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Abstract—Orthogonal time-frequency space (OTFS) modula-
tion has been suggested as modulation scheme for the fifth
generation of wireless communications and beyond. The scheme
is promoted as especially well apt to tackle future challenges
of high mobility, millimeter wave communications (mmWave)
and massive Multiple-Input Multiple-Output (MIMO). In this
paper we investigate the observed channel properties in the OTFS
domain from mmWave vehicular crossroads measurements. To
assess the sparsity of the resulting delay-Doppler channel, we
use Akaike’s information criteria, which consider the trade-off
between mean squared error and overfitting. Our analysis shows
that in the OTFS domain, the observed channel is in deed sparse,
with an optimal number of 16 channel taps out of up to 1344
possible. Our analysis furthermore shows that this property of
observing sparse channels is caused mainly by the high number
of orthogonal symbols resulting from modulation in two domains.

Index Terms—mmWave, OTFS, Channel Characterization,
V2I, Measurements

I. INTRODUCTION

Orthogonal Time-Frequency Space (OTFS) has been pro-
moted as a novel time-frequency-modulation format that is
supposed to cope well with the challenges of future wireless
networks. Its core premise is a two-dimensional modulation in
the delay-Doppler domain via the Discrete Symplectic Fourier
Transform (DSFT), that is then transformed into a transmit
sequence [1]. There exist implementations that transmit via the
Orthogonal Frequency Division Multiplexing (OFDM) domain
to allow application on OFDM hardware, as well as another
that transforms directly into the time domain.

This modulation has been promoted as being well suited for
fifth generation communication challenges, such as massive
Multiple-Input Multiple-Output (MIMO) and high mobility
applications [2], [3]. The format has also been suggested for
Millimeter Wave (mmWave) communication channels [4], [5].
One crucial element for the format is the characteristics and
estimation of the observed channel. While channel estimation
and decoding was recently studied [6], [7], few measured
insights on the character of real-world channels in the OTFS
domain have been published.

A. Our Contribution

In this work, we formulate measures to analyze the ob-
served sparsity of OTFS channel responses. Sparsity based
approaches were demonstrated in [8], [9]. We base our analysis
on Akaike’s Information Criterion [10], [11]. This allows us
to find the optimum number of channel parameters for a given
measurement beyond which most likely noise is being fitted.
The formalism is based on our previous work in [12]–[14].

We apply the approach of [14] to vehicular 60 GHz
mmWave measurements that were conducted at an urban
intersection. Our analysis shows that OTFS does provide a
space where the channel is considerably more sparse than the
pure frequency domain. However, by introducing a normalized
quality estimate, we are also able to show that this increase
mainly stems from the increase in dimensionality, and not the
fact that delay-Doppler domain is especially sparse for our
given measurements.

B. Notation

We use boldface to denote vectors and matrices, where
vectors are written as lowercase v while matrices are given
as uppercase M . p-norms are written as ‖·‖p . The Hermitian
transpose is denotes as MH , the Kronecker product as ⊗, and
the column-wise vectorization of a N ×M matrix into a vector
of size MN × 1 is denoted by the vec(·) function. The inverse
operation is performed by unvec(·).

In order to enhance clarity while reading, we use t ′, f ′, τ′

and ν′ as discrete-time indices for absolute time, frequency,
delay and Doppler shift. They are related to their continuous-
time counterparts t, f , τ and ν via the sampling time ∆T , The
subcarrier spacing ∆F, and initial time and carrier frequency
T0 and F0:

t ′ =(t − T0)/∆T (1)
f ′ =( f − F0)/∆F (2)
τ′ =τ∆F (3)
ν′ =ν∆T (4)

II. SYSTEM MODEL

Our goal is to estimate the sparsity and channel parameters
in the OTFS domain from time-frequency traces. To achieve



this, we start out by formulating the domain transformation in
a vector-matrix notation.

In general, the transformation from delay-Doppler domain
to time-frequency domain is done by the DSFT. The DSFT
transforms the delay-Doppler dependent scattering function S
to the time-frequency dependent transfer function h via [7]

H[ f ′, t ′] =
1
√

DT

D−1∑
τ′=0

T−1∑
ν′=0

S[τ′, ν′]e j2π(t′ν′/T− f ′τ′/D). (5)

Here, T is the number of elements in the Doppler grid (and
hence the number of time samples that are aggregated in
one OTFS symbol). Conversely, D is the number of possible
delay taps, and thus number of used subcarriers. We define
the number of total elements in the grid as N = DT . This
transform can be rewritten in matrix notation as

H = FH
DSFT . (6)

We define FD as the unitary discrete Fourier transform of size
D. The inverse transform in this case equals

S = FDHFH
T . (7)

We now vectorize the given transformation, and apply the
identity vec(ABC) = (CT ⊗ A)vec(B)

vec(S)︸ ︷︷ ︸
=s

= (FH
T ⊗ FD)︸        ︷︷        ︸
=ADT×DT

vec(H)︸  ︷︷  ︸
=h

, (8)

h = (FT ⊗ FH
D )︸        ︷︷        ︸

=A−1
DT×DT

s. (9)

Here, the 2D-representation is calculated by applying the
unvec(·) operation to the vectorizations.

A. Sparse Channel Estimation

We use the algorithm presented in [14] to calculate a
sparse channel estimation in the delay-Doppler domain. The
algorithm is based on the Complex LASSO (c-LASSO) opti-
mization goal

ŝLASSO[t ′] = argmin
s

(
‖ (h[t ′] − As) ‖22 + µ‖ s‖1

)
. (10)

The algorithm finds an estimate that minimizes the Mean
Squared Error (MSE) under the side constraint that the es-
timate should be sparse (enforced by the ‖ · ‖1 penalty). By
tuning µ, we can find an estimate with an arbitrary number
of nonzero entries. This tuning can be found iteratively as
described in [15].

III. CHANNEL CHARACTERIZATION

We want to find a channel representation for a realization
of dimension N , that uses exactly k degrees of freedom. The
variable k refers to the model order. Following [12], we use
the Akaike Information Criterion (AIC) as a measure to find a
good trade-off between model complexity and overfitting. The
criterion uses the log-likelihood function for evaluating the
estimation quality, and penalizes it by the model order to avoid

overfitting. For the application in this paper, this allows us to
find a good estimate for the sparsity of the OTFS mmWave
channel.

A. Estimation Performance Metric
In general, the AIC is defined as [10]

AIC(h, s) = 2k
N

N − k − 1
− 2 ln(max

s
fs(h)), (11)

where fs(h) is the likelihood function of h given the
parametrization of s. The logarithm of the likelihood function
is penalized by a function that depends on the model order
k. We use the refined bias that also works if N

k < 40.
We assume that the LASSO estimate in (10) approximates
the maximum likelihood estimate utilized in (11), that is
ŝLASSO ≈ argmaxs fs(h). This behavior was observed in [12].

If this condition holds, the estimation error is unbiased
and converges towards an i.i.d. complex normal distribution
e ∼ CN(0, σ2) [16]. Then, the maximum likelihood and the
accompanying log-likelihood is given by

fŝ(h) =
1√

(2π)N det(C)
exp

(
−

1
2
(h − Aŝ)HC−1(h − Aŝ)

)
,

ln fŝ = −
N
2

ln(2π) −
1

2σ2 ‖h − Aŝ‖22︸       ︷︷       ︸
RSS

−
N
2

ln(σ2), (12)

where RSS denotes the residual sum of squares. From this,
we can compute an estimated noise variance σ̂2 = RSS

N . Then,
the AIC can be written as

AIC = 2k
N

N − k − 1
+ N ln(2π) +

Nσ̂2

σ2 + N ln(σ2). (13)

We now assume that we use enough samples for the noise
variance estimate σ̂2 to converge towards the actual noise
variance σ2. Equation (13) simplifies to

AIC(h, ŝ) =2k
N

N − k − 1
+ N ln(2π) + N + N ln(σ2) ,

=2k
N

N − k − 1
+ N(ln(2π) + 1) + N ln

(
RSS
N

)
.

(14)

Frequently, the term N ln(2π+1) is dropped, as it is not depen-
dent on k or the estimation quality, hence is not contributing
to the evaluation of the optimal k. However, in this paper, we
want to do evaluations also with respect to N , hence we keep
the terms. When the dimensionality of our data is increased, so
is the number of realizations, and hence it is more probable to
find a good sparse representation. This can be seen in the last
2 terms of (14). There, as long as ln(RSS/N) < −(ln(2π)+1),
the AIC is decreased progressively by increasing N .

We now introduce a second measure, the normalized
AIC(n)(h, ŝ). This is achieved by dividing the AIC(h, ŝ) by
N ,

AIC(n)(h, ŝ) =
2k
N

(
N

N − k − 1

)
︸               ︷︷               ︸

normalized bias

+ ln(2π) + 1 + ln
(

RSS
N

)
︸                       ︷︷                       ︸

normalized likelihood

.

(15)



We introduce this measure to specifically test for dimen-
sionality dependence. This behavior is eliminated in the nor-
malized AIC.

B. Akaike Weights

Based on the given formulations, we introduce the regular
and normalized Akaike weights similar to [17]

Φj = AICj −min
i
(AICi), (16)

Φ
(n)
j = AIC(n)j −min

i

(
AIC(n)i

)
, (17)

wj =
exp(−Φj/2)∑J
i=1 exp(−Φi/2)

, (18)

w
(n)
j =

exp(−Φ(n)j /2)∑J
i=1 exp(−Φ(n)i /2)

. (19)

The Akaike weights are calculated on an ensemble of mea-
sured data, and yield a number between 0 and 1 for every
element of the ensemble. The closer a weight is to 1, the
better fitting this element is in comparison to the competitors.
In our case, we compare OTFS estimates of different sparsity
and time aggregation length.

C. Measurements

Fig. 1. Image of measurement setup.

The measurements took place at an urban street crossroads
as shown in Figure 1. The TX antenna is a 20 dBi conical
horn antenna and mounted on a vehicle roof. The horn
antenna is directed in driving direction; towards the crossroads.
The RX antenna is a λ/4 monopole antenna and mounted
on a crane arm, directly above the crossroads. The thereby
elevated RX antenna is at a common infrastructure height of
5 m. Each measurement recording is limited to 3600 ms and
starts approximately 30 m before the crossroads. The channel
sounding parameters are provided in Table I. For more details
regarding the measurement campaign, please refer to [18].

TABLE I
CHANNEL SOUNDING MEASUREMENT PARAMETERS

Parameter Value

Center frequency 60.15 GHz
Subcarrier spacing 4.76 MHz

Number of subcarriers 21
Snapshot rate 178.07µs

Delay resolution 10 ns
Recording time 3600 ms

IV. RESULTS

We calculate c-LASSO optimizations for sparseness choices
of {4,6,8,12,16,24}, and time aggregations of T ∈

{4,8,16,32,64}. Example results are shown in Figure 2, which
demonstrates example results for one measurement run. It
shows the estimated positions in delay and Doppler for all
analyzed time aggregations and a sparsity of k = 4. Since the
channel properties do not change with respect to a constant
circular shift in delay domain, we shifted the delay domain
such that the minimal tap delay over a measurement run equals
0. The presented traces show that a considerable amount of
measurement noise for small time aggregations. Hence, the
delay estimates fluctuate strongly from estimate to estimate
for T = 4. As the time aggregation is extended, both delay and
Doppler estimates become noticeably less noisy. This is caused
by the effect of collecting more energy introduced by extend-
ing the estimation over a longer time block. Figure 3 shows
the AIC evaluations for the presented time aggregations and
chosen sparsities. The figure furthermore shows the Akaike
weights calculated for each sparsity within a time aggregation.
The AIC curves in the non-normalized plot appear to be
straight lines, because the AIC value is dominated by the
dimensionality N . Within one aggregation, only small changes
are caused due to choosing different sparsities. The Akaike
weights on the other hand show that for each aggregation,
there is a clearly optimal sparsity choice, which can be seen
by the weight wj being close to 1. These results show us that
the estimation quality is strongly dependent on the aggregation
period, and that for every aggregation, we find a clear optimal
choice of sparsity. However, we also want to investigate effects
other than the dimensionality. Therefore, we consider the
normalized AIC (Figure 4). The normalization allows us to
see the dependence on the sparsity more clearly. It shows
that for small aggregations, the k = 43 is optimal. This is
a strong indicator that the measurement noise is dominating.
As the time aggregation is extended, the optimal choice for
k increases, however the choice stays sparse compared to the
dimensionality N . The figure also shows that when normal-
izing with respect to the dimensionality, all the estimators
produce highly similar scores. This indicates that the main
gain from time aggregation comes from increased energy and
dimensionality. In Figure 5, we plotted a histogram of Akaike
weights computed for 4 different measurements and all listed
time aggregations. The plot shows the same trend, that the
non-normalized AIC tends to have clear best choices (spike



(a) Delay over time. Aggregation 4 (= 0.71 ms) (b) Doppler over time. Aggregation 4 (= 0.71 ms)

(c) Delay over time. Aggregation 8 (= 1.42 ms) (d) Doppler over time. Aggregation 8 (= 1.42 ms)

(e) Delay over time. Aggregation 16 (= 2.85 ms) (f) Doppler over time. Aggregation 16 (= 2.85 ms)

(g) Delay over time. Aggregation 32 (= 5.7 ms) (h) Doppler over time. Aggregation 32 (= 5.7 ms)

(i) Delay over time. Aggregation 64 (= 11.4 ms) (j) Doppler over time. Aggregation 64 (= 11.4 ms)

Fig. 2. Channel estimations with Sparseness 4 and time aggregations of T ∈ {4, 8, 16, 32, 64}. The left plots show the positions of the delay estimates, the
right plots the positions in Doppler domain. The grid is circularly shifted to avoid wraparounds in delay domain.

at 1) and clearly worse choices (large spike at 0), whereas
normalization leads to a spread around 0.2. This does indicate
that the larger time-frequency grid leads to strongly improved
estimation qualities. However the normalized Akaike weights
are all clustered at low values with no estimate being close
to 1. This shows again that the optimal choice is mainly due
to the large dimension, and not due to finding an inherently
better matching basis.

V. CONCLUSIONS

Our results show that extending modulation into the OTFS
domain does result in a channel description that is increasingly
sparse compared to the total signal dimension N . However, we
found that careful measures are necessary to evaluate the cause
of the increased sparseness. The AIC shows us that, depending
on the block length of the OTFS symbols, the channel will
have ≈ 16 relevant echoes in the delay-Doppler domain. We
demonstrate a great increase in estimation quality due to the
time aggregation. But by normalizing the measure with respect



Fig. 3. Non-normalized AIC of the presented analysis.

Fig. 4. AIC(n) of the presented analysis.

to the signal dimension, we are able to show that the gain in
estimation quality derives primarily from the increased signal
dimension.
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