048 codewords
in comparison to the lower bound (61) and the vector RD
function (60). Unfortunately, for larger values of M, Step 1 in
the LBG algorithm becomes computationally unfeasible. It can
be seen that the PP setting can significantly reduce the required
rates compared to the vector setting also for large values of
D. Furthermore, using the significantly less computationally
demanding modified single-hub heuristic does not result in
increased upper bounds compared to the multi-hub heuristic.

VII. POISSON POINT PROCESSES

Poisson PPs, the most prominent and widely used class of
PPs, are characterized by a complete randomness property.
A PP X on R? is a Poisson PP if the number of points in
each Borel set A C R? is Poisson distributed with parameter
A(A)—where the measure ) is referred to as the intensity
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Fig. 2. Lower bound on the RD function according to (61) and upper bound on the RD function according to (66) with € = o3/4 = (D/(kd))3/8 for a PP
of fixed cardinality k (left: k£ = 4; right: £ = 30) and with x)(<k> following a multivariate standard normal distribution. For comparison, also the corresponding
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Fig. 3. Numerical codebook-based upper bounds on the RD function of a PP of fixed cardinality k (left: kK = 4; right: kK = 30) and with x)(<k) following a
multivariate standard normal distribution. The codebook construction underlying the upper bounds used the multi-hub heuristic (MH) or the proposed modified
single-hub heuristic (MSH). For comparison, also the corresponding vector RD function (60) and the lower bound (61) are shown. (The latter is shown only
for k = 4, because for k = 30 it is below 0 in the regime where code construction is feasible.)

measure of X—and for any disjoint Borel sets A, B C R?, the
number of points in A is independent of the number of points
in B. For a formal definition see [2, Sec. 2.4]. We will assume
that X is a finite Poisson PP, which satisfies A(R?) < oco. In

this setting, we easily obtain the cardinality distribution px

and the measures P)Ek). Let us express the intensity measure

as A = v\, where v 2 A\(R?) € Rsg and \g = /v is a
probability measure. We then obtain

—v, k
pix (k) = eT for k € Ny (68)
and moreover it can be shown that (see [2, Sec. 5.3])
P =)k forkeN. (69)

Note that (69) implies that for a given cardinality |X| = k, the
vectors x; € X are i.i.d. with probability measure .

In the following, we will often consider Poisson PPs with
intensity measure A = v\, where )y is absolutely con-
tinuous with respect to 2% with Radon-Nikodym derivative

gx = (i%(’d- According to (69), this implies that the probability

measures ka) are absolutely continuous with respect to
(£ with Radon-Nikodym derivative

dP(k?) k
azgﬁgg(whk)::jﬁm(whk)::Ilgx(wo (70)
=1

i.e., the x&k) are continuous random vectors with probability

density function Hle gx(x;).

A. Distortion Function

For a Poisson PP X, there is a nonzero probability that |X| =
k for each k € Ny. Thus, for an RD analysis, we have to



define a distortion function between point patterns of different
cardinalities. We choose the squared OSPA distance [25] (up
to a normalization factor’). For X = {x1,...,x;} and Y =

{y1,...,ye} with k < ¢, we define the unnormalized squared
OSPA (USOSPA) distortion
k
ANXY)2 (L—k) P+ mTianin{Hwi — Y|}
i=1

(71)
where ¢ > 0 is a parameter (the cut-off value) and the outer
minimum is taken over all permutations 7 on {1,...,¢}. For
k > 0, we define pi(X,Y) 2 p{ (Y, X). According to
(71), the USOSPA distortion is constructed by first penalizing
the difference in cardinalities via the term |[¢ — k|c?. Then
an optimal assignment between the points of X and Y is
established based on the Euclidean distance, and the minima
of the squared distances and ¢? are summed. To bound the RD
function, we will use the following bounds on the USOSPA
distortion, which are proved in Appendix F.

Lemma 17:Let X = {xy,...,z1} € N and V¥ =

{y1,...,y¢} € N. Then for k > ¢
k
A (X Zgn: nmin{llz; - yi[% ¢} (72)
and for k£ </

k
4
py)(X,Y) 2 ((=k)+ ) minmin{|la; —y;|*, &} . (73)
i7"

B. Lower Bounds for Poisson Point Processes

Based on Theorem 11 and Lemma 17, we can formulate
lower bounds on the RD function of Poisson PPs. A proof of
the following result is given in Appendix G.

Theorem 18: Let X be a Poisson PP on R? with intensity
measure A = v\, where \g is absolutely continuous with
respect to % with probability density function gx = QAo

4z
Furthermore, let A be a Borel set satisfying | 4 9x(x

z)dx =1,
ie., gx(x) = 0 for Z%-almost all = € A°. Then the RD

function of X using distortion p( ©) is lower-bounded as

eV k
R(D) > vh(gx) + 8g11a/>6<2 ( I

x log (min {(.Z%(A) )’c () }) 5D> (74)

where

Fi(s) £ (e‘“zzdm)

k
+k(—e“2$d(Uc)+ / eS'mIde>> (75)
U,

with U, £ {z € R? : ||z|| < ¢}.

7In [25], the OSPA is normalized by the maximal number of points in
either pattern. This normalization is unfavorable for our RD analysis as it
would cause the distortion, and in turn the RD function, to converge to zero
for large patterns.

Note that the PP X enters the bound (74) only via v and
the differential entropy h(gx). In particular, the functions 7
in (75) do not depend on X. However, they do depend on the
set A.

Example 19: Let X be a Poisson PP on R? with intensity
measure \ = 1/32\[071)2, i.e., the points are independently
and uniformly distributed on the unit square. In this setting,
we have gx = 1l 1) and we can choose A = [0,1)2
Theorem 18. The differential entropy h(gx) is zero, because
the density gx = 1o 1)2 takes on the values zero or one.

Furthermore, we have d = 2, and thus, using .#?(A ) =1,
2

32([]0) = ﬂ-CQ, and fU e_SHm” dx — %(1 _ —SC ) (75)

reduces to

Fr(s) = <e— (1 —nc’k — ”Sk) + T)k

We further obtain

log (min {(fz(A))k, () })
= min {klog.£?(A),logYk(s) }
= min{0, log 7% (s)}
i.e., we can upper-bound log ( min { (£2(A))*, 7 (s)}) either
by zero (which corresponds to omitting the kth summand
in (74)) or by log7k(s). In particular, we can omit all

but the first kn.x € Ny summands in the lower bound
(74) and, in the remaining summands, bound the factors

log (min {(Z%(A))*,3k(s)}) by log i (s). We then obtain
Kmax 671/ k
R(D) 2 max, (— D logAk(s) - 8D>

k=1

= Ina

Kmax e_yyk
9>1/02 (_ ; (k — 1)'

x log (e_sc2 (1 ik — 7?) + Zk) — SD)
(76)

where we used h(gx) = 0.

Let us next investigate the convexity properties of the
right-hand side in (76). The second derivative of log7x(s)
is obtained as

(log Yk (s))"
= (wk2((l —mc?k)(c*s® — ?s® — 2se° + 2s)
€SC2)2)>

2 2
x g 2e5¢ (71'02/45 + 7k — wke®¢

— st 4 eiSCrzwk(l —

—5) 7.
It can be shown that (logJ.(s))” > 0 if s > 3/c? and
k < 1/(2mc?). Hence, log?, is convex in that case. In
particular, choosing kna < 1/(27c?), we have that log
is a convex function for k < k. and s > 3/ ¢2, and thus the
sum on the right-hand side in (76) is—as a sum of concave
functions—concave. Hence, if we restrict the maximization in
(76) to s > 3 /02, we obtain a lower bound for given values
of ¢, kmax < 1/(2mc?), v, and D that we can compute using
standard numerical algorithms. In Figure 4, we show this lower

(77)
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Fig. 4. Lower and upper bounds on the RD function for a Poisson PP with
uniform intensity measure A = 10 - #2| (0,12 on [0, 1)2, using the USOSPA
distortion with cut-off value ¢ = 0.1.

bound for ¢ = 0.1, kmax = |1/(2mc?)] = 15, v = 10, and
various values of D.

For kmax > 1/(2mc?), the right-hand side in (76) is not
guaranteed to be concave. However, we can still use numerical
solvers to try to find local maxima of (76) that give even better
results. In particular, we show in Figure 4 also an optimized
lower bound for k., = 50.

C. Upper Bound for Poisson Point Processes

Next, we establish an upper bound on the RD function of
a Poisson PP X. In the following theorem, which is proven
in Appendix H, we apply Corollary 12 to vectors (x(*), y(*))
where x(*) has the same distribution as xxk .

Theorem 20: Let X be a Poisson PP on R¢ with intensity

measure A = v\, where )y is absolutely continuous with
respect to ¢ with probability density function gx = i;od

Furthermore, let Ay be a probability measure on R? and let

y*) be random vectors on (R%)*¥ with probability measure
()\y)k' for each k¥ € N. Define the joint distribution of
(x(’“)7 y(k)) by a given conditional probability density function
Gx )1y (T 1% | Y1:1) ON (RY)¥ for each y1. € (RY)*. Assume
that the resulting random vector x(*) has the same distribution
as x\ (see (70)), i.e

X 5 eV

[T ox(@:) =/ oy (@11 | Y1) AN (Y1:0)  (78)
" (R)k

and that
i B () o y™))] <D (79)
keN
where
E oS (¢ (x*)), 1 ““)))]

(Pr(x1:k), Or(Y1:1))

/Rd)k /W

X Gyt g (1% | Y1) AN (y1:) A -

Then
R(D)<v— ylogz/ —|— v h(gx)

+

keN

(X(k) | y(k)))

(log k! — (80)

where

h(x®) |y®)) = / h(x®) | y®) = y1) AN (y1) (8D
(Rd)k

with

h(x(k) ’y(k) — ym) = —/ Ixwy (T1:k | Y1:k)
(Re)k
x log gyx) jym (1:k | Y1) dT1ge -
(82)

In the proof of Theorem 20 in Appendix H, we do not make
use of the conditional mutual informations in (37). Although
this loosens the bound in general, it does not if we use a con-
ditional probability density function gy |y (x1.5 | y1.5) that
does not depend on the ordering of the elements y, ..., Yk.
Indeed, this additional assumption can be shown to imply
that the conditional mutual informations in (37) are zero and
thus can be dropped without loosening the bound. This is
in stark contrast to the setting we encountered in Section
VI-D, where the conditional mutual informations are required
to obtain a useful upper bound. Indeed, these two settings
illustrate different proof strategies: Either the joint distribution
of x(®¥) and y(*) is carefully constructed to gain conditional
independence of the orderings, or we have to analyze the
conditional mutual informations in (37) in detail. Next, we
use Theorem 20 with such a carefully constructed conditional
probability density function to obtain upper bounds on the RD
function of the Poisson PP discussed in Example 19.

Example 21: Let X be a Poisson PP on R? with intensity
measure A = V$2|[071)2, ie., gx = 1jp,1)2. To use Theo-
rem 20, we have to define a measure Ay and conditional
probability density functions gx(k)ly(k)($]_;k; | y1.) such that
(78) is satified, i.e., in our case,

/(]R2) Ixwy (T1k | Y1k ) dAY (1) H Ljo,1)2 () -

(83)
To this end, for N € N satisfying N > 1/(v/2¢) (this
condition will be used later), we define Ay as

A
Ay (C) = N2 Z Z 0y, .4, (C

J1=1j2=1

(84)

for C € B,, where &, denotes the point measure at x
and gj, j, = (245, 225%). Hence, Ay corresponds to a
discrete uniform distribution with the N2 possible realizations
4j, . J1,J2 € {1 , N'}. Furthermore, consider a set of k
index pairs {(]1 ,]é )) Yot ©{1,..., N}? The function

Ix) |y (1 | Y1:x) is then defined for y; = a0 o by

;Q-<k> -<k>))

Tl ZHNQIQ (r(@) (@) (@)

T =1

Gx (k) |y (k) (fBLk: f (Q-<1> IOLERE

(85)



N2k
= Tl ZHHLQ].(TW j<r<i))(m13’“) (86)
T 1 2

2 .
where Qj, j, £ [—ﬁ, ﬁ) + gy, j, and the sum is over all
permutations 7 on {1,...,k}. Note that {Q;, ;,};, jo=1,..N
constitutes a partition of [0,1)? into N? squares. Further-

more, note that N?1g (7)) is the probability den-

sity function of a un1f0rm random vector on the square
ng @) ) Thus, the distribution specified by (85) can be
interpreted as first randomly choosing an assignment (rep-
resented by 7) between {x;};—1 _x and {q 0 “>}z _
and then distributing x; uniformly and 1ndependently “on the
square Q (T () with center q](f( ) @) In particular,

G (R |y ) (wl k | q; CIICOREE qj£k>7]ék))) does not depend on
the ordering of the pomts Q.(1) ()s--nsQ(k) (k-
J1 "sJ2 J1 sd2
By Lemma 27 in Appendix I, Ay defined by (84) and
G (R |y () defined by (85) satisfy (83). Furthermore, by Lem-

ma 28 in Appendix I, the left-hand side of (79) is given as

(08 (o (x®)), 1 (y™))] = 87)

v
ki' 6N2"
keN

Thus, condition (79) is satisfied for D > v/(6N?) and, in
particular, for D = v/(6N?).

Finally, we will simplify the bound (80) for our setting.
We first recall that the differential entropy h(gx) is zero
(see Example 19). Furthermore, according to Lemma 29 in
Appendix I, the conditional differential entropy h(x(k) f y(k))
can be lower-bounded by

L

h(x(k) |y(k)) > Nk klog N2 .

log k! — (88)

Inserting D = v/(6N?), h(gx
obtain

) = 0, and (88) into (80), we

-V

vk
R<6N2) <1/—1/10g1/—|—z A

keN
N? e Vik Nz)

-

k=1

(log k! + klog N?)
log k! (89)

where we used that (7} ) =0 for kK > N2. By Lemma 30 in
Appendix I with N = N, (89) implies

N? (%)
R(6N2><y+ulog+kze 1ogk'(k' N%)
1
N?—2 e_VVk
+<1— > o >u2. (90)
k=0 ’

The bound (90) can be calculated explicitly for various V.
However, for large IV, this is computationally intensive. The
computational complexity can be reduced by omitting the

summands with & > N2

max?

sum in (89), which results in

vk
R(6N2><u—ulogu+z '

keN

where Npax < N, in the last

logk' + klogNQ)

Nt%]ax e—llyk (N2)

N kg g,

o 1)
k=1

Again using Lemma 30 in Appendix I, this time with N =
Npax, we finally obtain

N N1 ()
R(6N2) <y+ulog—+Ze 1ogk'(k! N2k>

k=1

N2 &
max —v
D> ekf)yz
k=0 ’

In Figure 4, this upper bound is depicted for the case v = 10,
¢ = 0.1, Njpax = min{N, 10}, and N ranging from 8 to 207
(corresponding to D = v/(6N?) ranging from 3.9 - 1075 to
2.6-1072).

92)

VIII. CONCLUSION

We established lower and upper bounds on the RD function
of finite PPs. Our bounds provide insights into the behavior of
the RD function and demonstrate that the RD function based
on the PP viewpoint can be significantly lower than the RD
function based on the vector viewpoint. Furthermore, the PP
viewpoint allows sets of different sizes to be considered in
a single source coding scenario. Our lower bounds are based
on the general RD characterization in [28]. Our upper bounds
are based either on the RD theorem and an expression of the
mutual information between PPs or on a concrete source code.

To enable a comparison with the vector viewpoint, we
considered PPs of fixed cardinality with a specific distor-
tion function. For consistency with the classical squared-
error distortion, we used a squared-error distortion between
optimally assigned point patterns. To obtain upper bounds,
we established a relation between the mutual informations for
random vectors and for PPs. We further proposed a Lloyd-type
algorithm for the construction of source codes. We applied our
upper bounds to a PP of fixed cardinality where all points are
Gaussian and i.i.d. The result implies that the RD function in
the PP setting is significantly smaller than that of a Gaussian
vector of the same dimension. Furthermore, we showed that
our upper bound converges to the lower bound as the distortion
goes to zero.

The complexity of our proposed Lloyd-type algorithm does
not scale well in the codebook size and the cardinality of the
point patterns. An efficient heuristic scheme for computing
the “center point pattern” for a large collection of point
patterns would significantly reduce the complexity but does
not seem to be available. We note that our algorithm can be
easily generalized to PPs of variable cardinality by sorting the
collection of point patterns representing the source according
to their cardinality and then performing the algorithm for each
cardinality separately. However, an algorithm that is able to



find center point patterns directly for point patterns of different
cardinality may result in better source codes. A first approach
in this direction was presented in [41]. Another possible
extension of our codebook construction is to encode several
successive point patterns jointly, resulting in a source code
of length greater than one. This is expected to yield tighter
upper bounds, but also to result in a higher computational
complexity.

As an example of PPs with variable cardinality, we studied
Poisson PPs along with an unnormalized squared OSPA dis-
tortion function. For a Poisson PP of uniform intensity on the
unit square in R?, our lower and upper bounds are separated
by only a small gap and thus provide a good characterization
of the RD function. For the construction of the upper bound,
we used a uniform quantization. This quantization can also
be employed to construct source codes and is a first, simple
constructive approach to the generation of source codes for
PPs. We expect that—similar to the vector case—finding a
good systematic source code construction for general PPs is
challenging.

The specific PPs we considered in this paper were only
the most basic ones. A large variety of other PPs have been
defined in the literature [42, Ch. 3]. In particular, statistical
dependencies between the points should result in even lower
RD functions but will also require a significantly more compli-
cated analysis. Furthermore, in certain applications, distortion
functions that are not based on optimal assignments (e.g., the
Hausdorff distance [25]) may be more appropriate. Finally,
we restricted our analysis to memoryless sources, i.e., i.i.d.
sequences of PPs. Modeling sources with memory would
require mathematical results on random sequences of point
patterns (e.g., Markov chains [43, Sec. 7]). An information-
theoretic analysis of these sequences appears to be an inter-
esting direction for future research.

APPENDIX A
PROPERTIES OF ¢y, ¢

Lemma 22: For k € N, let ¢, be defined as in (1), and for
(k,0) € N2\ {(0,0)}, let ¢x ¢ be defined as in (5)—(7). Then
for Ax, Ay € &, we have

Or (Ax) X ¢y (Ay)
if k0 £ 0 (93a)
o (Ax)  ifk#£0,0=0,0€ Ay
(93b)
¢,:}(.Ax><.»4y): 0 ifk#£0,0=0,0 ¢(.»;l;(c)
oy (Ay) i k=0,0%£0,0 € Ax
(93d)
] ifk=00+#0,0¢ Ax.
(93e)

Proof: Case k,¢ # 0: According to (5), a vec-
tor (x1.x,Yy1.¢) belongs to gzb,;}(/lx x Ay) if and only if
{x1,...,x1} € Ax and {y1,...,ye} € Ay. By (1), this in
turn is equivalent to xi.; € QS,;l(Ax) and y1. € gb[l(.Ay).
This proves (93a).

Case k # 0,0 =0,0 € Ay: According to (7), a vector @1.
belongs to qb,;(lJ(.Ax x Ay) if and only if {x1,..., 2} € Ax
and ) € Ay. As we assumed () € Ay, this is, by (1), equivalent
to x1.; € gb,;l(Ax). This proves (93b).

Case k #0,0=0,0 ¢ Ay: According to (7), a vector &1y
belongs to qbl;é(/lx x Ay) if and only if {x1,...,x;} € Ax
and () € Ay. Because we assumed ) ¢ Ay, there is no x1.
that belongs to gb,;(l)(/lx x Ay). This proves (93c).

The remaining cases, (93d) and (93e), follow by symmetry.

||

Lemma 23: Let A C (Rd)kH. Then

(bk[ ¢kZ U /(/)'rx Ty

TX>TY

(94)

where v, », is given by (10), and the union is over all permu-
tations 7x and 7y on {1,...,k} and {1,..., ¢}, respectively.

Proof: We first show ¢y 3 (¢k.¢(A)) € U, - Yrcny (A).
To this end, let

(@14, Y1:0) € D 4 (Dk2(A)). 95)

We have to show that (z1.%,y1.0) € ¥rn~(A4) for some
permutations 7x,7y. By the definition of the inverse image,
(95) implies that ¢y ¢(@1.5,Y1.c) belongs to ¢y ¢(A). This
does not necessarily imply (x1.x,¥y1.¢) € A, but there must
exist a vector (Z1.x,Y1:¢) € A such that ¢y ¢(Z1.4, Y1.0) =
Ore(T1r, y1:0), e, ({21, 2}, {1, -, Ye}) = ({21,

e}, {y1,...,ye}). This equality implies that there exist
permutations 7x and 7y such that (z1.x, Y1) = (T (1), - - -
T (k)>» :'77\/(1)) v 7:'77'\((5)) i (2131 k> yl:l) € wa,TY(A)'

It remains to show qﬁke(gbk 0(4) 2 Uy ny ¥rxrv (4) o,
equivalently, ¢, g(¢k ((A)) D Y~ (A) for all permuta-
tions 7x and 7y. To this end, let (331 kY1) € Ynn (A).
Thus, (il)l:k, yl;g) = (:AE'TX(I), SN ‘rx(k) yTY(l), “ee ,gTY(g))
for some (1.5, Y1.¢) € A. In partlcular this equality implies

that ({Z1,..., &k}, {U1,-- -, ¥e}) = {z1, ...,z }, {y1, ...,

ye}), or, equivalently, ¢y, ¢(Z1.1, Y1:¢) = Oe(T1:k, Y1:0). The

latter equality implies (z1.x, Y1.¢) € </>;;2(¢k7z(14)). [ |
APPENDIX B

PROOF OF LEMMA 4

We first present a preliminary result.

Lemma 24: Let (X,Y) be a pair of PPs. For 4 € 6 ® G,
we have

Px x Py(.A)
= pix|(0)pyy|(0)1

+ ZP\XI

keN

+ me )ppv| (€

LeN

+ > pxi(k)

keN LeN

A((0, V)))

) (0P (85 5(A))

P (g 4(A))

v (O (P % PE) (67 4(A)) . (96)

Proof: We first note that both sides of (96) are finite
measures on & ® G. Because finite measures can be uniquely
extended to a product o-algebra based on their values on



rectangles, it suffices to consider sets A = Ax x Ay with
Ax, Ay € &. For such A, we have

Px x Py(.Ax X Ay)
= Px(Ax)Pv(Ay)

(2)<PX| L (B) + > pix () (k)P (67 (A )))

keN
X <PY )1, (0) +ZP\Y\ P() . (Ay )))
?eN
= pix)(0)Lax (D)pyy|(0) 14, (0)

+ Py (0)Lay (0 me k)P ) (65 ' (Ax))
keN

+px)(0)Lay (1) Y oy (O R (67 ' (Av))
teN

+ZZP\X| Jppy| (£

keN LeN
x P )( (Ax)) ( Y(Ay))

(2) ppq(O)plYl(O)]]-_Axx.AY ((®7 0 )
+_p(k B (055(Ax x Av))

keN

+ ZP\XI )y (4

LeN

+D_ D ik

keN (eN *) O/ 1
x (P x Py )(¢k,@(v4x x Ay)) .

p\Y|
((150 e(AX X AY))

)Py (€

This shows that (96) holds for all rectangles and thus con-
cludes the proof. ]

B.1 Equivalence of (i) and (ii)

Next, we show that properties (i) and (ii) in Lemma 4 are
equivalent.

(i) = (ii): We first assume that (i) holds, i.e., Pxy < Px x
Py. We want to show that this implies (ii). To this end, let
P x PP (A) = 0 for k, £ € N with p‘x|7‘yé(k,€) #0and a
Borel set A C (R%)*+, Because P.") and P{") are symmetric
measures, this implies (see (11)) ka) X P\((e) (1/’Tx,w (A)) =0
for all permutations 7x, 7v. By (94), this implies

P x PY (07 Hone(A)) = S PP 5 B (1hry e (4))

TX;TY

=0. 97)

Because ¢/ and ¢y, have disjoint images for (k',¢') #
(k, €), we obtain ¢, (r.e(A)) = 0, which implies

P PY<4’>(¢];3Z/(¢M<A))) =0 if k', € Nand

(K, €') # (k,€) (98a)
P (030lo(01.0(A)) =0 if K € N and

(K',0) # (k,€) (98b)
P (900 (0ne(A) =0 if ¢ € N and

(0,£7) # (k. €) . (98¢)

Furthermore, (0,0) ¢ ¢5,¢(A) and thus

1¢k,z(A) ((®7 (Z))) =0 (98d)

By (96) with A = ¢ ¢(A), (97) and (98) imply Px x
Py(¢r,e(A)) = 0. Due to the assumed absolute continuity
Pxy < Px x Py, this implies Px y(¢x¢(A)) = 0 and in
turn, by (8) with A = ¢y0(A), Py (6 b(dre(A))) = 0
(recall that we assumed pyx| |v|(k,£) # 0). Because A C

qﬁgé(qbk,g(A)), we obtain P)((kYe) (A) = 0. Thus, we showed

that for k, £ € N with pxv((k,£) # 0, B x P{Y(4) = 0
implies P)gkf)(A) =0, i.e., we have P(’C o < P>((k) X P\((e). If
k=0 or{=0, the proof follows analogously.

(ii) = (i): For the converse direction, we assume that (ii)
holds. In order to show (i), assume that Px x Py(A) = 0 for
A€ 6 ® 6. By (96), this implies

Pix|(0)pyv((0)1.4((0,0)) =0 (99a)
P (65 (A) =0 if k€ Nand
pix|(k)pyy(0) # 0 (99b)
Py (65 4(A)) =0 if £ € N and
pix|(0)py (£) # 0 (99¢)
P x P (¢75(A) =0 if k¢ € N and
pix|(K)py|(€) # 0. (99d)

By (13), we have that for any (k,¢) € N3, both px| (k) and
)| (£) are nonzero if pix),|y|(k, £) # 0. Thus, the conditions in
(99) are implied by corresponding conditions on pix|,y|(k, £),
and we obtain

Pix1,iv((0,0)1.4((0,0)) =0
D (¢h(A) =0 if k€N and px),v|(k,0) # 0
PO (65 HA) =0 if €€ N and px v (0,0) £ 0
PY x P (¢ 4(A) =0 if k¢ €N and

pix).v| (K, £) # 0.
By the absolute continuity assumptions in (ii), these equations
. k0) [ —
imply Py (6, 5(A)) = 0 for any (k,¢) € N2\ {(0,0)}
with px|,jv|(k,£) # 0. Thus, all summands on the right-hand
side of (8) are zero, which implies Px y(.A) = 0. Hence, we

showed that Px x Py(A) = 0 implies Pxy(A) = 0, i.e.,
PXY < Py x Py, which is (1).
B.2 Proof that d(P ><Py) = Oxy
We have to show that forall A € G ® &
Pxﬁy(.A) = / ex,y(X,Y) d(P)( X Py)(X, Y) . (100)
A

Again, because finite measures can be uniquely extended to
a product o-algebra based on their values on rectangles, it
suffices to consider sets A = Ax x Ay with Ax, Ay € G.
With this choice, it follows from (8) that the left-hand side in
(100) can be rewritten as

Px’y(.Ax X Ay)
= pix1,1v1(0,0) T e cay ((0,0))
+ > e ORE (65 0(Ax x Av))

(k,£)eNZ
(k,£)#(0,0)



20

= Pix,v((0,0) 1 4, (D)1 4, (D)

0)>" i vi (B, 0) P (6 (Ax))
keN

+ 14, (0) > pix. vy (0, E)Pﬁ?\’f) (¢7 ' (Av))

LeN

+3 ) v (B, OP

keN LeN

+ ]I.AY(

N (071 (Ax) x o7 H(Ay)) -

(101)

The right-hand side in (100) can be rewritten as

/ 9)(7y()(7 Y) d(P)( X Py)(X, Y)

.AxXAY

= / Ox v (X,Y)dPx(X)dP(Y)
Ay J Ax

@/A <p|x(0)]1Ax(@ )ox. v (0,Y) + > pyx (k)

keN
X / Ox.y(or(x1:8),Y) dP>(<k) (%:k)) dPy(Y)
¢ ' (Ax)

(102)

where we used (4) with g(X) = Oxv(X,Y) in (a). The
integral over the first summand in (102) can be rewritten as

/A D (0)Lag (B)0.y (8, Y) APy (1)

= pix|(0) 14, (V) 3 Ox.v (0,

Y)dR(Y)

) 1y (0) L (0) (py<o>nAY<w>exﬁy<@,@>

+ ZP\YI

LeN
P11 v1 (0, 0) Lay (0) Ly (0)
+ 1 ax (0) Z/_l Pix|, v (0 0 dPy )(y1 ¢) (103)
LeN

where we used (4) with g(V’ ) = Ox y(0,Y) in (a). The integral
over the remaining summands in (102) can be rewritten as

[ o) [ tertontenn) V) B @) dR(y)
Ay ¢~ (Ax)

k

/ » )9x,v(@7¢z(y1:e))dP\(/)(ym))

_ / P (k) / v (1 (@), Y) APy (V) AP (1)
o "(Ax) Ay

< /, pix (k) (p|Y|(O)]lAy(@)GX,Y(¢k($1:k),@)
¢k1(-AX)

+ ZP\YI

=

/ o, @), )

teN
X dPY(E)(y1:Z)> dP>(<k)(331:k)
(b) ,
= ]1AY(@)/ _ Pixvi (R, 0) dP)E{CYO)(CCl:k)
¢ (Ax)

+ pix|,v| (k. €) dPg\’(z)(ka?yLz)

¢en /¢k1(Ax>x¢[1(Ay>
(104)

where we used (4) with g(Y') = 0x v(¢x(21:£),Y) in (a) and

plugged in (17) in (b). Inserting (103) and (104) into (102),
we obtain

/A y 9X,y(X, Y) d(PX X .F\()(X, Y)
= Pix1,1v1 (0, 0) 14 (D)1 4, (D)

Jr]lAX@Z/ p|x‘|y‘0€)d

LeN

+]1AY® Z/
keN
22

keEN ¢eN /% T Ax)x by T (Ay)

)(yl e)
DI, ) (k,0) AP (a1.1.)

pix|, v (K, £)

X dP)((]fY7£) (mlzka yl:[) .

This is seen to coincide with (101), and thus the equality (100)
holds.

APPENDIX C
PROOF OF THEOREM 5

We first note that due to the equivalence of (i) and (ii)
in Lemma 4, Pxy < Px x Py if and only if PiY) <
PY. B < P and B < B x PV for all
(k l) € N2 \ {(0,0)} with p‘x| \Y\(k ) 7& 0. Thus if any
of the aforementioned absolute continuities do not hold, (15)
and (16) imply that both sides in (18) are infinite, which
concludes the proof for this case. Otherwise, (i) and (ii) in
Lemma 4 hold and we can express the mutual information and
all relevant KLLDs in (18) using Radon-Nikodym derivatives.
We recall from Lemma 4 that in this case %(X YY) =
Ox,v(X,Y), where Ox v satisfies (17). Thus, using (15), we
obtain I(X;Y) = sz log Ox v(X,Y)dPxy(X,Y). Using (9)

with g(X,Y) = logfx v(X,Y), we obtain further
I(X;Y)
= pixv1(0,0)log bx v (0,0) + > pixq. vy (k. 0)
(k,0)ENZ
(k,£)#(0,0)

X / log O v (dn,e (@11, Y1:0)) dP>(<],€\’(Z) (T1:k, Y1:0) -
(RAYk+e

Inserting for fx v the expressions (17) yields
I(X;Y)

P,y (0,0)
= pix,1v|(0,0) log <||

p\x|( p|Y|

> > pixi v (k,0)

keN
(k,0)
Pix, v (k,0) dPyy (k,0)
) log ( (1) | APy (21.1)
/(Rd)’c x| (k)py((0) ap X,Y

+ > o v (0,6)

LeN

0,0) dP%Y
x/ 1Og(p><|.,\/|( ) XY (y, ))d
(Re)? pix(0)pyy () apl
pix,v| (k. £)
+ p (k,0) / log <
%% it (RA)k+e pixi(k)pyy(€)

. dPxI,CY’Z) (1.1 yw)) AP (@11, yre)
d(P)((k) xP\(/)) e A

(y1 ¢)



Pix|, 1y (K, £)
=D > Pk, 0)log <px|(k)p|y|(€))

k€Np £eNg

+ 3 o, ivi (K, 0)
/(Rd)k g( dP)Ek) (mlk)> APy (k)
+ i (0,0)
(€N ) 1 dP(O o) o
/(Rd)Z 0g< G (y1: e)) AP (y1.e)

@
Y
+) D Pk, 0)

keNLeN

(k,0)
Py

x log <)($1:k7y1:£))
e G 7
X dP>((lff)(w1;k, Yi:0) -

The result (18) now follows by recognizing that

4
32 3% mate s (2405 ) = 00

keNp £eNg

and by using (16) in the remaining terms.

APPENDIX D
PROOF OF LEMMA 16
We have to show that X as defined in (51) (52) satis-

fies > yea, p2(X, X7) < ZXGA p2(X, X) for all X €
Ni. To this end, we first construct an upper bound on

ZXeA,- p2(X, X]*) based on (52). According to (52), the
collection of permutations {7 } ¢ 4, satisfies

>y oy L

i=1 XeA; X'€A;

2|A || TX(z) X,(z)”

k
(X) (X' 12
= mmin _ N
{TX}XE.AJ ;X; X; 2|.A ‘H TX/(’L)H
(105)
Setting
2% |A [A;] Z xTX(z) forie{l,....k} (106)
X€EA;
we can rewrite the two inner sums on the right-hand side of
(105) as
(X) (X/) 2
2| ‘ Z Z ||:CTX() Txl(i)||
XEAJ X'€A;
X) _ _ (x’ 9
m >3 @iy ) + @ -2l
XeA; X'EA;
= —i‘z‘H2
2 u% Z o
Tz (X"
|A| 2 Z NG )
X€eA; X'€A;
25 12
2\ il >, D M=l

XeA; X'eA;
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5 3 el

XeAJ
1 ) -~ (x")
T 14;] Z Loy —Li Z (@i — f’%x,(i))
X€EA; X'€A,;
=0
1 _
T N R
X/E.Aj
_ 2
= > Ml =l (107)
XE.A]'
Similarly, using x; = |A i ZXeA w()f(.) (see (51)), we can

rewrite the two inner sums on the left )fland side of (105) as

= > [0 =il

XEA;

(X)
Tx ('L)

||a; ,(z)
XeA X'EA; x

Inserting (107) and (108) into (105) yields

k
Z Z’|$g)i)_ ;ﬂ =, min Z ZH‘ETX() ‘EiHZ-

}XE‘AJ i=1 X€A;

i=1 X€ecA;
(109)
Let us recall (42) in our setting, i.e.,
p2(X mlnz ||m7x W~
and thus
Z p2(X, X Z manHmﬁfzz —
XeA; XeA;
< Y S el -l
XeA; i=1
(109) _ 2
win Y e, -l
XeAj XeA; i=1
(110)

We next want to relate the upper bound (110) on

D oxen; P2(X, X7) 103 4, p2(X, X) for an arbitrary X =
{Z1,..., 2} € Nk For any permutatlons {Tx}Xe_AJ and
vector &1, € (RY)¥, the sum 30 4 S ] T H
is a sum of squared-error distortions of kd-dlmensmnal
vectors. The minimum of that sum with respect to .
is easily seen to be achieved by the arithmetic mean of
{5, ,ng(k))}xeA , i.e., by Z1.4 (see (106)). Thus,
we obtain for any &1, € (Rd)

k k
o lletity -l < 30 D[l &l

X€A; i=1 XeA; i=1

| . (111

Using (111) in (110), we have for any &, € (R%)*

D (X, X]) Y o, -

XeA; i Xed; i=1
(112)

min
{TX}XeA
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Because each summand Zle ngzz) - %in on the right-
hand side of (112) depends only on one permutation 7x, we

can exchange the outer sum and the minimization and obtain

Z p2(X, X7) Z mmz:H:l:TX(Z —iiH2.

X€EA; XEeA;

(113)

According to (42), the right-hand side of (113) is equal to
>oxea,; P2(X,X) for X = {@1,...,x}. Thus, we have

Yoxea, P2(X, X7) < Yoveu, p2(X, X) for any set X € N.
This proves that X7 = argming . ZXeAj p2(X, X).

APPENDIX E
BOUND ON H(t§k) | dr(y*)),xM)) 1N (65)

We recall from Section VI-D that x(*) = y(k) +w(®) where
w(*) has i.i.d. zero-mean Gaussian entries with variance 02 <
1, y**) has ii.d. zero-mean Gaussian entries with variance
1 — 02, and y(k) and w®) are independent. We now have

H | ouy ). x)

k k
= E¢k(y(k)),x(k) |:_ Zpt§k)|¢k(y(’“>),x(’€> (7— ! o (y( ))7 x( ))
X 1ngt§,k')|¢k(y(k)),x(k) (7' ! ¢k(y(k))7 X(k))]
- / Jy (yl’k)/ Fx 16y (®1:k | D1 (Y1)
(RE)* (R )k
% (_ Zpt)sk”q&k(y(k))’x(k) (7' ’ P (Y1:k), 331:k)

X 10gpt§k>|¢k(y(k>),x(k> (7| dr(yrr), ﬂ31:k)> daq.r dyi:x -
(114)

Using Bayes’ rule and the law of total probability, we obtain

P g (g0 x00 (T 1Y Z1ik)

(T[Y)/f x(0) 69 ¢k(y<k>)(w1:k |7, Y)
Jx®gp vy (@18 [ Y)

@ P (M0 g, o) (@1 |7, Y)

- P pt<k>( ) f X [P, sr (o) @1k | TY)

(b) fx<k>|t§k>,¢k(y<k>)(w1:k |7,Y)

B Do fx(knt;’f),(bk(y(k))(ml:k |7/,Y)

o pt§k)|¢k(y(’“)

(115)

where (a) holds because as discussed in Section VI-D, t(k)
independent of ¢, (y*)) and (b) holds because P (T) = 1/k'
y

for all 7. Recalling that y(*) can be equivalently represented
by tf,m and ¢ (y(®)), we have

fx(k)lték)7¢k(y(k))(w1:k | 7,Y) = famym (T1x | 7(Y))
= fuw (1 —7(Y)).

Inserting (116) into (115), we obtain

(116)

Jwto (1 — 7(Y)

)
> w1 —7(Y))
117

Peg® 15, (y(0) 0 (T 1 Y5 T1:1) =

Furthermore, we have

T foww oy (@1 [ T,Y)

=1 wam (1 —7(Y)). (118)

fxw g0y (@15 [Y)

Inserting (117) and (118) into (114), we obtain

H (" [ o (y™), x®))

= /(Rd)k fyw (y1:x)
X /Rd T (waw) (@1 — T(Pn(yY1: k))))

Jwo (@1 — 7(dr(Y1:1)))
< Z > S (@1 — 7 (ke (Y1)

fuo (@16 — T(Or(Yy1:1)))
o (ZT/ Jweo (@121 — T'(¢k(y1;k)))>> Aok dyre

@ Z %/ o fy<1«)(y1:k)/ s fww (@1 — T(Y1:8))
< Z waw 1k — T(Y1:k))

o fuw (@1 — 7' (Y1:1))

Jw) (CBLk - T(?h:k))

x log (ZT, Futo (T1h — T’(Z/l;k)))) dz1, dyi:k
(:b) Z % /Rd)k fy(k)(ylzk)/ Ryt fw<k>(w1;;€)
< Z wa(k) w1, + T(yl k:) — T(yl k))

Jwoo (Wi + 7(Yy1:x) — 7 (Y1)

fw(’c) (wl:k + T(yl:k) - T(yl:k))

x log (Zw Futo (Wi + 7 (Y1) — T’(ylzk))>)

X dwi. dy1.k
(;)/ fy<k>(§1:k)/ S (w1:1)
(Re)* (Re)*

Jwo (Wi + Y1k — T(Y1:1))
(X

o fuw (Wi + Y — 7' (Y1:1))

Jwoo (Wi + Y1e — 7(Y1:1)) )) _
X lo — — dwiq., dys.
. (ZTI Jwoo (Wi + Y1k — 7' (Y1:x)) Lk lyll:
(119)

where in (a) we used that summation over all orderings of
the elements of the set ¢y (y1.x) is the same as summation
over all permutations of the subvectors of the vector y.x,
in (b) we used the substitution wy.x = ®1.x — 7(y1.1), and
(c) holds by substituting y.x = 7(y1.x) and noting that
fyw F Y y1x)) = fyo (Y1:x) and that due to the summation
over all permutations 7 we can omit the additional permutation
71, The right-hand side in (119) is a Gaussian expectation
over the entropy of a discrete random variable t—depending
on wi. and y.,—with k! possible realizations and probabil-
ity mass function

Jwo (Wi + Y1 — T(Y1:1))

Yoo fuo (Wi + Yk — 7' (Y1k))
(120)

pt(7—§ W1k, gl:k) =



Thus, (119) can be rewritten as

(t(k) | ¢k ) X(k))
:/ fy(k:>(’§1:k)/ Jwoo (i) H(pe( -5 w1k, Y1)
Rk Rk

X dwl:k dgl:k- (12])

We next split the domains of integration in (121): for w; . into
W: 2 {wyy, € (RY* : [|[wy.p]| < e} and WE with £ > 0, and
for g1, into Vs £ {g1.1 € (RY* 1 ||lg; — g;|| > 6 for all i #
j} and Y§ with 6 > 0. Using H (pe(-; w1k, Y1) < logk!
and (RY)F x (R)F = (Vg x (RN)F) U (RYF x W) U (Vs x
WE), this leads to the following bound:

H ()" [ o1 (y™),x)

S/ fy(k)(ﬂl:k)/ Jwio (w1:x) log k! dwy . Ay .5
yg (Rd)k
+/d fy(k)(gl:k)/ Jww (wi:) log k! dwy. dy.x
(R4)

Ty yu;/ Jwto (wik) H(pe( -5 w1k, Y1:1))
X dwy. dyi.x

fw(k) (wlzk) dwl:k) 10g k!

Vs

< ( fyoo (Y1) dyrx +
Vs

H(pe(-;

we

+ sup Wik, Y1:k)) - (122)

W1k E€EWe, Y1.k€EVs

Now we bound successively the terms on the right-hand
side of (122). For the first term, we have

fyoo (Y1:x) dY1:x

Vs

=Prly® e )§]
— Pr[min|ly® _ y®| <

Pr [min [y —y{"| < 4]
(@) k(k—1) y(® _ y®
< =5 Prlv” -y <]

k k
L S [ e PR
2 2(1 - 02) ~2(1-02?)

® k(k—1) 62
= =5 Fe 7 _02),d (123)

where (a) holds by the union bound for the k(k; D events
{Hy(k) k)H < 6}, i < j and (b) holds because yF )i
Gaussmn w1th zero mean and variance 1—o? and thus Hy1 —
y2 H /(2(1—0?)) is x? distributed with d degrees of freedom.
Similarly, for the second term, we have

Futo (wik) dwyy, = Pr[lw® || > €]

we
w2 e
=pe [P

82

where we used the fact that ||w®)||2 /o2 is x? distributed with
kd degrees of freedom.

(124)
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To bound the third term, i.e., H(pi(:;wi.k,Y1.x)) for
w1, € W. and Y1, € Vs, we first bound the probability
pe(T; W1k, Y1:x) in (120) for 7 equal to the identity permuta-
tion, denoted ¢, i.e.,

pt(['; W1k, gl:k:)

_ Jwo (wi:x)
fao (Wik) + 3, fu (Wik + Yk — 7/ (Y1r))
(125)
For w1.;; € W., we have
1 wik?
fw(k) (wl:k) = W exp ( 20_2
1 g2

and, if additionally 7., € V5 with § > &, we have for 7/ # ¢

Jutw (W1 + Y1 — 7' (Y1:1))
||w1:k + gl:k - T/(glzk)|2)

- (2mo2)kd/2 xp (_

202
(a) 1 (JJwikl = [g1:6 — 7/ (Gr)]])?
= (@rorypan P (‘ 207
(b) (6 —¢)?
< ey e (-0 ) (420

where (a) holds by the reverse triangle inequality and (b) holds
because the difference between ||y1.x — 7/ (y1.)|| and ||w1.x]]
is larger than 0 —e due to ||wy.k|| < € and ||y1. — 7" (Y1.1)|| >
ly; — y;ll > § > ¢ for some 4, j with ¢ # j. We specifically
choose § = 3¢, for which (127) ylelds Jwto (W1 + Y1k —

' (g1.1)) < W exp (— (28) ). Inserting this bound and
the bound (126) into (125), we obtaln

exp (—£5)

(@
Pe(t; Wik, Y1) >

exp (—z) + (k! — 1) exp (—52)
1
B 1—|—(k'—1)exp( 202)
=:po(e)

where in (a) we used that a/(a+b) > a/(a+b) fora > a
and b < b. Thus, we bounded the probability that t =
(namely, pi(t; w1k, Y1.,)) from below. By the variation of
Fano’s inequality presented in [12, eq. (2.143)], this implies
the following bound on the entropy:

H(p(-;wik,Y1x)) < Ha(po(e)) + (1 — po(e)) log(k! — 1).

(128)
Finally, inserting (123), (124), and (128) into (122), we
obtain (65).
APPENDIX F
PROOF OF LEMMA 17

Case k > {: According to (71), we have

2702}

(129)

£
= (k=0 +> min{|@., o — vl

i=1

p(X,Y)
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for some permutation Ty y . Representing the product (k—/¢) ¢
as a sum, we can rewrite (129) as

L
= Zmin{HwTX,Y(i) - 1
i=1

et Z g

~ 130y
We proceed by bounding each summand in (130) for ¢ €
{1,...,k}. For i € {1,...,¢}, we have

min{Hme.Y(i) - yiH2’02}
> 1;[1_1111m1n{||$cTX v — il ) (131)
For the remaining 7 € {¢ + 1,...,k}, we have trivially
¢
* > minmin {2, o~y ) (132)
Inserting (131) and (132) into (130), we obtain
¢
p;) XY) ngn: min{Hwa‘Y(i) _yJ'H27C2}
=1
- 2
Z rJn: min{“:c.,.x‘y(i) _yj’ 702}

= memln{HwTXy(i) - yjH27 02}

which, due to the blject1v1ty of Tx )y, is equivalent to (72).

Case k < {: Inserting [|z; — y,(;) |2 > minﬁlewi — yj||2
into (71) yields
k
pgc)(X,Y) >(-kK)c —|—Zrn1n{rmn||a:Z y;il%, ¢ }
=1
which is equivalent to (73).
APPENDIX G

PROOF OF THEOREM 18

According to (70) and the discussion preceding it, the prob-
ability measures P>((k) are absolutely continuous with respect
o (£%)* with probability density function f)gk) (T1) =
Hle gx(@;). Furthermore, by the assumption gx(x) = 0 for
Z?-almost all z € A, we obtain f;k)(mlzk) =0 for (L4)k-
almost all ., € (A¥)°. Hence, the conditions in Theorem 11
are satisfied, and we can rewrite the bound (31) as

R(D) > Z

(ng wz )
keN
et D
+ max ( - > o logk(s) — s
keNg

_ Z e vk
- ]

keN kit

e VP
+ max (— Z i log v (s) — sD>

keNy
e
=vhio) -y (- 3
keNy

(@) = e~k

k h(gx)

—v k

log vx(s) — sD)

(133)

where (a) holds due to (68). The functions ~x(s) in (133)
have to satisfy® (see (32))

(5) > 1 if k=0 (134)
S c
TAS) = fAk e—5p5” (Br(@1.1),Y) dey, ifkeN
for all Y € N. The constant functions v;(s) = (L(A))*
satisfy (134) because
(2 = (2 ) = [ 1dens
Ak
> / et G ) gy (135)
Ak,

for £ € N and ~(s) = 1 for k& = 0. The following lemma,
proved further below, states that also the functions 7j, defined
in (75) satisfy (134).

Lemma 25: Let A C R? be a Borel set and s > 1/c. Then
(134) holds for

Y (8) = Yk (s)

k
— <€—sc2$d(A) +k<—€_scz.§/ﬂd(UC) _|_/ €—5|m|2dm>) .
U,

(136)

By Lemma 25 and (135), we have that (133) holds with
Yk (s) = min{(L(A))*,Fx(s)} if we additionally restrict
the maximization to s > 1 /c . With these modifications,
(133) is equal to (74) up to the summand for £ = 0,
namely e~ log(min{(.£%(A))% 50(s)}), which is zero be-
cause min{(.£%(A))°,(s)} = 1. Thus, (74) has been
proved.

It remains to prove Lemma 25. To this end, we will need
the following technical result.

Lemma 26: Let A C R% be a Borel set, s > 0, and ¢ > 0.
Then

¢
/ exp (—s minmin{||z — y;|?, 02}) dx
A j=1

e 27(4) +€<—6562$d(Uc) —|—/ €S|m|2dx)
Ue

(137)
for any point pattern Y = {y1,...,ys}.
Proof: For x € A,
£ |l —y;||*> ifxe B
2 2 ? 7
min min{||x — y;||*, ¢*} = )
j=1 {l uil } {02 ifee A\ Ule B;
(138)
where B; C A, i € {1,...,¢} is given by B; £ {:c c A:
(2 —will < ¢) A (2 - will < & — w5l ¥ € {1,...,00\

{i})}. The sets Bi, i € {1,...,¢} and A\|Ji_, B; are (up to
intersections of measure zero) a partition of the set A. Thus,

c)
8For k = 0, (32) gives vo(s) > e —sp§” (0.Y) L IfY = (), this simplifies to
v0(s) > 1 because p(QC)((Z), ) = 0. For all other Y € N/, we terlally have

(c) c)
e=%P2 (1Y) <1 Hence, y0(s) > 1 is equivalent to yo(s) > 6_9”2 ©.Y)
forall Y € N.



we can rewrite the integral on the left-hand side of (137) as
the following sum of integrals:

¢
/ exp (—s min min{||z — y;|?, c2}> dx
A J=1
— P a2 2
= exp ( —sminmin{ || — y,||*,¢°} ) dz
AU, Bi 7=t
¢ ¢
—I—Z/ exp (—sminmin{|\w—yj||2,c2}) dx
i=1 " Bi =1
(138) 2 - 2
= e_sc dz + / e slle=vill” qg
e .Zd(A\U )+2/

WehaveBig{meA:H:c—y”gc} and hence B; —y; C
{re@A-y):lzll <} C{zeR?: |z <c} =T,

furthermore, e—sll=ll® > e for all « € U.. Thus,

e 2
/ e—sl2l? g
B~y

@ —s||z|? —sc?
= e dx + e dx
Bi—y; Uc\(Bi—yi)

7(:2
— 6_‘S fd(UC \ (Bl — yz))
< / o—sllel® g +/ ol g
Bi—yi Uc\(Bi—yi)
2
—e LU\ (B — ui))
_ / efs”ab‘szCC . 6—502$d<UC \ (Bz _ yz))
U

where in (a) we added and subtracted e~ 2%(U, \ (B; —
y;)). Inserting (140) into (139), we obtain
- yi))>

e=sl1el® 4z . (139)

(140)

¢
/ exp ( — sminmin{|jz — yj||2,c2}) dx
A Jj=1
¢ ¢
< s (gd (A\ U Bi) -y 24U\ (B
i=1

i=1

b [ etela
U

c

(é)e—sc2 (gd(A) _

14

- Z (2

' ))) —i—f/U esl7I” g

—sc gd( ) ( e—sc2$d(Uc)+/U e_s|m|2d$>

where in (a) we used £4(A4 \ Uf \Bi) = ZLYA) -
i1 Z7(Bi) and LU N (Bi—yy)) = Z(Ue) ~L(B; -
yi) = 24U.) - £4By). u

Proof of Lemma 25: We first note that Jp(s) = 1 and
thus in the case k = 0, (134) is trivially satisfied. It remains
to show that for kK € N and for all Y € W/,

Yi(s) > / =08 Gr@) Vg (141)
Ak

25

To this end, we set Y = {yq,...
¢ <k and ¢ > k separately.
Case { < k: Because ¢ (x1.1) = {x1,...

,Ye} and consider the cases

, Tk}, we have

(e (72) e
e 502 (Br(@10).Y) " oxry <smemm{|wl y]||2,c2}>

= Hexp( smmmm{H:I:Z yj||2,c2}).

(142)

Using (142), we can bound the integral on the right-hand side
of (141) as follows:

/ e—Spg O (pr(@1x),Y) ) day.p
Ak
k ‘
< / Hexp (—s min min{||z; — y;|?, 02}) dexq.i
AR =t
' k
= </ exp (—s minmin{||z — y;||?, 02}> daz)
A Jj=1
wnl o 2 4 > F
< <e_sc ZYA) +€(—e‘sc ZYU,) +/ e~sl=l da:)) .
UC

(143)

Because ||z| < c for @ € Ue, we have e~ ‘iU, <
fU. e=sl=l’dz and hence the right-hand side in (143) is
monotonlcally increasing in ¢. Thus, due to ¢ < k, we can
further upper-bound (143) by

/ e—spéc)(¢k-(931:k-)7y) dxz.p
Ak '
k
- <esczgd(,4) + k(—esc2$d(Uc) + / eslm'Qd.z))
Ue
(136) ~
= Tk(s)
which is (141).

Case ¢ > k: We have
fspéc)(m(wl:k):y)

(73)

k
¢
< e =R exp (—sZr_n_inmin{Hwi — ;% 02}>

— o5t (t=k) Hexp( smlnmln{H:BZ yj‘|2702})'
Thus, we obtain

/ e*SPz ) (pr(T1:8),Y) da:l "
Ak

< 6—302(€—k)
/ Hexp ( smlnmln{||ar:Z -yl 02}) daq.x
Ak G0

e k
= 67802(67]“) </ exp (_5 mllil mll’l{”a: - yj||2’ 02}> da:)
A =
(1%”67502(4—1@ <6862$d(A)

k
(e [ e
Ue
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_ <6562€/k$d(A) + 67862(47k))/k€

k
X <6562$d(UC)+/ es|m|2dm)> . (144)
Ue

For s> > 1, the functions e *“¢/% and e—5¢"(¢=k)/ky
are monotomcally decreasmg in /. Thus, recalling that

e % Xd f esl=l’? dx, the entire right-hand side in
(144) is monotomcally decreasing in ¢. Hence, because ¢ > k,
we can further upper-bound (144) as

/ e—‘?/)2 (b1 (@1:1)s Y)dxl "
Ak

k
S <6802$d(A) + k(_esczgd(Uc) +/ 65|w|2dw>)
U.

which is (141). [ ]

APPENDIX H
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We will use Corollary 12 with random vectors (x(*), y(*))
that are given by the probability measure

Py gy (A1 X Az)
é/ / Gxor 1y (@1 | Y1) AN (Y1) AT
Al JAs

for Ay, Ay C (R?)*. The marginal x(*) is distributed accord-
ing to the probability measure

x(k>(A1) P (R (A1 X (Rd) )

:/ / G 1y (@1 | Y1) AN (Y1) AT
Al (Rd)k

k
@/A <ng(mi)> dx1.x

1
70
TPP(A).

Thus,
#r(x™)) has the same distribution as ¢, (xy ). The assump-
tion (79) is a specialization of (36) for the case of a Poisson PP,
USOSPA distortion, and the vectors (x(*),y(*)) constructed
above. Therefore, all assumptions in Corollary 12 are satisfied
and we obtain (see (37))

R(D) < H(IX) + Y px(k

x(®) has the same distribution as xf< and, hence,
(k

) (I(xoc);y(k))

keN
— It Y0 | Xk > <k>t Y®))
H(X)) + ) pyx (k) T(x®; y*)) (145)
keN

Here, omitting the conditional mutual informations does not
loosen the bound if the function G Ry (k) is symmetric
with respect to permutations, i.€., gyk)|y(k) (1.1 |Y1:6) =
Gx(k) |y (k) (o (®1:1) | Ty (y1:1)) for any permutations 7, and 7.
(Indeed, it is easy to see that in this case the ordering of either
x%) or y(*) does not provide any information about the order-
ing of the respective other random variable.) Because |X| is

given by a Poisson distribution, we have pjx|(k) = e "1 /k!
and

H(X) oy
B vyk 1 v
-3 ()
keNp
eiuyk —v k |
= Z 2 (—loge™ —log " +log k!)
keNp
:1/26 —Ze logu—|—z logk'
keNo keN keN
e vk
=v—vlogr+y_ log k! . (146)
keN

To derive the mutual informations [ (x(k); y(k)), we first note
that x(*) is a continuous random vector and the same holds
for x*) conditioned on y*) = y;.;. Thus, according to [12,
eq. (8.48)], we can calculate the mutual information as

I(x®;y®)

= h(x®)) — / h(x(k) ly®) = Yi:k) A\ (y1)
(Rd)k

= k h(gx) +/ / Ixmy (T1k | Y1:x)
Rk J (R )P

% 10g gy jyo) (T1ek | Yrek) @ AN (yrx) . (147)

Here, we used h(x®) = h(x(¥)) = kh(gx), which holds
because of (70) and because x k) has the same distribution

as xg() Inserting (146), p‘x|( ) = e~vv*/k!, and (147) into
(145) gives
R(D)
—v.k
< z/fz/logVJrZ € ‘V log k!
kEN
671/1/]@
+ Z o kh(gx) + Ixmy (T1:k | Y1:x)
P ! Rk J (RA)k

x 10g geiw) jyo) (15 | Y1:1) A1 dA@(?Jl:k))

=v —vlogr+vh(gx)

2

e VP
log k! + Ixwy (T1:k | Y1:8)
(RaYk J (R)k

x 10g gecw jym) (15 | Y1:1) AT 12 dA@(’!Il:k))
which is (80)—(82).
APPENDIX I

LEMMATA FOR EXAMPLE 21

We consider the setting of Example 21, i.e., X is a Pois-
son PP on R? with intensity measure A\ = v.22%[j ).
Furthermore, N > 1/(1/2¢), Ay is defined by (84), and
Ixm 1y (T1:k | Y1:6) By (85).

Lemma 27: Equation (83) is satisfied, i.e.,

/(R2) oy (@ 1k | Y1:6) AN (Y1:1) H Ljo,1y2 () -
(148)



Proof: Inserting (84) and (85) into the left-hand side of

(148), we obtain

/ L ey (@1 | Y1ik) AN (1:k)

(R2)*

:/ / Ix) y) (16 | Y1:6) dAY (Yi) - - - dAv (Y1)
R2  JR2
LN\E NN NNy

() X X2 ¥y

FO=1 50 =1 <(k>_1j(k>_1

% ZHNQHQ (r@) (G (@)

T i=1

Zﬁ < i iV: 1)1 (%))

|
z?’ .

N
Il
—

A
lle
==

s
Il
-

Ljo,1)2 ()

where we used in (a) that {Qj, j, }j,.ja=1

of [0,1)2. [ ]
Lemma 28: Equation (87) holds, i.e.,
—v k
e & & v

keN
Proof: Using (84) and (86), we obtain

E[pf” (6r(xM), o (y™))]
1 P N N N N2k

/@W (zvz) )P DD~
j§1):1jél):1

) (Z e e (@) @) (€B1;k)>
% p5” (@n(@18), o (g0 s

Sy oy Yl

IOy O N G

7qj§k)’jék>)) dey.g

=14

X / 1% ) . (wl:k)
E : (B2) HZ=1Q.7.§T(1))J§T(1))

% ps7 (¢ (@110, ¢k(qj£1)_jé1)a . -7qj£k>’j§k>)) GE

(149)

k
Using the short-hand notation le s H.izl ij(m’jéf(i)),
the integrals in this expression can be rewritten as

Py (o (x1:k); Pk (qj§1>7j§1>, e qjﬁmyjém)) dzy.k

(m
le,jz
k
(a) . . 2 2
= min E mln{||33i/ — g .+ @) .w(u))H , C }dfvlzk
Q(_T)_ T J1 2J2
J1.d2 i’=1
(b)

k
= / Z min {||z; — Q) e ||2, A} dey

(m)
Qn jz2 i'=1
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k
Z/() mm{||a:z/*q<m>> <<7>>|| , P} @y
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(150)

where (a) is due to (71) (with k = £); (b) holds because for
Ty € jSfm)’jéf(u)), the closest q;, ;, for ji,j2 € {1,...,k}
is qjgf(i/))7jér(i/>), and thus 7/ = 7 is the minimizing permu-
tation; and (c) holds because ||z;/||* < 1/(2N?) < ¢? for
Ty € [ — 3k, ﬁ)Q (recall our assumption N > 1/(v/2c)).
Inserting (150) into (149), we obtain

E[Pg) (66 (x*), o1 (y™))]
N N N N
1 k
Z Z Z Z k! Z 6N2(k+1)
j;l)zlj D_q 5 (k) _ 1j;k) 1 T
k

and inserting (151) into the left-hand side of (87) yields

e*”l/k c 1 eiljl/k
Z o E[p(z )(¢k(x(k))v¢k(y(k) ] = GN2 Z Tk
keN ’ keN ’
= —F. n

6N2

Lemma 29: Equation (88) holds,
(V") <= log k! — klog N2,

ie.,
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Proof: We obtain from (81) and (84)

Ol = () S Sy

IOy O O Gl

X h(x(k) | y(k) = (qjil),jél) yoen ,qjik)dék)))

(152)
where, by (82) and (86),

A [y 8 = (a0 o0 a0 )

N2k
:_/R2)k< Z M Qe <<>>( 1k)>

N2
x log < A Z I, Q@) @) ($1:k)> sy
(153)
We distinguish two cases: If (jfi),jéi)) G ( i ),jél )) for all
i # 4/, then the sets Q (@) r() are all disjoint. This implies

that the Cartesian products ]_[2 1 Q (@) @) are disjoint
for different permutations 7 and hence the probablhty density
function in the differential entropy in (153) simplifies to

N2k
%l Z T, Q@) @) (z1:1)
NZk
= 7]{' ]]_UT Hf:l ngr(z))yjér(i)) (iEl:k)

i.e., the probability density function of a uniform distribution
on J, Hle ijm JE@)- Because a uniform distribution on

1 3J2
a Borel set A C R? has differential entropy log(-£4(A)) (see
[12, eq. (8.2)]), the differential entropy in (153) is given by

h(xy® = (g0 0, gym w)

k
= log <($2)k ( U H ngra»,jér(i))))

T =1
k

= log <Z($2)k(HQA’(”%]';’“))))
T i=1

(L)

k!

On the other hand, if there exist indices (ji ),]é )) =

( g ), ]éz ) for some i # i’, we can still bound the differential

entropy in (153). In fact, we can trivially upper-bound the
corresponding probability density function in (86) by N2¥
because 3 Ly L Qo <m>>( 1:k) < k!l Using this bound

in the argument of the logarlthm in (153), we obtain

h(x(k) |y 7qj£k>’j£k>))

N2k
= _/(RQ)k ( Z Hz 1Q (T(L)) (T( ))( 1: k))

X logN dx.
—log N? .

(154)

= (q.u) PIOAREE

(155)

Inserting for all (j§ ),jg)), i€ {l,...,k} either (154) or
(155) into (152) (depending on whether the (j%l),jél)) are
pairwise distinct or not), we obtain

() 1 N? k!
k
P [y) 2 N(( Jaton ()
2
— <N2k — <]Z )m) log N2k>
1 N2 N2
- ! 1 — ! 2k
N2k<<k>k.logk. (k>k.logN

N2
— N?*1og N + < I >k!10gN2k>

N3\ 1y
= ( )k log k! —

N2k klog N2

where we used in (a) that there are ( )k' ch01ces of pairwise
distinct (jf ) jéz)) and, hence, N2+ — )k' choices of

{(A ) 4 ))}2:1,...,k where there exist indices (ﬂ ),Jél)) =

(]i /),jé )) for some 7 # 7', ]
Lemma 30: For N € N with N < N, we have
e~k ek (N
Z i (1ogk!+klogN2 NQSf )logk'
keN
N (Nz)
2 k
<vlog N +Ze 1ogk'( '_N2k>
k=1
N2—2 efuyk
2
+ (1— > o )u : (156)
k=0
Proof: We have
—v,,k e~V k N?
e Vv 2 )
> O (log k! + klog N?) Z N?k log k!
keN
N2
= z k +Z logk:!
keN
. N? —uyk( ) '
N2+1 k=1
() = (%)
\q) 2 k
=vlog N +Ze logk'(k' N2k>
k=1
oo —VVk
+ > — log ! (157)

k=N2+41

where (a) holds because ;. © k,” k = v. The infinite sum
on the right-hand side of (157) can be bounded by

9] e—Vy k e e Yy k
I k: 71 k
2 Tl Z e
kE=N241 k=N2+41
(b) e e—uyk
= k—2)!



o 67uyk+2 N2-2 efuyk+2
_; kL kZ:O k!
N2—2 —v.k
— (1 Y £ k'” >u2 (158)
k=0

where (a) holds because logk! < klogk and (b) holds
because logk < k — 1. Inserting (158) into (157), we obtain
(156). [ ]
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