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Abstract
This habilitation thesis is based on a collection of journal articles and conference publications
dealing with single- and multi-point transmission optimization and analysis of mobile
wireless communications, with main focus on time-variant scenarios. The motivating
communication scenario underlying this thesis is determined by tomorrow’s Society in
Motion, in which large numbers of mobile users (humans and autonomous machines) with
varying quality of service requirements (throughput, latency, reliability) will simultaneously
demand high performance dependable wireless connectivity. Satisfying such requirements
poses significant challenges on mobile wireless communications, in particular when users
are moving with relatively high velocity through the network coverage area. In this thesis, I
present my research within four closely connected research fields addressing these challenges
to enable efficient and dependable wireless communications for the Society in Motion:

Link and System Level Modeling and Simulation: Link and system level simulations
build the basis for accurate and realistic performance investigation of mobile communication
systems. They are indispensable for rapid prototyping of novel signal processing methods
and enable benchmarking against state-of-the-art standardized approaches. I present our
link and system level simulation methodologies and abstraction techniques, which pro-
vide the means to analyze the transceiver designs developed in this thesis within realistic
environments, in order to gauge their practical value.

Acquisition of Channel State Information at the Transmitter: Channel state information
at the transmitter (CSIT) builds the fundamental basis for advanced multi-antenna and multi-
point transceiver optimization. However, acquiring accurate CSIT with acceptable overhead
is challenging, especially in high mobility scenarios and frequency division duplex (FDD)
systems. I provide a general classification scheme of CSIT acquisition methods and present
my contributions within the field of so-called limited feedback techniques. Specifically,
I discuss my implicit and explicit channel state information (CSI) feedback algorithms,
which exploit the algebraic topological structure imposed by specific classes of transmission
schemes, as well as, the characteristics of the wireless propagation environment to achieve
an efficient CSI quantization.

Multi-User Resource Allocation and Robust Transmission Optimization: Having CSIT
available allows to optimize the multi-user resource allocation and the multi-antenna trans-
mit processing to achieve satisfactory, efficient and reliable transmissions. However, CSIT
imperfections due to estimation and quantization errors, as well as, channel aging, fundamen-
tally impair the achievable performance. I provide a discussion on theoretical performance
limitations imposed by imperfect CSIT concerning the outage probability and the achiev-
able degrees of freedom of the wireless transmissions. I moreover present my transceiver
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designs that account for CSIT imperfections to enhance the robustness and resilience of the
communication system, in order to provide efficient and dependable wireless connectivity
even with imperfect CSIT.

Coordinated Transmission and Interference Management: Spatial densification of wire-
less networks is the major approach to sustain the ever-increasing capacity demands of mobile
networks. However, increasing mutual interference amongst transmission points restricts
the achievable spectral efficiency and impairs the reliability of the wireless connectivity.
These interference limitations can be mitigated through multi-point coordination and joint
transmission. I provide an overview of multi-point interference management techniques for
unicast and multicast transmissions. I discuss the importance of multicast transmissions for
cellular-assisted vehicular communications, which is one of the central use-cases underly-
ing the Society in Motion. I furthermore present my multi-point coordination techniques
for the multi-antenna multicast interference channel, which support weighted sum-rate
maximization through distributed transmission optimization.

The scientific results discussed within this thesis support reliable and efficient multi-
antenna and multi-point wireless communications, while providing robustness with respect
to CSI imperfections, thus building a corner stone for mobile communication systems that
are capable of supporting the requirements imposed by the envisioned Society in Motion.
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1. Overview of Contributions

1.1. Introduction and Motivation

Mobile wireless broadband connectivity has become a commodity. The demand for increased
mobile network capacity is continuously growing, especially in cities and urban agglomer-
ations [1]. This trend will continue for several decades to come, as tomorrow’s society is
shaped by increased urbanization. By 2050 the percentage of the world’s population living
in urban areas is predicted to increase from today’s 55% to 68% [2]. Within such cities and
their commuter belts high-rate wireless connectivity will not only be required by masses of
(quasi-)static indoor users, but also by large numbers of people moving in public and private
transportation networks [3]. Moreover, wireless connectivity is not restricted to people:
Frictionless functioning of such a Society in Motion is supported by connected transportation
vehicles (cars, trains, buses) and environmental sensors, exchanging monitoring and control
information amongst each other and with the cloud, and relaying internet traffic of their
users. Road-safety applications, for example, require reliable and low-latency exchange
of safety-relevant information with vehicles to reduce the number of road accidents and
fatalities [4]. As soon as wireless communications is employed to support safety critical
applications, such as, driver assistance systems or even automated driving, dependability
of the transmission link becomes a must, guaranteeing reliable communication under strict
packet delay deadlines (timeliness) [5]. This leads to a new situation in future where a
significant portion of the wireless users (people and machines) is permanently moving
through the mobile network, and where best-effort entertainment services and applications
with strict dependability requirements compete for the same resources.

Key challenges: Providing satisfactory and sustainable wireless connectivity for the
envisioned Society in Motion gives rise to the following key challenges:

• Improving the data throughput of individual users, even at high mobility.

• Increasing the mobile network capacity and the supported connection density, not only
for static scenarios but also for mobile situations.

1
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• Enhancing the dependability of wireless connectivity to support applications that
require beyond best-effort quality of service (QoS).

I provide an in-depth treatment of the challenges imposed by the outlined Society in Mo-
tion on mobile communications in general and in the specific context of cellular-assisted
vehicular communications, as well as, a discussion of potential solution approaches in my
accompanying magazine publications:

[Article 1] S. Schwarz and M. Rupp, “Society in motion: Challenges for LTE and beyond
mobile communications,” IEEE Communications Magazine, Feature Topic: LTE
Evolution, vol. 54, no. 5, pp. 76–83, 2016

[Article 2] S. Schwarz, T. Philosof, and M. Rupp, “Signal processing challenges in cellular
assisted vehicular communications,” IEEE Signal Processing Magazine, vol. 34, no. 2,
pp. 47–59, March 2017

1.2. Outline and Overview

The focus of my research work presented in thesis is on signal processing methods and
transceiver optimization techniques to enable a sustainable support of the requirements
imposed on mobile communication systems by the envisioned Society in Motion.

1.2.1. Main Scientific Approaches

I pursue the following three main approaches in this thesis:

• Accurate and efficient acquisition of channel state information (CSI) at the transmit-
ter (CSIT) to enable the application of advanced multi-user transmission concepts;
see Chapter 3.

• Robust multi-user transceiver design to support reliable and spectrally efficient wire-
less transmissions, even with imperfect CSIT; see Chapter 4.

• Multi-point coordination and transceiver optimization to exploit macroscopic diversity
and to mitigate interference, thereby enhancing the reliability, capacity and area
spectral efficiency (ASE) of mobile networks; see Chapter 5.

2
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CSIT acquisition and robust transceiver design: Spatial multi-user multiplexing in
multi-antenna systems is a central technique for enhancing the spectral efficiency of wireless
communications. The achievable performance of advanced multi-user transmission concepts
is determined by the quality of the CSIT. In wireless communications with moving users,
obtaining accurate CSIT is difficult, as only a short time interval (the channel coherence
time) is available for the CSI acquisition. In such situations, it is therefore imperative to
enhance the resilience of the CSI acquisition with respect to channel variations, as well as,
the robustness of transceiver designs with respect to CSI uncertainty, to enable reliable and
spectrally efficient transmissions. These issues are the core of Chapters 3 and 4.

Multi-point coordination and interference mitigation: Over the last decades, den-
sifying network structures was the main and most successful approach for boosting mobile
network capacities by spatially reusing the available spectral resources. This approach, how-
ever, leads to increasing inter-cell interference in mobile networks, limiting the achievable
spectral efficiency of users and impairing the reliability of the wireless connectivity. Multi-
point transceiver coordination and optimization provides a way to mitigate interference or
to even utilize multiple transmission/reception points to enhance the macroscopic diversity
and thus the reliability and the efficiency of the system. Such techniques are particularly
important in densely populated interference-limited scenarios, as is the case in most urban
environments, and they are the focus of Chapter 5.

Link and system level simulation: Prior to presenting these multi-user and multi-point
transceiver optimization methods in Chapters 3 to 5, I discuss in Chapter 2 accurate link
and system level modeling and simulation approaches for mobile wireless communication
systems. In wireless communications research, computer simulations are an important tool
for validation and substantiation of analytic results. Link and system level simulations
are the industry standard for rapid prototyping of novel technologies. Such simulations
allow for the implementation of standard-compliant environments, which represent the
baseline performance of state-of-the-art technologies and thereby provide a reference for
benchmarking of novel techniques.

1.2.2. Summary of Contributions

Contributions of Chapter 2: Link and System Level Modeling and Simulation

In Chapter 2, I provide an overview of link and system level simulation approaches for
mobile communications. The scope is thereby on an accurate and efficient modeling
and abstraction of cellular communication systems, with special emphasis on high-mobility

3
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scenarios. A critical issue of realizing complex simulation environments in general is a proper
verification of the functionality and a rigorous validation of the correctness of simulation
outcomes. I discuss corresponding means for verification and validation in Chapter 2.
In my research work, the proposed modeling and abstraction approaches are specifically
employed to simulate Third Generation Partnership Project (3GPP) standard-compliant
fourth generation (4G) and fifth generation (5G) mobile communication systems. My
corresponding scientific publications, providing further details on efficient and accurate
link and system level modeling of mobile communication systems, are included at the end
of Chapter 2 of this thesis.

Contributions of Chapter 3: Acquisition of Channel State Information at the
Transmitter

In Chapter 3, I discuss techniques for efficient CSI acquisition at the transmitter-side,
putting the scope chiefly on so-called limited feedback methods. Such methods utilize
a dedicated limited capacity feedback link between the receiver and the transmitter to
convey the quantized CSI. A key challenge in limited feedback systems is to achieve
an adequate CSIT quality with a minimal feedback overhead, requiring an efficient CSI
quantization. I present in this chapter a general classification scheme of existing limited
feedback approaches, outline their applicability for certain classes of transmission strategies,
discuss their advantages and drawbacks, and summarize my own contributions specifically
in the field of predictive quantization on manifolds. Furthermore, I highlight the relevance
of finite-scatterer channel models to accurately represent propagation conditions in full-
dimension MIMO (FD-MIMO) systems. A major contribution of this chapter is to show that
finite-scatterer channels permit an efficient CSI quantization by applying a sparse channel
decomposition in the angular domain. My corresponding scientific publications, which
provide further details on the described methods, are included at the end of Chapter 3 of this
thesis.

Contributions of Chapter 4: Multi-User Resource Allocation and Robust
Transmission Optimization

In Chapter 4, I proceed to discuss transceiver optimization and resource allocation in multi-
user scenarios under the assumption of imperfect (quantized) CSIT. The focus here is
on robust multi-antenna beamforming and precoding techniques that can achieve substan-
tial spatial multi-user multiple-input multiple-output (MIMO) gains even with imperfect
CSIT, thereby enhancing the spectral efficiency of the wireless communication system.
In multi-user scenarios, a smart allocation of the time, frequency and spatial resources is
a critical issue, which can decide on a successful accomplishment of QoS requirements.

4
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In Chapter 4, I discuss an efficient framework for scheduling and resource allocation in
MIMO bit-interleaved coded modulation (BICM) orthogonal frequency division multiple
access (OFDMA) systems, such as, 4G/5G mobile communications, and I address outage-
based scheduling and admission control with imperfect CSIT. Details on the presented
contributions are accessible in my corresponding scientific publications included at the end
of Chapter 4 of this thesis.

Contributions of Chapter 5: Coordinated Transmission and Interference
Management

In Chapter 5, I put the scope on multi-point transceiver optimization. I discuss MIMO
multi-cell coordination techniques for unicast and multicast transmission scenarios. My
main focus thereby is on multicasting, which is considered as an enabling technology for
efficient support of cellular-assisted vehicular communications. This is because in vehicular
communication scenarios common information, such as, road traffic status information,
frequently needs to be shared with many vehicles in a certain geographic area, which
is most efficiently realized through multicasting. In Chapter 5, I discuss the underlying
information-theoretic model of multi-cell multicasting, namely the multi-antenna multicast
interference channel (MCIC), and I present a distributed optimization method for coordinated
multicast transmission of multiple base stations. This method enables significant latency
reductions and efficiency improvements for data packet distribution in cellular-assisted
vehicular communications. My corresponding scientific publications are included at the end
of Chapter 5 of this thesis.

Overview of Major Contributions

To summarize, the following major contributions constitute this thesis:

• Accurate link and system level modeling and abstraction techniques for mobile wire-
less communications, to enable a realistic performance investigation and benchmarking
of novel technologies, with focus on dynamic time-variant scenarios.

• Limited-feedback based CSIT acquisition methods that provide resilience against
temporal channel variations.

• Advanced multi-user MIMO transceivers that exhibit robustness with respect to uncer-
tainty of the CSI available at the transmitter.

• Distributed optimization techniques for unicast and multicast transmission in multi-
cell wireless communication systems, with application in cellular-assisted vehicular
communications.

5
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AbstrAct
Tomorrow’s society will see hosts of people 

constantly on the move, commuting between 
home and work, meeting up with family and 
friends or visiting shopping centers and leisure 
facilities. While on their way, these people use 
mobile devices to connect to the Internet, utiliz-
ing journey time for work-related tasks, enter-
tainment, or socializing in online communities. 
Current fourth generation cellular networks are, 
however, not designed to efficiently serve large 
numbers of comparatively high-mobility users, 
often causing insufficient service quality while 
on the move. Machine-type communication will 
cause further aggravation, with wirelessly con-
nected sensors that constantly monitor/record 
our environment, and vehicles that autonomously 
exchange traffic- and safety-relevant information. 
In this article, we highlight challenges that must 
be addressed by future mobile communications 
to enable efficient support of large numbers of 
highly mobile users in networks that are crowd-
ed with quasi-static (nomadic) users. We survey 
existing solutions and put special emphasis on 
open issues and competing priorities.

IntroductIon
We envision tomorrow’s society as a Society in 
Motion. Hosts of people are constantly on the 
move, commuting between home and work, 
attending leisure events, meeting friends and 
family, and visiting shopping promenades and 
malls. Most such activities are concentrated in 
urban agglomerations, since urbanization is pre-
dicted to incorporate more than 80 percent of 
the developed world’s population by 2025 [1]. 
However, at the same time, commuter traf-
fic from rural areas is rising, since most work-
places are in and around cities. The European 
Environment Agency reported in 2013 that typ-
ical commuting times within larger cities are not 
unlikely to exceed one hour per trip; commuters 
from rural areas have to endure even longer trip 
durations. To make the most of this time spent 
in public and private transportation, people uti-
lize mobile devices, such as smartphones and 
tablets, for entertainment (watching video clips, 
reading news and e-books, listening to music and 
audio books), shopping in online stores, prepar-
ing work, scheduling appointments, socializing 

on web platforms, and so on. All such services 
require Internet access, in some cases just for 
a few bytes while in other cases for entire data 
streaming, and thus depend on wireless connec-
tivity.

Wireless connectivity while on the move is 
not restricted to people though; machine-type 
communication will add a significant portion of 
mobile data traffic if not even the majority . Fric-
tionless functioning of the Society in Motion is 
supported by connected sensors and transporta-
tion vehicles (cars, trains, buses), autonomously 
exchanging monitoring and control informa-
tion among themselves and with the cloud, and 
relaying Internet traffic of their users. Fleets of 
commuter trains, buses, and individual cars, for 
example, are nowadays equipped with wireless 
communication devices to enable monitoring of 
the vehicle’s internal state, facilitating finding 
weak points early on before causing severe dam-
age. Connected in-vehicle entertainment systems 
that support online video streaming and Internet 
access are increasingly recognized as important 
revenue drivers by car manufacturers. Addition-
ally, road safety applications require reliable and 
low-latency exchange of safety-relevant infor-
mation to enable realization of global road 
fatality reduction goals; for example, the Euro-
pean Union targets 50 percent reduction of road 
fatalities by 2020 compared to 2010 (more than 
31,000 deaths on Europe’s roads in 2010 ). As 
soon as wireless communications is employed to 
support safety-critical applications, such as driver 
assistance systems or even automated driving, 
dependability of the transmission link becomes 
a must, guaranteeing reliable low-latency com-
munication under strict packet delay deadlines 
(timeliness) [2]. Even though dependability can-
not be guaranteed by current mobile communi-
cations, vehicular communications strategies of 
companies and manufacturers still promote such 
technology, since it is cheaply available off the 
shelf and because mobile networks are almost 
ubiquitously accessible. In response, the Third 
Generation Partnership Project (3GPP) recent-
ly initiated a new study item within Release 14 
of Universal Mobile Telecommunications Sys-
tem (UMTS) Long Term Evolution (LTE) on 
vehicular communications: Study item on LTE 
support for V2X services (V2XLTE); the goal is to 

Society in Motion: Challenges for 
LTE and Beyond Mobile Communications

Stefan Schwarz and Markus Rupp

LtE EvoLutIon

The authors highlight 
challenges that must 
be addressed by future 
mobile communications 
to enable efficient sup-
port of large numbers 
of highly mobile users 
in networks that are 
crowded with quasi-static 
(nomadic) users. They 
survey existing solutions, 
and put special emphasis 
on open issues and com-
peting priorities.
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develop a set of LTE specifications for vehicular 
environments (LTE-V). Notice that vehicle to X 
(V2X) communication encompasses connectivi-
ty between vehicles — vehicle to vehicle (V2V) 
— to roadside infrastructure — vehicle to infra-
structure (V2I) — and to people in proximity of 
connected cars — vehicle to pedestrian (V2P). 
Such connectivity can be achieved either directly, 
using device-to-device (D2D) transmission, or 
indirectly by employing base stations as transmis-
sion hubs. These developments will lead to a new 
situation in the future, where a significant por-
tion of wireless users (people and machines) are 
permanently moving through the network, and 
where best effort entertainment services as well 
as applications with strict dependability require-
ments compete for the same resources. Future 
mobile communications will thus basically face 
two distinct groups of users:
• Masses of quasi-static/nomadic best effort 

users that (mostly indoors) require virtually 
bandwidth-unlimited wireless connectivity

• Large numbers of mobile (moving) users 
with varying quality of service (QoS) 
requirements demanding seamless mobility
3GPP LTE is designed to provide basic point-

to-point connectivity even at very high mobility 
of up to 500 km/h. However, the promised giga-
bit-per-second data throughput with latency not 
exceeding 10 ms can only be sustained for very 
few static users; large numbers of highly mobile 
users lead to inefficiencies on the physical layer 
(PHY) as well as the signaling plane of LTE [3]. 
Even more, many current fifth generation (5G) 
proposals focus purely on the first group of qua-
si-static/nomadic users, hardly accounting for the 
impact of novel technological concepts, such as 
massive multiple-input multiple-output (MIMO), 
millimeter-wave (mmWave) transmission, and 
ultra high network densification, on high-mobil-
ity users. This is, on one hand, justified by the 
ever increasing demand for higher “static” net-
work capacity; on the other hand, however, when 
carelessly deployed, such technologies can even 
worsen the performance of this second group of 
mobile users. The purpose of this article, hence, 
is to reveal shortcomings of the current LTE 
standard in the context of a Society in Motion and 
to provide potential solutions for the evolution of 
LTE as well as for 5G mobile communications. 
We address techniques that are readily appli-
cable within LTE by enhancing network nodes 
and/or user equipment, as well as methods that 
require introduction of a new standard. Future 
mobile networks will likely comprise a variety 
of possibilities for access to the network as well 
as for direct communication between subscrib-
ers, as sketched in Fig. 1; this article attempts to 
shed light on the impact of such technologies on 
mobile users.

PhysIcAL LAyEr chALLEngEs
AcquIsItIon of chAnnEL stAtE InformAtIon

Accurate channel state information (CSI) at the 
receiver (CSIR) and the transmitter (CSIT) is 
a critical prerequisite for the exploitation of the 
spatial degrees of freedom provided by MIMO 
systems. Especially at high mobility, obtaining 
the necessary CSI accuracy can be challenging, as 
detailed below.

Channel Estimation and Pilot Designs: LTE 
employs pilot-symbol-based channel estimation 
with different pilot patterns in up- and down-
link directions as illustrated in Fig. 2a. The pilot 
pattern for downlink homogeneously fills a por-
tion of the time and frequency grid, thus equal-
ly supporting channels with varying delay and 
Doppler spread. In the uplink direction pilots fill 
the full bandwidth at fixed times, to conserve the 
favorable peak-to-average-power ratio (PAPR) 
of single carrier frequency-division multiplex-
ing (SC-FDM) transmission; the density of pilots 
along the time axis, however, is reduced, making 
them less suitable for high-velocity scenarios.

As shown in Fig. 2b, LTE’s downlink pilot 
pattern with Nt  {1, 2} transmit antennas and 
applying least squares channel estimation sup-
ports velocities up to 325 km/h at 2 GHz center 
frequency, corresponding to a Doppler frequency 
of fd  600 Hz, with minimal performance degra-
dation. With Nt = 4 transmit antennas the pilot 
density along the time axis is reduced, explaining 
the performance drop already at fd = 300 Hz. 
Above these Doppler frequencies throughput 
deteriorates due to increasing channel estimation 
errors and inter-carrier interference (ICI).

Several 5G proposals promote highly flexible 
multi-carrier waveform designs that adapt sub-
carrier spacing, cyclic prefix, prototype pulse, and 
so on, to support varying channel characteris-
tics and traffic demands. A first step toward such 
flexibility can already be taken without requiring 
a novel PHY, by adapting pilot symbols accord-
ing to channel characteristics. In [4], the authors 
propose to adapt the pilot distance in time and 
frequency (Dt and Df in Fig. 2a) as well as the 
pilot power according to channel delay/Doppler 
spread and signal-to-noise ratio (SNR), to max-
imize the achievable throughput of the system. 
The performance of this scheme is shown in Fig. 
2b, demonstrating substantial performance gains, 
especially for larger antenna configurations. 
Notice that performance can be improved even 
at low Doppler frequency, since the pilot density 
can be reduced compared to the LTE pattern, 
and thus, the reference symbol overhead can be 
decreased. Large parts of these gains can be con-
served by employing a small number of different 
pilot patterns optimized for different regimes of 

Figure 1. Illustration of a future mobile network in an urban area comprising 
various access technologies to efficiently support static and mobile users.
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channel characteristics, enabling pilot adaptation 
with minimal feedback overhead from the receiv-
ers. Since channel delay and Doppler spread do 
not vary quickly with the carrier frequency, feed-
back information can even be avoided by adapt-
ing downlink pilot patterns according to uplink 
measurements, provided the frequency-division 
duplex (FDD) distance is not too large. Such a 
scheme can in principle readily be incorporat-
ed into a future release of LTE by enhancing 
user-specific reference symbols, without impair-
ing backward compatibility.

Inter-Carrier Interference: At high velocity, 
multi-carrier transmissions suffer from increas-
ing ICI due to the Doppler spread introduced by 
the channel, deteriorating the quality of channel 
estimation and symbol detection. Such effects 
are especially pronounced in orthogonal frequen-
cy-division multiplexing (OFDM) due to poor 
spectral confinement of the applied rectangular 
transmit pulse. One approach to alleviate perfor-
mance degradation is ICI mitigation, for exam-
ple, employing iterative approaches [5] where, 
in each decoding round, the ICI contributions 
are estimated in parallel to channel estimation 
and successively cancelled. Recent developments 
in [6] achieve almost perfect ICI-free OFDM 
transmission by iteratively estimating the dou-

bly dispersive wireless channel and equalizing 
its distortions. The authors demonstrate that 
already three iterations are sufficient for veloc-
ities up to 400 km/h at 2 GHz center frequency 
(fd  740 Hz), even without incorporating for-
ward-error-correction coding into the iterations; 
hence, the incurred processing delay is practi-
cally negligible. Since such methods only require 
enhancement of the user equipment, they can 
be implemented without any modification of the 
LTE standard. Alternatively, novel multi-car-
rier waveforms can be incorporated into a new 
standard that inherently provide robustness with 
respect to channel Doppler spread, as discussed 
further below.

CSI Feedback in FDD Systems: Over the last 
years, significant research effort was dedicated to 
the exploitation of the spatial degrees of freedom 
provided by multiple antenna systems, whether 
it be in the context of antenna arrays controlled 
by single transmitters (single- and multi-user 
MIMO) or for coordination of multiple spatially 
distributed transmitters within coordinated mul-
tipoint (CoMP) transmission concepts.

Simple codebook-based precoding schemes, 
restricting spatial pre-processing of the transmit 
signal to limited sets of precoders, are successful-
ly established for single-user MIMO transmission 
in LTE and provide valuable performance gains 
with reasonable complexity and signaling over-
head. The required CSIT in FDD systems can be 
obtained with minimal feedback from the receiv-
ers, whereas time-division duplex (TDD) systems 
might even rely on channel reciprocity. However, 
such schemes fall short of delivering noticeable 
capacity improvements in multi-user MIMO and 
CoMP, due to low spatial resolution provided by 
the limited codebook size. Furthermore, already 
such a seemingly simple task as transmission rate 
adaptation through limited feedback can utterly 
fail at high velocity, in case the feedback infor-
mation is not delivered in time, as illustrated in 
Fig. 3. This figure demonstrates the impact of 
feedback delay on LTE’s channel quality indica-
tor (CQI) dependent on the user mobility given 
in terms of the maximum Doppler shift of the 
signal. Without channel prediction and at 1 ms 
feedback delay, the throughput degrades already 
at 50 km/h (fd   93 Hz) by more than 20 percent 
due to deteriorating block error ratio (BLER). If 
the receiver is able to perform complex channel 
prediction, employing the recursive least squares 
(RLS) algorithm, feedback delay can be partly 
compensated. If this is not feasible, due to com-
plexity restrictions, rate adaptation should be 
based on channel statistics instead of instanta-
neous CSI to keep the BLER acceptably low; but 
such an approach prohibits exploitation of chan-
nel and multi-user diversity. The minimal feed-
back delay achievable in FDD communications is 
practically limited by the length of the transmis-
sion time interval (TTI) (1 ms in LTE). Hence, 
future mobile communication systems may have 
to provide the option for reduced frame length 
to improve the efficiency of high-mobility users.

To accommodate more complex multi-us-
er MIMO and CoMP schemes, LTE provides 
basic support of non-codebook-based precoding 
relying on explicit CSIT to optimally design pre-

Figure 2. Optimization of pilot power and distance in dependence of the 
delay and Doppler spread introduced by the channel: a) pilot patterns 
as employed in LTE up- and downlink; b) comparison of the downlink 
throughput at 2 GHz center frequency dependent on the maximum chan-
nel Doppler frequency achieved with the LTE pilot pattern and with opti-
mized pilot designs according to [4].
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coders. Such methods, however, only perform 
well with accurate CSIT, otherwise suffering 
from residual interference. In FDD, this implies 
enhancing the feedback algorithms supported by 
LTE. Corresponding differential and predictive 
feedback schemes that operate on manifolds to 
minimize the required overhead are available; 
see, for example, [7, references therein], where 
the performance of multi-user MIMO with 
predictive limited feedback is analyzed. These 
existing methods, however, achieve gains over 
memoryless CSI quantization only at low to mod-
erate user mobility, efficiently supporting static 
users and pedestrians. Nevertheless, we do see 
potential for differential/predictive methods even 
at high velocity: imagine a highway situation with 
many cars traversing the same stretch of road. 
At a given position on the road, the preferred 
transmission rate and beamforming direction of 
consecutive vehicles will not vary much. Thus, 
if each vehicle provides only little differential 
update information on the preferred rate and 
beamformer, gradually the transmitter will obtain 
an accurate picture about optimal transmit pro-
cessing along the highway. Differential/predictive 
CSI feedback enhancements in principle can be 
incorporated within a future release of LTE; but 
it does require standardization efforts to imple-
ment a common predictor structure, similar to 
modern video codecs.

Impact on Massive MIMO: Massive MIMO 
promises order of magnitude spectral efficiency 
gains by employing hundreds of antennas at the 
base stations to spatially multiplex tens of users. 
A major requirement to achieve such gains is the 
availability of accurate CSI to avoid multi-user 
interference, which is especially pronounced in 
massive MIMO due to the high spatial resolu-
tion achievable with large antenna arrays. The 
common consensus is that channel reciprocity 
in TDD systems will intrinsically provide the 
required CSIT; however, pilot contamination 
puts deterministic limits on the signal-to interfer-
ence-plus-noise ratio (SINR) and the achievable 
rate. Several methods to mitigate such effects 
have been proposed, frequently employing 
not only pilot signals but also data symbols to 
improve channel estimates. Pilot contamination 
becomes even more pronounced in high-mobil-
ity situations, since the channel coherence time 
is short, thus restricting the length of pilot sig-
nals. This, in turn, limits the number of avail-
able orthogonal pilot sequences, reducing the 
pilot reuse distance between interfering base 
stations. Furthermore, channel aging in TDD-
based massive MIMO systems, implying outdated 
CSI during transmission, causes enormous per-
formance losses at high mobility [8]. In the long 
run, full duplex transmission might alleviate such 
issues, provided up- and downlink signal pro-
cessing chains can be calibrated with sufficient 
accuracy.

Most existing LTE deployments, however, 
employ FDD. Since such systems have to rely on 
explicit CSI feedback to obtain channel estimates 
at the transmitter, the situation is even more chal-
lenging. Current three-dimensional (3D) beam-
forming and full dimension MIMO (FD-MIMO) 
developments discussed within 3GPP foresee a 

combination of codebook-based precoding and 
semi-static beamforming to extend the standard 
to large-scale antenna arrays; this approach is 
denoted transceiver unit (TXRU) virtualization, 
and is illustrated in Fig. 4. The method basical-
ly partitions the large-scale antenna array into 
several sub-arrays and applies semi-static beam-
forming weights along the vertical and horizontal 
directions of these sub-arrays to generate distinct 
radiation patterns. Based on CSI feedback from 
the users, reporting preferred baseband beam-
formers/precoders, the transmitter opportunisti-
cally selects a set of users that can be served in 
parallel with minimal interference. The achiev-
able multiplexing gain is limited by the number 
of available TXRUs. At high user mobility, the 
spatial resolution of the baseband beamformer/
precoder codebook will have to be reduced to 
ensure that the (delayed) CSI feedback is still 
valid during transmission; this, in turn, limits the 
number of non-overlapping beams that can be 
generated and thus the multiplexing capabilities. 

Figure 3. Impact of CSI feedback delay on throughput performance employ-
ing LTE’s closed-loop spatial multiplexing at 2 GHz center frequency.
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Alternatively, especially along predetermined 
paths of motion, such as, streets, highways and 
railroads, predictive beam-steering approaches, 
which predict beamforming directions based on 
users’ trajectories, can enable higher resolution. 
Furthermore, location information (e.g., provid-
ed by GPS) can be helpful to achieve more accu-
rate beam-steering [9].

muLtI-cArrIEr moduLAtIon wIth AdAPtIvE 
trAnsmIssIon PArAmEtErs

The advantages of non-orthogonal pulse-shapes 
for multi-carrier transmission over doubly disper-
sive channels compared to OFDM were already 
recognized by Kozek and Molisch in the 1990s 
[10]. Cyclic prefix (CP)-OFDM, as employed by 
most state-of-the-art wireless communication 
systems, can be designed robustly with respect 
to inter-symbol interference (ISI), caused by 
the delay spread of the wireless channel, by 
appending a CP of sufficient length. This, how-
ever, implies reduced spectral efficiency since 
only part of the symbol carries useful informa-
tion. Furthermore, the rectangular pulse-shape 
employed by OFDM is prone to ICI caused by 
the frequency dispersion of the channel, which 
is especially problematic at high user mobility. 
Optimal pulse-shaping has thus gained attention 
in recent years, with the goal of finding efficient 
and robust successor waveforms for 5G wireless 
communications. Several modulation formats 
and multi-carrier waveforms currently com-
pete for the succession of OFDM/SC-FDM as 
employed by LTE [11]. Arguments put forward 
for such novel waveform designs include, among 
others, spectral efficiency gains, enabled by omis-
sion of cyclic-prefix and by reduction of out-of-
band emission; latency reduction, as required for 
real-time monitoring/control in the tactile Inter-
net; and reduction of time/frequency synchro-
nization sensitivity, supporting energy efficient 
machine-type-communications.

Introducing novel multi-carrier waveforms in 
future 5G mobile communication is an opportu-
nity to enhance the performance of high-mobility 
users. Below we highlight some important design 
aspects and considerations for parameter-adap-
tive multi-carrier modulation that are imposed by 
the envisioned Society in Motion.

•Indoor and outdoor users with varying 
mobility will observe different channel disper-
sion characteristics (delay and Doppler spread). 
Hence, filter-bank parameters, such as the 
sub-carrier spacing and the applied prototype 
pulse, should be adaptable to the time-frequency 
dispersion of the channel. This allows matching 
waveform parameters to channel conditions to 
achieve a favorable trade-off between residual 
ICI/ISI and spectral efficiency.

•The TTI length should be adjustable to sup-
port different types of traffic with varying QoS 
demands. For the highest efficiency and robust-
ness with respect to microscopic fading, chan-
nel coding over long blocks of data is required. 
However, for applications such as the tactile 
Internet, ultra low-latency transmission is essen-
tial to achieve the desired instantaneous remote 
response. Vehicular communications adds an 
extra dimension between these two, requiring 
reliable data transmission within certain hard 

deadlines (timeliness).
•The parameters addressed in the previous 

two bullets should be modifiable for individu-
al users or groups of users with similar channel 
conditions, to enhance multi-user support with 
diverse channel and traffic characteristics. The 
most challenging is to accommodate a broad 
range of requirements, enabling efficient sup-
port of static indoor users with almost flat chan-
nels as well as high-mobility outdoor users with 
highly variable channels in time and frequen-
cy. In practice, certain discrete sets of compati-
ble parameters will have to be applied to cover 
several ranges of dispersion characteristics with 
minimal extra signaling overhead for parameter 
adaptation.

mILLImEtEr-wAvE trAnsmIssIon

Wireless communications in the mmWave band 
is of interest for 5G mobile networks, since 
large amounts of untapped spectrum are avail-
able in this regime, promising multi-gigabit-per-
second transmission and substantially increased 
cell capacities. However, transmission in the 
mmWave band comes with its own challenges, 
such as hardware complexity constraints impact-
ing beamforming and precoding algorithms; the 
requirement for highly directive beams to com-
pensate for increased path loss; and significant 
probability of signal outages due to shadowing 
and reduced multipath propagation. Especially 
the latter two issues require careful investigation 
in the context of high-mobility and dependable 
communications, since accurate beamforming 
is challenging in highly time-variant scenarios, 
and signal outages cannot be tolerated in safe-
ty-relevant applications. To reduce signal outage 
probability, macro-diversity has to be enhanced 
through multi-connectivity approaches, as 
described below.

wIrELEss chAnnEL modELs

In many scenarios of interest for highly mobile 
users, for example, on highways and along rail-
roads, the wireless channel behaves markedly 
different as compared to prevailing wireless 
channel models, which are utilized for evalua-
tion of signal processing techniques within 3GPP 
and other standardization bodies. In vehicular 
environments, propagation is characterized by 
shadowing through other vehicles, high Doppler 
shifts with usually only few dominant scatterers 
(other vehicles, road signs, and other structures 
along the road) and inherent nonstationarity 
of the channel statistics [12]. Channel models 
for such scenarios exist and are utilized mostly 
within the community of IEEE 802.11p research-
ers and engineers. However, to the best of our 
knowledge, there are no such channel models 
available to date that cover novel techniques 
such as mmWave transmission, 3D beamform-
ing, and FD-MIMO. Furthermore, it must be 
mentioned that the geometry-based stochastic 
3GPP 3D channel model, presented in 3GPP 
Technical Report TR 36.873, is not well suit-
ed for investigation of high-mobility scenarios. 
Imagine a user who moves along a street; large-
scale channel fading parameters, such as the azi-
muth and elevation spreads of the signal’s arrival 
and departure angles, are generated in this 3D 
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channel model based on the network geometry 
and the user’s position. These parameters are 
thus correlated between consecutive user posi-
tions. Based on the large-scale fading parame-
ters, small-scale fading parameters, such as the 
actual arrival and departure angles, are randomly 
generated. As long as the position of the user 
stays constant, the obtained small-scale chan-
nel realizations vary smoothly over time and fre-
quency. However, as soon as the position of the 
user changes, new random realizations of small-
scale fading parameters are generated, leading to 
unrealistic non-smoothness of the channel reali-
zations over time. Thus, this model in its current 
form is not applicable for the investigation, for 
example, of CSI feedback delay and predictive 
beamforming techniques, which can be a critical 
factor for the evaluation of future LTE-V. Such 
investigations are only meaningful if the channel 
varies smoothly over time, calling for revision of 
the 3GPP 3D channel model.

systEm-LEvEL chALLEngEs
In this section, we discuss system-level challenges 
imposed by high-mobility users. We do not treat 
the important use case of high-speed trains here; 
the interested reader is referred to the corre-
sponding recent Feature Topic on Future Rail-
way Communications in IEEE Communications 
Magazine [13].

LtE-bAsEd vEhIcuLAr communIcAtIons

The goal of 3GPP’s V2XLTE study item is to 
provide LTE support of vehicular communica-
tions. Such V2X specifications allow generating 
revenue via high-bandwidth infotainment appli-
cations for in-car users and proximity services, 
as well as through support of traffic telematics 
and intelligent transport systems (ITS), comple-
menting or even replacing IEEE 802.11p-based 
dedicated short-range communications (DSRC). 
Currently three technologies are considered as 
central for the realization of LTE-based vehicu-
lar communications:
• Dual connectivity to support high user 

mobility in dense heterogeneous networks 
(HetNets)

• LTE-based broadcast services (public warn-
ing system, PWS, and enhanced multime-
dia broadcast/multicast service, eMBMS) 
for efficient distribution of messages among 
vehicles

• Proximity service (ProSe) including D2D 
communication to realize connectivity 
between vehicles as well as between con-
nected cars and handheld terminals (pedes-
trians)
In cooperative ITS (C-ITS), vehicles commu-

nicate with each other and with roadside infra-
structure to exchange information about vehicles’ 
status, their locations, and the road environment 
(active road safety). For this purpose the Euro-
pean Telecommunications Standard Institute 
(ETSI) defined two basic types of messages: 
cooperative awareness messages (CAMs) and 
decentralized environmental notification mes-
sages (DENMs) . DENMs are event-driven and 
thus generated only sporadically, for example, 
in case of a traffic accident to warn upcoming 
vehicles; their distribution in certain notifica-

tion areas is most efficiently handled through 
PWS, which allows geographical information to 
be considered. CAMs are periodically generat-
ed messages utilized to exchange vehicle status 
information with cars in the vicinity; the equiv-
alent message in the U.S. Society of Automo-
tive Engineers (SAE) J2735 standard is denoted 
basic safety message (BSM). CAMs/BSMs can be 
exchanged either directly via DSRC or indirectly 
utilizing the cellular network; both approaches 
have been shown to require substantial amounts 
of bandwidth to guarantee timely packet delivery 
(see, e.g., reports of the EU FP7 METIS proj-
ect), more than is currently foreseen for road 
safety-critical communication in the assigned 5.9 
GHz band.

To improve the performance of CAM/BSM 
delivery employing LTE, eMBMS should be 
extended to support multiple-antenna trans-
mission. Several beamforming techniques for 
multiple-input single-output (MISO) multicast 
transmission have been proposed over the last 
decade. The latest developments are published in 
[14], where the so-called MISO multicast inter-
ference channel is considered, containing several 
multicast transmitters that interfere with each 
other. The authors of [14] propose leakage-based 
multicast (LBM) beamforming, a method that 
maximizes the minimum SINR of the intended 
multicast users while controlling the amount of 
interference leaked to users of other base sta-
tions. With an iterative optimization of interfer-
ence leakage parameters among base stations, 
the achievable rate region of the involved base 
stations can be expanded as shown in Fig. 5; 

Figure 5. Achievable rate tuples of different transmission schemes for the 
multiple-input single-output multicast interference channel; two equally 
strong base stations, each equipped with eight antennas, serve six users 
each [14].
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LBM outperforms existing alternatives such as 
block diagonalization and signal-to-leakage-plus-
noise ratio (SLNR) precoding. However, the 
method is not well suited for high-mobility sce-
narios, since it applies iterative optimization and 
exhibits comparatively slow convergence speed; 
thus, further improvements are required.

smALL cELL EnhAncEmEnts

Small cells are currently mostly deployed indoors 
to improve capacity at user hotspot locations. 
More recently, though, outdoor rollouts have 
garnered industry interest to complement 
existing macrocell infrastructure; for example, 
Swisscom is currently testing in-house devel-
oped underground microcells for cable con-
duits. These microcells are connected to existing 
fixed network conduits that are buried in cable 
shafts below streets and public places in urban 
areas. Such developments enable large network 
capacities, by minimizing the distance to users 
and enabling ultra-dense deployments; however, 
they face difficulties in providing user mobility, 
since small cell sizes imply frequent handovers, 
increasing the signaling load of the network 
and degrading dependability of the wireless 
connection due to handover failures. To tackle 
such issues, the concept of macro-assisted small 
cells, or phantom cells, has been proposed for 
LTE, splitting the control plane and user plane 
of the network among macro and small cells to 
improve handover performance. This concept 
was standardized in Release 12 of LTE as dual 
connectivity. Further enhancement to multi-con-
nectivity, maintaining multiple parallel connec-
tions to several macro/small cells, is expected in 
future releases of LTE and 5G; this promises 
increased data throughput over multiple parallel 
data streams, improved reliability due to addi-
tional macro-diversity, and enhanced robustness 
with respect to mobility, since hard handovers 
can be avoided. However, it comes at the cost of 
requiring sophisticated coordination of multiple 
transmission points to maintain efficiency of the 
network, implying substantial backhaul signal-
ing overhead. In this context of self-organizing 
network functionalities, reinforcement learning 
techniques have gained interest, since they pro-
vide significant improvements in network capaci-
ty and mobility support with minimal information 
exchange among base stations(e.g., see [15]). 
Mobility management and network optimization 
in future mobile networks will additionally be 
complicated by vehicle mounted mobile relay 
nodes and vehicular small cells, which promise to 
offer premium wireless connectivity to their pas-
sengers even at highest velocities; vehicular small 
cells are currently being pushed into the market 
by all major car manufacturers.

dIstrIbutEd AntEnnAs

Distributed antenna systems (DASs) were orig-
inally proposed for indoor coverage improve-
ment of cellular networks, but they also proved 
instrumental for reducing outage probability and 
increasing network capacity in outdoor environ-
ments. In contrast to small cells, which act as 
autonomous network entities, DASs are com-
posed of several remote radio heads (RRHs) 
that are controlled by a single base station, com-

monly over radio-over-fiber links or dedicated 
mmWave connections. DASs are well suited to 
support highest mobility whenever users follow 
predetermined paths; hence, they find applica-
tion in wireless communication systems for high-
speed railways and highway scenarios. Here, they 
can reduce the amount of handovers between 
cells by virtually moving cells along with a user, 
radiating the associated signal from the near-
est RRH. Further throughput gains are possible 
by coordinating transmissions from two or more 
neighboring RRHs to enhance signal quality 
[16]. Future mobile networks will likely blur the 
boundaries between small cells and DASs, since 
backhaul connections are becoming increasingly 
powerful, and CoMP schemes facilitate removing 
cell edges. Especially in the context of mmWave 
transmission, we see large potential in DASs for 
improving dependability of the wireless connec-
tion: via on-demand mmWave backhaul links 
spatially distributed RRHs can dynamically form 
DASs in order to provide macro-diversity for the 
otherwise outage-susceptible user connection.

concLusIon
In a future society, where constantly large num-
bers of wirelessly connected people and machines 
are on the move, providing satisfactory QoS, 
even at the highest velocities, will demand careful 
design and validation of prospective mobile net-
working technologies. Specifically, if the scope of 
mobile communications is to be extended beyond 
best effort connections and entertainment ser-
vices, to support even critical information 
exchange, such as for road safety applications, 
dependability (timeliness and reliability) of data 
transmission is imperative. Despite the com-
monly agreed 5G targets of enhancing network 
capacity and reducing transmission latency, we 
thus view provisioning of dependable wireless 
connectivity for a Society in Motion as one of the 
major challenges and enablers of future mobile 
communications.
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Signal ProceSSing  
for Smart Vehicle technologieS: Part 2

V ehicular communications is an important enabler for enhancing the safety on 
roads by supporting mutual awareness of vehicles as well as for improving the 
efficiency of transportation through smart traffic management by intelligent 

transport systems (ITSs). Governments around the world have set 
ambitious goals for road fatality reduction in the near future; 

e.g., the European Union targets a 50% reduction of road 
fatalities by 2020 as compared to the year 2010. 

 Furthermore, traffic telematic systems aim to min-
imize the environmental impact of transporta-

tion and maximize the utilization of available 
road infrastructure by adaptive traffic man-

agement. To realize these challenging tar-
gets, autonomous wireless information 
exchange among vehicles— vehicle  
to vehicle (V2V)—and with roadside 
infrastructure—vehicle to infrastruc-
ture (V2I)—are central ingredients. In 
addition to traffic efficiency and safety-
related issues, vehicular communica-
tions is increasingly recognized as an 
important revenue driver by car manu-

facturing companies since it enables wire-
lessly connected in-vehicle entertainment 

systems that support on-demand video 
streaming and online Internet access for pas-

sengers. Also, in the future, machine-type 
communication is expected to play a major role in 

vehicular environments, with more sensors that 
monitor the internal state of vehicles and autonomously 

exchange service and maintenance information with cloud 
servers of manufacturers. Depending on the considered use-case, 

distinct quality of service (QoS) requirements come into play [1]: infotain-
ment applications for in-car users require high bandwidth and network capacity, 
active road safety relies on delay- and outage-critical data transmission, whereas 
information exchange for road traffic efficiency management typically comes with-
out strict QoS requirements and exhibits graceful degradation of performance with 
increasing latency.
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Efforts and developments within 3GPP LTE and beyond
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Introduction
In recent years, specific vehicular communication systems, 
such as the European Telecommunications Standards Insti-
tute (ETSI) ITS G5 based on IEEE 802.11p dedicated short-
range communication (DSRC), have been developed to 
enable timely and reliable exchange of information in so-
called vehicular ad hoc networks (VANETs). These systems 
are commonly based on dedicated infrastructure and employ 
licensed transmission bands to avoid interference with other 
existing systems. However, interest in mobile communica-
tions technology to support VANETs has been recently 
increasing, because this technology is available off-the-shelf 
and, therefore, enables cost-effective implementations. Due 
to the virtual ubiquity of cellular networks, vehicular com-
munications strategies of many companies are shaped by the 
development of mobile network technologies. In response, 
the progression of the universal mobile telecommunications 
system (UMTS) long-term evolution (LTE) toward vehicular 
communications is currently pushed within the Third Gener-
ation Partnership Project (3GPP) to meet the requirements of 
vehicular environments.

Efficient and reliable wireless communication with users 
at high mobility, however, comes with several unique chal-
lenges that the LTE standard cannot yet stand up to, as 
we demonstrate in this article by some selected examples. 
Yet, advanced signal processing at the transmitters and the 
receivers has the potential to alleviate the shortcomings of 
LTE. In this article, we provide an overview of efforts ongo-
ing within the development of LTE Release 14 to enhance 
the support of vehicular communications. We further give 
insights into promising signal processing methods for effi-
cient wireless connectivity at high mobility. While some of 
the described techniques can readily be employed without 
modification of the LTE standard,  others require additional 
standardization efforts to harmonize the operation of com-
munication devices.

LTE contenders for vehicular communications
The 3GPP recently initiated study items within Release 14 of 
UMTS LTE on vehicular communications; see [31] and [32]. 
The goal of these study items is to develop a set of LTE speci-
fications for vehicular environments [LTE-based vehicle to X 
(V2X)] [2]. Currently, the focus of standardization is on 
exploring the support of active road safety applications, either 
in a dedicated transmission band or shared with conventional 
mobile subscribers. The different use cases considered within  
the 3GPP are illustrated in Figure 1. Connectivity in between 
vehicles, e.g., to enable the V2V exchange of location and tra-
jectory information for driver assistance systems, is supported 
directly via device-to-device (D2D) transmission, as well as 
indirectly, employing base stations and dedicated roadside 
units (RSUs) as transmission hubs to facilitate information 
sharing over larger distances. The local exchange of traffic 
management information between ITS infrastructure and 
vehicles is covered under the umbrella of V2I communication. 
Connectivity to the Internet and to cloud services falls in the 
category of vehicle-to-network (V2N) transmission; finally, 
the exchange of mutual awareness information between vehi-
cles and pedestrians (or cyclists) is supported by vehicle-to-
pedestrian (V2P) transmission. Commonly, all of these 
different types of vehicular communication scenarios are 
summarized under the term V2X communication. Even 
though they appear very similar from a basic physical layer 
(PHY) perspective, the different use cases require individual 
treatment within standardization to enable efficient incorpo-
ration into the existing specifications [3].

Currently three technologies are considered as central for 
LTE based vehicular communications:

 ■ Dual connectivity to support high user mobility in dense 
heterogeneous networks (HetNets): Mobile communica-
tion connections at high mobility suffer from frequent inter-
ruptions due to handovers in between cells; this is especially 
problematic in dense HetNets with coverage areas of base 
stations of mere tens to few hundreds of meters [4]. To allevi-
ate such issues, the 3GPP has incorporated dual connectivity 
in LTE Release 12. With dual connectivity, robustness with 
respect to mobility is enhanced by  connecting subscribers to 
two cells—master and  secondary—simultaneously. Thereby, 
critical control and signaling information, as provided by the 
control plane of the mobile network, is kept in the master cell 
of the macro base-station layer, providing reliable coverage 
over large geographic areas with a minimal amount of 
handovers. The capacity and rate of the actual data trans-
mission is enhanced by concurrently providing data over 
the user plane of the network from macro base stations and 
small cells [5]. For this data exchange, connection inter-
ruptions are less critical since they do not cause connectiv-
ity failures.

 ■ LTE-based broadcast services, as supported by the public 
warning system (PWS) and enhanced multimedia broadcast/
multicast service (eMBMS), for efficient distribution of mes-
sages among vehicles: In cooperative ITS (C-ITS), two basic 
types of messages are specified by ETSI for exchanging 

V2I

  

V2V-Assisted

V2N

V2P

V2P

Cloud Services

Small
Cell or RSU

V2V-Direct

Figure 1. Vehicular communications scenarios considered within 3GPP: 
V2N provides connectivity to the cloud; V2I covers connections to RSUs; 
V2V deals with direct and assisted intervehicle transmission; V2P enables 
information exchange with other devices in the proximity of vehicles (e.g., 
pedestrians and cyclists).
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information among vehicles: 1) The periodic cooperative 
awareness message (CAM) is employed to share vehicle sta-
tus information (location, direction, speed) with cars in the 
vicinity, and 2) the event-driven sporadic decentralized envi-
ronmental notification message is used to exchange critical 
warnings, e.g., in case of traffic accidents (in the U.S. Society 
of Automotive Engineers J2735 standard, both types are cov-
ered by the basic safety message). Since such messages are 
shared with all other vehicles within a certain geographic 
region, broadcasting/multicasting them over the cellular net-
work can be much more efficient than unicast transmission to 
each vehicle individually. The distribution of messages in cer-
tain geographic notification areas is supported by the PWS, 
which allows consideration of geographic packet routing 
information. With Multimedia Broadcast/Multicast Single 
Frequency Network (MBSFN), the LTE standard even sup-
ports multicasting in potentially very large geographic areas 
by synchronously transmitting the same information from 
multiple base stations.

 ■ Proximity services, including D2D communication to  realize 
connectivity in between vehicles as well as between connect-
ed cars and handheld terminals: Especially in  safety-critical 
situations, latency of data exchange can be a limiting factor. 
Lowest latency is achieved by minimizing the amount of traf-
fic nodes that need to be traversed between source and desti-
nation; hence, direct D2D  communication is most promising 
for short-range information exchange with stringent latency 
requirements. Furthermore, D2D transmission can be 
designed to enable autonomous VANET operation in areas 
that are not covered by cellular infrastructure, thus enhancing 
the reliability and availability of vehicular communications. 
Besides these operational advantages, D2D offloading of traf-
fic from the cellular network also helps to reduce the over-
head caused by vehicular communications.
Our focus in this article is on infrastructure-based vehicu-

lar communications, i.e., on V2I and cellular-assisted V2V 
transmission. We present exemplary performance results of 
LTE-compliant V2X transmissions to demonstrate important 
potential shortcomings of the standard that may limit the 
applicability of LTE for vehicular communications. Based on 
these insights, we then present signal processing techniques to 
mitigate these weaknesses.

Dual connectivity-enhanced V2I transmission
Dual connectivity is intended to solve the handover problem of 
subscribers moving at high mobility through dense HetNets. To 
investigate the performance of this approach, we conducted 
LTE-compliant system-level simulations of such dense HetNets, 
employing the Vienna LTE system-level simulator [6]; Figure 2 
shows the macroscopic signal-to-interference-plus-noise ratio 
(SINR) distribution of one snapshot of the evaluated HetNet. 
The network contains seven hexagonally arranged macro base 
stations (BS 1,…,BS 7) that each serve three sectors, with nomi-
nal coverage regions illustrated as white hexagons. Additionally, 
a large number of small cells is randomly distributed over the 
network area; these devices are equipped with omnidirec-

tional antennas. Subscribers are served via dual connectivity 
from the strongest macro base station and small cell simulta-
neously, with the control plane being kept at the macro layer 
to minimize  necessary handovers.

In our numerical investigation, we assume that all base sta-
tions operate with 5-MHz system bandwidth at the same carri-
er frequency f 2c =  GHz, i.e., we consider a spatial frequency 
reuse-factor of one. Without dual connectivity, this leads to 
low SINR values at the cell edge as illustrated in Figure 2. 
Most contemporary fourth-generation cellular networks nev-
ertheless utilize all available bandwidth at all base stations to 
enable harvesting the spatial reuse gain promised by network 
densification; this will hold even more for future fifth-gener-
ation (5G) networks. The considered situation corresponds to 
the so-called cochannel dual connectivity mode of LTE, where 
small cells and macro base stations employ the same carrier 
frequency for data transmission. Additionally, the LTE stan-
dard supports interfrequency dual connectivity, where differ-
ent frequencies are employed on macro base stations and small 
cells. Notice that the SINR distribution in Figure 2 shows the 
behavior without cochannel dual connectivity. If dual con-
nectivity is activated for a user, the cell edge between the cor-
responding macro base station and small cell vanishes, since 
data transmission to the user occurs from both base stations 
simultaneously. We evaluate the empirical cumulative distri-
bution function (ECDF) of the downlink throughput of sub-
scribers in Figure 3. We compare the performance of low- and 
high-mobility users moving at v 5=  km/h and v 150=  km/h, 
respectively. The system applies transmission rate adaptation 
according to the instantaneous SINR of subscribers, such as 
to match the spectral efficiency of the employed modulation 
and coding scheme (MCS) to the current channel quality. The 
required channel state information at the transmitter (CSIT) 
is provided as feedback information from the subscribers to 
the base stations using the LTE standard defined channel 
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quality indicator (CQI) and the feedback 
algorithms described in [7]. More specifi-
cally, the CQI is utilized by the receiver to 
signal via a dedicated feedback link to the 
transmitter which MCS should be employed 
for transmission to achieve reliable as well 
as efficient transmission; this information 
is derived from the SINR currently expe-
rienced by the receiver. We observe from 
Figure 3 that, under ideal circumstances of 
delayless noncausal feedback (delay 0 ms), 
high-mobility users achieve almost the same performance as 
those at low mobility. There is only a small performance deg-
radation, which is caused by the need to apply a slightly more 
conservative transmission rate adaptation, since the channel of 
high-mobility users varies even within one transmission time 
interval (TTI). This observation confirms the expected mobil-
ity enhancement achieved by dual connectivity. Yet, as soon as 
we consider certain delay in the CQI feedback link, we observe 
strong throughput degradation at high mobility, with more than 
25% of subscribers obtaining zero throughput even with only 
1 ms feedback delay. This performance degradation occurs 
because transmission rate adaptation with feedback delay is 
based on outdated channel state information (CSI) leading to 
signal outages due to mismatch between the utilized transmis-
sion rate and the rate supported by the channel. This loss in 
throughput goes hand in hand with an increase in latency, since 
each lost packet must be retransmitted. Notice, the TTI length 
of LTE is T 1s =  ms. Hence, a delay of the feedback processing 
below this value is infeasible; even the value of 5 ms consid-
ered in Figure 3 may be hard to achieve in practice.

To gauge the expected impact of feedback delay x  in mil-
liseconds, with respect to the system parameters carrier fre-
quency fc , TTI length ,Ts  and user velocity ,o  we define the 
normalized feedback delay as

 ,f T f T f
c
v

n d r s d r s cx x x x= = =  (1)

with fd  denoting the maximum Doppler 
frequency shift in hertz, /Tr sx x=  being 
the relative feedback delay in multiples of 
TTIs, and c  representing the speed of light. 
The feedback delay has to be seen in rela-
tion to the temporal variability of the chan-
nel; if the channel is quasi static (as in 
many indoor scenarios), a feedback delay is 
irrelevant. It only matters if the channel 
changes significantly within the duration 
of the feedback delay, which is gauged by 

the normalized feedback delay. More specifically, the Dop-
pler shift fd  is inversely proportional to the coherence time of 
the channel; hence, the product fdx  is proportional to the 
number of coherence intervals elapsing during the feedback 
delay duration. The exact proportionality constant depends on 
the observed Doppler spectrum [8]. In our aforementioned 
example, we have for 1x =  ms with v 5=  km/h and 
v 150=  km/h, .0 009n .x , and .0 27n .x , respectively. We 
will encounter the normalized feedback delay again later in 
the section “Future Enhancements and Challenges.” 

CSI feedback delay is a significant issue for high-mobility 
users, and it can be a strongly limiting factor for the rate per-
formance and reliability of wireless transmission in vehicular 
scenarios. The problem is, of course, not specific to dual con-
nectivity, but occurs whenever rate adaptation is based on out-
dated CSI. In the section “CSI Feedback Enhancement,” we 
discuss  possible signal processing approaches to mitigate this 
 performance degradation.

MBSFN-based V2V communication
When active road safety support is implemented in C-ITS, 
common information must be delivered to many vehicles 
within certain geographic regions; e.g., status information, 
such as position, velocity and direction, of one vehicle is 
shared with all other vehicles in the vicinity via CAMs to 
enhance mutual awareness of road traffic participants. Prior 
studies have shown that both a direct exchange of periodically 
generated CAMs using DSRC as well as an indirect distribu-
tion over dedicated roadside infrastructure, requires a substan-
tial amount of bandwidth to guarantee timely packet delivery. In 
fact, with a growing number of vehicles within the geographic 
region of interest, the currently foreseen 5.9-GHz band for road 
safety critical communication can  easily be overloaded by 
CAM distribution [9].

In such situations, mobile cellular networks can be helpful 
to offload some traffic from a dedicated ITS infrastructure. 
Employing eMBMS/PWS features of LTE, the broadcast nature 
of cellular systems can be utilized to efficiently deliver the 
same message to many users within certain geographic regions 
formed by MBSFN areas. To demonstrate the capabilities of 
such an approach, we conduct system-level simulations, compar-
ing message distribution via unicast and multicast transmission 
[10]. Both approaches have certain advantages/disadvantages:

 ■ Unicasting in LTE enables per-user scheduling on favorable 
time/frequency resources to utilize channel and multiuser 
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diversity. Furthermore, it supports dynamic link adaptation 
(multiantenna precoding and transmission rate), as well as 
selective PHY repetition of lost packets using hybrid auto-
matic repeat request (HARQ). These  features facilitate effi-
cient and reliable data transmission to single users with 
low retransmission latency of lost  packets.

 ■ Multicasting in LTE is restricted to employ certain 
reserved subframes (multicast subframes) and, hence, can-
not freely exploit channel diversity. In general, channel and 
multiuser diversity in multicasting are more difficult to har-
vest since many users are served in parallel, and, therefore, 
chances of finding time/frequency resources that are favor-
able for all users simultaneously are small. Nevertheless, 
scheduling/resource allocation gains are possible by avoid-
ing the worst time/frequency resources of all users, such 
that signal outages become less likely. Multicast transmis-
sion in LTE does not support PHY retransmission of lost 
packets and, thus, has to rely on slow (in terms of latency) 
higher-layer protocols. Furthermore, transmission rate 
adaptation must be performed according to the channel 
quality of the worst users to guarantee reliable delivery to 
all multicast users, reducing the spectral efficiency of the 
system; indeed, currently existing proposals do not uti-
lize rate adaptation at all but rather rely on fixed rate 
transmission to avoid CSI feedback from the users. 
Finally, multicasting in LTE also does not support mul-
tiantenna transmission, even though multicast-specific 
beamforming/precoding and space-time coding has the 
potential to substantially improve efficiency and reli-
ability of data transmission.
In the following, we investigate the performance of 

CAM distribution in cellular networks serving vehicles 
that move at v 150=  km/h. We consider fixed-rate trans-
mission (employing CQIs 3, 6, and 9), since rate adaptation 
in multicasting is not yet supported by the LTE standard. 
We conduct system-level simulations for an MBSFN area 
consisting of three macro base stations embedded within 
a larger cellular network. Within the MBSFN area, CAMs 
of size 300 bytes are exchanged among 21 vehicles (seven 
per base station) with a periodicity of 100  ms. Hence, for 
multicast transmission within the MBSFN area, the total 
traffic load is · · / .300 8 21 100 0 5bit/user users ms .  Mbit/s, 
since each packet is synchronously broadcast from all 
three base stations. In case of unicast transmission, on the 
other hand, each vehicle individually receives the CAMs 
generated by the other 20 vehicles. Since seven vehicles are 
attached to each base station of the MBSFN area, this implies 
a unicast traffic load of /300 8 20 7 100· bit/user· users· ms .  
3.4 Mbit/s. We determine the overhead for the cellular net-
work caused by CAM distribution, as well as the operation-
ally critical parameters latency and message loss probability 
for supporting active road safety in C-ITS. We assume trans-
mission with extended cyclic prefix for unicast and multi-
cast operation.

The results of the simulation are summarized in Table 1. 
We observe that a unicast transmission with CQI 3 is unable 

to support the generated data traffic, i.e., the network over-
head caused by CAM distribution is equal to 270% of the 
capacity (assuming 5-MHz bandwidth); thus, the message 
loss probability is very high ( %632 ) since many CAMs 
have to be dropped. With multicasting, however, the over-
head is reduced to 60% and the message loss probability 
is below 1%. Yet, even with multicasting in our simulation 
scenario, it is not possible to sustain the generated CAM 
network load with CQI less than three, because the trans-
mission efficiency would be too low. Notice that, at most, six 
subframes per radio frame (consisting of ten subframes) can 
be reserved for MBSFN operation in LTE. A very important 
metric for active road safety is latency. Since eMBMS does 
not support retransmission of lost packets, latency accumu-
lates in multiples of the message generation period (100 ms) 
in case of packet loss. Thus, even short signal outages can 
severely increase latency; correspondingly, latency of mul-
ticasting deteriorates with increasing transmission rate. For 
active road safety, latency below 100 ms has to be achieved 
[11]. Notice that Table 1 only presents radio-link latency for 
downlink transmissions, neither accounting for uplink from 
vehicles to base stations nor for CAM distribution within 
the MBSFN area; hence, we present the percentage of users 
with downlink latency below 50 ms to incorporate a safety 
margin with respect to the prescribed 100 ms. We observe 
in Table 1 that LTE is not able to sustain this latency with 
sufficiently high probability in our simulation. Hence, per-
formance improvements of multicasting in LTE are required 
to enable dependable support of road safety applications.

In the section “Multicast Enhancements,” we discuss 
potential enhancements of LTE to improve multicast trans-
mission, employing dynamic link adaptation and coordina-
tion of multipoint transmission. In addition to enhancing 
the wireless transmission, we also see potential in optimiz-
ing the C-ITS protocol itself. As mentioned previously, 

Table 1. A comparison of unicast and multicast transmission  
for CAM distribution in cellular networks.

Rate Metric Unicast Multicast 

cQi3 Overhead 270% 60% 

(0.377 bit/sym) Message loss prob. > 63% < 1%

Latency < 50 ms n/a 93% 

Latency < 250 ms n/a 98% 

cQi6 Overhead 86% 20% 

(1.176 bit/sym) Message loss prob. 7% 3% 

Latency < 50 ms 9.5% 80% 

Latency < 250 ms 85% 93% 

cQi9 Overhead 42% 10% 

(2.406 bit/sym) Message loss prob. 11% 11% 

Latency < 50 ms 49% 54% 
Latency < 250 ms 74% 76% 
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cellular networks can easily be overloaded by CAM dis-
tribution, especially when robust MCSs with low spec-
tral efficiency are employed. In such overload situations, 
 reliable distribution of C-ITS messages cannot be guaran-
teed and, thus, they must be avoided. One possible method 
could be to adapt CAM generation periodicity according 
to user mobility; i.e., at low mobility, less frequent vehicle 
status updates are required than at high mobility. Also, the 
spatial area in which CAMs are distributed, i.e., the num-
ber of base stations involved in CAM exchange, should be 
carefully chosen and potentially adapted according to traf-
fic load.

Future enhancements and challenges
In this section, we present promising improvements for 
 wireless vehicular communications in cellular networks and 
highlight associated signal processing challenges. Our focus 
is on two topics: in the section “CSI Feedback Enhance-
ment,” we discuss CSI feedback enhancements to improve 
throughput performance of mobile users, employing channel 
predictive approaches to partly compensate for feedback 
delay and temporal channel variation. As we demonstrated 
in the section “Dual Connectivity-Enhanced V2I Transmis-
sion,” inaccurate and outdated CSIT can be the limiting fac-
tor for the achievable efficiency and reliability of wireless 
data transmission. Hence, enhancing CSI feedback for high-
mobility situations is an essential prerequisite of wireless 
vehicular communications. In the section “Multicast 
Enhancements,” we consider techniques for efficient multi-
cast transmission, putting scope not only on advanced multi-
ple-input, multiple-output (MIMO) and coordinated 
multipoint (CoMP) transmission schemes, but also highlight-
ing issues related to scheduling and resource assignment. 
Such techniques are important for vehicular scenarios to 
avoid the network overload problem discussed in the section 
“MBSFN-Based V2V Communication” by improving the 
capacity of multicast transmissions. The presented methods, 
again, require accurate CSIT for beamformer/precoder cal-
culation and, hence, rely on efficient CSI feedback tech-
niques. Finally, we present further important topics for 
progressing wireless vehicular communications in the sec-
tion “Further Research Topics to Enhance Wireless Vehicu-
lar Communications.”

CSI feedback enhancement
CSI is useful for achieving the highest performance in multi-
ple antenna wireless communications by enabling transmis-
sion rate adaptation, adaptive MIMO beamforming, and 
spatial multiplexing. While CSI at the receiver (CSIR) is com-
paratively easy to obtain through pilot-aided channel estima-
tion, CSIT in frequency-division duplex systems is only 
available if the receiver provides feedback information to the 
transmitter; Figure 4 illustrates the situation. (In time-division 
duplex systems, channel reciprocity can be exploited to esti-
mate the CSI on both sides of the link.) Since the feedback 
link between the transmitter and receiver is of limited capaci-
ty, quantization of CSI is necessary to enable signaling with a 
finite number of bits; this is known as limited feedback opera-
tion. In general, we distinguish between providing explicit 
and implicit CSI feedback. In the former case, the channel, as 
estimated by the receiver, is directly quantized and fed back, 
while in the latter case derived information, such as the opti-
mal MIMO precoder and the supported  transmission rate, is 
provided as side information. In LTE, the second type of 
feedback information is currently supported with the stan-
dard-defined CQI, the precoding matrix indicator (PMI), and 
the rank indicator (RI). More advanced multiuser MIMO and 
CoMP schemes, however, mostly rely on explicit CSIT.

Implicit CSI feedback
In the section “Dual Connectivity-Enhanced V2I Transmis-
sion,” we observed that CQI feedback, as employed for trans-
mission rate adaptation in LTE, is sensitive to feedback delay 
in high-mobility scenarios, since outdated CQI feedback can 
cause signal outages, thereby reducing  transmission efficien-
cy and increasing latency. A similar behavior exists for the 
MIMO-specific feedback information PMI and RI, yet with 
reduced sensitivity since their mismatch does not directly 
cause signal outages.

To reduce the impact of feedback delay, either the trans-
mitter or the receiver should attempt to compensate for 
it. At the receiver side, one natural approach is to apply 
channel prediction. The simplest method for OFDM-based 
LTE is a subcarrier-wise linear extrapolation of the chan-
nel transfer function between pairs of transmit and receive 
antennas. If channel statistics are known, the prediction per-
formance can be improved by linear minimum mean squared 

Transmitter ReceiverChannel

Q

Channel
Estimation

CSI QuantizationDelay

Transmit-
Signal

Adaptation

Feedback Link

Figure 4. An illustration of limited feedback operation in wireless communications assuming error-free but delayed feedback.
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error (MMSE) filtering. Without explicit 
knowledge of the channel statistics, itera-
tive algorithms, such as least mean squares 
(LMS) or recursive least squares (RLS), 
can be applied to  estimate the MMSE fil-
ter coefficients during operation. The lin-
ear MMSE filter can further be extended 
to jointly estimate the channel between all 
transmit and receive antenna pairs to exploit potential cor-
relations [12]; similarly, the correlation between subcarriers 
can be utilized by joint estimation of the filters applied on 
multiple subcarriers.

Alternatively, instead of predicting the channel transfer 
function, one can predict the channel impulse response and 
transform the predicted impulse response to the frequency 
domain for feedback calculation. Efficient prediction of the 
channel impulse response is possible by applying the mini-
mum-energy band limited discrete prolate spheroidal Slepian 
sequences as basis functions [13], which are good representa-
tives for the finite support delay-Doppler spreading function of 
the wireless channel.

If channel prediction at the receiver is too costly, the trans-
mitter can alternatively process the CQI feedback from the 
user before rate adaptation. One possibility for CQI selection 
at the transmitter is to maximize the expected throughput at 
time instant k  

 [ ] [ ] ,argmaxk T T r kCQI CQI CQIP
, , ,i C

i i
1CQIi

#=
f!

^ ^h h"
"

,
,

 (2)

with T CQIi^ h  denoting the transmission rate associated 
with CQIi  and C  being the number of available CQIs as 
specified by the standard. The term [ ]T r kCQIP i #^ h" , is 
the probability that the currently supported rate [ ]r k  of the 
channel sustains the selected rate. This probability is com-
monly not known a priori by the transmitter; yet, assuming 
that the channel statistics do not vary too quickly, it can 
easily be learned over time from the user CQI feedback, 
which signals the highest instantaneously supported MCS 
[7]. Such a rate adaptation approach can potentially cause 
unacceptably high block-error ratio and signal outage prob-
ability. This can be avoided by adding an additional con-
straint to problem (2) to account for the acceptable 
block-error ratio.

In Figure 5, we compare the performance of the described 
methods in dependence of the normalized feedback delay. We 
observe that the predictive schemes achieve close to optimal 
performance up to a certain critical delay, whose exact value 
depends on the sophistication of the prediction method. Com-
pensation at the transmitter, employing (2) with probabilities 
estimated from the user feedback, does not achieve optimal 
performance; yet, it exhibits more robust behavior at very 
high normalized feedback delay. A further improvement of 
predictive schemes can be expected by underlying realistic 
parametric radio channel models to reduce the number of 
free parameters to estimate/predict [14].

Explicit CSI feedback
Advanced multiuser MIMO and CoMP 
transmission schemes, such as block diag-
onalization (BD) or regular ized BD 
(RBD) precoding, interference-leakage-
based precoding [15], and interference 
alignment (IA), require explicit CSIT for 
the calculation of precoders. These pre-

coding techniques can enhance the network capacity and 
reliability by reducing interference among subscribers and 
base stations. For many such precoding techniques, the 
underlying CSI can efficiently be represented as a point on a 
topological manifold. Let H CN Nr t! #  denote the channel 
matrix containing the complex-valued channel gains between 
the Nt  transmit antennas and the Nr  receive antennas; we 
assume N Nt r$ , which is commonly fulfilled in cellular down-
link transmission. For channel-subspace-based precoding tech-
niques, such as BD precoding and IA, the Nr -dimensional 
subspace spanned by H CN Nr t! #  is required as CSIT for pre-
coder calculation; this information can be represented as a point 
on the complex Grassmann manifold ,N NG t r^ h of Nr -dimen-
sional subspaces in the Nt -dimensional Euclidean space [16]. 
For other precoding schemes, such as RBD and the interference-
leakage-based schemes presented in the section “Multicast 
Enhancements,” the directions and magnitudes of the channel 
eigenmodes are necessary CSIT; i.e., the eigenvectors and eigen-
values of the channel Gramian H*H, with H* denoting the con-
jugate-transpose of H. The Gramian is a point on the manifold 
of symmetric positive semidefinite matrices [17]. Further-
more, the matrix of eigenvectors corresponding to the Nr  
nonzero eigenvalues of H*H can be interpreted as a point on 
the compact Stiefel manifold ,t N NS t r^ h over the complex 
numbers [18]. Such CSI representation on manifolds enables 
dimensionality reduction, which allows efficient quantiza-
tion with reduced feedback overhead as compared to quanti-
zation of the entire channel matrix.

To further reduce the feedback overhead, temporal chan-
nel correlation can be exploited through low-rate predictive 
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if channel prediction at 
the receiver is too costly, 
the transmitter can 
alternatively process the 
CQi feedback from the user 
before rate adaptation.



54 IEEE SIgnal ProcESSIng MagazInE   |   March 2017   |

manifold quantization [17]–[19]. Currently, the best rate-
distortion performance is achieved by adaptive quantizers 
that adjust the applied quantization codebook to the tem-
poral evolution of the channel. We summarize this adaptive 
quantization principle, as introduced for the Grassmannian 
in [12], for general Riemannian manifolds M  and high-
light the most important differential geometric concepts 
required. For this purpose, we consider a general tempo-
rally correlated process of points { [ ]}m k M!  that is to 
be quantized; this process { [ ]}m k  evolves on the manifold 
M  as illustrated in Figure 6. The basic idea of predictive 
quantization is to utilize previously quantized observations 

[ ] [ ] , [ ] [ ] ,m m m mk k k k1 1 2 2 toQ Qq q f- = - - = -" ", ,
predict the current point [ ]m k , where ·Q" , denotes the 
employed quantization function. Given the prediction [ ],m kp  
the method then generates a local quantization codebook to 
determine [ ] [ ]m mk kQq = " ,. Manifold prediction and code-
book adaptation are based on quantized CSI, since the decoder 
at the back end of the feedback link must be able to reproduce 
these steps. Realizing such a scheme on a manifold requires 
some additional intermediate actions as detailed next.

First, we notice that a linear prediction, as in the section 
“Implicit CSI Feedback,” is not meaningful on a general mani-
fold, since an addition of points on the manifold or scalar mul-
tiplication with values from an underlying field, as we have 
on a linear vector space, is in general not defined. Yet, to each 
point ,m M!  an entire linear vector space, the tangent space 
Tm , is associated, which locally represents the geometry of the 
manifold in the Euclidean space. Tangent vectors t Tm!  are 
induced by curves ( )t M!c , such that,

 ( ) , ( )t m
t

t 0
t 02

2
c c= =

=

 (3)

with scalar t R!  parameterizing the curve; we assume with-
out loss of generality that the curve traverses m at t 0= . In 
general, multiple curves can induce the same tangent, since it 
only depends on the first-order derivative.

For our manifold predictor, we need a one-to-one rela-
tionship between pairs of points ,m m1 2  on the manifold and 
 tangent vectors t Tm1! , such that,

 , , , ,t m m m m tT Mm1 2 2 11! !m t= =^ ^h h  (4)

 , , , , .m m m m m m M2 1 1 2 1 26 !t m= ^ ^ hh  (5)

This is known as a compatible lifting-retraction pair, with 
,$ $m^ h being the lifting map and ,$ $t^ h the retraction map [18]. 

Ideally, we favor the exponential and logarithmic maps associ-
ated with the geodesic curve between ,m m1 2  for this purpose; 
yet, these are difficult to evaluate for certain cases, such as 
the Stiefel manifold. The geodesic represents the shortest path 
between ,m m1 2  on the Riemannian manifold.

Given a lifting-retraction pair, we can perform prediction in 
the linear tangent space, where we can reuse well-known lin-
ear algorithms, such as linear prediction and MMSE filtering, 
and translate the tangent prediction onto the manifold using 
the retraction. That is, given a set of previous observations 
{ [ ], , [ ]}m mk k L1 1 Mq qf !- - - , we calculate

 [ ], [ ] ,t m mk k i1 1 T [ ]mi q q k 1q!m= - - - -^ h   
       { , , },i L16 f!  (6)

 [ ] , , ,t t tk 1 TP [ ]mp L k1 1qf !- = -^ h  (7)

 [ ] [ ], [ ] ,m m tk k k1 1 Mp q p !t= - -^ h  (8)

with ·P^ h denoting the applied prediction function. Final-
ly, we need to construct a local quantization codebook 
around [ ]m kp  for the quantization of [ ]m k . This can again 
be achieved most easily by generating a codebook for the 
Euclidean tangent space and translating it onto the mani-
fold; in [16] and [18], we provide corresponding codebook 
constructions for the Grassmannian and the Stiefel mani-
fold, respectively.

In Figure 7(a), we demonstrate the performance of such 
predictive quantization on the Stiefel and Grassmann mani-
folds in dependence of the normalized sampling interval 

t fs s dx = , with ts  being the time in between two samples 
of the manifold process { [ ]}m k . Similar to the normalized 
feedback delay introduced previously, the normalized sam-
pling interval accounts for the temporal variation of consecu-
tive points of the manifold process { [ ]}m k  due to movement. 
We assume N N 6 2t r# #=  and employ a quantization 
 codebook of size  256; i.e., the quantization  resolution is 

Tmq [k –2]

Tmp [k ]

Tmq [k –1]

M
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m[k–1]

mq [k–1]
mp [k]

m[k]
t [k–2]

tp [k–1]

  Trajectory
of {m[k]}

Local
Codebook mq [k –2]

Figure 6. An illustration of predictive manifold quantization of a temporally correlated process { [ ]}m k  on the manifold M .
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8  bits/sample. The performance of the 
quantization scheme is gauged in terms 
of the signal distortion introduced by 
the quantization process. We employ the 
chordal distance on the corresponding 
manifold as distortion metric; see [18] 
for details. In Figure  7(a), we compare 
the quantization distortion of predictive 
quantization to memoryless and differen-
tial quantization. Memoryless quantiza-
tion refers to a quantization scheme that 
considers each sample [ ]m k  individually 
without accounting for the past of the process { [ ]}m k . Dif-
ferential quantization refers to the case [ ] [ ]m mk k 1p q= - .

Both differential and predictive quantization achieve an 
improvement over memoryless quantization for . ;0 1s #x

at large sx , the distortion of differential/predictive quantiza-
tion saturates at the performance of memoryless quantization. 
Hence, the considered differential/predictive quantization 
schemes achieve a significant gain only at low mobility; e.g., 
assuming t 1s =  ms, f 800c =  MHz, the point .0 01sx =  cor-
responds to .v 13 5=  km/h. Since CSI feedback in LTE is 
currently at most foreseen once every subframe (once every 
millisecond), this implies that currently available differential/
predictive manifold quantization schemes are only advan-
tageous at low mobility and not in vehicular scenarios. Per-
formance can be improved by extending the codebook size; 
however, complexity issues will ultimately put limits on the 
supported size.

In Figure 7(b), we show the throughput of BD and RBD 
precoding when applying predictive Grassmannian and Stiefel 
manifold quantization to obtain CSIT. We show the perfor-
mance relative to RBD with perfect CSIT. Imperfect CSIT 

due to quantization distortion causes resid-
ual multiuser interference, degrading the 
achievable throughput. We observe a signif-
icantly better performance of RBD at low 
signal-to-noise ratio (SNR), since this meth-
od implicitly reduces the number of served 
users with decreasing SNR via power allo-
cation; BD precoding, on the other hand, 
always serves three users in parallel each 
with two spatial streams. At high SNR, BD 
performs slightly better due to the lower 
quantization distortion of its Grassmannian 

quantizer, causing less residual multiuser interference as com-
pared to RBD with Stiefel manifold quantization. Notice that, in 
this simulation, we assume CSI feedback every millisecond 
and negligible feedback delay between the users and the base sta-
tion. In the considered low-mobility scenario with f 10d =  Hz,  
this is, however, not a significant restriction, because a rea-
sonable feedback delay can be compensated via channel 
prediction at the receiver; see [12] for a breakdown of the con-
tributions of quantization and delay  compensation onto the 
overall distortion.

At high mobility, the presented CSI feedback method fails 
to achieve significant multiuser MIMO gains due to insuffi-
cient accuracy of CSIT. To support high-mobility scenarios, 
it would be necessary to reduce the sampling and feedback 
interval sx  at least by a factor of ten. Additional gains might 
also be possible by improving the prediction function in (7); in 
our simulations, we employed linear prediction in combination 
with LMS to optimize filter coefficients. Alternatively, pre-
coding schemes that are robust with respect to outdated CSIT, 
such as retrospective interference alignment, can be utilized. 
In general, though, such schemes require coding over many 
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Multicasting plays an 
important role in vehicular 
communications, since it 
enables efficient sharing 
of common information, 
such as traffic 
management advices and 
vehicle status updates, 
among vehicles.
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time frames for efficient operation, which may not be tolerable 
in terms of latency.

Multicast enhancements
Multicasting plays an important role in vehicular communica-
tions, since it enables efficient sharing of common informa-
tion, such as traffic management advices and vehicle status 
updates, among vehicles. As we have seen in the section 
“MBSFN-Based V2V Communication,” though, multicasting 
of CAMs can easily overload cellular networks, leading to 
unreliable operation of C-ITS. Next, we discuss improve-
ments of the LTE standard to enhance the efficiency of cellu-
lar multicasting. We first  consider multicasting-specific 
MIMO beamforming techniques, which will especially be 
relevant in future 5G cellular networks employing large-scale 
full-dimension (FD) MIMO arrays. We then discuss schedul-
ing and resource allocation issues associated to multicast 
users in LTE networks.

MIMO and coordination
Currently, data transmission in LTE’s eMBMS does not sup-
port multiantenna techniques. Already, early investigations 
on MIMO multicast-beamforming in single-cell networks, 
however, demonstrate promising capacity gains through max-
min beamforming [20]. This approach attempts to maximize 
the minimum SNR of the multicast users without accounting 
for interference caused to other users. Even this seemingly 
simple problem, however, turns out to be nonconvex, and 
requires semidefinite relaxation (SDR) to determine, in gen-
eral, suboptimal solutions; only for a small number of trans-
mit antennas and users SDR provides a globally  optimal 
beamforming solution.

Max-min beamforming becomes even more intricate when 
interference between multiple transmitters is considered, with 
each of them transmitting information to a different set of 
multicast users. This scenario is known as the multicast inter-
ference channel. In cellular networks, it represents a situation 
where several neighboring base stations serve disjoint sets of 
multicast users; in vehicular environments, it can come up 
along highways, where consecutive stretches of the road are 
served by multiple transmitters. In [21], an interference-leak-
age-based approach for coordinated beamformer optimiza-
tion in the multiple-input, single-output multicast interference 
channel is proposed, where only transmitters are equipped 
with multiple antennas and not receivers. The method applies 
max-min beamforming optimization at each base station indi-
vidually, while restricting the interference leakage caused to 
users of other base stations. Additionally, it employs an itera-
tive exchange of interference-leakage parameters among base 
stations in combination with dual gradient optimization over 
leakage parameters to determine a locally optimal operating 
point of the multicast interference network. Figure 8 demon-
strates the performance of this approach in a multicast inter-
ference network with two transmitters each serving six users 
over N 8t =  transmit antennas. We consider an SNR of 20 dB 
and assume that, without beamforming, all users receive both 
transmitters, on average, equally strong; i.e., the macroscopic 
channel gain with respect to both transmitters is equal. This 
corresponds to a cell-edge situation where we can expect the 
largest gains from transmitter coordination. Notice, though, 
that the method itself is not restricted to equal gain scenarios. 
Figure 8 shows that, compared to max-min beamforming 
without considering interference, the rate region can sub-
stantially be extended. Hence, the method can significantly 
improve the cell-edge performance, thereby reducing connec-
tivity failures due to extensive intercell interference. In gen-
eral, we cannot claim that the method achieves the maximal 
rate region, since it is only guaranteed to converge to a local 
optimum; for the shown result, however, we have confirmed 
global optimality through monotonic optimization utilizing 
the outer-polyblock algorithm. In the considered high-SNR 
situation, BD  precoding also performs reasonably well. If 
users are uniformly distributed in the network, the gain over 
time sharing diminishes with a growing number of users, 
since the optimal beam pattern tends to be isotropic. Yet, in 
practical  situations, such as vehicles on a road, users are often 
spatially clustered, which may help mitigating such perfor-
mance degradation. Early results to support multiple antennas 
at transmitters and receivers are reported in [22], leading to 
an iterative alternating optimization of transmit and receive 
filters. Extensions from beamforming to multiple data stream 
transmission are yet to be developed.

Beamformer designs for joint multicasting within MBSFN 
areas formed by multiple base stations, which account for 
interarea-interference in between neighboring MBSFN areas, 
are not available so far. Compared to the leakage-based mul-
ticasting scheme of [21], this implies additional per base sta-
tion power constraints for the joint MBSFN beamformer
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 SINR
u U!f C!

max min u
MBSFN

N 1tot#  (9)

 subject to:

 ,S f P b BMBSFNb b2
2 6# !

Leak , ,L u UMBSFNu u 6# !r rr r

with f  denoting the joint beamformer applied over all 
N Ntot ,t bb BMBSFN
=

!
/  transmit antennas N ,t b  of the set of 

BMBSFN  base stations within the MBSFN area. The parameter 
SINRu  represents the SINR of user u from the set UMBSFN  of 
users served via multicasting in the MBSFN area and Leakur  
denotes the interference leakage caused to user ur  from the set 
UMBSFNr  of users outside the MBSFN area; it is upper bounded 
by the leakage constraint .Lur  Finally, Sb  represents a selector 
matrix, which chooses the entries of f  corresponding to the 
transmit antennas of base station ,b  and Pb  is the power con-
straint of base station b . This problem is nonconvex but, 
 similar to [20], is amenable to SDR. The operating point of 
this multicast interference network with spatially distributed 
multicast transmitters can be optimized by coordinating the 
interference-leakage constraints of interfering base stations. 
Such coordination can be achieved by applying the dual 
 gradient optimization proposed in [21].

Notice that the discussed beamforming approaches are all 
based on explicit CSIT, and, hence, the CSI quantization prob-
lematic discussed in the section “CSI Feedback Enhancement” 
applies to these methods as well. Furthermore, since the meth-
ods are iterative in nature, they exhibit intrinsic delay to achieve 
convergence. In vehicular environments, it might be necessary 
to employ suboptimal heuristics that are derived from optimal 
schemes; such heuristics are also provided in [21]. Also, espe-
cially for road safety applications, outage probability and latency 
minimization might be of higher importance than rate maximiza-
tion. Optimization problems for such targets, however, are hard 
to formulate due to potential nonstationarity of wireless channels 
in vehicular environments [23]. Still, for limited time frames, 
assuming quasi-stationary conditions may be valid to formulate 
outage-constrained optimization problems.

Scheduling and resource allocation
A major weakness of eMBMS in the LTE standard is its 
inflexibility of multicast transmission; i.e., a fixed amount of 
subframes within each radio frame is reserved for multicast-
ing. One reason for this is that multicast transmissions within 
MBSFN areas suffer from a larger delay spread due to single-
frequency transmission of the same signal from multiple spa-
tially distributed base stations. To compensate for the 
increased delay spread, multicast subframes employ the 
extended cyclic prefix ( .16 7 sn ) of LTE, whereas unicast sub-
frames mostly use the shorter normal cyclic prefix ( .4 7 sn ) to 
minimize waste of bandwidth. According to our work on link 
adaptation, however, utilizing the extended cyclic prefix may 
not pay off, even if intersymbol interference (ISI) occurs; in 
many cases of realistic SNR, it is more efficient to simply 

accept the remaining ISI and use a more robust transmission 
rate to compensate for it [24]. Hence, the LTE standard should 
be extended to support multicasting in MBSFN areas with a 
short cyclic prefix. This then also allows the incorporation of  
 multicast transmissions into normal subframes, facilitating a 
better dynamic resource assignment according to traffic 
requirements, as well as the exploitation of channel diversity 
in multicasting. Within the 3GPP, such extensions are consid-
ered in the study item on single-cell point-to-multipoint trans-
mission; within this study, single-cell multicasting over the 
downlink shared channel is evaluated, which until now has 
only handled unicast data transmissions.

A big challenge from a signal processing perspective is effi-
cient scheduling and coordination of multicast transmissions. 
In the context of vehicular communications, this involves 
dynamic formation of MBSFN areas, to limit the amount of 
CAMs that must be distributed while still providing mutual 
awareness over sufficiently large geographic areas. Further-
more, it implies determining groups of multicasting users that 
must share CAMs due to close spatial proximity. The multicast 
scheduler should also be able to decide to offload users with 
very poor channel quality to unicast transmissions, to support 
selective PHY retransmissions via HARQ, such as to reduce 
latency and to improve reliability. First results in this direc-
tion are provided in [25], where the authors consider optimiz-
ing proportional fairness of concurrent multicast and unicast 
transmissions. Heterogeneity of user channel conditions is con-
sidered in [25] by optimally partitioning multicast users into 
groups, so that users with good signal strength do not suffer 
by being grouped together with users of poor signal strength. 
A further challenge comes up when the system supports direct 
V2V transmission in addition to cellular-assisted transmission; 
then the scheduler must further group vehicles according to 
direct and assisted transmission.

Further research topics to enhance wireless  
vehicular communications

Channel estimation at high mobility
At very high mobility, accurate CSIR estimation using pilot 
signals can become challenging due to strong temporal 
 variation of the wireless channel. Prior investigations have 
shown that LTE does not achieve MIMO spatial multiplexing 
gains at high mobility due to insufficient density of pilot sym-
bols in the time domain [26]. This low density of pilot sym-
bols can cause poor accuracy of channel estimation and, as a 
consequence, unreliable symbol detection. A remedy can be 
provided by adapting the pilot pattern to the Doppler- and 
delay-spread of the channel. These two properties character-
ize the coherence time and bandwidth of the channel, respec-
tively, i.e., the time/frequency intervals over which the 
channel stays approximately constant. Such an adaptive pilot 
scheme can efficiently be realized with minimal feedback 
information about coherence time and bandwidth from the 
users, requiring an update whenever channel statistics vary 
 significantly [26].
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In vehicular environments, especially 
on highways, the wireless channel behaves 
markedly different as compared to other 
common situations in mobile communica-
tions. More specifically, the propagation 
is characterized by shadowing through 
other vehicles, high Doppler shifts with 
often sparse Doppler spectrum due to few 
dominant scatterers (e.g., road signs, highway overpasses), 
and possibly inherent nonstationarity of the channel statistics. 
Such effects can cause substantial performance degradation 
of common least squares and MMSE channel estimators if 
they are not properly considered in the algorithmic design. In 
[23], the impact of the shape of the Doppler spectrum on the 
performance of channel estimation at the receiver is discussed 
in more detail. Similarly,  timing and carrier synchronization 
in vehicular scenarios with few  dominant scatterers of simi-
lar strength that are strongly delay- and Doppler-shifted with 
respect to each other can be  challenging.

ICI mitigation
OFDM multicarrier modulation, as employed in LTE, suf-
fers at high mobility from intercarrier interference (ICI) due 
to the Doppler spread of the transmit signal. This effect, 
however, can, to a large extent, be mitigated through itera-
tive ICI estimation and cancellation at the receivers. In [27], 
the authors propose ICI mitigation algorithms that enable 
achieving the performance of interference-free transmission. 
Alternatively, optimal pulse shaping at the transmitter, as 
currently pushed by many research groups and companies 
for 5G mobile communications, can be applied to maximize 
achievable data rates by trading off residual ICI/ISI for spec-
tral efficiency [28]. Such an approach appears especially 
interesting when waveform parameters, such as subcarrier 
spacing, prototype pulse shape, and TTI length, can be 
adapted to the time/ frequency-dispersion characteristics of the 
channel. A major challenge then is to optimize sets of compati-
ble parameters that enable efficiently serving users with 
strongly different channel properties in parallel, e.g., static and 
highly mobile users. Novel multicarrier transmit waveforms, 
employing  filter banks [filter-bank multicarrier modulation 
(FBMC)] or subband filters (universal filtered multicarrier/
OFDM), support the necessary flexibility to adjust waveform 
parameters over subbands and, thus, provide the basis for 
channel-adaptive modulation.

Multiconnectivity
To enhance the robustness of the wireless transmission link, so 
as to support highly reliable communication, macro diversity 
can be exploited by extending the dual connectivity concept of 
LTE to a multitude of radio network access points. Maintaining 
multiple parallel connections to several macro base stations 
and/or small cells promises increased data throughput over 
multiple parallel data streams, improved reliability due to a 
reduced outage probability and enhanced robustness with 
respect to mobility, since hard handovers can be avoided. Yet, it 

implies that single users occupy resources at 
multiple transmission points, causing a 
reduction of the overall network capacity. 
To maintain the efficiency of the network, it 
is therefore necessary to dynamically 
decide whether the gain of utilizing multi-
connectivity for a user outweighs the over-
head caused on network capacity. Hence, 

multiconnectivity comes at the cost of requiring a sophisticated 
coordination of multiple transmission points, potentially 
implying a substantial backhaul signaling overhead. Such 
enhanced self-organizing network features can, e.g., be 
 realized by cloud radio access network architectures. In [29], 
the authors investigate the tradeoff between radio-link failures 
and user throughput in dependence of the size of the set of active 
multiconnectivity transmission points, showing that both the cell-
edge user throughput as well as the mobility performance can be 
improved simultaneously.

FD MIMO beamforming for high mobility
FD MIMO refers to wireless transmission systems that sup-
port active two-dimensional antenna arrays with a large num-
ber of antenna elements. This enables high-resolution adaptive 
beamforming in both the elevation and the azimuth domain, 
to achieve space-division multiple access gains through spa-
tial separation of users. Within LTE standardization, work is 
ongoing to implement FD MIMO within Release 14. Current-
ly, hybrid transceiver architectures are of interest, where part 
of the signal processing is performed in base band and part in 
the analog domain to limit the number of required radio-fre-
quency chains. Analog beamforming approaches are mostly 
based on signal azimuth and elevation arrival/departure 
angles. To implement such schemes at high mobility, it is nec-
essary to account for uncertainty in the signal arrival/depar-
ture angles due to user movement and estimation errors. In 
[30], the authors propose a corresponding robust beamformer 
optimization problem and demonstrate improved robustness 
at high mobility.

Conclusions
Vehicular communications is an integral part of innovative 
transport telematics systems for traffic management and active 
road safety. It plays a key role in making public and private 
transportation faster, more reliable, more efficient, and safer. 
Realizing the necessary information exchange among roadside 
infrastructure and vehicles efficiently and reliably can be chal-
lenging. In that respect, cellular networks can provide valuable 
support to dedicated vehicular communication systems, since 
today’s cellular base stations are almost ubiquitously accessible 
and supply high bandwidth wireless connectivity. In this article, 
we have surveyed ongoing efforts and developments within the 
3GPP to implement vehicular communications over LTE. We 
have discussed research challenges associated with wireless 
communications at high mobility, and we have provided an over-
view of promising signal processing techniques to tackle impor-
tant hurdles. Even though significant progress in enhancing 

A big challenge from 
a signal processing 
perspective is efficient 
scheduling and 
coordination of multicast 
transmissions. 
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wireless vehicular communications has been made in the past, 
there is room left for improvement.
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2. Link and System Level Modeling
and Simulation

Mobile communications specifications become increasingly complex, in order to be able
to cope with the challenging requirements imposed on the achievable capacity, throughput,
latency and the reliability. This implies that purely mathematical analysis as well as mea-
surement based investigations and field trials of link and system level techniques frequently
encounter feasibility limitations, in terms of their cost, time consumption and tractabil-
ity. Analytic investigations have the great potential to mathematically reveal relationships
amongst key parameters; yet, often analytic tractability requires the application of coarse
simplifications and restrictive assumptions, limiting analysis to information-theoretic values,
such as the achievable transmission rate in terms of the mutual information. However,
practical mobile communication systems do not achieve the information-theoretic mutual
information; in fact they are mostly still far off [8, 9]. Therefore, realistic performance
investigations of novel link and system level techniques need to account for the holistic
performance of the entire transceiver chains and, even more importantly, for the complex in-
teractions amongst network nodes. This entails that computer simulations are indispensable
to validate or disprove analytic insight under realistic conditions.

Chapter Outline

In this chapter, I introduce the basic base band system model and notation employed
throughout this thesis and I discuss the simulation methodology utilized in my research
work to complement mathematical analysis. Our mobile communications research group
has a long and successful history of developing standard-compliant cellular communications
simulators [10] and sharing the program code with fellow researchers, with the goal of
enhancing reproducibility in wireless communications research [11]. These tools are well
received by the scientific community and are employed by a number of 3GPP-affiliated
companies to benchmark their proposals.
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2.1. Challenges in the Implementation of Mobile
Communications Simulators

Implementing an entire communication standard in software implies a very large amount of
program code. Our Vienna Cellular Communications Simulators (VCCS) [10], for example,
contain more than a hundred-thousand lines of code implemented over years by dozens of
PhD and Master-level students. Managing such a platform therefore comes with a number
of challenges:

1. Maintaining readability, usability and modifiability of the code.

2. Verifying the functionality and validating the correctness.

3. Supporting replicability, reproducibility and reusability.

Code maintenance: Achieving the first bullet mostly requires adhering to well-
established disciplined programming practices. This includes consistency in style of
variable-, function- and object-definitions, proper commenting of program code, modu-
lar and object-oriented structuring of processing steps, well-defined interfaces in-between
functions and objects, as well as, accompanying documentation of the program structure
and the functionality. Especially object-oriented structuring is crucial to facilitate easy
modifiability by newcomers, since it enables focusing on specifics parts of interest of the
program code, without having to comprehend the entire simulation environment.

Verification and validation: Verifying the functionality and validating the correctness of
the implementation is a difficult task, considering the large amount of program code involved.
Here an incremental approach is expedient, starting with verification and validation of
individual processing blocks (e.g. channel coding, modulation, equalization) and proceeding
to the interaction of these building blocks, for which, once-again, an object-oriented structure
is indispensable. Often, theoretical results for the performance of these individual blocks
are available, which can be utilized as benchmarks.1 Yet, this is not always possible,
especially when it comes to more complex program blocks. In our VCCS, for example, we
support the sophisticated stochastic-geometric 3GPP three dimensional (3D) spatial channel
model (SCM) [12], for which no theoretical benchmarks exist. Then it is instrumental
to compare against numerical evaluations conducted by other independent groups. This
approach is also pursued by standardization bodies, such as 3GPP, which commonly provide

1As an example, it is well-known how the bit error probability (BEP) of uncoded OFDM transmission
behaves as a function of the signal to noise ratio (SNR) for additive white Gaussian noise (AWGN) and
Rayleigh fading channels.
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online documents comparing numerical evaluations of several groups that can be utilized for
validation. However, even with the utmost rigor, small mistakes can never be entirely avoided;
to eliminate these, we provide the source of our program code to an online community of
fellow engineers and researchers, which willingly utilize our simulator for their work and
hint to problems they thereby encounter. With this approach, we get feedback from a much
larger group of testers, as compared to limiting code distribution within our own research
group, and we can thereby enhance the code integrity.

Replicability, reproducibility and reusability: One of the main goals of sharing our
simulators with other researchers is to establish a common platform to support replicability,
reproducibility and even reusability in wireless communications research [11].2 This is often
difficult, since the performance of novel techniques within wireless communication systems
is impacted by a large number of parameters, which are in many cases not all stated in
publications, already for reasons of space constraints. Our simulators support achieving these
reproducibility targets, by providing a platform on which researchers can benchmark and
exchange their algorithms in a well-defined (standard-complaint if so desired) environment.
To further facilitate this exchange, we additionally administrate a web-forum where people
can easily communicate their issues and find solutions to common pitfalls, which also
promotes the first discussed challenge of maintaining usability.

2.2. Link Level Modeling of MIMO-OFDMA
Transmissions

Many state-of-the-art wireless communication systems, such as, 3GPP 4G long term evolu-
tion (LTE) and 5G new radio (NR) [14, 15] as well as Institute of Electrical and Electronic
Engineers (IEEE) 802.11 [16], employ cyclic prefix orthogonal frequency division multi-
plexing (CP-OFDM) as the basic physical layer (PHY) modulation scheme. Below, I present
the mathematical base band description of such systems, which builds the basis of link level
simulations and provides the underlying system model for later discussions in this thesis.

In link level simulations, the entire base band signal processing chain is implemented in
software. Hence, signals are processed on a sample basis, allowing to realistically represent
channel introduced distortions, such as, inter-carrier interference (ICI) and inter-symbol
interference (ISI), without requiring approximations or abstractions. Link level simulations

2I follow the terminology of [13] – replicability: other researchers reproduce results with the same exper-
imental setup – reproducibility: other researchers reproduce results with a different setup – reusability:
repurposing of research results is facilitated.
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thus provide a very low level of abstraction and are therefore well suited for rapid prototyping
of novel PHY signal processing methods.

2.2.1. Link Level Base Band Description

I focus here on MIMO-OFDMA multi-carrier transmissions, because the techniques pre-
sented in later sections of this thesis are benchmarked within LTE-compliant simulation
environments. Notice, though, that we also discuss similar base band descriptions for other
multi-carrier schemes, such as, filter bank multi-carrier (FBMC), single carrier frequency
division multiple access (SCFDMA) and universal filtered multi-carrier (UFMC), in our
publications [17–19].

SISO-OFDM: The single-input single-output (SISO) input-output relationship of
CP-OFDM considering transmission between a transmitter i and a receiver u, both equipped
with a single antenna, can be stated as [10]:

ru[n, k] = Hu,i[n, k]xi[n, k] + zu[n, k]. (2.1)

Here, [n, k] denotes the pair of time-frequency indices, also known as the resource element
(RE) index. The channel coefficient, describing the CP-OFDM transmission between
transmitter i and receiver u on RE [n, k] in equivalent base band notation, is represented by
the complex-valued scalar Hu,i[n, k] ∈ C. The complex-valued scalar zu[n, k] comprises
all additive distortions present in the transmission, such as: 1) thermal receiver noise,
commonly modeled as complex-Gaussian random variable; 2) ISI, caused by excess delay
of the channel power delay profile (PDP) h̃u,i(t, τ) over the CP duration [20]; 3) ICI, due to
the Doppler-spread introduced by the time-variant channel [21–23]; and others. If not stated
otherwise, I assume that zu[n, k] can be represented as AWGN of variance σ2

z,u.

The channel coefficient Hu,i[n, k] is obtained by sampling the time-variant channel transfer
function Hu,i(t, f), which characterizes the physical transmission channel at time t and
frequency f , on a time-frequency lattice with time-spacing ∆t = 1

B
= T

NFFT
and frequency-

spacing ∆f = 1
T

= B
NFFT

.3 Here, T denotes the OFDM symbol duration (excluding CP),
NFFT is the length of the fast Fourier transform (FFT) applied by the transmitter and the
receiver, and B is the system bandwidth. Notice, the channel PDP h̃u,i(t, τ) and the channel
transfer function Hu,i(t, f) form a Fourier-transform pair over the delay variable τ [24].

3Notice, NR provides the option to employ additional pulse-shaping on top of OFDM to reduce out-of-
band (OOB) emissions; such pulse-shaping can be considered as part of the channel transfer function.
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SISO-OFDMA: In OFDMA, multi-user multiple-access is achieved simply by sharing
the REs amongst users; hence, whether the transmit signal xi[n, k] is intended for receiver
u or a different receiver depends on the multi-user schedule Si[n, k] ⊆ {1, . . . , U}, where
U denotes the total number of receivers present in the system. This schedule is in practice
signaled to the receivers over dedicated signaling channels (e.g. the physical downlink
control channel (PDCCH) in LTE downlink). In case of single antenna transmission, I
assume that at most a single user is served on each RE: |Si[n, k]| ≤ 1. Considering non-
orthogonal multiple access (NOMA) transmission [25], xi[n, k] could also be a superposition
of symbols intended for multiple receivers, i.e. |Si[n, k]| > 1. This then requires successive
interference cancellation (SIC) at the receivers to eliminate multi-user interference. However,
NOMA is not addressed further in this thesis. I consider the optimization of multi-user
scheduling strategies in more detail in Chapter 4.

MIMO-OFDMA: The extension of the base band system model towards multiple anten-
nas is straightforward:

ru[n, k] = Hu,i[n, k]xi[n, k] + zu[n, k]. (2.2)

The received signal ru[n, k] is now an Mu dimensional vector, with Mu denoting the number
of receive antennas of receiver u, and xi[n, k] is an Ni dimensional vector, with Ni denoting
the number of transmit antennas of transmitter i. Matrix Hu,i[n, k] is the MIMO channel
matrix, containing the complex-valued channel gains of all pairs of transmit and receive
antennas. It is obtained by sampling the time-variant MIMO transfer function Hu,i(t, f),
which in turn represents the Fourier-transform of the time-variant MIMO impulse response
H̃u,i(t, τ).

Employing multi-user MIMO transmission based on linear precoding, the transmit signal
vector xi[n, k] can be written as:

xi[n, k] =
∑

p∈Si[n,k]
Fi,p[n, k]sp[n, k], (2.3)

with sp[n, k] ∈ C`p[n,k]×1 being the transmit symbols intended for receiver p and `p[n, k]
denoting the number of spatial streams (or layers in LTE notation) transmitted to receiver
p. Matrix Fi,p[n, k] ∈ CNi×`p[n,k] is the precoder employed for transmission to receiver p. I
consider optimization of the precoding matrices in more detail in Chapters 4 and 5.

Multi-cell MIMO-OFDMA: If multiple transmitters are present in the systems, as is
commonly the case in mobile communications, a further generalization step is required:

ru[n, k] =
J∑
j=1

Hu,j[n, k]xj[n, k] + zu[n, k], , (2.4)
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with J denoting the total number of transmitters. The model incorporates multi-point
transmission, simply by including receiver u in the schedules Sj[n, k] of multiple transmitters.
I consider optimization of multi-point transmissions in more detail in Chapter 5.

2.2.2. Channel Coding and Symbol Mapping

The transmit symbols sp[n, k] commonly originate from the actual information data bits, via
a combination of channel coding and mapping onto a symbol constellation. The specifics of
this process depend on the considered transmission standard; e.g., LTE employs a BICM
structure [26] with a selection of modulation and coding schemes (MCSs), combining
variable rate Turbo coding with 4/16/64/256 quadrature amplitude modulation (QAM) over
a powerful bit-interleaver. In link level simulations, these processing steps are explicitly
implemented in software. However, for system level simulations, as discussed below,
the performance of the modulation and coding stage is commonly abstracted to reduce
computational complexity.

2.2.3. Modeling of RF-Hardware Impairments

To represent impairments caused by the radio frequency (RF) processing part of real-world
hardware, RF distortion models are required in link level simulations. Such models exist for
a number of impairments:

• Finite resolution of analog to digital converters (ADCs) and digital to analog convert-
ers (DACs): Modeling of such distortions commonly relies on an additive quantization
noise model and the Bussgang theorem [27] to represent quantization errors as an
uncorrelated additive distortion whose variance depends on the ADC/DAC reso-
lution [28–30]. In our publication [30], we investigate the trade-off between the
achievable energy-efficiency and the spectral-efficiency of a point-to-point link as
a function of the ADC/DAC resolution. Our results show that, over a realistic SNR
range, the optimal ADC/DAC resolution is relatively low (2-4 bit); it also depends on
the exact values of the power consumption and loss of other RF front-end devices.

• Up/down-conversion to/from the carrier frequency by a local oscillator: This part
mainly causes phase-noise due to variations of the local oscillator frequency around
the actual carrier frequency and can therefore not be modeled as an additive distortion.
It has been shown that the phase-noise can be accurately modeled in base band as a
discrete random walk of the signal phase with correlated Gaussian increments [31].

• Non-linearity of power amplifiers: Such a non-linearity causes amplitude as well as
phase distortions [32]. Several models for the power amplifier non-linearity exist,
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naming the well-established Rapp model as just one example for the amplitude
distortion [33]. Evaluating the impact of the power amplifier non-linearity recently
regained interest in the context of millimeter wave (mmWave) transmissions, due to the
relatively high expected non-linearity of cost-effective mmWave power amplifiers [34].

• Phase accuracy and power dissipation of the phase shifting network (PSN), con-
necting antenna elements to RF chains: Accurate modeling of these RF devices is
indispensable for investigation of analog beamforming and hybrid precoding architec-
tures [30, 35–37]. Such architectures employ RF phase-shifters and signal combiners,
realized in the PSN, to achieve directional beamforming in multi-antenna systems.
They are currently popular for mmWave transmissions, to reduce the number of re-
quired RF chains and thereby the hardware complexity [38]. In our publication [36],
we show that antenna selection architectures can achieve a higher throughput than
hybrid precoding solutions, when realistic assumptions on the power dissipation of
RF devices are considered.

2.3. System Level Abstraction of MIMO-OFDMA
Transmissions

While the major focus of link level simulations in wireless communications is on the
evaluation of PHY processing techniques, system level simulations support the network-
wide performance investigation and behavioral prediction of entire mobile networks. They
are unchallenged for understanding the potential of novel technologies on a large scale with
many interacting network elements.

2.3.1. Abstraction of PHY Processing

Abstractions of PHY details are required to enable large-scale simulations with manageable
computational complexity. This is commonly achieved in close orchestration with a link
level simulator, by applying link abstraction models to directly map from relatively easily
computable metrics, such as, the signal to interference and noise ratio (SINR), to the actual
metrics of interest, such as, the block error ratio (BLER) and the corresponding throughput of
data transmission, without having to simulate the entire PHY processing chain [11, 39–41].

The PHY abstraction can efficiently be achieved by so-called effective SINR mapping (ESM)
techniques [42–44], which transform a time-frequency selective channel, corresponding to
the REs scheduled to a user, to an equivalent AWGN channel with appropriate effective SNR.
In case of mutual information ESM (MIESM), the effective SNR is calculated such that an
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equivalence is established in terms of the mutual information. Thereby, a careful calibration
is required to match the performance achievable by the MCSs of the considered transmission
standard [45–47], which necessitates an underlying link level simulator. In a second step,
precomputed SNR-to-BLER look-up tables are then utilized to map the effective AWGN
SNR to the BLER and, ultimately, accounting for the number of scheduled REs and the
employed MCS, to the throughput.

2.3.2. Macro- and Microscopic Channel Models

The accuracy and realism of system level simulations is very much dependent on the
employed macro- and microscopic channel models, which determine the SINR at the
receivers. Currently, so-called stochastic-geometric channel models are the state-of-the-art
for system level simulations. Stochastic-geometric channel models parametrize scattering
objects, which determine the multi-path propagation of the wireless channel, in terms of
probability distributions of the propagation angles (azimuth and elevation), delays and
powers of signals scattered by these objects [48]. Prominent examples are the 3GPP SCM,
the Wireless World Initiative New Radio (WINNER) channel model, as well as, the recently
proposed 3GPP 3D SCM [12, 49–51].

Spatially Consistent Channel Modeling

An important research issue in the context of channel modeling is the consideration of
spatial consistency in propagation conditions. Propagation conditions at two geometrically
close positions are bound to be similar, due to the geometric correlation of the relevant
scattering objects for such close positions. However, such a correlation is not provided by
existing stochastic-geometric channel models in the first place, because scattering objects
are independently drawn for each position. As discussed in [Articel 1], this leads to a highly
unrealistic behavior, especially in combination with FD-MIMO systems, which apply spatial
beamforming to serve multiple users in parallel, as well as, when considering macroscopic
movement of users. Early work to enhance the spatial consistency of system level simulations
only considered a correlation of the macroscopic shadow fading [52, 53]. We recently
extended these methods to additionally allow for a spatial correlation of the line-of-sight/non-
line-of-sight state of users4, as well as, the microscopic fading parameters (signal angles,
delays, powers) [54, 55]. These contributions enable a realistic consideration of spatial
consistency in system level simulations, as required for the evaluation of technologies
developed to support the requirements of the Society in Motion. The models have been
validate through extensive Ray tracing simulations of urban environments [56].

4Notice, this impacts the path-loss exponent and the microscopic fading distribution of the 3GPP 3D SCM.
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2.4. Scientific Contributions and Publications

As mentioned above, our mobile communications research group has years-long experience
in developing standard-compliant cellular communications simulators, applying them to
reveal strength and weaknesses of the respective standard, as well as, in developing standard-
enhancements to mitigate these weaknesses. My involvement in these developments started
in 2008 as a Master-level student, with the first release of the Vienna LTE simulators [11],
progressed to lead-developer of the Vienna LTE-Advanced (LTE-A) simulators [10] as a
PhD student, and lead to project coordinator of our 5G NR simulators [57, 58] as a post-doc
University assistant. During that period, our simulation methodologies and abstraction
techniques became ever more sophisticated, to improve the realism of our simulators and to
account for an increasing number of impairments caused by the channel and by RF-hardware
components.

2.4.1. Selected Publications

We summarize our simulation methodologies and our insights on the performance of novel
signal processing techniques within standard-compliant environments in the three journal
articles:

[Article 3] S. Schwarz, J. Ikuno, M. Simko, M. Taranetz, Q. Wang, and M. Rupp, “Pushing
the limits of LTE: A survey on research enhancing the standard,” IEEE Access, vol. 1,
pp. 51–62, 2013

[Article 4] M. Taranetz, T. Blazek, T. Kropfreiter, M. Müller, S. Schwarz, and M. Rupp,
“Runtime precoding: Enabling multipoint transmission in LTE-advanced system-level
simulations,” IEEE Access, vol. 3, pp. 725–736, 2015

[Article 5] E. Zöchmann, S. Schwarz, S. Pratschner, L. Nagel, M. Lerch, and M. Rupp,
“Exploring the physical layer frontiers of cellular uplink – The Vienna LTE-A uplink
simulator,” EURASIP Journal on Wireless Communications and Networking, vol.
2016, no. 1, p. 118, 2016

2.4.2. Summary of Scientific Contributions

Within the scope of the Society in Motion, the most relevant scientific contributions of these
articles are:

1. Optimization of the pilot signal power allocation as a function of the delay- and
Doppler-spread of the channel in [Article 3].
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2. Development of ICI abstraction models for realistic system level simulations of high-
mobility users in [Article 4].

3. Derivation of a compact vector-matrix base band system model for SCFDMA trans-
mission over doubly (time-frequency) selective channels in [Article 5].

[Article 3] Pushing the limits of LTE: A survey on research enhancing the stan-
dard: In this paper, we discuss research work that is based on LTE standard-compliant
assumptions, implying that the results are with minor effort immediately applicable within
the LTE standard. We thereby attempt to bridge the gap between researchers and engineers
working in this area. We furthermore introduce the Vienna LTE simulators as a vehicle to
support reproducible wireless communications research in a well-defined environment, and
showcase our own efforts to enhance the LTE standard. Highly relevant for the Society in
Motion are thereby our results on optimal power allocation for LTE pilot signals, which
show that a significant amount of pilot signal power can be saved especially at high mobility.
The intuition behind these results is as follows: at high velocity interpolation errors between
pilot positions are dominant over estimation errors on pilot positions; hence, the estimation
quality on pilot positions can be reduced without significantly impairing the overall channel
estimation performance, allowing for power reduction of pilot signals. These results have
later on been extended to optimizing not only the power allocation, but also the density
of pilot positions in the OFDM lattice of REs (the resource grid), revealing the significant
potential of channel adaptive pilot patterns to enhance the throughput performance and relia-
bility even in strongly doubly-selective channels; see [61] and our discussion in [Articel 1]
for more details. In our recent work [62], we take such channel adaptive approaches even a
step further and additionally optimize the numerology (i.e., the subcarrier spacing, symbol-
and CP-duration) of the OFDM transmission with respect to the time-frequency selectivity
of the channel.

[Article 4] Runtime precoding: Enabling multipoint transmission in LTE-
advanced system-level simulations: In this contribution, we discuss enhancements
of the Vienna LTE system level simulator to support the important LTE-A feature of mul-
tipoint transmission. This allows to efficiently simulate coordinated multi-point transmis-
sion (CoMP) techniques and multimedia broadcast single frequency network (MBSFN)
operation (see Chapter 5 for details). As discussed in [Article 2], MBSFN is an enabling
technology for cellular-assisted vehicular communications, because it facilitates an efficient
distribution of common information (e.g. road-traffic status updates) to many vehicles in
parallel. When simulating vehicular communications scenarios, or other high-mobility
applications, it is important to account for the distortions introduced by ICI due to the
Doppler-spread of the signal. Such additive distortions can be accounted for in system level
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simulations relatively easily, if they can be well approximated as being Gaussian distributed.
In this case, it suffices to add an additional noise term of appropriate power in the SINR
calculation. As we show in [Article 4], this approach for ICI modeling works very well in
OFDM up to significant Doppler spreads lying in the order of 10 % of the subcarrier spacing,
while still assuming block-fading (i.e., a temporally constant channel) within each OFDM
symbol. Beyond this point, it becomes necessary to account for the channel variation within
each OFDM symbol, requiring fast-fading simulations. This is because very strong temporal
fading of the channel impairs the performance of the forward error correction (FEC) Turbo
channel code of LTE. Increased temporal channel variations also lead to a performance
deterioration of channel estimation methods. As we shown in [63], the distortion caused by
imperfect channel estimation can also be accounted for as additional noise, whose variance
depends on the correlation properties of the channel and the placement of pilot symbols
in the resource grid. Such modeling approaches thus enable realistic investigations of
high-mobility scenarios on system level.

[Article 5] Exploring the physical layer frontiers of cellular uplink – The Vienna
LTE-A uplink simulator: In this journal article, we introduce our last member of the
Vienna LTE simulator suite, the Vienna LTE-A uplink simulator. Since the uplink of
LTE is based on SCFDMA, the link level model described in Section 2.2 is not directly
applicable. SCFDMA applies a discrete Fourier transform (DFT)-precoding step to spread
the user signals over the entire allocated bandwidth. This provides peak to average power
ratio (PAPR) advantages over OFDMA; yet, it entails a throughput performance loss when
linear zero forcing (ZF) or minimum mean squared error (MMSE) receivers are employed.
In [Article 5], we provide a vector-matrix input-output relationship of SCFDMA, derive
SINR expressions for ZF and MMSE receivers, and conduct an asymptotic analysis of the
achievable rate with growing bandwidth. The uplink of LTE employs frequency-spreading
of pilot signals to conserve the good PAPR properties of SCFDMA. In [Article 5], we
investigate the mean squared error (MSE) of several linear channel estimation techniques as
a function of the user velocity, and show that the LTE uplink is more sensitive to temporal
channel variations than the downlink, since the pilot-distance in time is larger.
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ABSTRACT Cellular networks are currently experiencing a tremendous growth of data traffic. To cope
with this demand, a close cooperation between academic researchers and industry/standardization experts
is necessary, which hardly exists in practice. In this paper, we try to bridge this gap between researchers
and engineers by providing a review of current standard-related research efforts in wireless communication
systems. Furthermore, we give an overview about our attempt in facilitating the exchange of information and
results between researchers and engineers, via a common simulation platform for 3GPP long term evolution
(LTE) and a corresponding webforum for discussion. Often, especially in signal processing, reproducing
results of other researcher is a tedious task, because assumptions and parameters are not clearly specified,
which hamper the consideration of the state-of-the-art research in the standardization process. Also, practical
constraints, impairments imposed by technological restrictions and well-known physical phenomena, e.g.,
signaling overhead, synchronization issues, channel fading, are often disregarded by researchers, because of
simplicity and mathematical tractability. Hence, evaluating the relevance of research results under practical
conditions is often difficult. To circumvent these problems, we developed a standard-compliant open-
source simulation platform for LTE that enables reproducible research in a well-defined environment. We
demonstrate that innovative research under the confined framework of a real-world standard is possible,
sometimes even encouraged. With examples of our research work, we investigate on the potential of several
important research areas under typical practical conditions, and highlight consistencies as well as differences
between theory and practice.

INDEX TERMS Heterogeneous networks, distributed antenna systems, frequency synchronization, pilot
power allocation, multiuser gains, LTE, MIMO, reproducible research.

I. INTRODUCTION
Life without ubiquitous possibilities to connect to the
Internet is hard to imagine nowadays. Cellular networks
play a central role in our global networking and com-
munication infrastructure. To ensure and even enhance
availability, the standardization process of new commu-
nication systems is governed by concerns about reli-
ability, interoperability and security, besides trying to
improve the performance of current technology. Still,
the ever-increasing demand for higher data-rates forces
the consideration of novel research results during stan-
dardization. Mobile data traffic is predicted to increase
13-fold between 2012 and 2017, culminating in a
monthly global data traffic of more than 10 exabytes by
2017 [1]. To sustain such a traffic growth, standardiza-

tion experts ceaselessly improve wireless networks. In this
process, however, innovative research results are fre-
quently met with skepticism, because assumptions made
by researchers are sometimes too simplistic and ideal-
istic to reflect the performance under practical condi-
tions. Consider, e.g., spatial interference management tech-
niques like linear multi-user MIMO (MU-MIMO) trans-
mission [2], [3] and interference alignment [4], [5]. While
theory predicts tremendous spectral efficiency gains under
the assumption of perfect channel state information at
the transmitter (CSIT), heavy losses are reported if this
assumption is only slightly violated [6], [7], e.g., due
to delayed or quantized CSI feedback. Although tailored
solutions exist to resolve these problems, e.g., [8]–[11],
standardization is still reluctant about investing in the
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CSI feedback, possibly because communication
and information exchange between academia and industry is
insufficient.

The world’s leading cellular networking technology these
days is standardized by the 3rd Generation Partnership
Project (3GPP), a collaboration between telecommunication
associations spread all over the world. Technical specifi-
cations for the radio access network technology, the core
network and the service architecture are released every
few years, constantly evolving the cellular system with a
major focus on compatibility between releases. With the
introduction of Long Term Evolution (LTE) in Release 8
(2008) [12], an entirely new air interface based on Orthog-
onal Frequency Division Multiplexing (OFDM) was imple-
mented setting the basis for a 4G capable mobile commu-
nication technology, and first LTE networks went on-air
in 2009/10. Since then, work on LTE advanced (LTE-A)
(i.e., LTE Rel. 10) and beyond is ongoing in the standard-
ization groups to enhance the transmission capabilities of
LTE. The basis for downlink MU-MIMO and other non-
codebook based precoding schemes was set by extending
the reference symbol structure of legacy LTE for user-
specific reference symbols [13]. Network densification,
captured under the keywords heterogeneous networks,
small- and femto-cells and distributed antenna systems
(DASs), is recognized as an important means to cir-
cumvent the capacity crunch [14]. This has to go
hand in hand with improved interference management,
i.e., coordinated multi-point transmission and reception
(CoMP), to cope with the increased interference between
cells [15].

Despite all of these technologies being considered in
the standard, their implementation is largely based on very
simple concepts. Hence, research work is ongoing in par-
allel to develop more sophisticated solutions. We provide
an overview of such standard related research during the
course of this article, summarizing results of other research
groups and providing a more detailed view on our own work.
Our main focus is thereby on LTE networks, although the
same concepts are mostly applicable for WiMAX [16] and
WiFi [17] as well.

In trying to classify research work with respect to its
practical applicability, theoretical results mostly lag behind
due to the coarse abstraction required to facilitate analytical
tractability. Such results have their significance in providing
upper bounds on system performance, analyzing the potential
of new technologies, and opening/identifying new fields for
research and engineering activities. Simulations, on the other
hand, enable investigations of much more complex, detailed
and realistic scenarios, and facilitate comparison of differ-
ent algorithms under identical conditions. Simulations can
give a qualitative understanding of the interplay of different
components of the systems, which may not be obtainable
otherwise for complexity reasons. Measurements and field
trials, finally, avoid all kinds of assumptions and models, thus
reflecting reality most closely. Still, the involved expenditure

of time, labor and money, and the lack of generality in the
obtained results prohibits their application in early stages of
research.
The simulation approach is hence adopted by many

researchers in combination with theoretical investigations,
due to its flexibility and efficiency. Though standardized
simulation models exist for parts of the environment, e.g.,
the wireless channel in cellular communications [18], [19],
there is still lots of ambiguity in many simulation parameters
left, making it often difficult to reproduce results of other
researchers and hampering cross-comparison of different
techniques, a circumstance that has been complained about
quite openly in [20], [21]. Moreover, the code of such highly
complex systems may contain more than 100.000 lines, mak-
ing thorough testing practically impossible in a reasonably
short time. Only working in parallel with many independent
research groups and communicating publicly via a web-based
forum makes it possible to identify programming bugs and
have the code checked independently several times. These
facts were the motivation for our group to develop standard-
compliant open-source Matlab-based link- and system-level
simulation environments for LTE to facilitate reproducibility
and information exchange via a common platform.

A. Organization
In Section II, we introduce our link- and system-level sim-
ulators and highlight the multitude of scenarios that can be
investigated with these tools. Then, in Section III, we provide
a review of current physical layer research that is closely
related to LTE and LTE-A.We also consider inmore detail the
impact of imperfect frequency synchronization on the system
throughput in this section, and present a pilot power allocation
algorithm that efficiently distributes the available transmit
power among reference- and data-symbols. Section IV is
dedicated to interference in wireless networks. A literature
survey gives an overview of state of the art research con-
sidering interference management techniques and algorithms
for wireless communications. A very simple technique for
mitigating the detrimental effects of interference is oppor-
tunistic scheduling, i.e., exploiting the interference dynamics
to serve users whenever they experience favorable channel
conditions. This is considered in Section IV-B. In sections IV-
C and IV-D, we give our view on heterogeneous networking
architectures by investigating the performance of distributed
antenna systems and macro-femto overlay networks.

II. FACILITATING REPRODUCIBILITY
The Vienna LTE simulators [22] are a simulation suite
for link- and system-level simulation of LTE networks
that is developed and extended by our research group
since the first specifications of LTE were published in
2008. The simulators are publicly available for download
(www.nt.tuwien.ac.at/ltesimulator) under an academic non-
commercial use license. They facilitate reproducibility of
research results, and contribute to bridge the gap between
researchers and standardization experts in LTE and LTE-A.
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Since its first release in 2009, the LTE downlink link-level
simulator was downloaded more than 16 000 times and is
currently (February 2013) in its eighth release. It was also
extended to LTE-A and augmented with an uplink version in
2011 [23]. The LTE system-level simulator experienced even
more attention, with more than 22 000 downloads, thus con-
firming the demand for a consistent simulation environment.
Details about the physical layer abstraction models employed
for system-level simulation can be found in [24], [25].

Other research groups provide similar tools, such as
the Open Wireless Network Simulator [26] developed at
RWTH Aachen University, or the system-level simulator
LTESim [27] provided by the Telematics lab of Politecnico di
Bari, but we are neither aware of the sophistication and accu-
racy of these tools nor of how active research is conducted
around them.

In our research work, the simulators are utilized to inves-
tigate cellular networks in varying degrees of abstraction.
The simulators play a central role in the collaboration with
our industry partners. Consider the example cellular network
shown in Fig. 1. It consists of three macro base stations with
sectorized antennas, plus additional radio access equipment.
Users 1–3 are served in the ‘‘classical’’ way, by attaching
the user equipment (UE) to the strongest macro base sta-
tion and treating other base stations as interferers. The data-
transmission can be optimized by focusing on the radio link
between a base station and a single UE, which relies on
detailed modeling of the physical-layer and requires link-
level simulations. Two examples for link-optimization con-
ducted in our group are treated in some detail in sections III-B
and III-C, on the subjects of pilot power allocation for channel
estimation and carrier frequency synchronization.

BS 3

BS 2

RRU 1

UE 4

UE 5

UE 8

BS 1
UE 6

AP 1 UE 7

UE 9

UE 3 UE 2

UE 1

AP 2

UE: User equipment

AP: Access point

BS: Base station

RRU: Remote radio unit

RRU 2

Wireless link

Wired connection

120°

60°

FIGURE 1. Example cellular network consisting of three sectorized macro
base stations and additional radio access equipment, visualizing different
scenarios considered in our research work.

An alternative perspective for the optimization of cellular
communication systems is the network viewpoint. Here, a
large network consisting of a multitude of base stations and
UEs is considered. To keep the computational complexity of
the associated system-level simulations tractable, abstraction
of the physical-layer details is necessary. Section IV-B treats
multi-user scheduling as an example, confirming the theoret-
ically well-known double-logarithmic growth of the sum-rate
with the number of users under the practical constraints that
are introduced by the LTE standards, but also showing that the
spatial degrees of freedom are not fully utilized by the system.
Extensions of the classical sectorized cellular network

architecture to heterogeneous networks, containing differ-
ent types of radio access equipment, are in the scope of
many recent research activities. Two examples are shown
in Fig. 1. Users 4–6 are jointly served by a single base sta-
tion whose transmission capabilities are enhanced by remote
radio units (RRUs), forming a so called distributed antenna
system (DAS). The performance of different transmission
strategies in such distributed antenna systems is evaluated in
Section IV-C. In this case, we cannot abstract the physical
layer details, because they are necessary to calculate the
precoders and beamformers of the considered transmission
strategies. To circumvent computational complexity issues
in this case, we employ a hybrid of link- and system-level
simulations, by augmenting the link-level simulator with an
appropriate inter-cell-interference model [28], [29].
Femto cell access points are a popular technique for

increasing the spatial reuse of existing cellular networks.
Users close to access points are offloaded from the macro
cellular network and served by the femto cells (see Users 7–9
in Fig. 1). The benefits of LTE femto cell-enhanced macro
networks in terms of user throughput and fairness of the
resource allocation are investigated in Section IV-D, bymeans
of system-level simulations.
The link-level simulator can also be beneficially employed

to simplify measurement campaigns. In our research group
it serves as a front-end for a measurement testbed, generat-
ing the base band transmit signal and detecting the received
signal. Some recent measurement results investigating the
impact of different antenna configurations on the LTE down-
link throughput can be found in [30]. Also, the system-level
simulator can be used in combination with real measured
network data by loading measured channel pathloss maps
into the simulator. We successfully employed this feature to
confirm observed trends of our industry partners in the real
world measured throughput.

III. ENHANCING THE PHYSICAL-LAYER
Recent measurement and simulation based investigations of
current cellular communication systems (HSDPA, WiMAX,
LTE) have revealed a large performance gap between the
throughput achieved in such systems and the theoretical upper
bounds determined by channel capacity [31], [32]. Although
it is often believed that the potential of the physical-layer
is already largely exploited, these investigations show that
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there is still lots of space for improvement left, even when
considering only a single transmitter-receiver pair. This was
also observed in [20] who pointed out that innovative PHY
research is possible by investigating more realistic mathe-
matical models that consider constraints and suboptimalities
of practical systems, e.g., channel estimation errors, power
amplifier non-linearities, synchronization errors, realistic CSI
feedback algorithms,. . .Notice though that the accumulated
throughput loss of a single link, although significant, is made
up of a multitude of small contributions [33]. Hence, large
performance gains from a single PHY research front onlymay
not be obtained.

Conducting research on the physical-layer of a wire-
less communication system requires detailed modeling of
the wireless channel and the signal-processing algorithms
applied at the transmitter and receiver. In this section, we
firstly provide a survey on standard-related PHY research
in Section III-A, focusing on LTE and LTE-A. Notice that
there exists a huge amount of literature on that topic; hence
we can only provide our restricted view and by far not an
exhaustive description. We also provide two examples of
our research work to establish the utility of the Vienna LTE
link-level simulator for PHY investigations. In Section III-B
substantial power savings are demonstrated at high user
velocities by exploiting the mean squared error (MSE) sat-
uration of well-known channel estimation algorithms in tem-
porally weakly correlated channels. Furthermore, the impact
of a frequency estimation error, causing a carrier frequency
offset between transmitter and receiver, on the throughput of
an LTE system is considered in Section III-C.

A. LITERATURE SURVEY
One important physical-layer research topic for wireless com-
munication systems in the uplink as well as the downlink
is channel estimation. The channel estimation error not only
impacts the post-equalization signal to interference and noise
ratio (SINR) [25], [34] but also the accuracy of CSI feed-
back estimation and hence the achievable throughput of the
system [35]. Important aspects of channel estimation cov-
ered in the literature are high-velocity fast-fading scenarios
[36]–[38], iterative channel estimation [39], [40], special
designs for multi-user and multi base station situations [41],
[42] as well as low-complexity solutions [43], [44].

Another topic of practical relevance is the timing- and
frequency-synchronization of transmitter and receiver or
of multiple transmission points. A frequency synchroniza-
tion error between transmitter and receiver results in inter-
carrier-interference after OFDM signal processing at the
receiver [45]. Similarly a synchronization error in the symbol
timing leads to inter-symbol-interference [46]. Both effects
significantly reduce the achievable throughput of the sys-
tem, hence accurate synchronization algorithms are required,
e.g., [47]–[49].

Also, CSI feedback estimation is important for LTE to
achieve the highest throughput in MIMO systems. Here, one
has to distinguish between CSI feedback for codebook based

precoding and feedback for non-codebook based precoding.
The former consists of a precodingmatrix indicator and a rank
indicator, to select the preferred precoder from a given code-
book, and a channel quality indicator to adapt the transmis-
sion rate [50]–[52]. Non-codebook based precoding enables
more sophisticated transmission strategies like zero forcing
(ZF) beamforming [3], block-diagonalization precoding [2]
or interference alignment [4], [5]. In this case, mostly explicit
CSI feedback is employed, quantizing the wireless channel
in some form directly and feeding it back to the base station
[8]–[11], [53].
Other topics of interest include advanced receiver

designs [54], consideration of power-amplifier non-linearities
[55], and efficient reference signal designs [56]–[58].

B. PILOT POWER ALLOCATION
Modern standards for wireless communication systems such
as LTE and WiMAX exclusively rely on coherent transmis-
sion techniques. Detection of coherently transmitted data
symbols requires knowledge of the channel experienced dur-
ing transmission, which is obtained by channel estimation.
The estimates are calculated from known symbols, so called
pilot symbols, that are multiplexed within the data symbols.
The amount of power assigned to the pilot symbols has a cru-
cial impact on the quality of the channel estimation, which in
turn significantly impacts the throughput performance of the
system. The channel estimation error leads to an additional
noise term in the SINR of the transmission, whose variance
is determined by the applied channel estimator and the pilot
symbol density and power.
Consider an LTE transmitter which has a certain amount

of power available for transmission. The available power
is divided between pilot and data symbols. The quality of
the channel estimates improves with the amount of power
invested into the pilot symbols, thus reducing the noise contri-
bution of the channel estimator. But in turn the power of the
data symbols has to be decreased to keep the power budget
balanced, degrading the received signal power. Therefore, an
equilibrium point in the power assignment between pilot and
data symbols exists, in which the SINR is maximized.
The precisely elaborated physical-layer of the Vienna LTE

link-level simulator enables an extensive investigation of dif-
ferent pilot symbol power allocation algorithms. The optimal
distribution of the available transmit power between pilot and
data symbols was derived in [59] and [60] for time-invariant
and time-variant channels, respectively. The solution turned
out independent of the operating point (signal to noise ratio
(SNR)) and of the actual channel realization, making it very
robust and applicable in practical systems. In [60] it was
realized that in time-variant channels state-of-the-art channel
estimators (least-squares and linear minimum mean squared
error (MMSE)) exhibit an error-floor, which increases with
decreasing temporal channel correlation. Thus, at a given user
velocity (which determines the temporal channel correlation
in the link-level simulator according to Clarke’s model [61])
and operating point, a further increase of the pilot symbol
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power does not necessarily lead to an improvement in the
quality of the channel estimate. Therefore, one might think
that more power should be allocated to the data symbols.
This, however, does not improve the post-equalization SINR
either, because the interlayer interference increases with the
data symbol power, due to the imperfect channel knowledge.
Based on this insight, a power efficient power allocation
algorithm was proposed in [62]. In this algorithm the total
transmit power of pilot and data symbols is minimized at
a given user velocity and noise power, while constraining
the post-equalization SINR not to decline with respect to
the case that all available transmit power is used. The case
in which all available transmit power is used and equally
distributed among pilot- and data-symbols is referred to as
unit power allocation.

Fig. 2 demonstrates the performance of the power effi-
cient power allocation algorithm in comparison to unit power
allocation, as obtained by link-level simulations. The aver-
age user throughput versus user speed for three different
antenna configurations Nt × Nr ∈ {1× 1, 2× 2, 4× 4} is
shown in the upper part of the figure. It can be seen that the
power-efficient power allocation algorithm achieves virtually
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FIGURE 2. Comparison of the average user throughput of an LTE system
with unit power allocation for pilot and data symbols, and with power
efficient power allocation. The SNR is set to 20 dB. The lower part
indicates the power savings of the power efficient power allocation
versus unit power allocation.

the same throughput as the unit power allocation algorithm.
The power consumption utilizing the power efficient power
allocation algorithm with respect to unit power allocation is
depicted in the lower part of Fig. 2. The figure shows that
at high user velocities substantial power savings are possible
without degrading the throughput performance of the system.
Note that LTE is defined to operate up to user velocities of
500 km/h.

C. IMPACT OF IMPERFECT FREQUENCY
SYNCHRONIZATION
One crucial issue that a novel technique encounters in real
world applications is to cope with the physical impairments
which are usually not taken into account in simulation-
based experiments. For a communication system, typical
such examples are an offset between the local oscillators
at the transmitter and the receiver, oscillator phase noise
or an imbalance between the in-phase and quadrature-phase
branches in the front end processing.
Taking the carrier frequency offset (CFO), i.e., the offset

between the carrier frequencies at the transmitter and the
receiver, as an example, plenty of literature can be found
on how to estimate the CFO in the digital signal processing
domain. The estimator’s performance is usually evaluated
in terms of the estimation error, in other words, the MSE.
This is shown in the center part of Fig. 3 for two specific
examples: (i) the time domain and (ii) the frequency domain
estimators of [63], and two different transmit-receive antenna
configurations Nt × Nr ∈ {1 × 1, 2 × 2}. However, the
performance of a communication system is evaluated in terms
of the overall coded throughput, encompassing all the signal
processing steps applied at the transmitter and receiver, e.g.,
coding, modulation, equalization, and detection. Therefore,
a link performance prediction model is desirable, provid-
ing a direct mapping from the residual CFO to the coded
throughput. In the following, we show how to utilize such a
mapping to estimate the throughput loss caused by the carrier
frequency estimation error.
In [45], the authors derive an analytic expression for the

post-equalization SINR achieved on a resource element1 of
the LTE downlink with imperfect frequency synchronization.
This expression can be exploited to estimate the through-
put loss of the LTE system, and thus obtain the desired
relation:

1) For a given CFO estimation scheme, determine the esti-
mation performance in terms of the MSE. As shown,
e.g., in [45] theMSE is theoretically given by a function
which depends on the SNR expressed as MSE(SNR).

2) Calculate the residual CFO ε =
√
MSE(SNR). Utiliz-

ing the model of [45], the post-equalization SINR on a
resource element r can then be expressed as a function
of the CFO, namely SINRr (ε).

3) Estimate the throughput of the system from SINRr (ε).

1In LTE a resource element denotes the basic unit of physical OFDM time-
frequency resources.

VOLUME 1, 2013 55



S. Schwarz et al.: Pushing the Limits of LTE

FIGURE 3. (a) The three performance evaluation positions in the receiver
signal processing chain. (b) MSE performance of the carrier frequency
synchronization scheme in [63]. (c) The predicted and simulated coded
throughput loss resulting from the residual estimation error in (b).

In general, pre-computed mapping tables valid for the
considered system (e.g., obtained from link-level sim-
ulations) can be employed to map the post-equalization
SINR to a corresponding throughput value. Here, we
are only interested in the throughput loss compared to
the case of perfect synchronization. In this case, we can
employ the bit-interleaved coded modulation (BICM)
capacity to estimate the throughput f (SINRr (ε)), since
LTE is based on a BICM architecture. The imperfect
channel code will cause an offset in the absolute value
of the estimated throughput, but this offset approxi-
mately cancels out when calculating the throughput loss
1B =

∑
r f (SINRr (0))−

∑
r f (SINRr (ε)).

The Vienna LTE link-level simulator enables such investi-
gations and greatly facilitates a standard compliant validation.
In the bottom part of Fig. 3, the predicted loss in terms of
the coded throughput is compared to the results obtained by
means of extensive link-level simulations. The figure con-
firms that the prediction model performs well as soon as the
MSE follows the theoretical MSE(SNR) relation. The large
deviation of the 1×1 system at low SNR can be explained by

the deviating performance of the employed synchronization
algorithm from the theoretical curve, as shown in the center
part of Fig. 3.

IV. TREATING INTERFERENCE IN CELLULAR NETWORKS
Many research efforts currently concentrate on the inter-
ference between multiple transmitter and receiver pairs.
We review some of this work with focus on applicability in
practical systems in the near future in Section IV-A.
A robust way to deal with interference is opportunistic

scheduling, which exploits the interference dynamics to serve
users whenever they experience good channel conditions.
This is investigated in Section IV-B using system-level simu-
lations.
With sufficient CSIT, sophisticated signal-processing algo-

rithms can be applied before transmission to avoid/minimize
interference between several nodes. In Section IV-C multi-
user beamforming in DASs with perfect and quantized CSIT
is considered, revealing large throughput gains in comparison
to single-user MIMO (SU-MIMO) systems.
Finally, in Section IV-D the impact of interference caused

by femto-cell deployments on existing macro cellular net-
works is explored with the aid of the Vienna LTE system-level
simulator, in terms of user throughput and resource allocation
fairness.

A. LITERATURE SURVEY
An effective way to deal with the exponential growth in
wireless data traffic is the deployment of small-size low-
power base stations, so called femto-cells, within the usual
network of macro base stations. Special attention must then
be paid to the management of interference between differ-
ent layers of the resulting heterogeneous network. Also, to
improve coverage and to mitigate shadowing- and penetration
losses, the network can be extended by low-cost relay nodes
and RRUs, further complicating the inter-cell-interference
situation. There are many approaches for solving the inter-
ference problematic. Following the notation introduced with
CoMP in LTE-A, these methods can basically be classified
as coordinated scheduling, coordinated beamforming or joint
processing techniques.
With coordinated scheduling, base stations exchange con-

trol information via the X2 interface, to coordinate the assign-
ment of time-frequency resources. Some recent examples
of coordinated scheduling algorithms can be found in [64],
[65]; a thorough overview of multi-cell scheduling in LTE is
presented in [66]. Coordinated beamforming also relies on
the exchange of control information between base stations.
Here the goal is to form transmit beams such as to minimize
the power of interfering signals and maximizing the power
of the intended signals. Typically, this leads to optimiza-
tion problems involving SINR or signal to leakage ratios
[67]–[69]. Also, interference alignment falls into this cate-
gory. Joint processing, finally, requires not only an exchange
of control information, but also an exchange of the user data.
With these techniques, the transmit antennas of several base
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stations form a virtualMIMO system and jointly transmit data
to users, effectively eliminating cell boundaries. Although
such methods can achieve the best performance, they also
suffer from the highest CSI feedback overhead and backhaul
load. Some of the latest proposals can be found in [70], [71].
Amore comprehensive overview of several CoMP techniques
is presented in [72].

B. SCHEDULING AND MULTI-USER GAIN
When a single transmission link is considered, time and fre-
quency diversity can be exploited to increase the throughput
and reliability of the data transmission. In a practical cellular
network that serves not only a single user but a multitude
of them, multi-user diversity can additionally be utilized to
increase the total throughput of the cell. In combination with
the spatial degrees of freedom added by aMIMO system, the-
ory states that the throughput gain due to multi-user diversity
follows an Nt log log k rule with the number of concurrent
users k [73], where Nt is the number of transmit antennas.

The theoretical Nt log log k rule, although useful as an
upper bound on the achievable diversity, is not directly appli-
cable to the throughput of an LTE link, because other para-
sitic effects encountered in a practical system diminish parts
of the promised gains [32], e.g., a growing pilot symbol
overhead with increasing number of transmit antennas and
a limited choice of possible precoding matrices in MIMO
systems. Hence, there is a need for realistic throughput
simulations.

Simulations of large cellular networks, with many cells
and users being present, are very computationally demand-
ing. If implemented via link-level simulations, a single
simulation of that kind could last several months. By
applying physical-layer abstraction models, it is possible
to reduce the complexity of such system-level simula-
tions, without significantly compromising the accuracy of
the results [24].

Fig. 4 shows simulation results obtained with the Vienna
LTE system-level simulator, comparing the performance of
several scheduling algorithms in an LTE network. The left-
hand side results are obtained in a SISO system, while the
right-hand side performance is achieved in a MIMO system
with Nt × Nr = 2 × 2 employing LTE’s closed-loop spatial
multiplexing (CLSM) mode, using the CSI feedback algo-
rithms of [50]. The following scheduling schemes, imple-
mented according to [74], are employed:

1) Best CQI scheduling assigns resources to the users with
the best channel conditions only. This algorithm is the
practical counterpart to the theoretical cell throughput
upper bounds, but it achieves the lowest fairness in
terms of distributing resources among users.

2) Proportional fair scheduling aims at increasing fairness
and avoiding the user starving issue encountered in the
best CQI scheduler, by scheduling users whenever their
channel conditions are good with respect to their own
average channel quality.

3) The round robin scheduler equally distributes resources
among users. While the former two algorithms are
opportunistic in nature, serving users whenever they
experience good channel and interference conditions,
this latter algorithm ignores any channel state infor-
mation and thus does not make use of the available
diversity.

An adaptation of the Nt log log k rule is employed to quan-
tify the spatial multiplexing andmulti-user gains of a practical
system, by introducing a scaling factor a for the multiplexing
gain and a diversity gain loss factor b for the multi-user
diversity. The results for the considered LTE system show a
multiplexing gain factor (Nt/a) of 1.56 for anNt×Nr = 2×2
system, and a gain of 2.66 for a 4 × 4 antenna configuration
compared to the SISO case, thus considerably below the
theoretical values of 2 and 4, respectively. A similar analysis
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applied to proportional fair scheduling shows the same gains
relative to the SISO case.

Such an analysis of the multi-user gains of LTE can serve
as the basis for the extension to more complex setups, such as
ones including distributed antennas or femto cells.

C. DISTRIBUTED ANTENNA SYSTEMS
A DAS is a cellular networking architecture in which sev-
eral transmission points, controlled by a single base sta-
tion, are geographically distributed throughout the network.
DASs make use of RRUs to extend the base stations’ central
antenna ports (cf. BS 1 in Fig. 1). Coherent data transmission
from all antennas is enabled by a high-bandwidth low-latency
connection between the RRUs and the base station, thus
making spatial multiplexing of several data-streams and/or
users possible. Several publications have established the the-
oretical potential of DASs for improving the network capac-
ity, reducing the outage probability and improving the area
spectral efficiency (e.g. [28]), but investigations taking into
account the constraints imposed by a practical system, e.g.,
channel coding, limited feedback, are scarce in literature (e.g.
[29], [75]).

Simulations of advanced transceivers, especially for
MU-MIMO transmission, as well as limited feedback algo-
rithms require detailed knowledge of the users’ channels,
and are thus hardly amenable to system-level abstraction.
Therefore link-level simulations appear as the appropri-
ate choice, but are complicated by the fact that multi-
ple base stations should be simulated to account for the
changes in the out-of-cell interference environment caused by
RRUs. In our simulations, we strike a compromise between
computational complexity and accuracy, by employing the
link-level simulator to explicitly simulate three cells and
considering interference from more distant base stations with
the out-of-cell interference model of [28]. For that purpose,
the Vienna LTE-A link-level simulator is extended with a

distance-dependent pathloss model and a macroscopic fading
model, determining the SNR of a user based on its position
(see [75] for details).
Fig. 5 shows simulation results obtained with this hybrid

link/system-level simulation environment. A network of base
stations arranged in a regular hexagonal grid is considered.
Each base station employs 120◦ sectorized transmit antennas
and thus serves three cells. Additionally, each cell contains
two RRUs at a distance of 2/3 the cell radius (see BS 1 in
Fig. 1). The throughput performance with and without RRUs
is shown in the left and right parts of Fig. 5, respectively.
Without RRUs Nt = 8 transmit antennas are collocated at the
base station, and with RRUs two antennas are placed at each
RRU leaving four collocated antennas for the base station.
Each receiver is equipped with Nr = 4 antennas.
In the simulations, different SU-MIMO and MU-MIMO

transceivers are compared, assuming either perfect or quan-
tized CSIT. In SU-MIMO, users are served on separate
time/frequency resources, thus avoiding in-cell interference
between users. In a MU-MIMO system, users can addi-
tionally be multiplexed in the spatial domain. In this case,
interference can be avoided by appropriate pre-processing at
the transmitter, e.g., employing the simple linear precoding
technique known as ZF beamforming [3]. The advantage of
such techniques is that the potential spatial multiplexing gain
is only limited by the number of transmit antennas, whereas in
SU-MIMO the minimum of Nt and Nr is the decisive factor.
Additionally, high receive antenna correlation often limits
the spatial multiplexing capabilities of hand held devices
strictly below Nr , a problem that is altogether circumvented
in MU-MIMO because different users typically experience
uncorrelated channel conditions. But there is also a down-
side to MU-MIMO: Perfect interference-cancellation is only
achieved with perfect CSIT, otherwise residual interference
impairs the transmission. Note that we restrict theMU-MIMO
system to transmit at most one stream per user for simplicity.
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With perfect CSIT, Fig. 5 shows that ZF beamform-
ing based MU-MIMO outperforms SU-MIMO with capac-
ity achieving singular value decomposition (SVD) based
transceivers, as soon as there are enough users per cell (≥ 8)
to exploit the spatial multiplexing capabilities of the base
station. Considering quantized CSIT, ZF beamforming per-
forms similar to LTE’s CLSM in the centralized system,
while in the DAS a large throughput gain is achieved. This
gain is enabled by investing the available feedback bits in
those antennas of the distributed antenna array that experience
a small macroscopic pathloss, thus exploiting the macro-
diversity of the DAS. On the other hand, MU-MIMO with
unitary precoding based on per-user unitary beamforming
and rate control (PU2RC) achieves a lower throughput than
SU-MIMO in both systems, because it cannot exploit the
macro-diversity. Note that all considered algorithms have the
same feedback overhead (an 8 bit memoryless quantization
codebook is used in all cases). For details on the considered
transceiver architectures and feedback algorithms the inter-
ested reader is referred to [29], [76].

D. MACRO-FEMTO OVERLAY NETWORKS
One of the most efficient methods to enhance capacity
in a macro cellular network is to minimize the distance
between transmitter and receiver [77]. This can be realized
with smaller cell sizes and achieves the twofold benefits of
increased spatial reuse and improved link quality. However,
it comes at the cost of additional interference and required
infrastructure. Femto-cells are user-deployed low-power base
stations, which offer an economical way to realize small cells
in existing macro cellular networks. Since they primarily
belong to the unplanned part of the network, it is one of
the network providers’ major concerns, how the link quality
of macro-cell attached users is influenced by a femto-cell
deployment. We investigate this question by enforcing two
approaches:

1) Stochastic systemmodel: In order to carry out system-
level simulations, it has been agreed in standardization
meetings on models, such as the dual-stripe or the
5× 5 grid model [78]. Although these models improve
reproducibility, they do not meet scientific researchers’
claim for analytical treatability. For this reason, we
incorporate femto-cell deployments in our LTE system-
level simulator based on stochastic geometry. We uti-
lize Poisson point- as well as cluster-processes, which
not only reflect the opportunistic placement of femto-
cells, but also provide analytically tractable expres-
sions for performance metrics like outage probability
and SINR [77], [79]. The results obtained with these
‘‘simple’’ models indicate the same trends as the more
elaborated environments mentioned above.

2) Fairness metric: Based on the stochastic models, we
investigate how many femto-cells can be beneficially
deployed in an existing macro-cell, which arises the
prior question: Beneficial in which sense, which relates
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to the question posed in [20], if capacity is really the
only metric that should be considered during system
optimization.
In our setup, clusters of users are spread homoge-
neously over the macro-cell area (according to a Pois-
son cluster process). Then, one by one, femto-cell
access points are added to the network and placed at the
center of these clusters. Thus, an increasing amount of
users is in coverage of a femto-cell while the total num-
ber of users remains constant. Fig. 6 depicts simulation
results for the average user throughput (middle solid
line) plotted versus the femto-cell density, i.e., the num-
ber of employed femto-cell access points per macro-
cell. The curve indicates performance improvements
for an increasing number of femto-cells. However, it
conceals the imbalance of femto-cell and macro-cell
user throughput, as shown by the upper- and lower solid
line in Fig. 6, respectively. Therefore, we emphasize
the importance of a fairness metric to quantify the
distribution of the throughput values among the users.
In our work, we utilize Jain’s fairness index [80], as
shown by the dashed line in the figure.

Succinctly, we stress the significance of incorporating var-
ious metrics into the performance assessment of heteroge-
neous cellular networks, and encourage to apply stochastic
geometry for the system models of such networks. A more
detailed investigation of femto-cell deployments in user hot-
spot scenarios can be found in [81].

V. CONCLUSIONS
To sustain the exponential growth in mobile data-traffic cur-
rently experienced by network operators all over the world,
a close cooperation between researchers and standardiza-
tion/industry experts is required, to identify key technolo-
gies that can cope with this demand in the near future.
In this article, we present our approach to bridge the gap
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between researchers and practitioners working on LTE cel-
lular networks by means of the Vienna LTE simulators,
a standard-compliant open-source Matlab-based simulation
platform. The simulators facilitate a standard-compliant vali-
dation of novel research results and simplify the evaluation
of such results in terms of their significance for practical
systems. Furthermore, a unifying platform greatly improves
the reproducibility and comparability of different algorithms,
by removing uncertainties in the multitude of simulation
parameters encountered in such complex systems.

Throughout the article we provide an overview of LTE
standard-related research efforts pursued by scientists and
engineers world-wide. We also demonstrate the capabilities
of the Vienna LTE simulators with examples of the research-
work conducted in our group with the aid of the simulators.
Topics such diverse as pilot-power allocation and frequency
synchronization, multi-user scheduling and beamforming,
and heterogeneous networking architectures can be effec-
tively treated and investigated with the simulator suite.

We thus encourage researches and engineers, whose field
of work is related to LTE/LTE-A, to take a closer look at the
Vienna LTE simulators and find out whether they can benefit
from using this platform.
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ABSTRACT System-level simulations have become an indispensable tool for predicting the behavior of
wireless cellular systems. As exact link-level modeling is unfeasible due to its huge complexity, mathematical
abstraction is required to obtain equivalent results by less complexity. A particular problem in such
approaches is the modeling of multiple coherent transmissions. Those arise in multiple-input-multiple-
output transmissions at every base station but nowadays so-called coordinatedmultipoint (CoMP) techniques
have become very popular, allowing to allocate two or more spatially separated transmission points. Also,
multimedia broadcast single frequency networks (MBSFNs) have been introduced recently in long-term
evolution (LTE), which enables efficient broadcasting transmission suitable for spreading information that
has a high user demand as well as simultaneously sending updates to a large number of devices. This paper
introduces the concept of runtime-precoding, which allows to accurately abstract many coherent transmission
schemes while keeping additional complexity at a minimum.We explain its implementation and advantages.
For validation, we incorporate the runtime-precoding functionality into the Vienna LTE-A downlink system-
level simulator, which is an open source tool, freely available under an academic noncommercial use license.
We measure simulation run times and compare them against the legacy approach as well as link-level
simulations. Furthermore, we present multiple application examples in the context of intrasite and intersite
CoMP for train communications and MBSFN.

INDEX TERMS Link abstraction, link quality model, runtime-precoding, 3GPP, LTE-A, Vienna LTE-A
downlink system level simulator, MIESM, Vienna LTE-A downlink link level simulator, LTE transmission
modes, coordinated multipoint, multimedia broadcast single frequency networks, high-user mobility.

I. INTRODUCTION
3gpp LTE-Advanced (LTE-A) is a key technology to meet
the requirements of fourth generation mobile communication
systems (4G), as specified by the ITU-R [1], [2]. Today, its
limits are continuously pushed by academia, industry and
standardization bodies. Typically, the potential performance
of novel contributions is evaluated by extensive simulations
under realistic conditions before gaining acceptance. To sig-
nificantly reduce the complexity of such process, evaluations
are often separated into two stages or levels of abstraction,
referred to as link level and system level, respectively [3].

Link level simulations are applied for assessing the
performance of the physical layer as well as those higher
layer aspects that are directly related to the radio interface.

Typically, only a single link is evaluated, including features
such as synchronization, modulation and coding, channel
fading, channel estimation and multi-antenna processing. It is
by far too complex to simulate a substantial number of such
links.

The focus of the present work is on system level, where per-
formance evaluation requires to encompass a large number of
network elements and upscales the number of interconnecting
links. In this case, the main interest lies in network-related
issues such as resource allocation, mobility management and
network planning. Hence, computational complexity needs
to be decreased substantially in order to make the problem
feasible. A widely accepted solution is the application of link
abstraction models [3] that specify the interaction between
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link- and system level simulators and are further detailed
in Section II. This structure is also expected to persist in
simulation tools for the fifth generation of wireless cellular
networks (5G) [4].

A. SURVEY ON EXISTING SIMULATION TOOLS
There are several ways to categorize existing system-level
simulation tools. First, we may distinguish between
simulators, which are implemented as ‘modules’ of a
larger suite, and those, which are specifically designed
for LTE-A [5]. Examples for the former include the
Riverbed SteelCentral NetModeler (formerly OPNET
Modeler Suite) [6], OMNeT++ [7], IT++ [8], ns-2 [9], [10],
GNS3 [11], openWNS [12] and Hurricane II [13]. The main
drawback of these solutions is their low level of detail, hence
leaving most implementation work to the user. Consequently,
results often lack accuracy and verification. On the other
hand, technology-specific simulators are mainly developed
by network operators and vendors, and are typically not
intended for commercial distribution [5], [14]–[16]. Such
tools yield a broad range of possibilities for parameter
calibration and statistical evaluation. Thus, they are key
instruments for the standardization process and the develop-
ment of new technologies.

While these two classes of simulators largely vary in
complexity, scalability and usability, probably the most
relevant difference for scientific research is their accessibility.
The authors strongly believe that open access is a key pre-
requisite for reproducible simulation studies. The short list
of openly available, technology-specific approaches includes
LTE-Sim [17], the tool presented in [16] and the Vienna
LTE-A downlink system level simulator. While the first
lacks of detailed Multiple-Input-Multiple-Output (MIMO)
modeling, the second provides a rather limited set of features.
In this work, we employ the Vienna LTE-A downlink system
level simulator [18] (latest version: v1.8 r1375), subsequently
referred to as Vienna LTE-A simulator, which is briefly
introduced in the following.

B. THE VIENNA LTE-A DOWNLINK SYSTEM
LEVEL SIMULATOR
The Vienna LTE-A simulator is implemented in object-
oriented MATLAB1 and is made openly available for down-
load under an academic, non-commercial use license. Its rich
set of features and easy adaptability has led to numerous
publications from researchers all over the globe, including
studies on energy-efficient cell-coordination schemes [20],
handover algorithms in self-optimizing networks [21], and
resource allocation techniques for femtocell networks [22] as
well as for machine-to-machine communication [23]. On top
of that, the open accessibility warrants the reproducibility of
these contributions. Today (May 2015), the simulator counts
more than 30 000 downloads and undergoes permanent
peer-review from a substantially large online community.

1For further information, see [19].

With some 100 000 lines of code, employing a large forum
with active users is the only method to guarantee its quality.
For a comprehensive description, the interested reader is
referred to [24].

C. CONTRIBUTIONS AND ORGANIZATION
This work is organized as follows. Section II briefly summa-
rizes concepts for LTE-A physical layer modeling on system
level. The centerpiece of this contribution is the presenta-
tion of a new runtime-precoding concept in Section III. Its
innovation for openly available system level simulation tools
lies in enabling the evaluation of scenarios where signals are
coherently transmitted from multiple spatially separated
transmission points while not compromising the complex-
ity reduction as achieved by well established link abstrac-
tion models. For verifying the efficiency of our solution,
we extend the link quality model of the Vienna LTE-A
simulator by a runtime-precoding feature. We compare
simulation run times as obtained with the enhanced- and
the legacy model as well as with link level simulations.
Section IV presents two example applications, showing
the efficiency of intra- and inter-site Coordinated Multi-
point (CoMP) schemes in high-speed train scenarios, and the
implementation of eNodeB-coordinating entities in Multime-
dia Broadcast Single Frequency Networks (MBSFNs). Their
investigation represent a novelty in the field of open-source
LTE-A simulators, since both only became feasible with
the proposed runtime-precoding concept. Section V con-
cludes the work and outlines directions for future enhance-
ments. The simulation assumptions throughout the paper are
largely based on recommendations from 3GPP [25]–[27]
and ITU-R [28], respectively. The source files for repro-
ducing the results are openly available for download on our
website www.nt.tuwien.ac.at/ltesimulator. Note that the pro-
posed runtime-precoding concept is applicable to any system
level simulation tool that employs the well accepted separa-
tion between link quality- and link performance model, as
explained in Section II. Thus, the Vienna LTE-A simulator
is just one out of many possible tools, which has been chosen
to demonstrate the capabilities of the method.

II. PHYSICAL LAYER MODELING
This section provides a brief introduction to
modeling concepts of the physical layer of LTE-A
on system level. The LTE-A PHY procedures can
conceptually be described as a Bit-Interleaved Coded

FIGURE 1. Separation of an LTE link into link quality- and link
performance model. The link can equivalently be described as an
LTE BICM transmitter-receiver chain [24].
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Modulation (BICM)-system [24], as shown in Figure 1.
It comprises a transmitter including channel coder,
bit interleaver and modulator (M). In LTE-A, coding
and interleaving is achieved by a turbo-coder in combina-
tion with rate matching. The symbol mapping employs 4-,
16- and 64-QAM with Gray mapping, respectively. Signal
propagation over an NRx×NTx MIMO channel is commonly
modeled by slowly-varying, position-dependent macro-scale
fading L0, small-scale fadingH0 and Additional White Gaus-
sian Noise (AWGN). The matrix representation follows from
the assumption that the cyclic prefix exceeds the channel
length, hence omitting inter-symbol interference. The chan-
nel coefficients are typically calculated from a power-delay
profile or a ray-based spatial channel model, such as the
Winner model [29] or 3GPP’s 3D model [30]. The receiver
encompasses an equalizer filter and a demodulator (M−1) as
well as a turbo decoder, which provides de-interleaving and
channel decoding.2

The objective of the link abstraction model is to predict
the performance of the presented LTE-A link, given a param-
eterization of the inputs. For simplification, the model can be
divided into a link quality- and a link performance model, as
indicated in Figure 1. The link quality model measures the
quality of the received signal after equalization.3 The link
performance model translates this measure into Block-Error
Ratio (BLER) and further into (area) spectral efficiency and
effective throughput, based on the employed Modulation and
Coding Scheme (MCS).

FIGURE 2. LTE link abstraction model with new link quality model as
employed in the Vienna LTE-A downlink system level simulator v1.8 r1375.

The model in Figure 1 is a simplification of the actual
link abstraction model, as it does not account for interference
from other base stations. Its expansion to the whole network

2In the current version of the Vienna LTE-A simulator, low complexity
models for Zero Forcing (ZF)- and Minimum Mean Square Error (MMSE)
receivers are available. The former approaches the average performance of an
optimal receiver by exploiting Multi-User (MU) diversity, which is typically
present in system level scenarios [31].

3Since the metric has to represent the quality of the input to
the turbo decoder, the post-equalization Signal-to-Interference-plus-Noise
Ratio (SINR) is a straightforward choice [24].

is illustrated in Figure 2. The figure identifies the main
components of the model as network layout, time-variant
fading and scheduling. It also illustrates the corresponding
input-output relations to the link quality- and link perfor-
mance model, respectively.

The Vienna LTE-A simulator employs a Mutual Infor-
mation based exponential SNR Mapping (MIESM) for the
SINR-to-BLER mapping [32], [33], which already proved
beneficial in Release 5 of UMTS [34], and was shown to
outperform all other approaches (e.g., Exponential effective
SINR mapping (EESM) [35]) in both complexity and perfor-
mance. This method compresses the Signal-to-Interference-
plus-Noise Ratio (SINR) values of the assigned Resource
Blocks (RBs) for each User Equipment (UE) and 1ms-long
subframe (subsequently also denoted as Transmission
Time Interval (TTI)) into an effective SINR, yielding an
AWGN-equivalent representation in terms of mutual
information. These SINR values are then mapped to a BLER
by means of an AWGN BLER curve of the correspond-
ing MCS. The curves are obtained from LTE link level
simulations, thus forming the only computationally costly
physical layer evaluation, which is required for the link
abstraction model.

III. RUNTIME-PRECODING
In existing open-source system level simulation tools,
UE association is limited to a single eNodeBwith all antennas
being mounted at the same site. In such scenarios,
the fading as experienced over a MIMO link can be
decomposed into a slowly varying, position-dependent
macro-scale component and a faster changing small-scale
component, as shown in Figure 2. Macro-scale fading is
determined by the network layout and comprises antenna
directivity, path loss and shadowing. Small-scale fading rep-
resents fast, frequency-selective channel variations over time.
As explained in Section II, it is commonly modeled by a
normalized4 NRx × NTx channel matrix H0, where NTx and
NRx denote the number of transmit- and receive antennas,
respectively.

In the single-eNodeB-single-site case, the macro-scale
parameter L0 is a scalar, which is applied on all entries
of H0. Thus, both L0 and H0 can be computed off-line and
independently from each other. Such separation further
enables to determine the optimal precoder for each transmis-
sion rank a-priori with minimum loss of accuracy [24]. The
effective channel H = GH0W, which encompasses precoder
W and receive filter G, can be stored in channel traces and
may be reused in all simulations with the sameMIMO setting.

If the desired signal is received from multiple eNodeBs
(e.g., in certain Coordinated Multipoint (CoMP) schemes, as
indicated in Figure 3a) or from a single eNodeB with geo-
graphically separated antennas (e.g., in Distributed Antenna
System (DAS)- andRemote RadioHead (RRH) deployments,
as shown in Figure 3b), a-priori computation of the optimal

4All entries of Hi have unit mean power in ensemble average.
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FIGURE 3. Spatially distributed transmission points. (a) CoMP scenario.
(b) eNodeB with RRHs.

precoders and the corresponding receive filters is no longer
possible. In this case, only the normalized small-scale fading
matrices Hi for each transmitter site can be pre-generated.
The composite channel of the desired signal does not become
available until runtime. It is obtained by stacking the matri-
cesHi from each transmitter-site and weighting themwith the
corresponding macro-scale losses, Li, i.e.,

H′0 = [L1H1 L2H2 L3H3 . . .]. (1)

Then, the effective channel is calculated as H = GH′0W.
In this case, the optimal precoder, W, and the corresponding
receive filter G are determined at runtime. The challenge is
to enable coherent signal reception from spatially distributed
transmission points while keeping additional computational
complexity at a minimum. Subsequently, we introduce the so
called runtime-precoding method.

A. IMPLEMENTATION
The functionality of runtime-precoding is implemented in
the UE’s link quality model, as indicated in Figure 2.
Its major building blocks are outlined in Algorithm 1.
The model enables coherent signal reception from spatially
distributed sources,which can be selected at runtime. At first,
it collects the normalized small-scale fading channels and
macro-scale losses for both desired and interfering signals.
Then, the channels are stacked according to (1).

In the next step, the corresponding precoders are
determined. By default, they may be chosen from a 3GPP
standard-compliant codebook5 [25]. Nonetheless, the avail-
ability of the full channel at runtime allows researchers
to apply arbitrary precoders and beamformers,6 yielding a

5There is no standardized method to determine the PrecodingMatrix Indi-
cator (PMI). The Vienna LTE-A downlink system level simulator employs
a scheme that maximizes the mutual information between transmitted and
received symbols [36].

6In general, beamforming strategies are found by solving multi-objective
optimization problems [37].

Algorithm 1: Proposed UE link Quality Model With
Runtime-Precoding Functionality.
Result: post equalization SINR
collect macroscopic path losses and normalized channel
matrices from all transmitting sites;
calculate composite desired channel by stacking channel
matrices of desired signal;
determine precoder or beamformer;
if there are interferers then

calculate composite interfering channels by stacking
channel matrices of interferers;
determine precoders or beamformers for interfering
channels;

else
noise power only;

end
calculate receive filters and effective channel matrices;
determine post equalization SINR and store for link
performance model;
calculate feedback based on actual channel;

profound novelty in open-source LTE-A system level
simulation tools.7

B. PERFORMANCE EVALUATION
In this section, we evaluate the price to pay for enabling
coherent multi-point transmission in system level simula-
tions. For this purpose, we extend the UE link quality model
of the Vienna LTE-A simulator by the runtime-precoding
functionality according to Algorithm 1. Then we measure
simulation run times with the new- and the legacy model.
The results are compared with run times as obtained with the
Vienna LTE-A Downlink Link Level simulator [39]. For a
meaningful comparison, all simulations were carried out on
the same hardware, an Intel(R) Core(TM) i7-3930K CPU @
3.20 GHz, equipped with 32 GB of DDR3 1333 quad-channel
RAM.

The common setup, which is employed in both
link- and system level simulations, is summarized in
Table 1. We carry out simulations with the LTE bandwidths
B = {1.4, 3, 5, 10, 20}MHz and the NTx × NRx antenna
configurations {2 × 2, 4 × 2, 4 × 1} for various simulation
lengths (measured inmultiples of 1 TTI), in particularNTTI =

{100, 500, 1000} on system level and NTTI = {10, 100, 500}
on link level, respectively. Moreover, we perform system
level simulations with K = {1, 10, 100} UEs at a simulation
length of 100 TTI. A round robin scheduler is employed.8

Figure 4 shows the obtained simulation run times. Each
point was computed by averaging over ten simulation runs.

7The implementation of 3GPP’s 3D channel model will enable the inves-
tigation of elevation beamforming and full-dimension MIMO [38].

8Note that the round robin scheduler does not increase in complexity with
the number of physical RBs (i.e., increasing B). Other scheduling algorithms
may have a considerable impact on the simulation run time in multi-user
scenarios [24].
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TABLE 1. Simulation parameters as employed for the simulation run time
evaluation.

It is observed that on system level the results scale
approximately linearly with the simulation length NTTI, the
bandwidth B and the number of UEs K. Compared to this,
the link level results exhibit a slightly non-linear scaling
with B (note that on link level, only a single link is evaluated,
i.e., K = 1). Both link- and system level run times show a
non-linear dependence on the number of transmit- and receive
antennas, NTx and NRx, respectively. From these observa-
tions, we can derive the following generic run time estimator
(for a better understanding of the scaling with NTx and NRx,
additional simulations with the MIMO configurations
{2× 1, 4× 1} were carried out):

T[s](NTTI,B,NTx,NRx,K )

= (c0 + NTTI · K · B[MHz] · (c1 NTx + c2 NRx + c3 NTxNRx)

+. . .+NTTI · K·B2[MHz] · (c4 NTx+c5 NRx+ c6 NTxNRx))

× . . .× 1 s, (2)

where B[MHz] = B/106 Hz. Next, we compute the coef-
ficients c0, . . . , c6 by linear least squares. The results are
summarized in Table 2. Compared to the legacy link quality
model, simulations with the new model require 1.25× longer
for initialization (represented by the coefficient c0), which
is still 52.5× faster than link level simulations. It slightly
decreases the scaling with B[MHz] · NRx (referring to c2)
by 1.4× while increasing c3 (according to the scaling with
B[MHz] · NTx · NRx) by 2.7×. The latter term is of particular
relevance for investigating massive MIMO scenarios with a
large number of transmit antennas. On link level, c2 (referring
to a scaling proportional to B[MHz] · NRx) is 41.2× larger
than on system level, while c3 = 0 (corresponding to the
scaling proportional to B[MHz] ·NRx ·NTx). On the other hand,
the link level simulation run times scale with NTx · B2[MHz]
and NRx · B2[MHz] (referring to c4 and c5), while system level
simulations with both legacy- and new link quality model

exhibit no dependency on B2[MHz], i.e., c4 = 0, c5 = 0 and
c6 = 0, respectively.9

IV. EXAMPLE APPLICATIONS
This section presents two examples for the application of
the runtime-precoding enhanced UE link quality model. The
simulation studies are carried out with the Vienna LTE-A
simulator and, to the best of our knowledge, are the first
of their kind with an openly-available LTE-A system level
simulation tool.

A. HIGH-SPEED TRAIN SCENARIOS
This section investigates intra-site Joint Processing (JP) and
inter-site Coordinated Scheduling (CS) [26] in the context
of train communications. The particular scenario represents
wireless access at high user mobility, which is becoming
an increasingly important topic for commuting and
traveling [40]–[42]. High-speed train scenarios have
the specific feature of UEs moving in a deterministic
manner and imposing a short but heavy traffic demand on the
currently traversed cell. To support such traffic distribu-
tion, the application of RRHs is well suited [43], [44].
We apply the runtime-precoding enabled RRH feature of the
Vienna LTE-A simulator to elaborate the impact of various
RRH collaboration schemes on the UE performance.
We assume direct links between the RRHs and the UEs,
i.e., the trains are not equipped with roof-mounted relay
nodes. This is a particularly realistic scenario for smaller
countries such as most European, where mobile providers
and train operators refrain from collaborating across country
boarders.

1) SIMULATION SETUP
For simulations, we consider a representative segment of a
railroad track, as shown in Figure 5. It comprises four equidis-
tantly spaced sites, which are located along the tracks. Each
site employs two RRHs pointing in opposite directions. For
simplicity, only RRHs directed towards the train are taken
into account. We assume the train to move between RRH0
andRRH1, and denote its location by the position of its center.
Nodes RRH−1 and RRH2 serve as dominant interferers.

Three ways of associating eNodeBs with RRHs are
investigated:
• Baseline: All RRHs employ different cell IDs, i.e., are
associated with different eNodeBs.

• Coordination: All RRHs are associated with different
eNodeBs. Nodes RRH0 and RRH1 coordinate their
transmission such that they do not interfere each other
(e.g., by CS, thus effectively representing an example
for inter-site CoMP [26]).

• Cooperation: Nodes RRH0 and RRH1 belong to the
same eNodeB, thus acting as a DAS (as an example for
intra-site CoMP [26]).

9A more detailed analysis of the link level simulation times shows that
the non-linearity mainly arises from the symbol demapping and decoding,
as described in Section II.
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FIGURE 4. Simulation run times [s] for various LTE bandwidths [MHz], antenna configurations {NTX × NRX} and number of UEs. (b) system level,
old model, 1 UE. (c) system level, new model, 1 UE. (d) system level, old model, 100 TTIs. (e) system level, new model, 100 TTIs. (f) link level, 1 UE.

For a fair comparison, the total transmit power per eNodeB
is limited to 40W. Elaborated power allocation are omitted.
In the cooperation case, serving- as well as interfering RRHs
transmit with a power of 20W. The parameters for simulation

are summarized in Table 3. Transceiver impairments due to
the high speeds, such as Inter-Carrier Interference (ICI), are
taken into account by a short block fading model, which is
explained in Appendix A.
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TABLE 2. Coefficients for the runtime estimator in (2) as obtained by linear least squares. Values are provided for system level simulations with the
legacy- and the new link quality model as well as for link level simulations.

FIGURE 5. Representative segment for simulation of high-speed train
scenario. RRHs are equidistantly spaced out along the tracks. The train
moves between RRH0 and RRH1, RRH−1 and RRH2 serve as interferers.

TABLE 3. Parameters for high-speed train scenario simulations.

2) SIMULATION RESULTS
Figure 6 provides results in terms of train average spectral
efficiency, i.e., the mean over all passengers at a certain
train position.10 It is observed that the cooperation scheme
universally achieves the highest performance while
completely avoiding hand-overs in the region of interest.
Coordination among RRHs yields a lower performance,
particularly in the middle between two RRHs. Note, however,
that in practical scenarios such scheme is typically far less
complex than cooperation. This stems from the fact that only

10We evaluated 24 train locations between 600m and 1400m. For each
location, 24 simulation runs with a length of 100 TTIs were carried out.

FIGURE 6. Train average spectral efficiency [bit/s/Hz] versus train
position for three RRH collaboration schemes.

control data has to be exchanged among the eNodeBs. The
baseline scenario yields the worst performance due to the
presence of a strong interferer. Such studies are valuable
for network providers, to minimize the cost of necessary
installations along the tracks. Due to the short simulation
length of 100 TTI (0.1 s), effects of hand-overs are not
considered. They may completely be prevented by the
concept of moving cells, as reported in [45].

3) SIMULATION RUN TIMES
Employing the same hardware as utilized for the
performance analysis in Section III-B, wemeasure the system
level simulation run times for each of the three RRH associ-
ation scenarios. The results are provided in Table 4. They
were obtained by averaging over 24 train positions and
24 simulation runs for each position. It is found that the
new link quality slows down simulation by a factor of
3.7 compared to the legacy model. On the other hand,
it enables to evaluate the cooperation scheme in the
first place.

TABLE 4. System level simulation run times [s] as required for evaluating
various RRH association schemes in train scenarios.
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TABLE 5. Simulation parameters for MBSFN scenario.

FIGURE 7. Example scenario for comparison of MBSFN simulations on
link level and system level.

B. MULTIMEDIA BROADCAST SINGLE
FREQUENCY NETWORKS
Employing cellular networks to broadcast information to
a multitude of UEs in parallel, enabling services such
as mobile radio and TV, is a desire that persists already
since the introduction of Multimedia Broadcast Multicast
Services (MBMS) with Release 6 of UMTS (March 2005).
In LTE, the concept has been extended to enhanced
MBMS (eMBMS), including Multimedia Broadcast Single
Frequency Networks (MBSFNs) as a main feature. By group-
ing several eNodeBs to broadcast the same information
over potentially large geographic areas, MBSFNs allow
to form so-called multicast/broadcast areas, as indicated
in Figure 7. Within such area, interference between eNodeBs
is not only avoided, but even exploited as useful signal.
The resulting peak data rates and network capacities enable
high-quality video broadcasting and low latency transmis-
sions [2]. Currently, interest in enhanced MBMS (eMBMS)
and MBSFNs is increasing within the 3GPP, as they allow to
efficiently spread information that has a high user demand,
e.g., at large events (venue casting) or during peak hours, as
well as to simultaneously update a vast amount of devices,
which is expected to become a common use case with the
advent of the Internet of Things [46]. Moreover, they enable

public safety services, road safety applications, as well as
tasks of fleet control with LTE-A.
1) IMPLEMENTATION
The support of MBSFN in the Vienna LTE-A simulator
required some significant modifications of the program code.
Signals that previously counted as interference, now have
to be considered as useful signals in the SINR calculation.
However, it is not expedient to simply add up the received
powers from all the eNodeBs within the MBSFN area,
since these base stations broadcast the same information
synchronously. Thus, instead of adding signal powers, it is
necessary to add the channel matrices Hi of all eNodeBs
i ∈ A within the MBSFN area A, i.e., HMBSFN =

∑
i∈AHi.

This became feasible with the proposed runtime-precoding
concept as outlined in Section III. In an additional step, the
MBSFN base stations are filtered out from the interfering
eNodeBs and the corresponding effective MBSFN channel
matrices for multicast UEs are determined.

The support of MBSFN further requires a new element in
the networking hierarchy, termed MBSFN area coordinator.
It determines the resource allocation for all eNodeBs within
the corresponding MBSFN area during subframes that are
utilized for multicast transmission. UEs within the MBSFN
area can subscribe to multicast groups in order to receive
certain multicast messages. The task of the MBSFN area
coordinator is to decide on the schedule of these multicast
groups within the MBSFN subframes. This group schedule
is then forwarded to the corresponding MBSFN eNodeBs,
which signal the information to the multicast UEs. As an
example, a round robin multicast group scheduler has been
implemented in the Vienna LTE-A simulator.

To enable LTE-A standard-compliant MBMS/MBSFN
simulations, a few further restrictions have to be considered in
the simulator. Multicast transmissions within MBSFN areas
always apply the extended cyclic-prefix of LTE-A, in order
to avoid inter-symbol interference due to the increased
delay spread of the effective MBSFN channel. Furthermore,
reference-symbols are more densely placed in MBSFN sub-
frames, to compensate for the larger frequency selectivity
of the effective channel due to the increased delay spread.
Basically, on system level, both of these changes cause a
difference in the number of available resource elements com-
pared to unicast transmission and are taken into account when
calculating the throughput.

2) COMPARISON OF MBSFN SIMULATIONS
ON LINK LEVEL AND SYSTEM LEVEL
For validation of the system level MBSFN implementa-
tion, we cross-compare with results from link level simula-
tions. A simple example scenario as illustrated in Figure 7,
is employed. A larger network cannot be simulated on
link level due to computational complexity issues. In this
scenario, we consider a single MBSFN area consisting of
twoMBSFN eNodeBs and serving a total number of six UEs.
An additional unicast base station serves three UEs and acts
as out-of-area interferer. The direct link between a UE and
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FIGURE 8. Throughput [Mbit/s] as achieved by multicast and unicast UEs. Results are obtained from link- and system level simulations with
95 % confidence intervals. (a) Signal to interference ratio 10 dB. (b) Signal to interference ratio 20 dB.

its associated eNodeB has an average gain of 0 dB, whereas
the link to other UEs experiences an average gain of X dB,
with X ∈ {−10,−20}.We employ a fixed transmission rate
of approximately 1.2 bit per channel use (corresponding to
Channel Quality Indicator (CQI) 6), to avoid the impact of
transmission rate adaptation in the results.

The results of the link level simulation (red solid) and the
system level simulation (blue dashed) are shown in Figure 8.
At high interference power, i.e., X = −10 dB, we observe
that there is a marginal mismatch between link and system
level results, as the system level simulator slightly overesti-
mates the performance. This is caused by the fact that, on
system level, interference is considered Gaussian distributed,
which is an over-simplification since the interference signals
are taken from a finite symbol alphabet (4-QAM). However,
when simulating larger networks, as is commonly the case on
system level, the law of large numbers validates the applica-
tion of this Gaussian approximation. Despite the small size of
the scenario, cross-comparing the simulation times of system-
and link level exhibit a speed-up of about 3.5×.

V. CONCLUSION AND FUTURE WORK
This work presented the concept of runtime-precoding that
enables the simulation of coherent signal transmission from
spatially separated transmission points on system level. Our
approach only alters the link quality model while preserving
the complexity gains as achieved by state of the art link
abstraction models. The price to pay for enabling coher-
ent multi-point transmission turned out to be an additional
upscaling of the simulation run time which is proportional to
the product of the number of transmit- and receive antennas,
respectively. On the other hand, the run times showed a linear-
rather than a quadratic growth with the bandwidth, the latter
being observed in link level simulations. Two examples for
the application of runtime precoding, inter- and intra-site
CoMP in fast train scenarios and MBSFNs, were studied.

While the results for a simple MBSFN scenario were highly
consistent with link level simulations, achieving a simulation
run time speed-up of about 3.5×, such comparison was not
possible at all for the CoMP scenarios, as the large number
of network elements restricted evaluations to system level.
The runtime-precoding feature slowed down the simulations
of the coordinated-scheduling scenario by 3.7×. On the other,
it enabled the investigation of the joint transmission scheme
in the first place. Thus, enhancing the link quality model by
runtime-precoding provides a convenient tool for simulat-
ing large-scale coherent multi-point transmission scenarios,
where evaluation on link level is no longer feasible due to
complexity issues. The source code, including all the
presented new features and examples, is freely available for
download under an academic, non-commercial use license.
Our future work is directed towards 3-dimensional channel
models [30], which will enable the investigation of elevation
beamforming and full-dimensional MIMO [38].

APPENDIX
MODELING HIGH USER-MOBILITY IN THE VIENNA
LTE-A SYSTEM LEVEL SIMULATOR
The LTE-A standard is designed to support reliable com-
munication with users moving at velocities as high as
500 km/h [2]. At such high speeds, several transceiver
impairments such as channel estimation errors [47] and
ICI between Orthogonal Frequency Division Multiplexing
(OFDM) subcarriers [48], become non-negligible. These and
similar imperfectionswere, however, not considered in legacy
versions of the Vienna LTE-A simulator.

A. IMPLEMENTATION
In this section, we explain the extension of the Vienna LTE-A
simulator to account for the suboptimal transceiver operation.
In a first step, we investigate the impact of ICI on the
performance of the system. Then, we show that a similar
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approach can be applied to consider other imperfections as
well. The basic requirement is that the impairments can be
modeled sufficiently well as additional Gaussian noise and
are treated as such by the receivers. Although such assump-
tions do not hold in general, they were found to accurately
resemble link level simulations as well as measurements for
the considered LTE-A scenarios.

The impact of ICI on the performance of OFDM systems
has been reported in several publications. In [48], a relatively
simple expression for the average ICI power as experienced
by an OFDM transmission over a fast and frequency selec-
tive Rayleigh fading channel is derived. This expression is
particularly suitable for the Vienna LTE-A simulator, as it
only depends on the maximum Doppler shift of the channel
and can hence be evaluated easily. However, the model is not
very precise as it employs an average over the fading channel
rather than using the current realization.

In the Vienna LTE-A simulator, the ICI power can be
taken into account by modifying the post-equalization SINR
calculation in the UE link quality model (conf. Algorithm 1).
In particular, we consider the ICI power as additional
Gaussian noise and add it on top of the already existing
thermal noise. Before, however, it is necessary to account for
the macro-scale fading as well as the UE power allocation
by multiplying the ICI power as obtained from [48] with the
corresponding fading parameters (pathloss, shadow fading,
antenna gain) as well as the transmit power. In case that RRHs
are employed, we assume the ICI power contributions from
the antenna arrays to be statistically independent and simply
accumulate the individual values.

B. SIMULATIONS
The performance of this simple ICI model can be inves-
tigated and verified by comparing the outcome of system
level simulations to the results as obtained with the
Vienna LTE-A link level simulator [39]. The link level sim-
ulator supports a fast fading channel model, in which the
channel varies in between OFDM samples (0.52µs sam-
pling rate at 1.4MHz bandwidth) and causes ICI. In contrast,
the system level simulator applies a block fading channel
model, where the channel varies only from one LTE subframe
(14OFDM symbols, 1ms duration) to the next. With both
simulators, we evaluate a single-UE-single-eNodeB scenario
as specified in Table 1. Both eNodeB and UE are equipped
with one antenna and the transmission takes place with a fixed
transmission rate of approximately 5.5 bit per channel use
(corresponding to CQI 15). To highlight the impact of ICI,
an unrealistically high average Signal-to-Noise Ratio (SNR)
of 50 dB is employed.

Throughput and BLER results are visualized in Figure 9.
The curves denoted as fast fading represent the link
level results. The straight line in Figure 9a, denoted as
BF 14 OFDM symbols without ICI, has been obtained
from system level simulations without adding ICI noise.
In this case, the performance is independent of the user
velocity. Adding ICI noise yields the curve denoted

FIGURE 9. Throughput and BLER for fast fading channels and block
fading channels with varying fading block-length: BFx corresponds to
block fading over x OFDM symbols. ICI is considered as additional
Gaussian noise. (a) Throughput reduction with growing user velocity.
(b) BLER degradation with growing user velocity.

as BF 14 (block fading over 14OFDM symbols), which lies
significantly above the fast fading link level result.
Thus, ICI noise alone is not sufficient to realistically represent
the performance of a fast fading channel.

C. SHORT BLOCK FADING
It is necessary to consider the increased temporal diversity of
the channel by reducing the block-length of the block fading
channel model. The results are illustrated by the remaining
curves in Figure 9a. Figure 9b shows the corresponding
BLER curves. It is observed that a fading block-length of at
most three OFDM symbols should be employed to accurately
reproduce the link level results. The shortening of the block-
length is denoted as short block fading.

Activating ICI noise and selecting a fading block-length
of three OFDM symbols for the system level simulation,
we finally compare the throughput performance in a more
complex scenario, where the eNodeB is equipped with
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FIGURE 10. Comparison of the throughput for different user velocities as
obtained from link- and system level simulations, respectively.

four transmit antennas and the UE has two receive antennas.
The SNR is varied from 0 to 30 dB. We evaluate the through-
put reduction with increasing user velocity, assuming that
transmission rate adaptation is activated. The results of the
link level simulation (red solid) and the system level simu-
lation (blue dashed) are shown in Figure 10. We observe an
accurate match between link level and system level, substan-
tiating the validity of this simple ICI model. In this setup, the
system level simulator was roughly 35× faster.

Hence, the Vienna LTE-A system level simulator was
extended to enable a reduced fading block-length, facilitating
high-mobility simulations. This short block fading option,
however, should be utilized deliberately, as it significantly
increases the computational complexity of the simulations.
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Abstract

Communication systems in practice are subject to many technical/technological constraints and restrictions. Multiple
input, multiple output (MIMO) processing in current wireless communications, as an example, mostly employs
codebook-based pre-coding to save computational complexity at the transmitters and receivers. In such cases,
closed form expressions for capacity or bit-error probability are often unattainable; effects of realistic signal processing
algorithms on the performance of practical communication systems rather have to be studied in simulation
environments. The Vienna LTE-A Uplink Simulator is a 3GPP LTE-A standard compliant MATLAB-based link level
simulator that is publicly available under an academic use license, facilitating reproducible evaluations of signal
processing algorithms and transceiver designs in wireless communications. This paper reviews research results that
have been obtained by means of the Vienna LTE-A Uplink Simulator, highlights the effects of single-carrier
frequency-division multiplexing (as the distinguishing feature to LTE-A downlink), extends known link adaptation
concepts to uplink transmission, shows the implications of the uplink pilot pattern for gathering channel state
information at the receiver and completes with possible future research directions.

Keywords: 4G mobile communication, Cellular uplink, Computer simulation

1 Introduction
Current cellular wireless communications employs Uni-
versal Mobile Telecommunications System (UMTS) Long
Term Evolution (LTE) as the high data rate standard [1].
The increasing demand of high data traffic in up- and
downlink forces engineers to push the limits of LTE [2],
e.g. through enhanced multi-user multiple input, multi-
ple output (MIMO) support [3, 4], coordinated multipoint
(CoMP) transmission/reception [5, 6] as well as improved
channel state information (CSI) feedback algorithms [7].
The authors of [8] predict further evolution of existing
LTE/LTE-Advanced (LTE-A) systems in parallel to the
development of new radio-access technologies operating
at millimetre wave frequencies even beyond the expected
roll-out of 5G technologies by 2020. Fair comparison of
novel signal processing algorithms and transceiver designs

*Correspondence: ezoechma@nt.tuwien.ac.at
1Institute of Telecommunications, TU Wien, Gußhaustraße 25, 1040 Vienna,
Austria
2Christian Doppler Laboratory for Dependable Wireless Connectivity for the
Society in Motion, Vienna, Austria

has to assure equal testing and evaluation conditions to
enable reproducibility of results by independent groups
of researchers and engineers [9]. For performing system-
level simulations, [10, 11] or [12] are freely accessible
options. For link level, multiple commercial products are
available that facilitate reproducible research, such as, is-
wireless LTE PHY LAB [13] or Mathworks LTE System
Toolbox [14] and some non-commercial projects which
were introduced in [15] and [16]. To the best of the
authors’ knowledge, however, the Vienna LTE simulators
are the only MATLAB-based suite of simulation tools
including LTE system and link level, publicly available
under an academic use licence, thus, free of charge for
academic researchers all over the world. The software
suite consists of three simulators. The downlink link and
system level simulators are comprehensively studied in
[2, 9, 17]. In this paper, we introduce the latest member of
the family of Vienna LTE Simulators, that is, the Vienna
LTE-A Uplink Link Level Simulator, downloadable at [18],
and highlight our research conducted by means of this
simulator.

© 2016 Zöchmann et al. Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
reproduction in any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons license, and indicate if changes were made.
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1.1 Outline and contributions
We start with a brief re-capitulation of the LTE-
A specifics and introduce the modulation and mul-
tiple access scheme and the employed MIMO signal
processing of LTE-A uplink in Section 2. We then
develop a matrix model describing the input-output
relationship of the LTE-A uplink and present signal-
tointerference-and-noise ratio (SINR) expressions for
single-carrier frequency-division multiplexing (SC-FDM)
as well as orthogonal frequency-division multiplexing
(OFDM). The OFDM SINR expression and the perfor-
mance of OFDMwill serve as reference to study the effects
of discrete Fourier transform (DFT) spreading imposed by
SC-FDM.
In Section 3, we investigate the physical layer per-

formance of SC-FDM and OFDM, comparing bit error
ratio (BER) and peak-to-average power ratio (PAPR). The
BER for LTE single input single output (SISO) trans-
missions was already analysed in link-level simulations
by [19–21] and semi-analytically by [22, 23]. By means
of our simulator, we reproduce these results and pro-
vide bounds to predict the performance of SC-FDM with
respect to OFDM. The insights gathered by the BER sim-
ulations allow us to interpret the difference in through-
put obtained by OFDM and SC-FDM, as discussed in
Section 4.
Based on the SINR expressions developed in Section 2,

we present a limited feedback strategy for link adap-
tation in Section 4 and contrast the performance of
LTE uplink with channel capacity and other performance
upper bounds that account for practical design restric-
tions [24]. Until Section 5, we assume perfect CSI at the
receiver. The remaining sections will describe methods to
obtain CSI at the receiver.
In Section 5, we highlight and describe the demod-

ulation reference signal (DMRS) structure employed in
LTE-A uplink to facilitate channel estimation of the time-
frequency selective wireless channel.
Based on the obtained insights, we elaborate on the

basic concept of DFT-based time domain channel estima-
tion in Section 6 and review alternative code/frequency
domain methods that can outperform DFT-based
schemes [25].
Due to the increasing number of mobile users that stay

connected while travelling in cars or (high speed) trains,
we then shift our focus to high velocity scenarios. Such
scenarios entail high temporal selectivity of the wireless
channel, rendering accurate channel interpolation very
important to sustain reasonable quality of service. We
introduce and investigate basic concepts of channel inter-
polation in Section 7.
We briefly discuss open questions for future research

in Section 8 and conclude in Section 9. Details to the
handling of the simulator are provided in [26].

1.2 Notation
Matrices are denoted by bold uppercase letters such as
H and vectors by bold lowercase letters such as h. The
entries of vectors and matrices are accessed by brack-
ets and subscripts, e.g. [h]k and [H]k,n. Spatial layers or
receive antennas are denoted by superscripts in braces,
e.g. x(l). The superscripts (·)T and (·)H express trans-
position and conjugate transposition. ‖ · ‖2, ‖ · ‖∞ and
‖ · ‖F symbolize the Euclidean norm, the Maximum norm
and the Frobenius norm, respectively. The entrywise
(Hadamard) product is denoted by � and the Kronecker
product by ⊗. The all ones vector/matrix is denoted by 1.
The operator X = Diag(x) places the vector x on the main
diagonal of X, and conversely, the operator x = diag(X)

returns the vector x from the main diagonal of X. A block-
wise Toeplitz (circulant, diagonal) matrix is a block matrix
with each matrix of Toeplitz (circulant, diagonal) shape.
The size of matrices is expressed via their subscripts,
whenever necessary.

2 LTE-specific systemmodel and SINR

x̂ = (
IL ⊗ DH

NSC

)
F
(
INR ⊗ MHDNFFTPremCP

)
× H

(
INT ⊗ PaddCPDH

NFFTM
) (
W ⊗ INSC

) (
IL ⊗ DNSC

)
x

+ (
IL ⊗ DH

NSC

)
F
(
INR ⊗ MHDNFFTPremCP

)
n︸ ︷︷ ︸

ñ

=

ILNSC
for OFDM︷ ︸︸ ︷(
IL ⊗ DH

NSC

)
FHeff

ILNSC
for OFDM︷ ︸︸ ︷(
IL ⊗ DNSC

)
x + ñ

= Kx + ñ = I � Kx︸ ︷︷ ︸
desired signal

+ (K − I � K) x︸ ︷︷ ︸
intra- and interlayer interference

+ ñ .
(1)

LTE operates on a time-frequency grid as shown in
Fig. 1. The number of subcarriers is always a multi-
ple of 12; 12 adjacent subcarriers over 7(or 6—in case
of extended CP) successive OFDM symbols are called
resource block (RB). Each RB thus consists of 12 × 7
(12×6) resource elements (REs), corresponding to the dif-
ferent time-frequency bins. A detailed description of LTE
up- and downlink is available, e.g. in [27].
We focus on those details necessary to describe our sys-

temmodel at time n1. LTE employs OFDM(A)2 as physical
layermodulation andmultiple access scheme in the down-
link and SC-FDM(A), i.e. DFT-spreaded OFDM, in the
uplink. In a SC-FDM model, OFDM can be considered a
special case. The major difference is an additional spread-
ing and de-spreading stage at the transmitter and receiver,
highlighted via dashed boxes in Fig. 2. The common parts
of the system model will be described from left to right.
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Fig. 1 The LTE-A uplink resource grid

Right after the DFT spreading, the DMRS is inserted.
The DMRS will be considered later for the purpose
of channel estimation (CE). Next, MIMO precoding is
carried out, exploiting a set of semi-unitary precod-
ing matrices W , pooled in the precoder codebook W ,
as defined in [1]. For LTE-A uplink transmission, the
precoding matrix applied for a given user is equal for
all RBs assigned to this user. In case of spatial mul-
tiplexing, each spatial layer is transmitted with equal
power.
Each antenna is equipped with its own OFDM modula-

tor, consisting of subcarrier mapping, inverse fast Fourier
transform (IFFT) and a CP addition. To cope with the
channel dispersion and to avoid Intersymbol Interference

(ISI), LTE employs a CP. As a result of multipath prop-
agation, a previous symbol may overlap with the present
symbol, introducing ISI and impairing the orthogonal-
ity between subcarriers, i.e. causing Intercarrier Interfer-
ence (ICI) [28]. Normal and extended CP lengths, with a
respective duration of 4.7 and 16.7 μs, are standardized,
enabling a simple trade-off between ISI immunity and CP
overhead.
At the transmitter, the processing occurs in a reversed

order. First, the OFDM demodulation/FFT takes place to
get back into the frequency domain. The immunity to
multipath propagation (stemming from the CP) allows to
employ one-tap frequency domain equalizers F without
performance loss. At last, de-spreading delivers the data
estimates.
All this previously informally described processing is

linear, and we are able to formulate a matrix-vector input-
output relationship between a (stacked) data-vector x
and its estimate x̂. For simplicity, we assume that the
channel stays constant during one OFDM symbol. A
detailed system description based on [29] can be found
in [30].
In order to adapt the data transmission to the current

channel state, LTE-A applies limited feedback; a com-
prehensive specification follows in Section 4. Limited
feedback is depicted via the feedback arrow in Fig. 2. The
data vector x(l) ∈ C

NSC×1 of layer l ∈ {1, . . . , L} contains
modulated symbols for each of the NSC subcarriers. The
number of transmit layers depends on the LTE-A specific
rank indicator (RI) feedback. The data symbols are coded
with a punctured turbo code whose rate is determined
by the channel quality indicator (CQI). Subsequently,

Fig. 2 The LTE-A uplink transceiver
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the codewords are mapped onto a quadrature amplitude
modulation (QAM) alphabet (4/16/64QAM), where the
size of the alphabet depends on the CQI as well. All
x(l) are stacked into one vector x ∈ C

NSCL×1 on which
layer-wise spreading and joint precoding—according to
the precoding matrix indicator (PMI)—of all subcarriers
take place. The subsequent OFDM modulator consists
of the localized subcarrier mapping M, mapping NSC
subcarriers to the centre of an NFFT point IFFT and the
addition of the CP.
Depending on the level of abstraction, our sys-

tem model can be described via different channel
matrices. The physical baseband time domain chan-
nel is described by a block-wise Töplitz matrix H ∈
C

(NFFT+NCP)NR×(NFFT+NCP)NT , with NT transmit and NR
receive antennas, which turns block-wise circulant (Hcir)
after addition (PaddCP) and removal (PremCP) of an appro-
priately chosen CP of length NCP. Finally, it turns diag-
onal after the IFFT and FFT on the transmitter and
receiver, respectively. An example of the Töplitz and diag-
onal structured channel is demonstrated in Fig. 3a, b,
respectively.

Hdiag = (
INR ⊗ DNFFTPremCP

)
H
(
INT ⊗ PaddCPDH

NFFT

)
(2)

The last step of the OFDM de-modulator is the rever-
sal of the localized subcarrier mappingMH . The effective
MIMO channel from L transmit layers to NR receive
antennas, incorporating the precoder, the OFDM modu-
lator, the time-domain MIMO channel H and the OFDM
de-modulator, is abstracted to one block matrix Heff.
This greatly facilitates the readability of all formulas
later on.

Heff = (
INR ⊗ MH)Hdiag

(
INT ⊗ M

) (
W ⊗ INSC

)
(3)

The additive noise is assumed independent across
antennas and is distributed zero mean, white Gaussian
n(i) ∼ CN {0, σ 2

n I}, i ∈ {1, . . . ,NR}. The stacked noise

vector n =
((
n(1))T , . . . ,

(
n(NR)

)T)T is thus zero mean,
white Gaussian as well.
The frequency domain one-tap equalizer3 F is chosen

conforming to different criteria, either the zero forc-
ing (ZF) criterion, which removes all channel distor-
tions at risk of noise enhancement, or the minimum
mean squared error (MMSE) criterion, which tries to
minimize the effects of noise enhancement and channel
distortion.
After the de-spreading operation, the data estimates x̂

of the noisy, received signal are given in Eq. (1), with the
beforementioned convenient abbreviation (3), and DNFFT
is the DFT matrix of size NFFT.

(a)

(b)

(c)

Fig. 3 Examples of different channel abstractions
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2.1 SC-FDM SINR
The special structure of Eq. (1), due to the frequency
domain one-tap equalizer and the DFT spreading, yields a
block-wise circulant input-output matrix, cf. Fig. 3c,

K = (
IL ⊗ DH

NSC

)
FHeff

(
IL ⊗ DNSC

)
. (4)

This block-wise circulant structure produces a constant
post equalization and post spreading SINR over all sub-
carriers within one layer [30]. The detailed derivation is
provided in the Appendix.

SINRSC-FDM, (l) = (5)
σ2x
NSC

∣∣∣∣1T
NSC

S(l)diag(FHeff)

∣∣∣∣2
σ 2
x ‖S(l)FHeff‖2F− σ2x

NSC

∣∣∣∣1T
NSC

S(l)diag(FHeff)

∣∣∣∣2+σ 2
n ‖S(l)F‖2F

,

where

S(l) = (
0 INSC 0

)
, (6)

selects that part of FHeff effecting the lth layer. The sec-
ond moment (power) of the zero mean transmit symbols
is depicted by σ 2

x .

2.2 OFDM SINR
In contrast to SC-FDM, no spreading takes place for
OFDM. The dashed boxes in Fig. 2 are replaced by identity
matrices; they are simply omitted. Thus, different sub-
carriers k are orthogonal/independent and the equalizer
treats the corresponding subcarrier channel Hk only. We
use the subscript k to denote the relevant part of the
full channel matrix Heff for the kth subcarrier. The cor-
responding indices within the diagonal matrix Hdiag are
1NR×NT ⊗ Diag (ek), with the canonical base vectors ek .
Using this notation, the effective subcarrier channel Hk ∈
C
NR×L is

Hk = [
Hdiag

]
1NR×NT⊗Diag(ek)

W , (7)

and Fk is its linear one-tap equalizer. The SINR formula
is quite similar to the SC-FDM case, except that the SINR
shows subcarrier dependency now. The SINR vector at
layer l reads [

SINROFDM, (l)
]
k

= (8)

σ 2
x

∣∣s(l)diag(FkHk)
∣∣2

σ 2
x ‖s(l)FkHk‖22−σ 2

x
∣∣s(l)diag(FkHk)

∣∣2+σ 2
n ‖s(l)Fk‖22

,

with the selection vector

s(l) = (
0 . . . 0 1 0 . . . 0

)
, (9)

with appropriate number of zeros and a one at the lth
position.

3 SC-FDM features
We first discuss the main reason to apply SC-FDM at
uplink transmissions, namely PAPR. Then, we look at the

expenses of employing it.Wewill see a worse performance
of the coded transmission.

3.1 Peak-to-average-power ratio
SC-FDM is employed as the physical layer modulation
scheme for LTE uplink transmission, due to its lower
PAPR compared to OFDM [31]. Lower PAPR, or similarly
lower crest factor, leads to reduced linearity requirements
for the power amplifiers and to relaxed resolution speci-
fications for the digital-to-analogue converters at the user
equipments, entailing higher power efficiency.
The Vienna LTE-A uplink simulator calculates the

discrete-time baseband PAPR with the default oversam-
pling factor J = 4 [32]. The discrete time signal on
transmit antenna t ∈ {1, . . . ,NT} is therefore calculated as

[
s(t)tx

]
m

= 1√
NFFT

NFFT−1∑
k=0

[
x(t)
pre

]
k
ej

2πmk
JNFFT , (10)

0 ≤ m ≤ JNFFT − 1 ,

where x(t)
pre is the transmit vector right after precoding

and before the IFFT at transmit antenna t. The PAPR

of the stacked vector stx =
((

s(1)tx

)T
, . . . ,

(
s(NT)
tx

)T)T
is

calculated as

PAPR{stx} =
max

1≤t≤NT
max

0≤m≤JNFFT−1

(∣∣[s(t)tx
]
m

∣∣2)
Et

{
En
{∣∣[s(t)tx

]
m

∣∣2}} (11)

≈ NTNFFT‖diag (stxsHtx) ‖∞
/‖stx‖22 ,

where the Euclidean norm in the denominator serves as
an estimate for the ensemble average.
Figure 4 depicts the PAPR of OFDM and SC-FDM

obtained for different system bandwidths. Already for a

Fig. 4 PAPR for SC-FDM and OFDM for different bandwidths (1.4 and
10 MHz) and modulation alphabets (4/64 QAM)
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small bandwidth (1.4 MHz), there is a significant reduc-
tion for SC-FDM over OFDM. With increasing band-
width, OFDM’s PAPR grows and the gains obtained by
SC-FDM become more and more pronounced. The PAPR
also depends on the modulation alphabet; the smaller the
alphabet, the smaller the PAPR. This effect is illustrated in
dotted lines in Fig. 4, where we have shown the PAPR of
4-QAM, exemplarily.

3.2 BER comparison over frequency selective channels
The additional spreading of SC-FDM leads to an SINR
expression that is constant on all subcarriers as for single-
carrier transmission, legitimating its name. The aim of this
subsection is to analyse the SINR expression more care-
fully for the SISO case4 and draw conclusions on BER
performance.
We focus on the twomost prominent equalizer concepts

and start with the ZF equalizer, for whom the SC-FDM
signal-to-noise ratio (SNR) expression (5) reduces to the
harmonic mean

SNRSC-FDM
ZF = σ 2

x
σ 2
n

1

1
NSC

NSC∑
k=1

1
|Hk |2

, (12)

whereas the OFDM expression (8) is sub-carrier depen-
dent and becomes proportional to the channel transfer
function[

SNROFDM
ZF

]
k

= σ 2
x

σ 2
n

|Hk|2 . (13)

The average OFDM SNR

SNROFDM
ZF = σ 2

x
σ 2
n

1
NSC

NSC∑
k=1

|Hk|2 (14)

yields an upper bound on the SC-FDMA SNR due to the
harmonic mean—arithmetic mean inequality [33].

SNRSC-FDM
ZF ≤ SNROFDM

ZF (15)

Equality in Eq. (15) holds if and only if the channel is fre-
quency flat. The difference between the harmonic mean
and the arithmetic mean gets increasingly pronounced,
the more selective the channel becomes. We therefore
expect the (uncoded) BER of SC-FDM and ZF equaliza-
tion to performworse than OFDM, which is also validated
by simulations. The BER simulations were carried out
with CQI = 4 on a PedB channel [34]. This modulation
and coding scheme (MCS) employs 4-QAM and has an
effective code-rate of 0.3008. As expected, the BER per-
formance of SC-FDM is worse than OFDM, both shown
in Fig. 5a in solid lines. Due to the spreading, SC-FDM
already expends all channel diversity and coding does not
increase the SNR slope of the BER curve. This manifests
in an almost parallel shift of the BER curve for SC-FDM,

(a)

(b)

Fig. 5 BER comparison between OFDM and SC-FDM for a SISO PedB
channel with 5 MHz bandwidth and fixed CQI = 4 transmission

as visual in Fig. 5a in red dashed lines. None exploited
diversity allows coded OFDM to increase the BER slope
considerably, cf. Fig. 5a blue dashed line.
The MMSE SINR expression is less intuitive and for

the purpose of comparison, similar mathematical trans-
formations as in [35] and [23] are required to arrive at

SINRSC-FDM
MMSE = σ 2

x
σ 2
n

1 − σ 2
n

σ 2
x

1
NSC

NSC∑
k=1

1
σ2n
σ2x

+|Hk |2

1
NSC

NSC∑
k=1

1
σ2n
σ2x

+|Hk |2

= σ 2
x

σ 2
n

⎛
⎜⎜⎜⎜⎝

1

1
NSC

NSC∑
k=1

1
σ2n
σ2x

+|Hk |2

− σ 2
n

σ 2
x

⎞
⎟⎟⎟⎟⎠ .

(16)
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The detailed derivation is shown in the Appendix. The
denominator of Eq. (16) is regularized and less sensitive to
spectral notches.
An upper bound on the SINR can be obtained via the

maximum of the transfer function Hk

SINRSC-FDM
MMSE ≤ σ 2

x
σ 2
n

⎛
⎜⎜⎝ 1

1
σ2n
σ2x

+maxk |Hk |2
− σ 2

n
σ 2
x

⎞
⎟⎟⎠

= σ 2
x

σ 2
n
max
k

|Hk|2 . (17)

In the low SNR regime σ 2
n

σ 2
x


 |Hk|2, this bound becomes

tight. The higher the inverse SNR σ 2
n

σ 2
x
in relation to the

maximum of the transfer function, the tighter the bound
becomes. The average OFDM SNR can never be larger
to its maximum entry and is only equal for frequency
flat channels. At low SNR, a lower BER is thus expected.
Again, this presumption is validated by our simulation,
showing that the uncoded BER is lower for SC-FDM as
for ODFM, cf. Fig. 5b in solid lines. Although the uncoded
BER shows superior performance, the coded BER is lower
for OFDM due to the coding gains stemming from chan-
nel diversity, cf. Fig. 5b dashed lines.
A bound for the maximum likelihood (ML) detec-

tion performance was derived in [36]. As the bandwidth
increases, the slope of the BER curve achieved with
MMSE receivers tends to the slope of ML detection,
demonstrating the full exploitation of channel diversity by
the MMSE equalizer, cf. Fig. 5b black line.

4 Link adaptation
In the previous section, we investigated BER performance
of OFDM and SC-FDM transmission with different chan-
nel models and receivers. We observed significant BER
degradation of SC-FDM as compared to OFDM when ZF
detection is employed, whereas coded BER is very similar
whenMMSE detection is used. In this section, we evaluate
how such BER differences impact the actual through-
put performance of LTE-A uplink when transmission rate
adaptation is employed. We first consider ideal rate adap-
tation and compare SC-FDM transmission to OFDMwith
ZF and MMSE receivers. Then, we extend our single-
user MIMO CSI feedback algorithms proposed for LTE
downlink in [37] to LTE uplink and evaluate their perfor-
mance comparing to the throughput bounds developed
in [24]. We also highlight some important basic differ-
ences between link adaptation in LTE up- and downlink
transmissions.

4.1 Performance with ideal rate adaptation
As demonstrated in the previous section, SC-FDM pro-
vides a significant advantage in terms of PAPR over

OFDM, thus relaxing linearity requirements of radio fre-
quency power amplifiers for user equipments. Yet, this
comes at the cost of coded BER degradation since channel
diversity is lost and the performance is mostly dominated
by the weakest subcarrier of a user, especially with ZF
receivers; c.f. (12). This diversity loss cannot be recovered
by forward-error-correction channel coding, since the
DFT-spreading applied with SC-FDM effectively causes
an averaging over SINR observed on all scheduled subcar-
riers according to (5). As a consequence, SC-FDM trans-
mission over frequency selective channels achieves worse
throughput than OFDM. This is demonstrated in Fig. 6,
where we cross-compare the achievable rate, as defined
in (18) and (19), and the actual throughput of SC-FDM
and OFDM transmission as obtained by the Vienna LTE-
A Uplink Simulator. We consider single-user transmission
over 5 MHz bandwidth assuming NT = NR = 2 antennas
at the user and the base station and L = 2 spatial layers.
The precoder is selected as a scaled identity matrix:W =
1/

√
L IL. We consider transmission over independent and

identically distributed frequency-selective Rayleigh fading
channels, emphasizing the difference between OFDM and
SC-FDM. The achievable rate in bits per OFDM/SCFDM
symbol with Gaussian signalling and equal power allo-
cation over subcarriers and spatial layers is calculated as

ROFDM =
NSC∑
k=1

L∑
l=1

log2
(
1 +

[
SINROFDM, (l)

]
k

)
, (18)

RSC-FDM = NSC

L∑
l=1

log2
(
1 + SINRSC-FDM, (l)

)
, (19)

with the receiver-specific post-de-spreading (post-
equalization) SINRs from (5) and (8), respectively.
We observe a significant loss of achievable rate of SC-

FDM transmission compared to OFDM in Fig. 6, which
is especially pronounced with ZF receivers due to noise
enhancement. In Fig. 6, we also show the actual rate
achieved by LTE uplink SC-FDM transmission with ideal
rate adaptation and compare to the performance obtained
by OFDM transmission; the corresponding curves are
denoted by LTE rate. We determine the performance of
ideal rate adaptation by simulating all possible transmis-
sion rates, corresponding to CQI1 to CQI15, and selecting
at each subframe the largest rate that achieves error free
transmission. The figure also shows the throughput of
the individual CQIs. We observe a gap between the LTE
throughput with OFDM and SC-FDM that is similar to
the gap in terms of achievable rate. Notice that the perfor-
mance loss with MMSE receivers is significantly smaller
than with ZF detection, since MMSE avoids excessive
noise enhancement.
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(a) (b)

Fig. 6 Throughput comparison of OFDM and SC-FDM with rate adaptation and 2 × 2 Rayleigh fading channels of 5-MHz bandwidth

We also observe in Fig. 6a that the gain achieved by
instantaneous rate adaptation, as compared to rate adap-
tation based on the long-term average SNR, is much
larger for ZF SC-FDM than for ZF OFDM; this is evident
from the distance between the curves with rate adapta-
tion (LTE rate) and the curves with fixed CQI. The reason
for this behaviour is that the SNR of ZF SC-FDM shows
strong variability around its means, since it is dominated
by the worst-case per-subcarrier SNR according to (12);
the average SNR over subcarriers of ZF OFDM, however,
approximately coincides with its mean value. This implies
that the optimal CQI of ZF SC-FDM can vary significantly
in-between subframes, as reflected by the large average
SNR variation required to increase the rate with fixed CQI
from zero to its respective maximum. Yet, for ZF OFDM,
the throughput of the individual CQIs follows almost a
step function; hence, rate adaptation can be based on the
long-term average SNR without substantial performance
degradation.5
In case NR > L, we can easily estimate the achievable

rate of SC-FDM transmission: The per-layer SNR with
ZF receivers is governed by the harmonic mean of the
channel responses on the individual subcarriers, similar
to (12)

SNRSC–FDM, (l)
ZF = σ 2

x /σ 2
n

1
NSC

∑NSC
k=1

[(
(HkW )H(HkW )

)−1]
l,l
,

(20)

with Hk ∈ C
NR×NT denoting the OFDM channel matrix

on subcarrier k. Assuming constant precoding and semi-
correlated Rayleigh fading

Hk = H̃kC
1
2
T ,

[
H̃k
]
i,j

∼ CN {0, 1} , (21)

with CT ∈ C
NT×NT determining the spatial correlation

at the user equipment side, the matrix in the denomina-
tor of (20) follows a complex inverse Wishart distribu-
tion with NR degrees of freedom and scale matrix C =(
WHCTW

)−1

H = (
(HkW )H (HkW )

)−1 ∼ CW−1
L {NR,C} . (22)

Letting NSC → ∞, we can replace the term in the
denominator of (20) with its expected value

1
NSC

NSC∑
k=1

[
H
]
l,l

NSC→∞−→ E

([
H
]
l,l

)
. (23)

This expected value only exists in case NR > L [38]. For
NR = L, the diagonal elements of H follow a heavy-tailed
inverted Gamma distribution [39, 40] with non-finite first
moment. Yet, for NR > L, which is a common situation in
cellular networks since the base station is mostly equipped
with far more antennas than the users, the expected value
is

E

([
H
]
l,l

)
= 1

NR − L
[C]l,l . (24)

Hence, we can estimate the achievable rate of SC-FDMA
transmission over semi-correlated Rayleigh fading chan-
nels

RSC-FDM≈NSC
∑L

l=1 log2
(
1+ σ 2

x /σ 2
n

[C]l,l (NR−L)
)

(25)

≈ NSCL
[
log2

(
σ 2
x /σ 2

n(∏L
l=1[C]l,l

)1/L
)

+ log2 (NR−L)

]
. (26)
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Here, (26) resembles the high SNR approximation of
the achievable rate of OFDM transmission with ZF detec-
tion as proposed in ([41] Eq. (14)); even more, for fixed
L and letting NR grow to infinity, (26) and ([41] Eq. (14))
tend to the same limit, due to channel hardening on each
subcarrier with growing number of receive antennas.
In Fig. 7, we investigate the performance of the rate esti-

mate (25) for NT = L = 4 and varying number of receive
antennas. We assumeW = 1/

√
L IL and

CT =

⎡
⎢⎢⎢⎢⎣

1 0.9 . . . 0.9

0.9
. . .

...
... 0.9

0.9 . . . 0.9 1

⎤
⎥⎥⎥⎥⎦ ,

and consider the smallest LTE bandwidth of NSC = 72
subcarriers. We observe that the proposed estimate per-
forms very well even at this small bandwidth; notice,
though, that a more realistic channel model with corre-
lation over subcarriers may require larger bandwidth to
validate the proposed estimate. Figure 7 also confirms the
observation that single-user MIMO OFDM and SC-FDM
with ZF detectors tend to the same limiting performance
with increasing number of receive antennas.
This statement, however, will not hold true if the total

number of layers grows proportionally with the number of
receive antennas. For example, multi-user MIMO trans-
mission with ZF equalization and single-antenna users
achieves only a diversity order of NR − L + 1 [42], with
L denoting the total number of layers being equal to the
number of spatially multiplexed users. Hence, if L scales

proportionally with NR, channel hardening on each sub-
carrier will not occur and thus the performance of OFDM
and SC-FDM will not coincide.

4.2 Performance with realistic link adaptation
Instantaneous rate adaptation is an important tool for
exploiting diversity of the wireless channel in LTE, by
adjusting the transmission rate according to the current
channel quality experienced by a user. LTE specifies a set
of 15 different MCSs; the selected MCS is signalled by the
CQI.
LTE additionally supports spatial link adaptation by

means of codebook-based precoding with variable trans-
mission rank. With this method, the precoding matrix
W ∈ C

NT×L satisfying WHW = 1/L IL is selected
from a standard-defined codebook WL of scaled semi-
unitary matrices; furthermore, the number of spatial
layers L can be adjusted to achieve a favourable trade-
off between beamforming and spatial multiplexing. The
selected precoder and transmission rank are signalled,
employing the PMI and the RI. In single-user MIMO
LTE uplink transmission, the same precoder is applied
on all RBs that are assigned to a specific user, whereas
frequency-selective precoding is supported in LTE
downlink.
There is a basic difference between the utilization of

CQI, PMI and RI in up- and downlink directions of fre-
quency division duplex (FDD) systems. In the downlink,
the base station is reliant on CSI feedback from the users
for link adaptation and multi-user scheduling [43], since
channel reciprocity cannot be exploited in FDD. CQI, PMI
and RI can be employed to convey such CSI from the users
to the base station via dedicated feedback channels [44]. In
the uplink, on the other hand, the base station can by itself

(a) (b)

Fig. 7 Achievable rate of OFDM and SC-FDM with ZF equalizers and growing number of receive antennas at fixed number of streams L = 4
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determine CSI exploiting the sounding reference signals
(SRSs) transmitted by the users. In this case, CQI, PMI
and RI are employed by the base station to convey to the
users its decision on link adaptation that has to be applied
by the users during uplink transmission.
In principal, link adaptation must be jointly optimized

with multi-user scheduling to optimize the performance
of the system, since the effective SC-FDM SINR (and thus
the rate) of a user depends on the assigned RBs according
to (5). For reasons of computational complexity, however,
we assume that the multi-user schedule is already fixed
and determine link adaptation parameters based on this
resource allocation. We modify the approach proposed in
[37] for LTE downlink transmission to determine the link
adaptation parameters in four steps:

1. Determine the optimal precoder for each
transmission rank L ≤ min (NT,NR) by maximizing
transmission rate

Ŵ (L) = argmax
W∈WL

L∑
l=1

f
(
SINRSC-FDM, (l) (W )

)
.

(27)

Here, function f (·) maps SINR to rate; this could be
either an analytical mapping, such as (19), or a
mapping table representing the actual performance
of LTE. In our simulations, we employ the bit
interleaved coded-modulation (BICM) capacity as
proposed in [37], since LTE is based on a BICM
architecture.

2. Determine the optimal LTE transmission rates per
layer for each L and Ŵ (L). We employ a target block
error ratio (BLER) mapping in our simulations to
determine the highest rate that achieves BLER ≤ 0.1.

3. Select the transmission rank L̂ that maximizes the
sum rate over spatial layers, utilizing the LTE
transmission rates determined above.

4. Set the RI and PMI according to L̂ and Ŵ (L),
respectively, and set the pCQI conforming to the
corresponding LTE transmission rates.

In Fig. 8, we evaluate the performance of single-user
MIMO LTE uplink transmission over NT = NR = 4
antennas with link adaptation, 1.4 MHz system band-
width and ZF receiver. We do not consider signalling
delays between the base station and the user. We employ
the VehA channel model [34] and compare the abso-
lute and relative (to channel capacity) throughput to the
performance bounds proposed in [24].6 Channel capac-
ity is obtained by applying singular value decomposition
(SVD)-based transceivers and water-filling power alloca-
tion over subcarriers and spatial streams. Notice that we
do not account for guard band and CP overheads when
calculating the channel capacity; that is, we only consider
subcarriers that are available for data transmission. The
achievable channel capacity takes overhead for pilot sym-
bols (DMRS and SRS) into account, corresponding to a
loss of 16.7% in our simulation. The achievable BICM
bound additionally accounts for equal power allocation,
codebook-based precoding and ZF detection as well as the
applied BICM architecture as detailed in [24].

(a) (b)
Fig. 8 Absolute and relative throughput of LTE uplink transmission over 4 × 4 VehA channels of 1.4-MHz bandwidth employing rate adaptation. We
compare the performance of fixed rank, rank adaptive and PMI + rank adaptive transmission to the performance bounds proposed in [24]
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The performance of LTE uplink transmission with full
link adaptation (PMI and rank adaptive) is similar to
the achievable BICM bound but shifted by approximately
3 dB. Notice that the saturation value is not the same
because the highest CQI of LTE achieves 5.55 bit/channel
use, whereas the BICM bound saturates at 6 bit/channel
use. We also show the performance of LTE uplink when
restricted to fixed precoding (rank adaptive) and fixed
rank transmission (ranks 1, 2, 3, 4). We observe that rank
adaptive transmission even outperforms the envelope of
the fixed rank transmission curves, since instantaneous
rank adaptation selects the optimal rank in each subframe
independently. In terms of relative throughput, we see that
LTE uplink with ZF receivers achieves around 40–50% of
channel capacity; remember, though, that this does not
include CP and guard band overheads.

5 Reference symbols
In LTE uplink, two types of reference signals are standard-
ized. For CE and coherent detection, DMRS are exploited,
while SRS are employed for channel sounding to enable
frequency selective scheduling. For the purpose of CE,
we will consider DMRS only. The reference symbols are
defined in [1] and are explained in more detail in [45, 46].
As shown in Fig. 9, DMRS are multiplexed in the resource
grid at OFDM symbol time n = 3 in every slot. In a
physical uplink shared channel (PUSCH) transmission of
the LTE-A uplink, a DMRS occupies all scheduled sub-
carriers. We assume that the user is assigned to all NSC
subcarriers starting at 0, i.e., k ∈ {0, 1, . . . ,NSC − 1}. We
denote the Zadoff-Chu (ZC) base sequence on NSC sub-
carriers for one slot by r̄ ∈ C

NSC×1. The base sequences r̄
are complex exponential sequences lying on the unit circle
fulfilling

|[r̄]k| = 1 . (28)

In LTE-A, the DMRS of different transmission layers
in the same slot are orthogonal in terms of frequency
domain code division multiplexing (FD-CDM) [45]. This

Fig. 9 The LTE-A uplink reference symbol allocation in two slots (one
subframe)

is obtained by cyclically shifting the base sequence. Sim-
ilar to [47], DMRS on layer l for one slot are given by

R(l) = Diag
(
r(l)
)

= T (l)Diag(r̄) , (29)

with the cyclic shift operator

T (l) = Diag
(
ej0, . . . , ejαlk , . . . , ejαl(NSC−1)

)
, (30)

and the layer dependent cyclic shift αl. We further con-
clude from (28) to (30) that (R(l))H = (R(l))−1 which
implies

(
R(l)

)H
R(l) = INSC . Exploiting (28), the product

of two DMRS from layers l and u with l,u ∈ {1, . . . , L}
becomes(

R(l)
)H

R(u) =
(
T (l)

)H
T (u)Diag (r̄)HDiag (r̄) (31)

= Diag
(
ej0 . . . ej�αk . . . ej�α(NSC−1)

)
I ,

with �α = αu − αl being the cyclic phase shift between
DMRS of two different spatial layers. The FD-CDM
orthogonality can therefore be exploited as

trace
((

R(u)
)H

R(l)
)

=
(
r(u)

)H
r(l) =

{
NSC for u = l
0 for u = l .

(32)

After transmission over a frequency selective channel,
this orthogonality has to be exploited to separate all effec-
tive MIMO channels at the receiver.

6 Channel estimation
For channel estimation we exploit the system model only
at symbol times, where reference signals are allocated.
For a normal CP length, this is the 4th symbol in each
slot, i.e. n = 3 as shown in Fig. 9. Since we estimate the
channel only at this single symbol time per slot, inter-
polation in time has to be carried out to obtain channel
estimates for the whole resource grid. The effects of inter-
polation will be studied in Section 7. As illustrated in
Fig. 2, the DMRS are added after DFT spreading, right
before precoding. As the channel estimation takes place
after the receiver’s DFT, just before equalization, the sys-
tem model for CE amounts to an OFDM system. The
system model (1) therefore reads as

y = Heffr + n′ , (33)

with (pre-equalization) noise

n′ = (
INR ⊗ MHDNFFTPremCP

)
n , (34)

and the stacked vector r consisting of DMRS r(l) ∈ C
NSC×1

from all active spatial layers l ∈ {1, . . . , L}, i.e. r =((
r(1))T , . . . ,

(
r(L)

)T)T . To consider the received signal
separately for each receive antenna i, we can select the
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according part from y by left multiplying with the selec-
tor matrix S(i) from (6). The received signal y(i) = S(i)y on
antenna i is given by

y(i) =
(
H(i,1)

eff , . . . ,H(i,L)
eff

)
r + n′(i) (35)

=
L∑

l=1
H(i,l)

eff r
(l) + n′(i) ,

with the pre-equalization noise n′(i) = S(i)n′ on receive
antenna i and H(i,l)

eff = S(i)Heff
(
S(l)

)T
being the (i, l)th

block of Heff. Since H(i,l)
eff is diagonal, we exploit the rela-

tions R(l) = Diag
(
r(l)) and h(i,l)

eff = diag
(
H(i,l)

eff

)
to esti-

mate a channel vector rather than a matrix and rearrange
terms in (35) leading to

y(i) =
L∑

l=1
R(l)h(i,l)

eff + n′(i) (36)

=
(
R(1), . . . ,R(L)

)
︸ ︷︷ ︸

R

h(i)
eff + n′(i) ,

with the stacked vector h(i)
eff =

((
h(i,1)
eff

)T
, . . . ,

(
h(i,L)
eff

)T)T
of all effective channels from L active layers

to receive antenna i for which we will drop the subscript
in the following.

6.1 Minimummean square error estimation
First, we present a MMSE estimator where we exploit (36)
and estimate the stacked vector h(i) consisting of effective
channels from all L active layers to receive antenna i. The
MMSE CE for receive antenna i is given by

ĥ
(i)
MMSE = argmin

ĥ
(i)

E

{∥∥ĥ(i) − h(i)∥∥2
2

}
, (37)

which leads to the well-known solution [48]

ĥ
(i)
MMSE =

(
σ 2
n(i)C−1

h(i) + RHR
)−1

RHy(i) , (38)

with Ch(i) = E{h(i)h(i)H}.

6.2 Correlation-based estimation
As a low complexity approach, we correlate (matched fil-
ter) the received signal with the reference symbol of layer l
to obtain a channel estimate for the effective channel h(i,l)

from layer l to receive antenna i

h̃
(i,l) =

(
R(l)

)H
y(i) . (39)

In fact, this correlation approach is optimum in a least
squares (LS) sense

h(i)
LS = argmin

h
‖y(i) −Rh‖2 =

⎛
⎝RRH︸︷︷︸

LI

⎞
⎠−1

RHy(i) . (40)

Inserting our system model (36) and exploiting (31), we
obtain

h̃
(i,l) =

(
R(l)

)H ∑L
u=1 R(u)h(i,u) +

(
R(l)

)H
n′(i)

= h(i,l) +
L∑

u=1
u =l

(
T (l)

)H
T (u)h(i,u)

︸ ︷︷ ︸
inter-layer interference

+ ñ(i) . (41)

Here, ñ(i) has the same distribution as n′(i) since (R(l))H

is unitary and introduces phase changes only, cf. (29).
Due to the allocation of DMRS on the same time and
frequency resources on different spatial layers, the ini-
tial estimate h̃

(i,l) of one effective MIMO channel actually
consists of a superposition of all L effective MIMO chan-
nels to receive antenna i. The unintentional contributions
in (41), from layers u = l are inter-layer interference,
making it unsuited as initial estimate for coherent detec-
tion. Different methods to separate the different effective
MIMO channels in (41) will be presented in the following.

6.2.1 DFT-based channel estimation
A well-known approach for CE in LTE-A uplink is DFT-
based estimation [46], which aims to separate the MIMO
channels contributing to (41) in time domain. For this, the
individual cyclic shift of each DMRS is exploited. Apply-
ing a DFT on the receive signal, the individual phase shifts
will translate into shifts in time domain. This makes a sep-
aration of channel impulse response (CIR)s from different
MIMO channels possible by windowing. In our simulator,
we implemented a DFT-based estimator as in [49] or [47].

6.2.2 Averaging
For physically meaningful channels, neighbouring subcar-
riers will be correlated within the coherence bandwidth
[50]. We utilize this property and exploit the DMRS struc-
ture to perform frequency domain CE. As explained in
[25], applying a sliding averaging on the initial estimate
h̃

(i,l)
from (41) over γ̄ adjacent subcarriers (γ̄ equals

1,2,4,4 for L equals 1, 2, 3, 4, respectively) cancels the inter-
layer interference, assuming the channel to be frequency
flat on these γ̄ consecutive subcarriers. The sliding aver-
age is given by

[
ĥ

(i,l)
SAV

]
k

= 1
γ̄ 2

k∑
t=k−γ̄+1

t+γ̄−1∑
j=t

[
h̃

(i,l)]
j
, (42)



Zöchmann et al. EURASIP Journal onWireless Communications and Networking  (2016) 2016:118 Page 13 of 18

for γ̄ ≤ k ≤ NSC − γ̄ + 1. The second sum describes the
averaging of γ̄ elements while the first sum describes the
shift of this averaging window.

6.2.3 Quadratic smoothing
Another method exploiting channel correlations to esti-
mate the channel in frequency domain is quadratic
smoothing (QS). This scheme cannot remove the inter-
layer interference entirely, which manifests in a higher
error floor, but shows improved performance at lower
SNR in return. As explained in [25], this estimation
method, exploiting the smoothing matrix Q and a
smoothing factor γ , is given by

ĥ
(i,l)
QS = (

INSCL + λQHQ
)−1 (R(l)

)H
y(i)︸ ︷︷ ︸

h̃(i,l)

. (43)

Similar to (42), this can be interpreted as another way
to cope with the inter-layer interference in (41) by post
processing. Thismethod does not use theDMRS structure
explicitly but suppresses the interference by smoothing.
It is therefore not able to cancel the complete inter-layer
interference but shows an improved performance at low
SNR.

6.3 MSE and BER comparison
We assume a single user 2 × 2 MIMO transmission with
NSC = 72 subarriers, a fixed number of layers L = 2
and a typical urban (TU) channel model [34] at zero
speed. We perform a simulation with one-point extrap-
olation, cf. Section 7, and show the MSE curves of the
proposed estimators in Fig. 10a. The DFT-based CE (D-
bCE) shows the highest error flow of all estimators at
high SNR while the MMSE estimator of course shows

best performance over the whole SNR range. Compared to
these two methods, the Sliding-Averaging estimator (42),
denoted by SAV, encounters an 8-dB SNR penalty when
compared to MMSE but comes closest to MMSE perfor-
mance at high SNR. The quadratic smoothing estimation
is denoted by QS and shows a significant improvement
for low SNRs because it smooths over several observed
channel coefficients. Quadratic smoothing performs uni-
formly better than D-bCE over the whole SNR range and
comes close to 4 dB to MMSE at low SNR. The high error
floor shows that QS is not able to cancel all the inter-layer
interference.
In terms of BER performance, at high SNR, nat-

urally the estimation method with the lowest MSE
leads to the smallest BER. At low SNR, the differ-
ence in CE MSE translates into very small differences
in BER, meaning, we cannot gain too much from a
good low SNR MSE performance of QS or MMSE
estimation. Considering estimation complexity and that
MMSE as well as QS require prior channel knowl-
edge, SAV estimation is a good complexity performance
trade-off.

7 Channel interpolation
Under fast fading conditions, additional effects influence
the performance of LTE uplink transmissions. Doppler
shifts degrade the SINR by introducing velocity dependent
ICI [51] whereas the SINR increases with increasing sub-
carrier spacing. The subcarrier spacing of 15 kHz that is
used in LTE makes transmissions quite robust against ICI.
The impact of ICI becomes only evident at high velocities
and high SNR. Figure 12b shows the BER for the case of
perfect channel knowledge where the performance is only
degraded by noise and ICI. At 200 km/h, the BER saturates
due to ICI at high SNR whereas ICI mitigation techniques

95% confidence 95% confidence

(a) (b)

Fig. 10 Channel estimation performance comparison for block fading
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[52] show promising results to reduce this impact
of ICI.
Another effect that hampers LTE transmissions at

high velocities are temporal channel interpolation errors.
While in the LTE downlink, the pattern used to mul-
tiplex data and reference symbols is a good trade-off
between a small temporal and spectral spacing account-
ing for highly frequency selective channels and fast-fading
channels and a rather small overhead, this is different in
the uplink. As shown in Fig. 11a, uplink DMRSs occupy
the whole subband. While there is no need for interpola-
tion over frequency, the temporal spacing is about twice
the spacing of the reference symbols in the downlink. Fur-
thermore, if frequency hopping is performed, the number

(c)

(d)

(e)

(b)

(a)

Fig. 11 Channel interpolation techniques for the LTE-A uplink pilot
pattern a using estimates from b the actual slot, c the actual
subframe and d–e the actual and previous subframe

of adjacent pilots transmitted in the same subband is
two for inter-subframe frequency hopping and only one
for intra-subframe frequency hopping where frequency
hopping is performed on a per-slot basis. Due to this spe-
cial structure channel, interpolation in the LTE uplink is
a challenging problem. Therefore, we investigated vari-
ous channel interpolation techniques using a single, two
or three consecutive pilot symbols. Figure 11b–e illus-
trates the channel interpolation techniques considered.
The highest channel interpolation errors (Fig. 12a) are
observed for 1 point extrapolationwhere the channel esti-
mate obtained in a certain slot is used to equalize the
symbols within that slot and no interpolation is performed
at all. The higher the number of pilots involved in chan-
nel interpolation, the lower the MSE gets. The results in
terms of BER in Fig. 12b show a similar behaviour.
For a measurement-based comparison of interpolation

techniques using channel estimates form both, the previous
and the subsequent subframe, the reader is referred to [53].

8 Future research questions
Until now our research efforts on the Vienna LTE-
A Uplink Simulator have been concentrated on single
links between user and base station, focusing on basic
transceiver issues such as link adaptation and channel esti-
mation. Our treatment of the link performance analysis is
not considered complete. There are still important param-
eters to investigate, such as different forms of channel cod-
ing, enhanced channel estimation and detection [54, 55]
and analysis of SC-FDM sensitivity to synchronization
mismatch, similar to our downlink investigations [56].
In the future, our scope will shift to multi-user multi-

base station scenarios, enabling on one hand exploita-
tion of multi-user diversity in space, time and frequency
and, on the other hand, consideration of interference in-
between simultaneous transmissions from multiple base
stations. Even though, for reasons of computational com-
plexity, simulations will be confined to comparatively
small scenarios containing some few base stations, we
still expect to extract valuable performance indicators for
coordinated multipoint reception schemes [57], account-
ing for practical constraints, such as, limited back-haul
capacity.
We will address cross-layer multi-user scheduling,

jointly optimizing multi-user resource allocation and per-
user link adaptation; this is an intricate issue in LTE,
due to the non-linear relationship between the resources
assigned to a user and its corresponding SC-FDM
SINR (5); we have already addressed this issue for the
downlink in [43]. Multi-user scheduling, furthermore,
has to find a favourable trade-off between transmis-
sion efficiency and fairness of resource allocation. We
will extend existing downlink schedulers, which enable
Pareto-efficient transmission with arbitrary fairness, to
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(a) (b)

Fig. 12 Comparison of channel interpolation techniques using different numbers of reference symbols and LS-SAV channel estimation

the uplink specifics and compare to other proposals, e.g.
[58].
The realization of massiveMIMO in LTE compliant sys-

tems is another highly important research topic, since it
promises an order of magnitude network efficiency gains
through spatial multiplexing of users [59–61]. Yet, many
issues still need to be better understood and resolved
to enable efficient massive MIMO transmission in prac-
tice. One important step towards reasonable performance
investigation of massive antenna arrays is to employ real-
istic channel models, such as, the 3GPP three-dimensional
channel model [62], which we plan to incorporate in
future releases of our simulator.

9 Conclusions
For an LTE-A uplink transmission model, we derived
SINR expressions, both with and without DFT pre-
spreading. We specialized these equations to ZF and
MMSE receivers and showed that ZF performance is
strongly affected by the worst subcarrier. Comparing the
resulting BER we revealed that SC-FDM performance is
generally inferior to OFDM and that applying MMSE
equalization is crucial to get closer to OFDM perfor-
mance.
Based on the system’s SINR, we analysed the achiev-

able rate. We also introduced a method to estimate the
SC-FDM rate for NR > L. Further, a possible calcula-
tion of LTE-A link adaptation parameters was proposed to
achieve throughout close to performance bounds.
Lastly, we considered methods to gather CSI at the

receiver. We compared the performance of various
channel estimation and interpolation techniques. By

incorporating the channel estimates of the previous sub-
frame, we showed superior performance in terms of chan-
nel interpolation.

Endnotes
1Note that we use the symbol n as time index and the

vector n for noise, the distinction should be clear from
the context.

2Within this paper we focus on a single user’s link
performance. Multi user / multi basestation simulations
are possible to perform, but come at very long simulation
times. For sake of readability we use the
non-standardized OFDM, SC-FDM notation in the
remainder of this manuscript.

3A multi-tap equalizer applied on the intralayer
interference visual in Fig. 3c could possibly enhance the
link performance.

4The reduction to SISO is done to make our results
comparable even to older frequency domain equalization
(FDE) works, e.g., [63].

5Notice, however, that instantaneous rate adaptation
for ZF OFDM can be advantageous in case of
frequency-correlated channels [44].

6Notice that the simulation setup is the same as
employed in [24] for the investigation of LTE downlink
transmission, thus, facilitating the comparison of up- and
downlink performance.

Appendix
General MIMO SC-FDMA SINR expression
The signal estimates are described via the input-output
relationship in Eq. (1). We first slice out that part of K
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which acts on layer l by multiplying with the selector
matrix S(l) from the left. As indicated in (1), the signal
estimate consists of three contributions.

signal: x̂s = S(l) (I � K) x
interference: x̂i = S(l) (K − I � K) x

noise: x̂n = S(l)ñ

As x and ñ are zero mean random quantities, their
power is described by means of the second moment. To
calculate the second moments, we take out the diagonal
elements of the respective covariance matrices of each
contribution.

SINRSC-FDM
l = (44)[ (

I � E{x̂sx̂Hs }
) (

I � E{x̂ix̂Hi } + I � E{x̂nx̂Hn }
)−1

]
1,1

Before, we derive the different covariance matrices, we
recapitulate a required property of circulant matrices. A
circulant matrix C ∈ C

N×N is fully described by its first
column c, as its eigenvectors are the DFT basis-vectors
and its eigenvalues are the DFT of c = (c0, c1, . . . , cN−1).

C =

⎛
⎜⎜⎜⎝

c0 cN−1 . . . c1
c1 c0 c2
...

. . .
...

cN−1 . . . c1 c0

⎞
⎟⎟⎟⎠ (45)

= DHDiag (Dc)D = DH�D (46)

The main diagonal elements c0 of C are given by

c0 = 1
N

N−1∑
i=0

[Dc]i = 1
N

N−1∑
i=0

[�]i,i = 1
N
1Tdiag (�) .

(47)

E{x̂sx̂Hs }:
The input-output matrix K is of block-circulant structure,
as illustrated in Fig. 3c. The eigenvalues of the diago-
nal blocks are given by diag (�) = S(l)diag (FHeff) and
the diagonal elements of the lth diagonal block are then
1
N1TS(l)diag (FHeff) as asserted by Eq. (47), thus

S(l) (I � K) = 1
N
1TS(l)diag (FHeff) I (48)

Assuming zero mean, white data with variance,
σ 2
x the diagonal elements of E{x̂sx̂Hs } are given by

σ 2
x | 1N1TS(l)diag (FHeff) |2.

E{x̂ix̂Hi }:
If C is circulant

C̃ = C − c0I =

⎛
⎜⎜⎜⎝

0 cN−1 . . . c1
c1 0 c2
...

. . .
...

cN−1 . . . c1 0

⎞
⎟⎟⎟⎠ (49)

is circulant as well and the diagonal elements of C̃C̃H are
the sum of the magnitude squares of c̃ = (0, c1, . . . , cN−1).
Using Parseval’s theorem, we arrive at

N−1∑
i=1

|ci|2 = 1
N
∑N−1

j=1 |[�]j,j |2 (50)

= 1
N
∑N−1

j=0 |[�]j,j |2 −
∣∣∣∣ 1N ∑N−1

j=0 [�]j,j
∣∣∣∣2 .

The inter-layer interference consists of L − 1 C-type
blocks, where we simply average the magnitude squares of
the eigenvalues, i.e. the corresponding block-part of FHeff.
The intra-layer interference is described via a C̃ block and
is given in Eq. (50). Both contributions can be compactly
written as

σ 2
x
1
N

‖S(l)FHeff‖2F − σ 2
x
∣∣ 1
N
1TS(l)diag (FHeff)

∣∣2 . (51)

E{x̂nx̂Hn }:
The noise covariance matrix is circulant as well and the
detailed derivations can be found in [30].

SISOMMSE SC-FDMA SINR expression
For a SISO system and a one-tap equalizer, the expres-
sion FHeff is of a diagonal shape. [30] has shown, that the
MMSE equalizer for SC-FDM equals the OFDM expres-

sion, i.e. F =
(

σ 2
n

σ 2
x
I + HH

effHeff
)−1

HH
eff. Thus, the ele-

ments on the main diagonal of FHeff are simply given by

|Hk|2
(

σ 2
n

σ 2
x

+ |Hk|2
)−1

, and we rewrite (5) to (55), where
we have used the identity

1
NSC

NSC∑
k=1

|Hk|2
σ 2
n

σ 2
x

+ |Hk|2
= 1 − σ 2

n
σ 2
x

1
NSC

NSC∑
k=1

1
σ 2
n

σ 2
x

+ |Hk|2
(52)
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from [23].

SINRSC-FDM
MMSE

=

σ 2
x

NSC

⎛
⎝NSC∑

k=1

|Hk |2
σ2n
σ2x

+|Hk |2

⎞
⎠2

σ 2
x
NSC∑
k=1

⎛
⎝ |Hk |2

σ2n
σ2x

+|Hk |2

⎞
⎠2

− σ 2
x

NSC

⎛
⎝NSC∑

k=1

|Hk |2
σ2n
σ2x

+|Hk |2

⎞
⎠2

+ σ 2
n
NSC∑
k=1

|Hk |2(
σ2n
σ2x

+|Hk |2
)2

(53)

=

1
NSC

⎛
⎝NSC∑

k=1

|Hk |2
σ2n
σ2x

+|Hk |2

⎞
⎠2

⎛
⎝NSC∑

k=1

|Hk |2
σ2n
σ2x

+|Hk |2

⎞
⎠− 1

NSC

⎛
⎝NSC∑

k=1

|Hk |2
σ2n
σ2x

+|Hk |2

⎞
⎠2

=
1

NSC

NSC∑
k=1

|Hk |2
σ2n
σ2x

+|Hk |2

1 − 1
NSC

NSC∑
k=1

|Hk |2
σ2n
σ2x

+|Hk |2

(54)

= σ 2
x

σ 2
n

1 − σ 2
n

σ 2
x

1
NSC

NSC∑
k=1

1
σ2n
σ2x

+|Hk |2

1
NSC

NSC∑
k=1

1
σ2n
σ2x

+|Hk |2

(55)
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20. D Sinanović, G Šišul, B Modlic, in Systems, Signals and Image Processing
(IWSSIP), 2011 18th International Conference On. Comparison of BER
characteristics of OFDMA and SC-FDMA in frequency selective channels
(IEEE, Sarajevo, Bosnia and Herzegovina, 2011), pp. 1–4

21. M Suarez, O Zlydareva, in Ultra Modern Telecommunications and Control
Systems andWorkshops (ICUMT), 2012 4th International Congress On. LTE
transceiver performance analysis in uplink under various environmental
conditions (IEEE, St. Petersburg, Russia, 2012), pp. 84–88

22. JJ Sánchez-Sánchez, MC Aguayo-Torres, U Fernández-Plazaola, BER
analysis for zero-forcing SC-FDMA over Nakagami-m fading channels.
IEEE Trans. Vehic. Technol. 60(8), 4077–4081 (2011)

23. JJ Sánchez-Sánchez, U Fernández-Plazaola, MC Aguayo-Torres, in
Broadband and Biomedical Communications (IB2Com), 2011 6th
International Conference On. BER analysis for SC-FDMA over Rayleigh
fading channels (IEEE, Melbourne, Australia, 2011), pp. 43–47

24. S Schwarz, M Simko, M Rupp, in Signal Processing Advances inWireless
Communications SPAWC, 2011. On performance bounds for MIMO OFDM
based wireless communication systems, (San Francisco, CA, 2011),
pp. 311–315

25. S Pratschner, E Zöchmann, M Rupp, Low complexity estimation of
frequency selective channels for the LTE-A uplink. submitted to Wireless
Communication Letters (2015). doi:10.1109/LWC.2015.2481428

26. Vienna LTE-A Simulators – LTE-A Link Level Uplink Simulator
Documentation, V1.4 (2015). https://www.nt.tuwien.ac.at/wp-content/
uploads/2016/01/LTEAlinkDoc_v1_5.pdf

27. E Dahlman, S Parkvall, J Sköld, 4G LTE/LTE-Advanced for Mobile Broadband.
(Elsevier Academic Press, Waltham, 2011)

28. VD Nguyen, H-P Kuchenbecker, in The 13th IEEE International Symposium
on Personal, Indoor andMobile Radio Communications. Intercarrier and



Zöchmann et al. EURASIP Journal onWireless Communications and Networking  (2016) 2016:118 Page 18 of 18

intersymbol interference analysis of OFDM systems on time-invariant
channels, vol. 4, (Lisboa, Portugal, 2002), pp. 1482–1487

29. A Wilzeck, Q Cai, M Schiewer, T Kaiser, in Proceedings of the International
ITG/IEEEWorkshop on Smart Antennas. Effect of multiple carrier frequency
offsets in MIMO SC-FDMA systems, (Vienna, Austria, 2007)

30. E Zöchmann, S Pratschner, S Schwarz, M Rupp, in 19th International ITG
Workshop on Smart Antennas (WSA). MIMO transmission over high delay
spread channels with reduced cyclic prefix length, (Ilmenau, Germany,
2015)

31. HG Myung, J Lim, D Goodman, Single carrier FDMA for uplink wireless
transmission. Vehic. Technol. Mag. IEEE. 1(3), 30–38 (2006)

32. T Jiang, Y Wu, An overview: peak-to-average power ratio reduction
techniques for OFDM signals. IEEE Trans. Broadcasting. 54(2), 257 (2008)

33. PS Bullen, Handbook of Means and Their Inequalities. (Springer, Berlin, 2003)
34. Technical Specification Group Radio Access Network, Deployment Aspects.

(3rd Generation Partnership Project (3GPP), 2014). TR 25.943 Version
12.0.0, http://www.3gpp.org/DynaReport/25943.htm

35. MD Nisar, H Nottensteiner, T Hindelang, inMobile andWireless
Communications Summit, 2007. 16th IST. On performance limits of DFT
spread OFDM systems (IEEE, Budapest, Hungary, 2007), pp. 1–4

36. M Geles, A Averbuch, O Amrani, D Ezri, Performance bounds for
maximum likelihood detection of single carrier FDMA. IEEE Trans.
Commun. 60(7), 1945–1952 (2012)

37. S Schwarz, M Rupp. IEEE International Workshop on Signal Processing
Advances in Wireless Communications (SPAWC) (IEEE, San Francisco, CA,
USA, 2011), pp. 316–320

38. D Maiwald, D Kraus, Calculation of moments of complex Wishart and
complex inverse Wishart distributed matrices. IEEE Proc. Radar, Sonar
Navigation. 147(4), 162–168 (2000)

39. AK Gupta, DK Nagar,Matrix Variate Distributions.Monographs and surveys
in pure and applied mathematics, vol. 104. (Chapman & Hall/CRC,
Oregon, 2000)

40. R Xu, Z Zhong, J-M Chen, B Ai, Bivariate Gamma distribution from complex
inverse Wishart matrix. IEEE Commun. Lett. 13(2), 118–120 (2009)

41. DA Gore, RW Heath, AJ Paulraj, Transmit selection in spatial multiplexing
systems. IEEE Commun. Lett. 6(11), 491–493 (2002)

42. A Hedayat, A Nosratinia, Outage and diversity of linear receivers in
flat-fading MIMO channels. IEEE Trans. Signal Process. 55(12), 5868–5873
(2007)

43. S Schwarz, C Mehlführer, M Rupp, in Conference Record of the Forty Fourth
Asilomar Conference on Signals, Systems, and Computers. Low complexity
approximate maximum throughput scheduling for LTE, (Pacific Grove,
California, 2010), pp. 1563–1569

44. S Schwarz, C Mehlführer, M Rupp, inWireless Advanced (WiAD), 2010 6th
Conference On. Calculation of the spatial preprocessing and link adaption
feedback for 3GPP UMTS/LTE, (London, UK, 2010), pp. 1–6

45. X Hou, Z Zhang, H Kayama, in IEEE 70th Vehicular Technology Conference
Fall (VTC 2009-Fall). DMRS design and channel estimation for
LTE-advanced MIMO uplink, (Anchorage, USA, 2009), pp. 1–5

46. X Zhang, Y Li, in International Conference on Connected Vehicles and Expo
(ICCVE). Optimizing the MIMO channel estimation for LTE-advanced
uplink, (Beijing, China, 2012), pp. 71–76

47. C-Y Chen, DW Lin, in IEEE International Conference on Acoustics, Speech and
Signal Processing (ICASSP). Channel estimation for LTE and LTE-A
MU-MIMO uplink with a narrow transmission band, (Florence, Italy, 2014),
pp. 6484–6488

48. SM Kay, Fundamentals of Statistical Signal Processing: Estimation Theory.
(Prentice Hall, Upper Saddle River, 1993)

49. Q Zhang, X Zhu, T Yang, J Liu, An enhanced DFT-based channel estimator
for LTE-A uplink. IEEE Trans. Vehicular Technol. 62(9), 4690–4696 (2013)

50. B Sklar, Rayleigh fading channels in mobile digital communication
systems. i. characterization. Commun. Mag. IEEE. 35(7), 90–100 (1997)

51. P Robertson, S Kaiser, in IEEE Vehicular Technology Conference, Fall. The
effects of Doppler spreads in OFDM (A) mobile radio systems, vol. 1 (IEEE,
1999), pp. 329–333

52. R Nissel, M Rupp, in Proceedings of the IEEE International Conference on
Communications (ICC’15). Doubly-selective MMSE channel estimation and
ICI mitigation for OFDM systems, (London, UK, 2015)

53. M Lerch, in Proceedings of Elmar 2015. Experimental comparison of
fast-fading channel interpolation methods for the LTE uplink, (Zadar,
Croatia, 2015)

54. R Nissel, M Rupp, in 2015 IEEE International Conference on Communications
(ICC). Doubly-selective MMSE channel estimation and ICI mitigation for
OFDM systems (IEEE, 2015), pp. 4692–4697

55. G Berardinelli, CN Manchón, L Deneire, TB Sørensen, P Mogensen, K
Pajukoski, in Vehicular Technology Conference, 2009. VTC Spring 2009. IEEE
69th. Turbo receivers for single user MIMO LTE-A uplink (IEEE, 2009),
pp. 1–5

56. Q Wang, C Mehlführer, M Rupp, in 2010 IEEE 21st International Symposium
on Personal Indoor andMobile Radio Communications (PIMRC). Carrier
frequency synchronization in the downlink of 3GPP LTE (IEEE, 2010),
pp. 939–944

57. M Sawahashi, Y Kishiyama, A Morimoto, D Nishikawa, M Tanno,
Coordinated multipoint transmission/reception techniques for
LTE-advanced [coordinated and distributed mimo]. Wireless Commun.
IEEE. 17(3), 26–34 (2010)

58. N Abu-Ali, A-EM Taha, M Salah, H Hassanein, Uplink scheduling in LTE and
LTE-advanced: tutorial, survey and evaluation framework. Commun.
Surveys Tutor. IEEE. 16(3), 1239–1265 (2014)

59. F Rusek, D Persson, BK Lau, EG Larsson, TL Marzetta, O Edfors, F Tufvesson,
Scaling up MIMO: opportunities and challenges with very large arrays.
IEEE Signal Process. Mag. 30(1), 40–60 (2013)

60. L Lu, GY Li, AL Swindlehurst, A Ashikhmin, R Zhang, An overview of
massive MIMO: benefits and challenges. IEEE J. Selected Topics Signal
Process. 8(5), 742–758 (2014)

61. E Larsson, O Edfors, F Tufvesson, T Marzetta, Massive MIMO for next
generation wireless systems. IEEE Commun. Mag. 52(2), 186–195 (2014)

62. 3GPP: TSG RAN; Study on 3D channel model for LTE (release 12) (2015).
http://www.3gpp.org/DynaReport/36873.htm

63. T Shi, S Zhou, Y Yao, in Emerging Technologies: Frontiers of Mobile and
Wireless Communication, 2004. Proceedings of the IEEE 6th Circuits and
Systems SymposiumOn. Capacity of single carrier systems with
frequency-domain equalization, vol. 2 (IEEE, 2004), pp. 429–432

Submit your manuscript to a 
journal and benefi t from:

7 Convenient online submission

7 Rigorous peer review

7 Immediate publication on acceptance

7 Open access: articles freely available online

7 High visibility within the fi eld

7 Retaining the copyright to your article

    Submit your next manuscript at 7 springeropen.com



3. Acquisition of Channel State
Information at the Transmitter

Link adaptation is one of the most important PHY advances of wireless communications over
the last decades, enabling to exploit the channel fading characteristics to enhance the spectral
efficiency as well as the reliability of data transmissions. Link adaptation encompasses:

• Transmission rate adaptation via adaptive modulation and coding (AMC).

• Resource allocation and multi-user scheduling.

• Adaptive multicarrier waveform parametrization in flexible numerology use-cases.

• Beamforming and precoder optimization in multi-antenna systems.

• Multi-point transmission coordination and interference mitigation.

CSIT is instrumental to enable link adaptation. It provides the necessary information for
the transmitter to select appropriate transmission parameters, in order to fulfill the QoS
requirements of the users. There basically exist two approaches for obtaining CSIT:

• Direct estimation of the CSIT from the reverse link, exploiting the channel reciprocity
in time division duplex (TDD) systems.

• Feedback of the CSI from the receiver over a dedicated limited capacity feedback link.
This approach is mainly applied in frequency division duplex (FDD) systems.

Chapter Outline

In this chapter, I provide a discussion on CSIT estimation for TDD and FDD systems,
focusing, however, mainly on the second group of limited feedback methods and my
corresponding contributions in this area. In principle, acquisition of CSIT through reverse
link pilot signals in TDD systems is more efficient than dedicated feedback in FDD systems.
However, existing wireless networks are mostly based on FDD and converting them to TDD
implies a significant financial burden for network operators. Even more, FDD systems are
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easier to operate and more effective especially for delay-sensitive applications [64]. It is
therefore expected that both, FDD and TDD, will find application in future mobile networks.

To simplify discussions and to avoid ambiguity, I denote in the following the transmitter as
the base station (BS) and the receiver as the user equipment (UE); hence, the link between
the transmitter and the receiver corresponds to the downlink of a mobile network and the
reverse link corresponds to the uplink.1

3.1. Reverse Link CSIT Estimation in TDD Systems

Direct estimation of the CSIT by the BS is based on pilot signals in the uplink and relies on
channel reciprocity between the up- and downlink. This approach has not received much
attention in 4G and prior mobile communication systems, because these systems are mostly
based on FDD and, hence, do not exhibit channel reciprocity. However, direct estimation
of the CSIT by the BS gained significant attention in the context of TDD-based massive
MIMO, because it enables the estimation of the large involved channel matrices with modest
signaling overhead [65, 66]. It is therefore expected that TDD will be employed in 5G
systems, at least in part of the associated spectrum.

Three main effects impact the quality of the CSIT achievable with this method:

1. Imperfect channel reciprocity due to non-symmetric characteristics of the transmit
and receive front-ends [67–69].

2. Temporal channel variation during the up- and downlink duty cycle [70, 71].

3. Pilot-contamination in multi-cell systems [72, 73].

Channel reciprocity: The first issue of non-reciprocal front-ends arises from the fact that
the transmit and receive chains of communication devices are not the same and, hence, the
effective base band channels of the up- and downlink are also different. This issue can be
mitigated by extra calibration efforts, as discussed e.g. in [67, 68].

Temporal channel variations: Temporal channel variations during the up- and downlink
duty cycle, also known as channel aging, imply that the channel measured during the uplink
transmission has changed until it comes to the downlink transmission. Hence, link adaptation
based on uplink CSI estimates can be outdated by the time of downlink transmission, causing
a mismatch between the selected transmission parameters and the actual channel state. This

1The same discussions also apply to the converse situation.
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CSI Feedback Schemes

Analog Digital

Implicit Explicit

Algebraic Parametric

Figure 3.1.: Classification scheme for CSI feedback methods.

issue can partly be alleviated by predictive approaches [70]; yet, in practice, mostly more
conservative link adaptation (e.g. in terms of transmission rate) is applied to compensate for
the mismatch.

Pilot-contamination: The problem of pilot-contamination is closely related to temporal
channel variations. These channel variations limit the coherence time of the channel and
thereby also the total number of orthogonal pilot sequences that are available for channel
estimation during the coherence time. This implies that the same pilot sequences have to
be reused in multiple cells of the mobile communication network, causing interference in-
between these cells and, as a consequence, the well-investigated pilot-contamination effect.
A number of methods have been proposed to avoid significant pilot-contamination, such as,
smart scheduling of pilots amongst cells [74] and pilot power allocation schemes [75]. These
methods basically rely on significant path-loss differences between the signals received from
multiple cells, to make sure that the intended signal experiences only negligible interference
from other cells.

3.2. Classification of CSI Feedback Methods for FDD
Systems

In FDD systems, the CSI of the downlink transmission can directly be estimated by means
of pilot training signals only at the UE-side of the link. Acquisition of the CSIT at the BS,
in contrast, requires dedicated feedback from the UEs, occupying resources of the uplink
channel and thus reducing the uplink capacity available for data transmission. Correspond-
ingly, efficient provisioning of the CSI feedback has received significant attention by the
scientific community and many different methods have been proposed. In Figure 3.1, I
present a classification scheme of CSI feedback methods, which builds the basis for further
discussions below.
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In general, we can distinguish between the large groups of analog and digital feedback
methods. The initial step of either of these methods is to obtain a downlink channel estimate
Ĥu,i[n, k] at the UE-side through pilot signal based downlink training. Notice, I employ
the notation of Equation (2.2) with the hat ˆ signifying that this is an estimate of the actual
channel matrix Hu,i[n, k].

3.2.1. Analog CSI Feedback

In analog feedback methods, the individual elements of Ĥu,i[n, k] are directly sent over the
uplink channel from the UE to the BS by setting the uplink transmit signal equal to these
elements [76, 77]. Hence, in general, several uplink REs are occupied to convey the CSI of
a single downlink RE, in order to signal all elements of the matrix. To limit the feedback
overhead, the CSI is therefore commonly sent only for a small subset of downlink REs and
the remaining CSIT is obtained through interpolation at the BS. Provided the BS has an
estimate of the uplink channel (through additional pilot signal based uplink training), it can
obtain an estimate of the CSI sent by the UE through equalization of the channel distortions.
The CSIT quality is thereby mainly impaired by five sources:

1. The channel estimation error at the UE.

2. The resolution of ADCs/DACs of the transceivers.

3. The linearity of the power amplifiers.

4. The distortions introduced by the uplink channel and the quality of the equalization.

5. The CSI estimation and interpolation error at the BS.

Even though it has been shown that analog feedback can theoretically achieve the optimal
rate-distortion performance under certain idealistic conditions [76], practically the method
has received little attention, due to the high linearity requirements imposed on the power
amplifiers. Furthermore, the analog CSI feedback cannot be protected against transmission
impairments and is therefore very sensitive to distortions caused by noise.

3.2.2. Digital CSI Feedback

Digital CSI feedback methods employ quantization at the UEs to obtain a digital represen-
tation of the relevant CSI. This digital CSI is then multiplexed with common data in the
uplink channel, enjoying all the well-known advantages of digital over analog transmission.
Additionally, digital CSI feedback enables an arbitrary rate-distortion trade-off by varying
the number of bits of the CSI quantizer, and thus the feedback overhead can easily be
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adjusted. For these reasons, only digital CSI feedback methods have been implemented so
far in commercial systems and I restrict my further discussions below to digital methods.

Implicit Digital CSI Feedback

Digital CSI feedback methods can further be categorized as implicit or explicit schemes. In
implicit CSI feedback methods, the estimated channel matrix Ĥu,i[n, k] is utilized by the
UE to derive optimal link adaptation parameters, such as, the supported transmission rate for
AMC or the optimal precoder from a mutually agreed codebook, as I discuss in detail in [78].
This implicit information is then signaled to the BS. As my investigation in [8] demonstrates,
implicit CSI feedback exhibits good performance in single-user MIMO transmission, where
relatively small precoder codebook sizes are sufficient to achieve a performance close to the
channel capacity. Implicit CSI feedback has been implemented in 4G LTE. I discuss such
methods in more detail in Section 3.3.

Explicit Digital CSI Feedback:

In explicit digital CSI feedback methods, the channel matrix Ĥu,i[n, k] is directly quantized
and provided as feedback information. Such methods are necessary whenever the precoders
at the BS are not selected from a codebook, but are rather directly calculated from the channel
matrices (e.g., in most multi-user MIMO schemes, such as ZF beamforming [79]); such
methods are denoted as non-codebook-based precoding methods. Efficient CSI quantization
is crucial for such methods to achieve an adequate quality of the CSIT with acceptable
feedback overhead. To realize this target, it is important to reduce the channel matrix to
the essential information required by the respective transmission scheme, before applying
quantization. Two philosophies exist in this regard within the scientific literature:

• Algebraic methods: These methods exploit algebraic properties of the essential
CSIT to reduce the dimensionality of the CSI quantization problem. For example, the
essential CSIT of many transmission schemes lies on a topological manifold, such as,
the Grassmannian, the Stiefel manifold or the cone of positive semidefinite matrices
of fixed rank; cf. [Article 2].

• Parametric methods: These methods apply a parametric approach to achieve an
efficient CSI representation. For example, a geometric parametrization, in terms of
signal arrival and departure angles, can be utilized to achieve a sparse representation
of the channel matrix in a suitably chosen basis; see [Article 7].

Algebraic methods are mainly popular for relatively small-scale MIMO systems and for rich
scattering environments (Rayleigh fading), where the channel matrices exhibit little structure.
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Parametric methods, on the other hand, have gained significant interest in the context of
massive and FD-MIMO systems, as such systems provide sufficient spatial resolution to
differentiate individual scattering multi-path components. Additionally the propagation is
often dictated by a few dominant specular scatterers, especially in the mmWave band as
our measurement results in [80] reveal. I discuss both algebraic and parametric feedback
methods in more detail in Section 3.4.

3.3. Implicit Digital CSI Feedback

Implicit CSI feedback represents the state-of-the-art in existing 4G wireless communication
systems. It basically consists of two components:

• Channel quality feedback for transmission rate adaptation and multi-user scheduling.

• MIMO processing feedback for spatial preprocessing (beamforming/precoding) of
transmit signals.

I follow below the LTE notation and denote the channel quality feedback information as
channel quality indicator (CQI) and the MIMO processing feedback as precoding matrix
indicator (PMI) and rank indicator (RI).

3.3.1. Channel Quality Feedback

The CQI provides time, frequency and spatially resolved information about the channel
quality. It represents the achievable transmission rate of a UE at a given RE and spatial
stream/layer as determined by the input-output relationship (2.4). This information is utilized
by the BS to derive the multi-user MIMO-OFDMA resource allocation (see Chapter 4 for
more details) and to set the transmission rate of the UEs. The CQI feedback is commonly
calculated under the assumption that the BS follows the precoder recommendation of the
PMI and RI feedback, which allows to accurately estimate the SINR of the precoded link.

Challenges in the CQI Feedback Calculation

Calculating the CQI feedback raises a number of challenges, especially when considering
restrictions imposed by practical systems:

• Representing the realistic performance of systems: The information-theoretic mutual
information is not sufficiently representative for this purpose, since existing wireless
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communication systems do not achieve it [8]. It is necessary to account for the actual
performance of the applied transceivers, as determined by the supported MCSs.

• Reducing feedback overhead: This requires quantization of the CQI, as well as,
clustering of REs into larger blocks (clusters), for which a single CQI each is provided.
The challenge is to optimize the CQI quantization regions and to accurately estimate
the achievable rate within a cluster, which may exhibit substantial channel variations
depending on the cluster size and the time-frequency selectivity of the channel.

• Temporal channel variations during the processing delay of the feedback loop: These
variations cause outdated channel quality information, leading to signal outages.

• Channel quality estimation in case of non-codebook-based precoding: In this situation,
the applied beamformer/precoder is not known at the time of feedback calculation
and, hence, the SINR of the precoded link is not available. Therefore, SINR lower
bounds are commonly applied to obtain robust CQI estimates.

• Compensating for a residual CQI feedback mismatch to avoid signal outages.

Realistic performance estimation and feedback overhead reduction: I address
these two challenges in the publication [Conf. 1]; see Section 3.5. My investigations show
that ESM techniques are applicable to accurately estimate the achievable rate of the supported
MCSs within the feedback clusters.

Temporal channel variations: I discuss the issue of temporal channel variations during
the feedback processing time in [Article 2] in more detail: up to a certain point, these channel
variations can be compensated by predictive approaches. If the temporal channel variations
become too strong, however, the prediction fails and more robust approaches are required,
which are based on channel statistics rather than the instantaneous channel state.

Non-codebook-based precoding: Channel quality estimation for non-codebook-based
precoding is dependent on the transmit strategy applied by the BS. In [81], CQI feedback for
ZF beamforming based multi-user MIMO is derived. I generalize this result in [Article 8] to
block diagonalization (BD) precoding, including feedback clustering. For other methods,
similar approaches can be applied to derive SINR estimates/lower-bounds.
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Mismatch compensation: When CQI feedback is employed for transmission rate adap-
tation, a residual mismatch of the CQI feedback is observable in the acknowledgment
(ACK)/not ACK (NACK) feedback of the automatic repeat request (ARQ) protocol, which
is present in most communication systems. In [82], the authors propose a CQI mismatch
compensation algorithm, which utilizes this ACK/NACK feedback to improve the CQI
accuracy and, thus, to reduce signal outages.

3.3.2. Implicit MIMO Processing Feedback

Codebook-Based Precoding

Implicit MIMO processing feedback builds on the underlying assumption that the possible
precoders Fu,i[n, k], cf. Equation (2.3), are taken from a codebook F (N)

` of supported
precoding matrices. Here, the subscript ` refers to the number of spatial streams/layers to be
transmitted in parallel and the superscript (N) indicates the number of transmit antennas.
Multiple codebooks for different numbers of streams are commonly supported; often so-
called nested codebooks are employed, where lower-rank precoding matrices are nested
inside higher-rank precoders, which facilitates reducing the computational complexity of the
feedback calculation [83]. The UEs and the BS both are informed of these codebooks. The
UE signals the preferred number of streams `∗, known as the transmission rank, with the RI,
and the index of the chosen precoder from the corresponding codebook F (N)

`∗ with the PMI.

MIMO Processing Feedback Calculation

Existing wireless communication systems do not achieve the information-theoretic mutual
information. As mentioned above, the practical performance of the supported MCSs can
accurately be estimated by ESM techniques. This, though, causes a coupling between
the selection of the optimal precoder (i.e. the RI and PMI) of a feedback cluster and the
corresponding transmission rate (i.e. the CQI), as I show in my publication [84]. Therefore,
a joint optimization of the PMI, RI and CQI is necessary, which, however, can cause
an unacceptably high computational complexity, since the corresponding combinatorial
optimization problem requires an exhaustive search. To reduce the complexity, it is possible
to preselect the PMI and RI based on the information-theoretic mutual information, causing
a slight performance degradation [84]. In case of LTE, which employs a BICM structure, a
better performance is achieved by utilizing the BICM capacity [85] instead of the mutual
information, since it provides a tighter upper bound on the actual system performance.

Determining the MIMO processing feedback in principle faces the same challenges as
discussed above for the CQI feedback. However, selecting suboptimal precoders is not as
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critical as choosing the wrong CQI, because it does not immediately cause signal outages; it
rather implies a loss in spectral efficiency, since the channel state is not ideally exploited.

Optimal Precoder Codebook Design

Implicit MIMO feedback is mainly applied in the context of single-user MIMO transmissions.
Efficient multi-user MIMO transmission schemes require a direct calculation of the precoders
based on explicit CSIT. The issue of optimal codebook design for single-user MIMO
transmission has received significant attention in the scientific literature. In [86, 87], the
authors consider the optimal codebook design of semi-unitary precoding, restricting to
uniform power-allocation over streams: Fu,i[n, k]HFu,i[n, k] = Pi

`u[n,k] I`u[n,k]. Several results
have been established for semi-unitary precoding:

• Infinite resolution semi-unitary precoding in combination with transmission rank
adaptation achieves a performance close to the Shannon capacity. The feedback
rate vs. capacity loss trade-off with finite resolution and randomly constructed uni-
tary codebooks is investigated in [88] for isotropically distributed channel matrices
(e.g. Rayleigh fading), showing that modest codebook sizes are sufficient to obtain
practically perfect performance.

• Optimal semi-unitary codebook constructions for isotropically distributed channels
correspond to maximally spaced Grassmannian subspace packings [89]. Such packings
are difficult to obtain in general; yet, suboptimal codebooks with good performance
can efficiently be constructed [90].

• Optimal codebook constructions for correlated channels are not known. The authors
of [91] propose a heuristic systematic codebook design for correlated channels, by
rotating and scaling spherical caps on the Grassmannian. In [Article 8], I propose
a heuristic random correlated codebook construction that is based on multiplying
independent and identically distributed (iid) Gaussian matrices with a correlation
matrix. Such constructions have been shown to provide a significant performance gain
for transmission over correlated channels. A theoretical performance investigation of
such schemes, though, is still an open research problem.

3.4. Explicit Digital CSI Feedback

The most straight-forward way to provide explicit CSI feedback is to apply scalar quanti-
zation to the individual elements of the channel matrix Ĥu,i[n, k]. Such an unstructured
approach is adopted in IEEE 802.16d [92] by independently quantizing the amplitude and
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phase of each matrix element. Scalar quantization exhibits a low complexity and is appro-
priate when channels are quasi-static, such that infrequent CSI feedback is sufficient and
the overhead therefore is negligible [93]. In mobile communications, however, time-variant
channels require more frequent CSI feedback and thus more efficient quantization.

As mentioned above, I discuss in this thesis two ways to reduce the feedback overhead: 1)
Exploiting the algebraic structure of the underlying transmit precoding scheme to distill
the essential CSIT; 2) Employing a parametric approach to achieve a sparse channel matrix
decomposition in a suitably chosen basis.

3.4.1. Algebraic CSI Feedback

Algebraic CSI feedback methods utilize the fact that only a partial information about the
channel matrix is required for many multi-antenna transmission schemes.

Motivating Example

Consider single-user MIMO transmission. It is well-known that the channel capacity can
be achieved by matching the spatial signature of the transmit signal to the eigen-structure
of the channel matrix. Specifically, the optimal precoder is equal to the matrix of right
singular-vectors of the channel matrix times a power-allocation matrix that follows from the
water-filling solution [94]:

Fu,i[n, k] = Vu,i[n, k]P1/2
u,i [n, k], (3.1)

Hu,i[n, k] = Uu,i[n, k]Σu,i[n, k]VH
u,i[n, k]. (3.2)

Here, (3.2) represents a singular value decomposition (SVD) of the channel matrix and
Pu,i[n, k] is the diagonal power allocation matrix. Obviously, this precoding solution can be
calculated from knowledge of the semi-unitary matrix Vu,i[n, k] and the singular values in
Σu,i[n, k]; both can be obtained from an eigen-decomposition of the channel Gramian:

HH
u,i[n, k]Hu,i[n, k] = Vu,i[n, k]Σ2

u,i[n, k]VH
u,i[n, k]. (3.3)

If the transmission scheme is further restricted to semi-unitary precoding with equal-gain
transmission, it suffices to feed back the first `u[n, k] columns of Vu,i[n, k], corresponding
to the preferred transmission rank, to calculate the optimal semi-unitary precoder:

Fu,i[n, k] = Pi
`u[n, k] [Vu,i[n, k]]1:`u[n,k] . (3.4)
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Notice, that the mutual information is invariant with respect to right-multiplication of the
precoder with an arbitrary unitary matrix Q:

log2 det
(

IMu + 1
σ2
z,u

Hu,i[n, k]Fu,i[n, k] (Hu,i[n, k]Fu,i[n, k])H
)

=

log2 det
(

IMu + 1
σ2
z,u

Hu,i[n, k]Fu,i[n, k]Q (Hu,i[n, k]Fu,i[n, k]Q)H
)
. (3.5)

This establishes an equivalence relationship amongst precoders: Fu,i[n, k] ≡ Fu,i[n, k]Q
for all unitary Q. For semi-unitary precoding, this equivalence implies that any orthogonal
basis that spans the same subspace as span

(
[Vu,i[n, k]]1:`u[n,k]

)
is suitable for precoding.2

Such an orthogonal basis can be calculated from any Wu,i[n, k] ∈ CNi×`u[n,k] that satisfies:

span (Wu,i[n, k]) = span
(
[Vu,i[n, k]]1:`u[n,k]

)
. (3.6)

Correspondingly, subspace information is sufficient for semi-unitary precoding. Since sub-
spaces can be represented as points on a Grassmann manifold, Grassmannian quantization
has received significant attention by the scientific community.

Grassmannian CSI Feedback

Grassmannian CSI feedback is applicable to all transmit schemes that require information
about the transmit subspace, i.e., the space spanned by (a subset of) the columns of Vu,i[n, k].
As shown above, this includes semi-unitary precoding for single-user MIMO transmission,
but also multi-user and multi-cell interference-cancellation schemes, such as, ZF beamform-
ing [95], BD precoding [96] and interference alignment (IA) [97]. The common goal of such
interference-cancellation schemes is to steer the transmit signal of a UE into the null-space
of the channels of other UEs to avoid interference, requiring subspace information.

Performance: It has been shown for all of these interference-cancellation schemes that
the residual multi-user interference with imperfect (quantized) CSIT is proportional to
the Grassmannian chordal distance error [96–98]. Hence, minimizing the Grassmannian
chordal distance is commonly applied as the quantization metric. To achieve the full
multiplexing gain/degrees of freedom (DoF), the residual interference must scale inversely
proportional to the SNR, which implies that the CSI feedback overhead in [bits] must grow
logarithmically with the SNR. This is in contrast to single-user MIMO transmission, where
the full multiplexing gain can be achieved even with a fixed codebook size.

2Notice, this does not hold for non-semi-unitary precoding, i.e. if non-equal power allocation is applied.
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Quantization codebooks: Efficient memoryless Grassmannian quantization of isotropi-
cally distributed channel matrices requires quantization codebooks that resemble maximally
spaced subspace packings on the Grassmannian; hence, the same codebook constructions
as discussed in Section 3.3 for implicit codebook based semi-unitary precoding are ap-
plicable for explicit Grassmannian CSI feedback. Optimal codebook constructions for
non-isotropically distributed channels are not known.

Receive antenna combining: If the number of receive antennas Mu is larger than the
number of streams `u[n, k], the growth rate of the feedback overhead with the SNR, to
achieve the full multiplexing gain, can be substantially reduced by smart receive antenna
combining. In [99], the authors propose quantization based combining (QBC) for single-
stream transmission `u[n, k] = 1, which achieves the minimal feedback overhead growth
rate. I extend QBC in [100] to subspace quantization-based combining (SQBC), supporting
multi-stream transmission. Both QBC and SQBC achieve the optimal multiplexing gain with
minimal feedback overhead; however, at low SNR these receive antenna combiners exhibit a
performance gap of several [dB] with respect to maximum eigen-mode combining (MEC).
To alleviate this loss, I propose in [101] maximum expected achievable rate combining
(MERC), which obtains the same performance as SQBC at high SNR but without the
performance loss compared to MEC at low SNR.

Gramian CSI Feedback

Channel Gramian CSI feedback is applicable for all transmit schemes that require infor-
mation about the transmit-side eigen-structure of the channel; that is, the matrix of right
singular vectors and the corresponding singular values. Despite non-equal-gain single-user
MIMO precoding, I show in [78,102] that this includes SINR based multi-user and multi-cell
precoding schemes, such as, regularized block diagonalization (RBD) precoding [103] and
max-SINR IA [104], as well as, methods that are interference-leakage based, such as, signal
to leakage and noise ratio (SLNR) precoding [105] and the multicasting scheme presented
in [Article 11].

Performance: Currently, no theoretical performance results exist on Gramian based CSI
feedback. In [78, 102] and [Article 6], I provide simulation based performance comparisons
of Grassmannian and Gramian CSI feedback for BD and RBD. In Figure 3.2, I present
results from [Article 6], showing the relative throughput of BD and RBD precoding with
imperfect CSIT, with respect to RBD precoding with perfect CSIT. I consider a CSI
feedback overhead of 6 bits and 10 bits per transmission time interval (TTI). The results
show that the Gramian scheme performs better at low SNR, since it enables a more favorable

94



Mobile Wireless Communications for a Society in Motion

302520151050

100

90

80

70

60

50

40

30

SNR [dB]

R
el

at
iv

e 
su

m
 r

at
e 

[%
]

6 bit 

6 bit 

10 bit 

10 bit 

BD quantized CSIT
BD perfect CSIT

RBD quantized CSIT

Figure 3.2.: Throughput of BD and RBD precoding with imperfect CSIT relative to RBD precoding with perfect CSIT. The results are
taken from [Article 6] and are presented here in relative terms.

trade-off between the intended signal power and the residual interference. However, at high
SNR the Grassmannian scheme performs better, because it achieves a lower quantization
error for a given feedback overhead and thereby a lower residual multi-user interference.

Quantization codebooks: There exist two different possibilities for quantizing Gramian
CSI: 1) direct quantization of the channel Gramian, which corresponds to a point on the
positive semi-definite cone of fixed rank [106–108]; 2) separate quantization of the singular
values and the matrix of right singular vectors, which corresponds to a point on the compact
Stiefel manifold [78, 102]. The latter approach has two advantages: 1) it can employ exactly
the same codebooks as Grassmannian quantization; only the quantization metric is different,
see [Article 6]. This enables a seamless transition between Gramian and Grassmannian
feedback depending on the SNR as I discuss in [102]. 2) Low rate quantization of the
singular values is sufficient to still provide close-to-optimal performance, as I show in [78].
When applying separate quantization of the singular values and the singular vectors, this can
be exploited by optimizing the feedback bit allocation between both.

Differential and Predictive CSI Feedback

Until now I have discussed memoryless quantization approaches. Such approaches do not
account for the past when quantizing the current CSIT. Memoryless approaches exploit the
channel correlation in time or frequency only in so far as the quantization interval can be
adapted with respect to such correlation.
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Predictive approaches, contrarily, exploit the channel correlation directly, by quantizing a
residual with respect to a prediction, rather than the channel itself. Differential approaches
are a special case of predictive approaches, where the previously quantized CSI simply acts
as the prediction. Differential and predictive CSI feedback methods have been developed
for several manifolds, including the Grassmannian, see [109] and my work [110, 111], the
Stiefel manifold, see [Article 6], and the positive semi-definite cone [107]. In [Article 2],
I discuss a general framework and requirements of predictive quantization on manifolds.
Such approaches can provide significant performance gains over memoryless quantization,
provided the channel correlation is sufficiently high. Depending on the dimensions of the
involved manifold and the operating carrier frequency, gains are achieved in low to moderate
mobility scenarios (up to urban vehicular speed) [110, 111], [Article 6].

3.4.2. Parametric CSI Feedback

The basic idea of parametric CSI feedback approaches is to decompose the channel matrix
in a possibly over-complete basis3, commonly denoted as the dictionary D, which facilitates
a sparse approximation with a few dominant basis expansion terms:

Hu,i[n, k] =
S∑
s=1

c
(s)
u,i[n, k]D(s)

u,i[n, k] + R(S)
u,i [n, k]. (3.7)

Here, D(s)
u,i[n, k] ∈ D denotes the s-th selected entry/atom from the dictionary, c(s)

u,i[n, k] ∈
C is the expansion coefficient and R(S)

u,i [n, k] is the residual achieved with S expansion
terms. Given a dictionary, such a decomposition can be calculated, e.g. by applying the
orthogonal matching pursuit (OMP) algorithm [112]. Alternatively to decomposing the time-
variant channel transfer function Hu,i[n, k], it is also possible to apply a similar approach to
decompose the time-variant channel impulse response H̃u,i(t, τ), as discussed below.

Sparse channel decomposition: The goal is to obtain a good sparse approximation of
Hu,i[n, k] with a very small number S of expansion terms by means of a dictionary that
supports easy parametrization and therefore efficient CSI quantization/feedback. This can be
achieved if the channel matrix is compressible in the chosen dictionary [113], which basically
means that the magnitude of the expansion coefficients c(s)

u,i[n, k] decreases exponentially
with the index s.

Since the decomposition at the UE is calculated from the estimated channel Ĥu,i[n, k], it is
furthermore desired that the basis provides robustness with respect to channel estimation

3A basis of a vector space is said to be over-complete if it is complete even after the removal of a vector from
the basis.
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errors to achieve a denoising gain. Moreover, the decomposition should be relatively stable
over time and frequency, such that infrequent CSI feedback is sufficient.

Sparse channel decomposition is especially relevant for massive MIMO systems, to reduce
the number of parameters required for channel representation [114].

Spatially Correlated Channels

In [115–117], the authors consider spatially correlated massive MIMO systems with correla-
tion matrix:

CH = E
(
vec (Hu,i[n, k]) (vec (Hu,i[n, k]))H

)
. (3.8)

The authors propose to employ the unitary matrix ΞKLT derived from the Karhunen Loeve
transform (KLT) CH = ΞKLTΛΞH

KLT as dictionary for decomposition of the vectorized
channel vec (Hu,i[n, k]). The contributions demonstrate that the KLT dictionary achieves a
highly accurate CSI recovery with high compression ratios.

The KLT decomposition, however, requires knowledge of the spatial channel correlation
matrix, which may not be available in practice. As an alternative, the authors also investigate
application of the two dimensional (2D) discrete cosine transform (DCT), which is less
efficient yet signal independent.

Limited Scattering Environments

Sparsity of MIMO channels naturally arises in situations where the signal propagation
between the transmitter and the receiver is dominated by a relatively small number of
scattering components. Consider the finite-scatterer doubly-directional time-variant impulse
response of a MIMO system under the planar-wave narrowband array assumption [118,119]:

H̃u,i(t, τ) =
Lu,i∑
`=1

αu,i,`(t)fu,i(τ − τu,i,`(t))au(Ψu,`(t))ai(Ψi,`(t))T. (3.9)

Here, Lu,i denotes the number of multi-path components, and αu,i,`(t) ∈ C is the complex-
valued amplitude of the `-th path between transmitter i and receiver u. The corresponding
propagation delay is τu,i,`(t). The scalar function fu,i(τ) is the effective overall base band
impulse response of the transmit and receive filters. The two vectors au(Ψ) ∈ CMu×1,
ai(Ψ) ∈ CNi×1 denote the receive and transmit antenna array response vectors with respect
to a plane wave from direction Ψ = [φ, θ]T in azimuth φ and elevation θ.
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Figure 3.3.: Magnitude of the expansion coefficients as a function of the expansion coefficient index s, for different channel models and
parameters. The results are taken from [Article 7].

Angular channel decomposition: ProvidedLu,i is relatively small, a dictionary matched
to the compound antenna array response matrix Au,i(Ψu,Ψi) = au(Ψu)ai(Ψi)T with
varying Ψu, Ψi is suitable for a sparse decomposition of Equation (3.9) [120]. To enable
closely matching arbitrary signal angles Ψu,`(t), Ψi,`(t), the dictionary generally needs a
high angular resolution and is therefore highly over-complete. This can be problematic in
terms of the computational complexity of the applied compressed sensing (CS) algorithm
for channel decomposition.

In [121] and [Article 7], I show that such an angular decomposition can also be successfully
applied to the OFDM channel matrix Hu,i[n, k], provided the propagation is dominated by
a direct line of sight (LOS) path. In Figure 3.3, I show a result taken from [Article 7] to
demonstrate this capability. The figure exhibits the magnitude of the expansion coefficients
as a function of the expansion coefficient index s, for different channel parameters of the
3GPP 3D SCM [12] and the Quadriga channel model of the Heinrich Hertz Institute [122]. A
good compression with a small number of expansion terms is achieved in the LOS situations,
whereas in non line of sight (NLOS) a much larger number of expansion terms is required
for the same approximation quality.

An angular channel decomposition is especially suitable in the mmWave band. This is
because mmWave transmissions commonly rely on highly directive antennas to compensate
for the increased path-loss. Such antennas act as spatial filters and effectively reduce
the number of relevant multi-path components, as we demonstrate, e.g., in [80] through
measurements.
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3.5. Scientific Contributions and Publications

Calculation of CSI feedback was already the main topic of my PhD thesis [47]. My early
focus was on provisioning of standard-compliant implicit CSI feedback, as summarized
in [Conf 1], and focused later on predictive Grassmannian CSI feedback, to support effi-
cient multi-user MIMO transmission in mobile scenarios [110]. Following graduation, I
generalized these predictive schemes to general topological manifolds; see [Article 2] and
[Article 6]. Predictive quantization on manifolds is, however, computationally demanding;
the methods are therefore not well suited for massive MIMO implementations, due to the
high involved dimensionality. I therefore developed explicit CSI feedback algorithms that
are suitable for massive MIMO in [Article 7].

3.5.1. Selected Publications

The following publications within the broad field of CSI feedback contribute to this thesis:

[Conf. 1] S. Schwarz, C. Mehlführer, and M. Rupp, “Calculation of the spatial preprocessing
and link adaption feedback for 3GPP UMTS/LTE,” in Wireless Advanced (WiAD),
2010 6th Conference on, London, UK, June 2010, pp. 1–6

[Article 6] S. Schwarz and M. Rupp, “Predictive quantization on the Stiefel manifold,” IEEE
Signal Processing Letters, vol. 22, no. 2, pp. 234–238, 2015

[Article 7] S. Schwarz, “Robust full-dimension MIMO transmission based on limited feed-
back angular-domain CSIT,” EURASIP Journal on Wireless Communications and
Networking, vol. 2018, no. 1, pp. 1–20, Mar 2018

3.5.2. Summary of Scientific Contributions

The main scientific contributions of these publications are:

1. Development of efficient implicit CSI feedback algorithms that account for the realistic
performance of practical wireless communication systems in [Conf. 1].

2. Derivation of predictive CSI quantization methods for the Stiefel manifold, which
provide improved performance over Grassmannian quantization in the range of low to
moderate SNR in [Article 6].

3. Design of efficient and robust explicit CSI feedback schemes for FD-MIMO and mas-
sive MIMO systems, based on a sparse angular channel decomposition, in [Article 7].
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[Conf. 1] Calculation of the spatial preprocessing and link adaption feedback for
3GPP UMTS/LTE: In this paper, I develop efficient feedback algorithms for state-of-
the-art implicit CSI feedback. The methods are based on MIESM to accurately estimate
the performance of the considered BICM transceiver architecture, as e.g. implemented in
LTE. The algorithms employ instantaneous CSI at the receiver for feedback calculation
and are therefore sensitive to a delay in the feedback path in time-variant situations. I thus
consider several modifications in [Article 2] to achieve robustness with respect to channel
variations. In [126], we additionally propose modifications that improve the robustness of
the feedback methods for channels with large delay- and Doppler-spread, by accounting for
the corresponding ICI and ISI in the feedback calculation. Recently, our focused shifted
towards feedback overhead reduction by exploiting spatial channel correlation in densely
populated areas. In [127, 128], we propose a Gaussian-process regression based spatial CQI
interpolation method, which facilitates such a feedback overhead reduction.

[Article 6] Predictive quantization on the Stiefel manifold: In this article, I extend
my predictive quantization algorithm of [110] from the Grassmannian to the Stiefel man-
ifold. This method enables support of SINR and interference leakage based multi-user
and multi-cell transmission schemes with limited feedback. I show that RBD precoding
with Stiefel manifold feedback outperforms BD precoding with Grassmannian feedback
at low to moderate SNR. Moreover, the method enables a seamless transition between
Grassmannian and Stiefel manifold feedback as a function of the SNR, simply by replacing
manifold-specific formulas of the algorithm (e.g. for the calculation of geodesics and chordal
distances). Predictive quantization provides significant performance improvements at low to
moderate mobility; at high mobility, exhibiting little temporal correlation, the performance
falls back to memoryless quantization.

[Article 7] Robust full-dimension MIMO transmission based on limited feedback
angular-domain CSIT: In this journal paper, I propose an explicit algebraic CSI feedback
method for FD-MIMO systems, which is based on a sparse angular channel decomposition.
I develop the feedback method in unison with an interference leakage-based multi-user
precoding method, which is suitable for high mobility scenarios, as described in more detail
in Chapter 4. This combination enables robust multi-user operation of FD-MIMO systems
at high mobility. Moreover, the CSI feedback exhibits robustness with respect to imperfect
channel estimation at the UEs and provides a significant denoising gain, even at high channel
estimation errors. The leakage-based precoding method accounts for CSIT imperfections
due to quantization errors and movement of UEs, and thereby enhances the robustness of
the multi-user transmission.
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Abstract—This paper presents an efficient method for calculat-
ing the Precoding Matrix Indicator (PMI), Rank Indicator (RI)
and Channel Quality Indicator (CQI) at a Long Term Evolution
(LTE) User Equipment (UE). The indicators are required for
spatial preprocessing and link adaption in the downlink of a
3GPP UMTS/LTE system. To reduce the computational burden
for the UE, our method decomposes the problem into two
separate steps, one of jointly evaluating the PMI and RI based on
a mutual information metric and one of choosing the CQI value
to achieve a given target Block Error Ratio (BLER) constraint.
The performance of the method is evaluated utilizing an LTE
downlink physical layer simulator. The influence of estimated
channel knowledge on the feedback choice is investigated for
Least Squares (LS) and Linear Minimum Mean Squared Error
(LMMSE) channel estimators.

Index Terms—LTE, MIMO, Precoding, Link-Adaption

I. INTRODUCTION

In 3GPP’s future mobile communication system UMTS

Long Term Evolution (LTE) [1] the feedback for channel

adaption comprises three values (Channel Quality Indicator

(CQI), Rank Indicator (RI), Precoding Matrix Indicator (PMI))

in the so-called closed-loop spatial multiplexing transmission

mode [2]. By the CQI the transmitter selects one of 15 mod-

ulation alphabet and code rate combinations for transmission.

The RI informs the transmitter about the number of useful

spatial transmission layers for the current MIMO channel

(which is not more than four in the current standard), and

the PMI signals the codebook index of the prefered precoding

matrix [3]. Finding a jointly optimal solution for these three

values will in many cases not be feasible due to feedback

delay constraints and limited signal processing hardware. It is

therefore necessary to reduce computational complexity, which

we achieve by separating the overall optimization process into

several steps of finding local independent optima for the three

values, thereby sacrificing overall optimality.

LTE is an Orthogonal Frequency Division Multiple Access

(OFDMA) system with a system bandwidth of up to 20 MHz

(1200 subcarriers). The time schedule for User Equipment

(UE) feedback is given by the duration of one subframe

(1 ms). The time-frequency grid spanned by the subcarriers

and temporal samples within such a subframe is divided into

several Resource Blocks (RBs) consisting of 12 subcarriers

and 6 temporal samples each. Depending on the mode of

operation the feedback granularity ranges from one PMI and

CQI value per Resource Block (RB) up to just one value

for the full system bandwidth [2]. The optimal feedback

values will depend on the subcarrier and time instant, which

necessitates some kind of majority decision.

In [4] we already introduced a PMI feedback scheme that

is based on maximizing the sum mutual information over

subcarriers. This method will be specialized and optimized

here for linear receivers and will be used to jointly evaluate

the optimal RI and PMI value in Section III.

The CQI value is chosen to achieve a given Block Error

Ratio (BLER) target (BLER ≤ 0.1, a typical operating point

for mobile communication systems). This choice is based on a

mapping between post equalization Singal to Interference and

Noise Ratio (SINR) and CQI for a Single Input Single Output

(SISO) AWGN channel, which is evaluated by simulations. It

is therefore necessary to map the SINR experienced on every

fading subcarrier to an equivalent AWGN channel Signal to

Noise Ratio (SNR), a method that is already well known from

link level abstraction e.g. [5], [6], [7]. For this purpose we

apply Mutual Information Effective SINR Mapping (MIESM)

as well as Exponential Effective SINR Mapping (EESM) in

Section IV. The system model is introduced in Section II and

simulation results for the full feedback scheme and different

antenna configurations are presented in Section V. In Section

VI we analyze the algorithm and show where it gains in

complexity compared to jointly optimizing RI, PMI and CQI.

We suggest some additional modifications to further reduce

the computational effort.

II. SYSTEM MODEL

LTE converts a frequency selective channel into a number of

narrowband frequency flat channels, by adopting OFDM. The

input-output relation on subcarrier k, assuming MR receive

and NT transmit antennas, at sampling time instant n is given

by

yk,n = Hk,nWixk,n + nk,n, k ∈ 1, ...K, n ∈ 1, ...N. (1)

yk,n ∈ C
MR×1 is the received symbol vector, Hk,n ∈ C

MR×NT

is the channel matrix experienced on subcarrier k at time

instant n, xk,n ∈ AL×1 is the transmit symbol vector with A
being the utilized symbol alphabet and nk,n ∼ CN (0, σ2

n ·I) is

white, complex-valued Gaussian noise with variance σ2

n. The

channel matrix and noise variance are assumed to be known

by the receiver. The dimension of the transmit symbol vector

978-1-4244-7071-6/10/$26.00 2010 IEEE Crown©



depends on the number of useful spatial transmission layers

L.

Spatial preprocessing is carried out with the precoding

matrix Wi ∈ W . Here i denotes the index within the codebook

of precoding matrices W , defined in [3]. Depending on the

feedback granularity, the precoder Wi will be either constant

over only one RB or over the total system bandwidth and

subframe duration.

The received symbol vector yk,n is filtered by a linear

equalizer given by a matrix Fk,n ∈ C
L×MR . The output of

this filter is the post-equalization symbol vector rk,n

rk,n = Fk,nyk,n = Fk,nHk,nWi
︸ ︷︷ ︸

Kk,n∈CL×L

xk,n + Fk,nnk,n. (2)

The linear receiver is typically chosen according to a zero

forcing or minimum mean square error design criterion [8].

The input signal vector is normalized to unit power.

III. PMI AND RI FEEDBACK

We have already presented the calculation of the PMI in

[4], but we will specialize results here for linear receivers and

also extend the idea to allow for the evaluation of the RI as

well.

The basic idea is to choose the precoder that maximizes

the mutual information for a specific subcarrier- (1 . . . K)

and temporal-range (1 . . . N ) of interest (which is at least a

single RB and can be up to the full system bandwidth and

subframe duration). Denoting Ik,n the mutual information of

the resource element (k, n) we obtain

Wj = arg max
Wi∈W

K∑

k=1

N∑

n=1

Ik,n(Wi). (3)

In [4] we have considered the pre-equalization mutual infor-

mation for this choice, which achieves optimal results for

maximum likelihood receivers, but not for linear ones in

combination with MIMO systems (for interference free MISO

systems linear receivers are optimal as well). Therefore we

will now use the post-equalization mutual information which

is given in terms of the post-equalization SINRk,n,l as

Ik,n =

L∑

l=1

log
2
(1 + SINRk,n,l) (4)

in bits per channel use, with L denoting the number of spatial

transmission layers.

The post-equalization SINR on layer l equals

SINRk,n,l =
|Kk,n(l, l)|

2

∑

i6=l |Kk,n(l, i)|2 + σ2
n

∑

i Fk,n(l, i)
, (5)

where Kk,n(l, i) refers to the element in the lth row and ith

column of matrix Kk,n (see Equation (2)). The first term in the

denominator corresponds to inter stream interference and the

second term to noise enhancement. This expression assumes

perfect channel knowledge and no inter cell interference.

Of course such impairments can also be considered in the

expression. For example, including a channel estimator in the

system will just increase the effective noise variance by the

mean square error of the channel estimator MSEk,n

SINRk,n,l =
|Kk,n(l, l)|

2

∑

i6=l |Kk,n(l, i)|2 + σ̃2
n

∑

i Fk,n(l, i)
(6)

σ̃2

n = σ2

n + MSEk,n. (7)

Simulation results in [4] have shown that it suffices to

calculate the mutual information (4) just for a single channel

matrix value per RB to come up with the optimal PMI. This

approach is also adopted here. The single channel value can

be obtained by averaging the channel over the correspond-

ing Resource Elements (REs). This considerably reduces the

computational complexity of the feedback calculation, but as

Section V shows, it also entails a rate loss.

The feedback strategy for the PMI and RI values involves

two steps (assuming different PMIs on every RB):

1) Calculate the post-equalization mutual information (4) for

all possible precoders from WL and spatial layer numbers

L = 1 . . .min(MR, NT ) for all resource blocks.

2) Find the combination of layer number and precoders that

maximizes the sum mutual information over all resource

blocks. The RI is given by this layer number and the

PMIs by the codebook indices of the precoders. Of

course a layer number L can only be combined with the

corresponding precoders from WL.

IV. CQI FEEDBACK

LTE uses the same modulation order and code rate (corre-

sponding to a CQI value) for all resources allocated to a UE.

Nevertheless, RB dependent CQI feedback is supported to give

the scheduler the opportunity to schedule users on favourable

resources. There are transmission modes defined in [3] that

allow for independent codewords per spatial layer, but also

for a single codeword for several layers. All these possibilities

must be captured by a reasonable feedback strategy.

Our feedback strategy is based on averaging the post-

equalization SINR over all resources of interest. This can

include SINRs corresponding to single or multiple RBs per

layer but also to RBs of different layers. Effective SINR

Mapping (ESM) methods map several SINR values to an

equivalent SNR value of a SISO AWGN channel (see [5], [6],

[7] for details). This equivalent AWGN channel has similar

BLER performance as the original OFDM system. In our

work we have considered the EESM and MIESM methods.

Mathematically the mapping is given by

SNReff = βf−1

(

1

R

R∑

r=1

f

(
SINRr

β

))

, (8)

where R corresponds to the number of resources of interest.

For EESM the function f corresponds to an exponential, for

MIESM it is given by the Bit Interleaved Coded Modulation

(BICM) capacity [9]. Both methods require the calibration of

the CQI dependent β value that adjusts the mapping to the

different code rates and modulation alphabets. The goal of



the calibration is to obtain a close match between the BLER

of the equivalent AWGN channel and the BLER¸ of the real

fading channel. This calibration was carried out according to

a relatively low complex procedure explained in [10]. The β

values obtained for EESM and MIESM can be found in our

LTE physical layer simulator that can be downloaded at [11].

The mapping from SNReff to a corresponding CQI value

is carried out such that a BLER lower than 0.1 is achieved.

For this purpose SISO AWGN simulations have been carried

out for each CQI value that delivered this mapping, which

turned out to be a linear function (see [12] for details on the

procedure).

The CQI feedback value is the highest possible value (which

delivers the highest throughput) with BLER ≤ 0.1 for the

equivalent SISO AWGN channel.

The described method was also compared to another possi-

bility that jointly chooses RI and CQI to maximize the number

of transmitted bits. Both methods have shown equivalent

performance in all test cases investigated, but the described

method has lower complexity as the ESM SINR averaging

only has to be performed once.

V. SIMULATION RESULTS

This section presents simulation results obtained with a

standard compliant LTE physical layer simulator [13]. Sim-

ulations are carried out for a 2× 1, 2× 2 and 4× 2 antenna

system. A block fading channel model is assumed; that is, the

channel is constant during one subframe duration and is fading

independently between subframes. The feedback is sent to the

transmitter with a delay of 0, meaning that the feedback values

are calculated before the actual transmission. Antennas are

assumed to be spatially uncorrelated. Simulations are carried

out with a single UE occupying the full system bandwidth.

As mentioned in Section III the channel is averaged over one

RB before calculating the SINRs according to (5). The main

simulation parameters are summarized in Table I.

TABLE I
SIMULATION PARAMETERS

Parameter Value

System bandwidth 1.4 MHz

Number of subcarriers K 72

Feedback delay 0 TTI

Channel Model ITU-T VehA [14]

Antenna configurations 2 transmit, 1 receive (2× 1)

2 transmit, 2 receive (2× 2)

4 transmit, 2 receive (4× 2)

Receiver Zero Forcing ZF

Feedback granularity full bandwidth

Channel estimator perfect channel knowledge

A. Antenna Configuration: 2× 1

We first consider the 2× 1 antenna configuration. As there

is no source of interference in a single cell 2× 1 system, the

zero forcing receiver is equivalent to the Maximum Likelihood

(ML) receiver. The feedback values, calculated according to

Sections III and IV, are directly applied at the transmitter.
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Fig. 1. Throughput over symbol energy to noise power spectral density for
a 2× 1 VehA channel.

Just a single PMI and CQI value is used for the full system

bandwidth. The RI is equal to one.

Figure 1 shows simulated throughput versus transmit en-

ergy to noise power spectral density (SNR) obtained for this

setup. For every SNR value 5000 channel realizations were

simulated. The blue line with plus markers corresponds to

an ideal choice of PMI and CQI that maximizes throughput.

This choice is obtained by simulating every channel and noise

realization with all possible combinations of PMI and CQI

values and storing the result of the best combination. The

red diamond marked and green cross marked lines correspond

to the proposed feedback scheme, when applying MIESM or

EESM for SINR averaging. There is virtually no difference

between the two methods if they are well calibrated. The

black lines show the throughput for fixed CQI values using

just PMI feedback. The line with the smallest throughput at

30 dB corresponds to CQI 1 (4 QAM, code rate ∼ 0.076),

and the one with largest throughput to CQI 15 (64 QAM,

code rate ∼ 0.925). Adapting the CQI value to the current

channel conditions brings a large gain of about 4− 5 dB. Our

proposed feedback method looses about 0.5− 1 dB compared

to the optimal choice.

Figure 2 shows the BLER obtained during the same simula-

tion. As can be seen, the BLER target is achieved if the SNR

is larger than approximately −5 dB. Below that value even

a CQI value of 1 delivers a higher BLER. From 0 dB SNR

upwards, the BLER fluctuates around 0.01. This is because

in every subframe the CQI is adjusted to achieve BLER

≤ 0.1. Because the SNR range that is mapped to a certain

CQI value has a width of approximately 2 dB (see [12]),

in most cases the BLER is well below 0.1. The figure also

shows the 95% confidence intervals for the MIESM simulation

(similar for EESM). The slight tedency to increasing BLER

with increasing SNR is caused by the calibration of MIESM

or by the choice of the SNR-CQI mapping intervals.

In the next step a channel estimator is included in the



−10 −5 0 5 10 15 20 25 30
10

−3

10
−2

10
−1

10
0

Es

N0

[dB]

B
L

E
R

 

 

EESM feedback
MIESM feedback
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Fig. 3. Throughput over symbol energy to noise power spectral density for
a 2× 1 VehA channel with perfect and estimated channel knowledge.

system. For this purpose Least Squares (LS) [15] and Lin-

ear Minimum Mean Squared Error (LMMSE) [16] channel

estimators are employed. Figure 3 compares the throughput

curves obtained in this case with the ones with perfect channel

knowledge for the LS channel estimator. The channel esti-

mation error is incorporated into the post-equalization SINR

expression as in (6). Due to the noise enhancement caused

by the channel estimator there is a performance loss of about

1 − 1.5 dB for the optimal choice of the feedback values as

well as our proposed feedback strategy (compare the lines

with cross and diamond markers and the ones with circle

and plus markers). The magenta circle marked line shows the

behaviour if the channel estimation MSE is not considered in

the feedback calculation. The performance drops because the

effective channel and therefore the CQI value is overestimated.

Also the BLER can not be kept below 0.1 in this case.

When employing the LMMSE channel estimator, the
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Fig. 4. Throughput over symbol energy to noise power spectral density for
a 2× 1 VehA channel with perfect and estimated channel knowledge.

throughput degradation is much less severe as Figure 4 shows.

There is almost no difference between the optimal choice

lines employing estimated or perfect channel knowledge. The

feedback method looses about 0.5− 1 dB with knowlegdge of

the channel estimation error and 0.5− 2 dB without.

B. Antenna Configuration: 2× 2

Next a 2×2 system is investigated. In this case also RI feed-

back is supported and the number of spatial layers is adapted

according to the feedack. Figure 5 shows the simulation results

obtained for this case. The green line with plus markers uses

all feedback capabilities (PMI, RI and CQI). For this result

the channel is averaged over an RB before calculating SINR

values. The red line with circle markers shows the performance

of the proposed full feedback scheme if the channel is not

averaged over an RB, but individual SINRs are calculated for

every Resource Element (RE). At high SNR values ∼ 30 dB

this method delivers a performance gain of almost 2 dB and

should therefore be considered whenever complexity is not

an issue (in the 2 × 1 case no gain was observed). The

optimal performance, obtained by exhausitive search, is shown

in blue with cross markers. Our feedback method looses about

0.5 − 1 dB in SNR if channel averaging is not applied. The

black line with diamond markers employs PMI and CQI

feedback but fixes the number of spatial streams to RI = 2
while the magenta square marked line fixed it to RI = 1.

A spatial stream number of two results in poor performance

at low SNR. At 1 Mbit/s throughput the dual stream mode

looses about 4 dB compared to the stream adaptive mode and

also the single stream mode. In this regime the performance

is therefore dominated by single stream operation. This shows

that it is beneficial to exploit diversity and array gain instead

of multiplexing gain at low SNR.

In Figure 6 the BLERs corresponding to the throughput

curves in Figure 5 are depicted. If all feedback values are

adapted or if RI is fixed to one the BLER meets the target
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Fig. 5. Throughput over symbol energy to noise power spectral density for
a 2× 2 VehA channel.
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Fig. 6. BLER over symbol energy to noise power spectral density for a 2×2

VehA channel.

(BLER ≤ 0.1) already for SNR ≥ −8 dB, while it requires

more than 2 dB of SNR if the stream number is fixed to two.

As soon as dual stream transmission becomes more dominant

(at approximately 7 dB SNR) the BLER increases, but still

meets the target (green plus marked line). The figure shows

that the BLER when employing no channel averaging (red

circle marked line) starts decreasing at approximately 25 dB

while this happens only at 35 dB (green plus marked line)

when the channel is being averaged. It is also this regime in

which the throughput degradation of channel averaging occurs.

C. Antenna Configuration: 4× 2

In the previous configurations with two transmit antennas,

the number of possible precoders according to the standard

[3] is small. For two transmit antennas there are just four

precoders for single layer transmission and two precoders

for dual layer transmission. With four transmit antennas, the

amount of precoders grows to sixteen for every layer number,
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Fig. 7. Throughput over symbol energy to noise power spectral density for
a 4× 2 VehA channel.

which makes the choice more complex. Nonetheless, our

feedback method works well as Figure 7 shows. Channel

averaging is applied in the feedback calculation procedure.

The loss in SNR compared to the optimal choice is similar to

the 2 × 2 case and is approximately 0 − 1.5 dB depending

on the throughput. Again, at low SNR the transmission is

dominated by single stream operation and at ∼ 7 dB, dual

stream operation outperforms single stream operation. The

BLER performance is similar as in the 2 × 2 configuration.

Comparing the throughput performance of the 2×2 and 4×2
configurations shows that the 4×2 system gains approximately

3 dB SNR at 3 Mbit/s throughput. In saturation at 30 dB SNR

the throughput of the 4 × 2 system is less because there are

more reference symbols due to the larger amount of transmit

antennas.

VI. COMPUTATIONAL COMPLEXITY GAINS

The complete feedback algorithm consists of the following

steps:

1) Computation of the post-equalization SINRs and mutual

informations for all rank and precoding matrix combina-

tions and all RBs using (4), (5) (up to 32 combinations

for 4× 2).

2) Choice of the rank and precoding matrix combination that

maximizes the sum mutual information (3).

3) Calculation of the effective SNR using ESM (8) and

mapping to a corresponding CQI value.

The first step has considerable computational complexity, as

it requires computing the receive filter for all precoders and

ranks. Complexity is reduced here, by not considering every

subcarrier and temporal sample on its own, but just a single

value per RB. This reduces the amount of computations by

a factor of 72. For channels with low delay spread, this

amount can be even further reduced without degrading the

performance (cf. [4]). The complexity of the second step

is negligible. The third step requires SNR averaging for all
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Fig. 8. Throughput over symbol energy to noise power spectral density for
a 2× 2 VehA channel.

possible CQI values (15 in our case), which is also complex.

A feedback method that jointly optimizes RI, PMI and CQI

would need to repeat this task for all rank and precoder

combinations. Therefore, by choosing RI and PMI separately

from CQI, we gain here up to a factor of 32 in complexity,

depending on the antenna configuration.

A further reduction of computational complexity is possible

by choosing PMI and RI from the theoretical capacity given

by

Ik,n = log
2
det

(

IL +
1

σ2
n

WH
i HH

k,nHk,nWi

)

. (9)

In [4] we show that this entails an SNR loss of 0 − 1.5 dB

for the PMI choice depending on the antenna configuration.

The receive filter then only needs to be calculated for the

chosen combination of PMI and RI to find the appropriate

CQI. Figure 8 compares the performance of this method with

the previous one for a 2× 2 channel. At low SNR (∼ −5 dB)

both methods transmit in single stream mode and choose the

same precoder. But at around 5 dB the theoretical capacity

is a too optimistic estimate for the performance of the zero

forcing receiver. The feedback method switches to rank 2,

which would deliver better performance with an ML receiver,

but not with the linear receiver. Nevertheless the choice of

the precoder is almost perfect (∼ 0.1 dB loss due to wrong

precoder choice). In a 2 × 1 system both methods perform

similar, because the linear receiver obtains ML performance.

VII. CONCLUSION

In this paper we present a suboptimal, reduced complexity

PMI, RI and CQI feedback method for 3GPP UMTS/LTE.

These feedback values are used for spatial preprocessing and

link adaption at the transmitter (eNodeB). We show that our

method performs close to optimal (in terms of throughput)

for different antenna configurations and that the imposed

BLER target is met. We also investigate the influence of

channel estimation errors on our method and see that the

performance is similar if the estimation error is included in the

feedback calculation. Neglecting the channel estimation error

deterioriates the performance of the method considerably.
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Predictive Quantization on the Stiefel Manifold
Stefan Schwarz, Member, IEEE, and Markus Rupp, Senior Member, IEEE

Abstract—In this letter, we consider time-varying com-
plex-valued matrices ( ) and propose
a predictive quantizer for the eigenvectors of the Gramian

, which operates on the associated compact Stiefel
manifold. The proposed quantizer exploits the temporal correla-
tion of the source signal to provide high-fidelity representations
with significantly reduced quantization codebook size compared
to memoryless schemes. We apply the quantizer to channel state
information quantization for limited feedback based multi-user
MIMO, employing regularized block-diagonalization precoding.
We demonstrate significant rate gains compared to block-diago-
nalization precoding using Grassmannian predictive feedback.

Index Terms—Adaptive quantization, Grassmann manifold,
limited feedback, multi-user MIMO, Stiefel manifold.

I. INTRODUCTION

I N multiple-input multiple-output (MIMO) wireless com-
munications, the Grassmann manifold plays a central role

in providing channel state information (CSI) to the transmitter
over limited capacity feedback links [1]. The importance of the
Grassmannian is justified by the fact that subspace information
at the transmitter is sufficient for attaining the maximum de-
grees of freedom (DoF) of single-user MIMO systems with less
receive antennas than transmit antennas [2], as well as that of
multi-user MIMO broadcast channels [3]–[5] and MIMO inter-
ference channels [6]–[8]. DoF optimal strategies that are based
on subspace information only, such as, block-diagonalization
(BD) precoding [9] and interference-alignment (IA) [10], [11],
however, often suffer a substantial signal to noise ratio (SNR)
loss with respect to channel capacity, especially in case of spa-
tially correlated channels [12]–[15]. In the low to intermediate
SNR regime, significant throughput gains are possible using
precoding methods that account for the SNR experienced on
the individual channel eigenmodes, e.g., singular value decom-
position (SVD) based precoding along with water-filling power
allocation for single-user MIMO [16], regularized block-diago-
nalization (RBD) precoding for multi-user MIMO [17] and the
max-SINR algorithm for IA [18]. To apply such methods, how-
ever, subspace information is not sufficient anymore; the trans-
mitter rather requires knowledge of the directions and the mag-
nitudes of the channel eigenmodes, i.e., the eigenvectors and
eigenvalues of the channel Gramian.
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There are basically two possibilities to provide this infor-
mation to the transmitter by means of limited feedback: either
quantizing the channel Gram/covariance matrix and applying an
eigendecomposition at the transmitter to determine the eigen-
modes [19]–[21], or directly quantizing the eigenmodes [22].
While the work in [19] considers independent quantization of
the individual entries of the Gramian, the authors of [20] ex-
ploit the geometry of the convex cone of positive definite Gram
matrices to enable differential quantization, thereby improving
the quantization accuracy for temporally correlated channels.
In this letter, we propose to independently quantize the mag-

nitudes and the directions of the eigenmodes, providing the pos-
sibility to vary the feedback bit-allocation between these two.
This is an important feature for multi-user MIMO and IA, be-
cause direction information commonly must be provided with
very high accuracy to avoid multi-user interference, whereas
magnitude information only impacts the power allocation. In an
attempt similar to [20], we exploit the geometry of the quanti-
zation problem, in our case the Stiefel manifold [23], [24], to
enable efficient predictive quantization of the eigenvectors. The
algorithm reuses the basic principles of adaptive quantization
introduced with our predictive Grassmannian quantizer [25],
[26]. For magnitude-quantization, we employ a vector quantizer
that is optimized using Lloyd’s well known algorithm (k-means
clustering) [27]. In contrast to [20], our quantization scheme is
not restricted to positive definite matrices, but can also operate
with positive semi-definite Gramians, thus encompassing CSI
quantization for the multi-user MIMO broadcast channel with
less receive antennas per user than transmit antennas.

II. STIEFEL MANIFOLD GEOMETRY

The compact Stiefel manifold over the complex
numbers represents the set of all ordered orthonormal Par-
seval frames in the vector space ( ):

(1)

Here, denotes conjugate-transposition. To each point
, a linear vector space of tangents is associated

[28], which is defined by:

(2)

For every there exists a geodesic satis-
fying:

(3)

Varying from 0 to 1, the geodesic traces the shortest path
on the manifold between ; it extends the
concept of a straight line from the Euclidean space to curved
spaces. Given and the tangent , the exponential map returns
the corresponding geodesic endpoint [23]. Con-
versely, given two points , the logarithmic
map returns the associated tangent specifying the
geodesic. The Grassmannian quantizers in [26], [29] employ the

1070-9908 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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geodesic for prediction. This approach, however, does not ap-
pear feasible for the Stiefel manifold, because the calculation of
the required logarithmic map is computationally hard [30].
To circumvent this complexity issue, alternative retraction

and lifting pairs between themanifold and its tangent space have
been proposed in the literature in the context of arithmetic av-
eraging over the compact Stiefel manifold [31]. We denote the
lifting of to the tangent space as:

(4)

The retraction of onto the manifold we write as:

(5)

While the curve on the manifold defined by
[0,1] still satisfies Eq. (3), it is in general

not a valid geodesic, i.e., it does not trace the shortest path
between and . A compatible retraction/lifting pair
fulfills the following condition in a certain neighborhood

of :

(6)

Instead of a compatible retraction/lifting pair, however, we
apply the mixed polar-decomposition retraction and ortho-
graphic lifting pair proposed in [32] in our simulations to
reduce computational complexity, although this pair causes
minor discrepancy when evaluating Eq. (6); see [32] for details.

III. PREDICTIVE QUANTIZATION

We consider a stationary stochastic process of matrices
, with being the time index. We denote the

auto-correlation function of the stochastic process as:

(7)

In our simulations in Section V, we generate the wireless
channel matrices under the assumption that the auto-correlation
at lag follows a Kronecker correlation model [33]:

(8)

The auto-correlation between matrices with lag is deter-
mined by Clarke’s model [34]:

(9)

where denotes the temporal sampling rate, is the max-
imum channel Doppler frequency, denotes the normalized
Doppler frequency and is the zeroth order Bessel function
of the first kind. We employ the wireless channel model pro-
posed in [35], which is based on Jakes’ sum-of-sinusoids ap-
proach [36], to obtain realistic channel realizations.
From we derive the stochastic process on the

Stiefel manifold by applying a compact-size SVD:

(10)

with denoting the matrix of left singular vectors, which is
equal to the eigenvector matrix of the Gramian .
In order to quantize , the quantizer employs the adaptive

quantization codebook :

(11)

with denoting the number of bits used for representation. The
quantized point on the Stiefel manifold is obtained by mini-
mizing the metric defined in (13):

(12)

To conserve the individual directions of the eigenvectors, we
consider the sum of one-dimensional Grassmannian subspace
chordal distances [23] as quantization metric:

(13)

with being the th columns of and , respectively.
The basic idea of the proposed predictive quantizer is, in line

with [25], to predict the point based on past observa-
tions . Then, a local code-
book is generated around the prediction to cover a cer-
tain volume on the Stiefel manifold, whose size is adaptively
adjusted to match the variance of the prediction error.
To obtain the prediction , we modify the proposal in

[37] to be applicable to the Stiefel manifold. The first step is to
determine the center of on the Stiefel manifold. This can
be accomplished with the iterative arithmetic averaging algo-
rithm of [31]. Specifically, given an estimate of the center,
with denoting the iteration index, the averaging algorithm de-
termines the tangents

and estimates the new center as:

(14)

The algorithm stops at iteration when the variation of the
center is sufficiently small. As initial estimate of the center we
employ . Notice that a proof of conver-
gence of this averaging method has not been carried out in [31].
Extensive simulations in [31], however, indicate steady conver-
gence even for relatively large-size problems. Still, we employ a
maximum number of 50 iterations in our simulations after which
we latest stop the fixed-point iteration.
We then apply a linear regression to the tangents :

(15)

(16)

Based on this regression, we calculate the prediction as:

(17)

The construction of the quantization codebook around
follows the same adaptive principle as introduced in [25].

At each time instant , the quantization codebook is made up of
two partial codebooks , with
covering a larger volume around than :

(18)
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(19)

(20)

(21)

where denotes the matrix exponential. The base code-
book ideally consists of isotropically distributed matrices
in ; in our simulations, we employ randomly generated
matrices with independent and identically distributed (iid)
Gaussian elements of unit variance. The parameters
control the spread of the codebook around the center [31]
and are adapted over time to track the optimal size of the
volume covered by the quantization codebook:

(22)

with denoting the volume growth rate. The update of the
codebook scale parameter follows the rule:

(23)

with ; see [25] for more details. Notice that all steps of
the codebook construction are based on quantized values only
and can hence be reproduced at the decoder.

IV. LIMITED FEEDBACK BASED MULTI-USER MIMO

We consider a single transmitter that is equipped with an-
tennas and transmits data to users, each having re-
ceive antennas. The input-output relationship of user is:

(24)

with being user ‘s intended signal,
denoting the precoding matrix and representing
the MIMO channel matrix. The additive receiver noise is
iid complex Gaussian distributed: . The
transmit signals are normalized as . We assume
the total transmit power to be equal to one, and employ the def-
inition . The power allocation among users and spa-
tial streams is determined by the precoders. We denote the com-
pact SVD of the channel matrix as .
We compare two different DoF optimal transmit strategies,

that is, BD and RBD precoding [9], [17]. BD precoding cal-
culates the precoders such that the multi-user interference is
eliminated, without taking the received power of the intended
signal into account. For this the transmitter requires knowl-
edge of the -dimensional subspaces spanned by ,
which can be signaled efficiently using Grassmannian feed-
back [4]. With quantized CSI at the transmitter (CSIT), the
residual multi-user interference depends on the quantization
error [4], [5], where denotes the quantized
orthonormal basis representing the -dimensional channel
subspace.
RBD precoding, on the other hand, optimally trades-off

multi-user interference for received signal power in a
mean-squared error (MSE) sense and applies water-filling
power allocation to maximize the achievable transmission rate

Fig. 1. Example of the temporal progress of the Grassmann and Stiefel mani-
fold channel variation and the Stiefel manifold quantization error.

[17]. The calculation of the precoders in this case, however,
requires knowledge of the directions and the magnitudes of
the channel eigenmodes [38], i.e, the orthonormal matrix
and the positive singular values ; here

stacks the diagonal elements of in a column vector.
We independently quantize this information employing the
proposed Stiefel manifold quantizer and a Lloyd optimized
vector quantizer for the vector [27]. We evaluate
the performance of the multi-user MIMO transmission in terms
of the achievable sum rate:

(25)

(26)

V. SIMULATIONS

In this section, we first evaluate the quantization MSE of the
proposed predictive quantizer, and then apply the method for
channel state information quantization to support limited feed-
back based multi-user MIMO. The Matlab code for reproduc-
tion of the presented results is available at [39].
We first investigate the convergence behavior of the algo-

rithm for quantization on with a codebook of size
bits. The channel matrices are generated as described in

Section III, assuming and .
Fig. 1 shows an example of the instantaneous quantization
error of the predictive algorithm in comparison to the temporal
channel variation on the Stiefel and Grassmann manifold, i.e.,

and , respectively.
Notice that by definition the channel variation on the Stiefel
manifold is lower bounded by the variation on the Grassman-
nian; see Eq. (13). In the example, the algorithm converges
within approximately 25 time instants. We observe that the
variation of the eigenvectors over time, ,
is higher than the variation of the subspace spanned by these
eigenvectors, . Specifically, at time instant
260, a significant change of the eigenvectors occurs although
the subspace itself hardly varies. One may think that this is an
artifact caused by a change of the order of the columns of
as output by the SVD, e.g., the first column at time
evolves to the second column at time . This, however, is
not the reason; we have corrected for changes in the SVD



SCHWARZ AND RUPP: PREDICTIVE QUANTIZATION ON THE STIEFEL MANIFOLD 237

Fig. 2. MSE of the manifold distance achieved with differential and predictive quantization in dependence of the temporal channel variability and the spatial
channel correlation (left: uncorrelated, right: strongly correlated). Also shown is the manifold temporal channel variation between consecutive time instants.

Fig. 3. Achievable sum rate obtained with BD and Grassmannian CSI quantization, as well as RBD and Stiefel manifold CSI quantization in dependence of the
SNR. The left and right plots correspond to uncorrelated and strongly correlated receive antennas, respectively.

output-order. Such situations are detrimental to the perfor-
mance, causing a fidelity degradation of predictive quantization
on the Stiefel manifold compared to the Grassmannian.
This is visualized in Fig. 2, where we contrast the average

quantization error of the proposed Stiefel manifold quantizer
in terms of Eq. (13), with the Grassmannian error
achieved by [26]. The figure also shows the performance of dif-
ferential quantization, applying , as well
as the variation of the channel itself. The left plot corresponds
to the uncorrelated situation with , whereas in the
right plot we assume strongly correlated receive antennas, set-
ting the off-diagonal elements of equal to 0.9. We observe
that the slope of the quantization error achieved with the Stiefel
manifold quantizer is worse than the slope of the Grassmannian
quantizer, due to such situations as the one observed in Fig. 1.
With increasing receive-side correlation, however, the slopes
become more and more similar, because the temporal variation
of the individual directions of the eigenmodes within the sub-
space spanned by the channel matrix reduces. Also notice that
Grassmannian quantization is not influenced by .
Finally, we evaluate the achievable transmission rate of BD

and RBD precoding, employing limited feedback based on pre-
dictive Grassmannian and Stiefel manifold quantization, respec-
tively. The corresponding results are shown in Fig. 3 for a nor-
malized Doppler frequency of and uncorrelated (left-
hand side) as well as strongly correlated receive antennas (right-
hand side), employing 6 bits and 10 bits of feedback per channel
use. We assume perfect channel knowledge at the receiver; see
[40] for an investigation on the impact of the channel estimation
error for . For RBD precoding the singular values of
the channel matrix must be quantized in addition to the singular
vectors. At the considered Doppler frequency, however, this is

achieved with a minor additional feedback overhead of 4 bits
per 10 time instants without noticeable performance degrada-
tion. We observe in Fig. 3 that RBD precoding outperforms BD
precoding at low to intermediate SNR, because the water-filling
power allocation assigns power only to the strong eigenmodes
of the users’ channels. Conversely, at high SNR with quantized
CSIT, BD achieves a higher rate than RBD, because the residual
multi-user interference is smaller due to the improved perfor-
mance of the Grassmannian quantizer compared to the Stiefel
manifold quantizer. With increasing receive-side correlation,
the situation changes in favor of RBD, due to the increased sin-
gular value disparity with growing correlation [41] and due to
the improved performance of the Stiefel manifold quantizer.

VI. CONCLUSIONS

In this letter, we extend our previously published adaptive
Grassmannian quantizer [25], [26] to the Stiefel manifold,
utilizing recently proposed lifting and retraction pairs [31],
[32] for the tangent space associated with points on the Stiefel
manifold. We evaluate the performance of the proposed predic-
tive quantizer and demonstrate substantial MSE gains when the
temporal channel variation is sufficiently small. We apply the
quantizer to channel state information quantization for limited
feedback based multi-user MIMO transmission employing
RBD precoding, and observe significant gains in achievable
transmission rate at low to intermediate SNR compared to BD
precoding using Grassmannian feedback.
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Abstract

In this paper, we propose robust multi-user beamforming and precoding techniques for full-dimension MIMO
transmission based on limited feedback. We propose to employ an over-complete basis decomposition in the angular
domain to approximate the channel matrices as sums of few dominant specular components, facilitating efficient
channel state information (CSI) quantization at the users. The selected expansion vectors of such a sparse
approximation, parametrized by azimuth and elevation angles, are relatively robust with respect to channel
estimation errors as well as channel variations over time. Based on this CSI feedback, we propose incoherent
beamforming/precoding methods that make use only of the azimuth and elevation angles as well as the norm of the
expansion coefficients and do not rely on coherent multipath interference to eliminate inter-user interference. Our
optimization aims at maximizing the signal power or the achievable rate of a user, while limiting the amount of
interference leakage caused to other users. To further improve robustness, we account for uncertainty in the angular
channel decomposition in the proposed precoder optimization.

Keywords: Full-dimension MIMO, 3D beamforming, Robust precoding, Interference leakage, High mobility, Limited
feedback

1 Introduction
Full-dimension multiple-input multiple-output (FD-
MIMO) transmission refers to wireless transmission
systems that support two-dimensional antenna arrays
with a large number of antenna elements. This enables
high-resolution beamforming in both, the elevation and
the azimuth domain, in order to achieve space-division
multiple access gains through spatial separation of users,
as well as to enhance the energy efficiency of wireless
data transmission by concentrating the radiated energy
towards intended users [1–3]. The great potential of FD-
MIMO systems has been recognized by standardization
bodies, such as the third generation partnership project
(3GPP); correspondingly, development and standardiza-
tion efforts are ongoing within long-term evolution (LTE)
Release 14 and 5G new radio (NR) to further enhance

Correspondence: stefan.schwarz@nt.tuwien.ac.at
Christian Doppler Laboratory for Dependable Wireless Connectivity for the
Society in Motion, Institute of Telecommunications, Technische Universität
(TU) Wien, Vienna, Austria

the initial realization of FD-MIMO in Release 13. Cur-
rently, most implementation proposals of FD-MIMO
transceivers are based on hybrid architectures, where part
of the signal processing is performed in base band and
part in the analog radio frequency (RF) domain in order
to limit the number of required RF chains. This approach
is especially important in the millimeter wave band,
where hardware complexity is a limiting factor [4–8].
When designing hybrid precoding systems, several chal-
lenges need to be addressed [9–11]: the design freedom
of RF precoders is commonly restricted by hardware lim-
itations, such as discrete angular resolution and constant
modulus of the phase-shifting elements, as well as partial
connectivity of the phase-shift network to limit insertion
loss. An alternative to hybrid architectures, which poten-
tially provides even higher spectral and energy efficiency
in certain operating regimes, is to employ cheap low
(even single bit) resolution analog to digital (AD)/digital
to analog (DA) converters in FD-MIMO transceivers.

© The Author(s). 2018 Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
reproduction in any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons license, and indicate if changes were made.
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At the receive-side of most existing MIMO transceivers,
high-resolution AD converters are employed to minimize
the signal distortions introduced by the receiver. Such
high-resolution AD converters are, however, among
the most power hungry devices of the receiver chain.
This motivates the use of low-resolution energy effi-
cient AD converters in FD-MIMO systems to achieve
energy-efficient operation [12–15]. At the transmit side,
on the other hand, power expenditure is dominated by
power amplifiers, which are usually required to operate
within the high linearity regime to avoid signal distortion.
Employing low-resolution DA converters relaxes these
linearity requirements, allowing the amplifiers to operate
closer to saturation thereby increasing their efficiency
[16, 17].
In this work, our focus is on an enhancing the robust-

ness of downlink three-dimensional FD-MIMO point to
multi-point transmission with respect to imperfections of
the channel state information at the transmitter (CSIT),
especially due to high user mobility, without specifi-
cally addressing the restrictions of hybrid precoding or
low-resolution AD/DA implementations. InMIMO trans-
mission in general, and especially when consideringmulti-
point communication, CSIT is an essential ingredient.
CSIT for downlink transmission is commonly obtained
either from uplink measurements using dedicated uplink
pilot signals [18, 19] or from limited channel state infor-
mation (CSI) feedback from the users [20–22]. We con-
sider frequency division duplex (FDD) transmission in this
paper, where CSIT is provided via feedback from the users
over dedicated limited capacity feedback links. For this
purpose, the users have to quantize the required CSI uti-
lizing a proper quantization codebook. Two approaches
are most common in current mobile communication sys-
tems [23]: (1) Implicit CSI feedback, where the users select
preferred transmit beamformers/precoders from a prede-
fined codebook given the current channel conditions. This
has the advantage that the users can accurately estimate
the expected performance during transmission, provided
the channel conditions are quasi-static. (2) Explicit CSI
feedback, where the users directly quantize the MIMO
channel matrix. This approach is better suited for multi-
user MIMO transmission because it facilitates calculation
of efficient multi-user precoders at the transmitter on-
the-fly. Either way, providing CSI via limited feedback is
always prone to inaccuracies, on the one hand, caused by
the quantization process, which is inevitable due to the
limited capacity of the feedback links. On the other hand,
CSI inaccuracies also result from the delay of the feedback
path, leading to a mismatch of the CSI experienced during
the quantization phase and the CSI valid during trans-
mission. Several theoretical studies exist that evaluate the
performance degradation due to imperfect and outdated
CSIT for a variety of transmission scenarios [24–27].

Popular coherent multi-user beamforming/precoding
methods, such as zero forcing (ZF) beamforming [28],
block diagonalization (BD) precoding [29] and interfer-
ence alignment (IA) [30, 31], utilize the phase differ-
ence between the multipath components contributing to
the channel between the transmitter and the receiver to
achieve constructive/destructive signal interference. The
phases of multipath components, however, can change
very quickly over time, especially for mobile users, and
hence coherent beamforming/precoding methods react
very sensitive to non-static scenarios [32, 33]. The cor-
responding performance degradation can partly be mit-
igated by robust coherent beamforming/precoding tech-
niques that account for the CSIT imperfection. One
prominent example of robust beamforming techniques
is minimum variance robust adaptive beamforming [34],
which accounts for imperfections in the estimation of
signal covariance matrices. In [35], the authors achieve
robustness w.r.t. CSI quantization by utilizing multiple
receive antennas to improve system performance with-
out the need for full channel feedback information; this
idea is in essence similar to [36], where subspace-selection
strategies for CSI feedback are discussed that enable mit-
igating the impact of CSI quantization. In [37], robust
single-user MIMO precoding methods are proposed that
maximize the worst-case received signal-to-noise ratio or
minimize the worst-case error probability with imperfect
CSIT. Furthermore, hybrid transceiver architectures that
incorporate robustness against channel estimation errors
are proposed in [38].

Contribution In this paper, we take a different
approach to achieve robustness of multi-user beamform-
ing/precoding w.r.t. CSIT imperfections due to limited
feedback. Specifically, we employ an over-complete basis
decomposition of the MIMO channel matrix at each
receiver to obtain a sparse approximation of the CSI,
which can efficiently be quantized and fed back to the
transmitter. The over-complete basis decomposition is
based on an angular-domain quantization codebook (also
called dictionary following the nomenclature of sparse
approximation literature), which is parametrized by
azimuth and elevation signal departure angles. Under line
of sight (LOS) conditions, the selected expansion vectors
of the sparse approximation are robust w.r.t. channel
estimation errors as well as channel variations over time.
We demonstrate this robustness by means of numerical
simulations employing state-of-the-art three-dimensional
stochastic-geometric channel models. However, the
complex-valued coefficients of the over-complete basis
expansion are still significantly impacted by channel
estimation errors and channel variations over time,
which can impair the performance of coherent precoding
techniques, such as, as ZF beamforming, BD precoding
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and IA, that rely on destructive multipath interference to
eliminate inter-user interference. We therefore propose
to apply incoherent beamforming/precoding techniques
that are inherently robust w.r.t. phase uncertainties of
multipath components, similar to space-division multiple
access (SDMA). Specifically, we propose leakage-based
angular beamforming/precoding methods that make use
only of the azimuth and elevation angles as well as the
norm of the expansion coefficients and do not rely on the
phase of the expansion coefficients to achieve destructive
multipath interference. This approach also improves
robustness of beamforming/precoding solutions at high
mobility, where the relative phases of multipath compo-
nents change very quickly over time. To further improve
robustness we additionally account for uncertainty in
the angular channel decomposition in the proposed
precoder optimization. Naturally, this approach cannot
compete with coherent precoding methods in case of
highly accurate CSIT; however, our numerical simulations
demonstrate significant gains in terms of achievable rate
and symbol error ratio (SER) in case of imperfect CSIT
under LOS conditions. The present work is an extension
of our two conference publications [39, 40] to multi-user
beamforming and multi-stream multi-user precoding.
Specifically, in [39] we propose and approximately solve
the FD-MIMO transmit beam pattern optimization
problem of worst-case signal to leakage ratio (SLR) maxi-
mization, where we maximize the ratio of signal power
radiated into an angular region of interest to leakage
power radiated into an unintended angular region. A
similar design and optimization principle guides us also
in the present paper, yet extended to adaptive operation
with limited feedback from the users and transmission
of multiple data streams per user. In [40], we consider
so-called double-sided FD-MIMO systems, where both
transmitter and receiver are equipped with FD-MIMO
antenna arrays, and we apply a similar over-complete
basis decomposition as in the present paper to achieve
efficient limited feedback operation. However, we do not
consider robust multi-user beamforming/precoding in
[40]. Hence, the present paper combines results of [39,
40] and extends them to adaptive limited-feedback based
multi-user precoding with multi-stream transmission per
user.

Organization In Section 2, we introduce our system
model and state the underlying assumptions of this work.
In Section 3, we present the proposed CSI feedback
approach that is based on a sparse approximation of the
channel utilizing an over-complete basis decomposition.
Based on this CSI feedback, we then propose in Section 4
our robust leakage-bounded angular beamforming and
precoding methods. We briefly summarize for the read-
ers convenience in Section 5 the benchmark methods

employed in our simulations, in order to clarify how these
methods are applied in our considered scenario. Finally,
in Section 6, we investigate the performance of the pro-
posed beamformers and precoders by means of numer-
ical simulations and we provide concluding remarks in
Section 7.

Notation We denote scalars by upper and lower case
italic letters (e.g., N, n), vectors by lower case bold let-
ters (e.g., x), and matrices by upper case bold letters (e.g.,
H). To address the element in the i-th row and the j-th
column of matrix H, we use the notation [H]i,j. We write
the trace of a matrix as tr (H), the transpose as HT, the
conjugate-transpose as HH, the Frobenius norm as ‖H‖,
the pseudo-inverse as pinv(H), and the vector obtained
by stacking the columns of the matrix below each other
as vec(H). We denote the logarithm of the determinant
of a quadratic matrix H as log|H|. We denote sets by
calligraphic letters (e.g., A); the size of set A is |A|. To
calculate the expected value of a random variable r, we
employ the notation Er. The Dirac delta function is δ(t);
the discrete Kronecker delta is δij, i.e., δ(t) → ∞ifft = 0
and δij = 1iffi = j. We denote the real part of a com-
plex number z as �(z), the imaginary part as �(z), and the
complex conjugate as z∗. We denote the uniform distribu-
tion on the interval [ a, b] as U(a, b) and the vector-valued
complex-Gaussian distribution with mean vector μ and
covariance matrix C as CN (μ,C).

2 Systemmodel
2.1 Channel model
In wireless communications, the channel between trans-
mitter and receiver can be characterized by a double-
directional time-variant channel impulse response [41]:

h(t, τ ,�t ,�r) =
NL∑

�=1
α�δ(τ − τ�)δ(�t − �t,�)δ(�r − �r,�),

(1)

with NL denoting the number of multipath compo-
nents and α�, τ�, respectively, representing the complex-
valued amplitude and the propagation delay associated
to path �. The vectors �t,� =[φt,�, θt,�]T and �r,� =
[φr,�, θr,�]T denote the azimuth and elevation angles of
departure and arrival. Although not explicitly shown
in (1), the parameters on the right-hand side may all
implicitly depend on the absolute time t due to move-
ment of users and scattering objects. Incorporating the
responses of the transmit and receive antenna elements
w.r.t. a plane wave from angular direction � , i.e., at(�)

and ar(�), we obtain the time-variant channel impulse
response as:
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h(t, τ) =
∫

· · ·
∫ π

−π

at(�t)ar(�r)h(t, τ ,�t ,�r)d�rd�t

=
NL∑

�=1
α�δ(τ − τ�)ar(�r,�)at(�t,�).

(2)

If we furthermore incorporate the overall impulse
response of the transmit and receive filters f (τ ), we obtain
the transceiver-dependent time-variant channel impulse
response as:

h̃(t, τ) =
∫

τ ′
h(t, τ ′)f (τ − τ ′)dτ ′

=
NL∑

�=1
α�f (τ − τ�)ar(�r,�)at(�t,�), (3)

where again the time dependence of the parameters on
the right-hand side is implicit. Under the well-known pla-
nar wave and narrowband array assumptions [42], we
can obtain the time-variant impulse response of a MIMO
system simply by concatenating the individual impulse
responses of antenna element pairs:

H̃(t, τ) =
NL∑

�=1
α�f (τ − τ�)ar(�r,�)at(�t,�)

T (4)

with ar(�) ∈ C
Nr×1, at(�) ∈ C

Nt×1 denoting the receive
and transmit antenna array response vectors. For example,
consider a uniform planar array (UPA) with Nv rows and
Nh columns at the transmitter, with vertical antenna ele-
ment spacing dv and horizontal antenna element spacing
dh in multiples of the wavelength λ. Then, the response
of the antenna element in the �-th row and the k-th
column with respect to a plane wave from direction
� =[φ, θ ]T is [43]:

[
aUPAt (φ, θ)

]

(�−1)Nh+k
= 1√

Nt
exp

(
j2π(dv(� − 1) cos θ)

+ dh(k − 1) sinφ sin θ) ge(φ, θ),
(5)

� ∈ {1, . . . ,Nv}, k ∈ {1, . . . ,Nh}, Nt = NvNh,
(6)

where angles are measured as illustrated in Fig. 1 in
relation to the antenna array and the individual antenna
element responses are arranged row-by-row in the vec-
tor aUPAt (φ, θ) ∈ C

Nt×1. In (5), the function ge(φ, θ) ∈
C denotes the complex-valued angle-dependent antenna
element gain pattern, e.g., a Hertzian dipole pattern. We
do not focus on a specific antenna array geometry in this
work nor do we restrict the antenna element gain pattern
ge(φ, θ). Notice, in (4), we do not account for coupling in-
between antenna elements, which may be incorporated
with additional coupling matrices [43].

2.2 Transmission model
We consider downlink transmission from a base station
that is equipped with an antenna array of Nt antenna ele-
ments, e.g., a UPA of size Nt = Nh · Nv as illustrated in
Fig. 1. The base station serves U users. The users are each
equipped with Nr receive antennas; we assume Nt ≥ Nr .
We consider orthogonal frequency division multiplexing
(OFDM) transmission; theMIMO-OFDM channel matrix
H[ n, k]∈ C

Nr×Nt at OFDM symbol n and subcarrier k is
obtained by sampling the Fourier transform of the time-
variant impulse response H̃(t, τ) of (4). We assume that
time variations within OFDM symbols are small enough
such that the inter-carrier interference due to Doppler
shifts is negligible. In the following, we focus on a single
subcarrier and omit the subcarrier index k for brevity. To

Fig. 1 Illustration of the considered FD-MIMO transmission system employing three-dimensional downlink beamforming
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refer to the channel matrix associated to a specific user u,
we employ a subscript, such asHu[ n].
The base station selects at each time instant a set S[ n]⊆

{1, . . . ,U} of users to be served in parallel, employ-
ing spatial multiplexing by means of linear beamform-
ing/precoding. Assuming transmission of Lu streams to
user u ∈ S[ n], the base station applies the precoding
matrix Fu[ n]∈ C

Nt×Lu to transmit the data symbol vector
su[ n]∈ C

Lu×1 to user u. We assume E(su[ n] su[ n]H) =
ILu and account for the power allocation in Fu[ n], such
that tr (Fu[ n]Fu[ n]H ) = 1/ |S[ n] |. The input-output
relationship of user u hence is

yu[ n]= Hu[ n]
∑

j∈S[n]
Fj[ n] sj[ n]+nu[ n]∈ C

Nr×1, (7)

with nu[ n] denoting zero-mean complex Gaussian
receiver noise of variance σ 2

n,u.

2.3 Targeted deployment scenarios
The beamforming and precoding methods proposed
below are basically enhanced interference-aware SDMA
techniques. As such, the methods require a certain degree
of spatial separability of users in the angular domain. Such
separability canmainly be guaranteed in limited scattering
environments with a small number of dominant specular
components per user and relatively weak diffuse back-
ground scattering, as common in LOS conditions. Even
though this might sound restrictive for mobile commu-
nications, many scenarios envisioned for deployment of
FD-MIMO systems are expected to exhibit dominant LOS
transmission. Example scenarios where LOS propagation
could dominate are the urban micro and macro scenar-
ios illustrated in ([2], Fig. 2) and ([44], Fig. 2), where
users on different floors of a building are served in par-
allel by means of spatial beamforming from base stations
mounted on neighboring buildings. Another interesting
deployment scenario is multi-user multiplexing in large
indoor open spaces, e.g., within stadiums, airport termi-
nals, shopping malls, where high-ceiling-mounted small
cells and remote radio heads can provide LOS connectiv-
ity to users. Furthermore of interest are vehicular com-
munication scenarios on highways and motorways, where
FD-MIMO beamforming can be employed for multi-user
transmission between road-side access points and vehicles
as described in [45]. Notice also that channel fading mod-
els that contain only two dominant specular components
in addition to weak diffuse background scattering, such
as the two-wave diffuse power (TWDP), generalized two-
ray (GRT), and fluctuating two-ray (FRT) fading models
[46–50], are well suited to capture the behavior of chan-
nel measurements conducted in the millimeter wave band
[49, 51], suggesting that millimeter wave transmissions are
in many cases well characterized by few specular com-
ponents. Importantly, in the millimeter wave band, even

relatively low mobility of users (pedestrians) causes sig-
nificant time selectivity of the channel due to the small
wavelength; hence, CSIT becomes outdated even faster.

3 Channel state information feedback
We assume that the transmitter inserts pilot symbols
in the OFDM time-frequency grid to support channel
estimation for CSI feedback calculation at the receivers.
Notice, these CSI pilots may be provided sparsely in the
time-frequency grid to facilitate coarse channel estima-
tion only for CSI calculation; additional more densely
populated precoded pilot symbols can be employed to
support accurate channel estimation for data detection,
similar to LTE’s CSI and UE-specific pilot symbols [52].
We consider channel quantization and feedback in the
frequency domain; alternatively, it is also possible to quan-
tize the channel impulse response [53]. We write the
MIMO-OFDM channel matrixHu[ n] as a function of the
estimated matrix Ĥu[ n] as:

Hu[ n]= Ĥu[ n]+Eu[ n] , (8)

with E
(
vec(Eu[ n] ) vec(Eu[ n] )H

) = σ 2
e,uINrNt . If we

assume that downlink CSI pilot signals are provided rel-
atively sparse in the time-frequency domain, to keep the
pilot signal overhead small, the channel estimation error
variance σ 2

e,u will be comparatively large.
In order to attain more robust behavior w.r.t. chan-

nel estimation errors and outdated CSIT, we propose to
employ an over-complete basis decomposition of Ĥu[ n]
to obtain a sparse approximation of Hu[ n].1 Choosing
a proper quantization codebook/dictionary D for the
decomposition, we can achieve a signal denoising gain
that provides the wanted robustness. More specifically, we
apply the following decomposition:

Ĥu[ n]=
S∑

s=1
csu[ n] (dsu[ n] )T + Ru[ n] , (9)

with dsu[ n]∈ D representing the s-th selected entry/atom
from the dictionary D and csu[ n]∈ C

Nr×1 being the cor-
responding expansion coefficient vector. Matrix Ru[ n]∈
C
Nr×Nt is the residual decomposition error. The dictio-

nary D = {d1, . . . ,d|D|}, di ∈ C
Nt×1, |D| ≥ Nt is cho-

sen to span the entire Nt-dimensional complex Euclidean
space, in order to be able to represent in principle any
matrix error-free with sufficiently many expansion coeffi-
cients. Our goal is to obtain a good sparse approximation
of Ĥu[ n] with a very small number S of expansion terms
by means of a dictionary that supports easy parametriza-
tion and therefore efficient CSI quantization/feedback.
This can be achieved if the channel matrix is compressible
in the chosen dictionary [54], which basically means that
the norm of the expansion coefficient vectors

∥∥csu[ n]
∥∥
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decreases exponentially with the index s (assuming sorting
in decreasing order).
If we assume transmission under LOS conditions, the

channel impulse response H̃(t, τ) is dominated by the
LOS specular component. This dominant component is
then also present in the Fourier transform Hu[ n]. Cor-
respondingly, we propose to utilize a dictionary that is
matched to the transmit antenna array response vector
at(�), since this will result in a compressible decomposi-
tion of the channel matrix.2 We therefore propose to set
the dictionary as:

D = {
di = at(� i)

∣∣� i ∈ {
φ1, . . . ,φNφ

} × {
θ1, . . . , θNθ

}}
.

(10)

With |D| = NφNθ ≥ Nt , this dictionary spans the
Nt-dimensional complex Euclidean space and can thus be
used to decompose in principle any matrix; however, for a
general unstructured matrix, such decomposition will not
be compressible. Notice, as the codebook is matched to
the transmit antenna array geometry, the users must be
aware of this geometry which requires additional down-
link signaling. However, since mainly UPAs are employed
in practice, we expect this to be a minor issue. The size of
the quantization codebook in the azimuth and elevation
domains Nφ and Nθ should be chosen according to the
spatial resolution of the antenna array, i.e., with a larger
number of antenna elements in the horizontal/vertical
dimension also the resolution of the quantization code-
book in the corresponding angular domain should be
increased. In order to be able to closely match the angu-
lar directions of the dominant specular components, we
employ a dictionary with |D|  Nt in our simulations.
To obtain a sparse channel decomposition, we consider

the following optimization problem:

min
{ci∈CNr×1}Si=1, S≤|D|

S∑

i=1
‖ci‖ (11)

subject to:

∥∥∥∥∥Ĥu[ n]−
S∑

i=1
cidiT

∥∥∥∥∥

2

≤ ε2, di ∈ D

We determine an approximate solution of this opti-
mization problem by applying a variation of the orthog-
onal matching pursuit (OMP) algorithm [55], as detailed
in Algorithm 1. Notice, to approximately solve (11), we
would actually have to adapt the number S of expansion
terms in Algorithm 1 according to the desired approx-
imation accuracy ε2; however, in our simulations, we
employ a fixed S. Notice the objective function in (11) can
also be written as an �1-norm ‖[‖c1‖ , . . . , ‖cS‖]‖1 justi-
fying its use for sparse decomposition. Given the sparse
approximation, the CSI feedback is set equal to the cor-
responding codebook indices of the optimal azimuth and
elevation angles

(
φs
u[ n] , θ su[ n]

)
of the expansion vectors

dsu[ n]. Additionally, we provide the norms of the expan-
sion coefficient vectors

∥∥csu[ n]
∥∥ as feedback information;

the reason for this will become clear in Section 4. In our
simulations in Section 6, we consider unquantized feed-
back of the expansion coefficient vector norms; we have
investigated the impact of quantization of these norms
for Nr = 1 in [39], showing that coarse quantization is
possible without significant performance degradation.

Algorithm 1 Channel decomposition for CSI feedback
calculation utilizing a variation of OMP.
1: Initialize the decomposed channel matrixHd = 0
2: Initialize the expansion matrix D =[ ]
3: for s = 1 to S do
4: Calculate the intermediate decomposition resid-

ual

R = Ĥu[ n]−Hd (12)

5: Calculate the decomposition metric

mi = ∥∥Rd∗
i
∥∥2 , ∀di ∈ D (13)

6: Determine the s-th expansion vector

dsu[ n]= arg maxdi∈D mi (14)

7: Update the expansion matrix

D = [
D,dsu[ n]

] ∈ C
Nt×s (15)

8: Calculate the intermediate expansion coefficient
matrix

C = Ĥu[ n] pinv (D)T ∈ C
Nr×s (16)

9: Update the decomposed channel matrix

Hd = CDT ∈ C
Nr×Nt (17)

10: end for
11: Set the expansion coefficient vectors

[
c1u[ n] , . . . , cSu[ n]

]
= C (18)

4 Leakage-bounded angular beamforming and
precoding

In this section, we propose multi-user beamforming and
precoding methods that utilize the angular-domain CSI
feedback described in the previous section. We consider
first multi-user beamforming with a single stream per user
in Section 4.1 and extend to multiple streams per user in
Section 4.2.

4.1 Leakage-bounded angular beamforming
In this section, we assume that the base station trans-
mits only a single stream Lu = 1 to each served user
u ∈ S[ n], i.e., the precoding matrices Fu[ n] reduce to
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beamforming vectors fu[ n]. From the angular CSI feed-
back provided by the users, the base station has at time
instant n delayed knowledge of the channel expansion
vectors dsu[ n − m] and the norm of the corresponding
expansion coefficient vectors

∥∥csu[ n − m]
∥∥, wherem rep-

resent the delay of the CSI feedback path. To calculate the
transmit beamformers, we interpret the expansion vectors
dsu[ n−m] as specular channel contributions and propose
a beamformer optimization that maximizes the expected
received signal power of user u over its specular com-
ponents, while restricting the interference leakage caused
to the other users over their respective specular compo-
nents. To shorten notation, we omit the time indices [ n]
and [ n − m] in the following derivations.
Consider the signal power received over the S specular

components corresponding to the available CSIT:

Pu = E

⎛

⎝
∥∥∥∥∥

( S∑

s=1
csu

(
dsu

)T
)
fusu

∥∥∥∥∥

2⎞

⎠

= tr
( S∑

s=1

S∑

k=1
E((cku)

Hcsu)(dsu)TfufHu (dku)∗
)
.

(19)

The value of the inner product (cku)Hcsu = rk,su ejϕk,s
u

depends on the relative phase-shift ϕk,s
u between these

expansion coefficient vectors. Since we do not provide
feedback information about these relative phase-shifts, we
assume ϕk,s

u ∼ U (0, 2π) such that E(rk,su ejϕk,s
u ) = 0. Notice,

this assumption also makes sense for our targeted appli-
cation scenario of high user mobility. In such scenarios,
the angular CSI feedback corresponding to the expansion
vectors dsu is relatively stable, whereas the phase of the
expansion coefficient vectors csu varies significantly over
time. Hence, relying on such phase information at high
mobility is not recommended. With this assumption of
uncorrelated phases, the signal power is:

Pu =
S∑

s=1

∥∥csu
∥∥2 (dsu)TfufHu (dsu)∗ (20)

and the transmitter has sufficient CSIT to calculate this
value. Similarly, we can determine the interference leakage
power caused by the transmission to user u and received
over specular component k of user j as:

Lkj,u =
∥∥∥ckj

∥∥∥
2
(dkj )TfufHu (dkj )∗. (21)

With these definitions, we now proceed with the for-
mulation of our optimization problem. We consider inde-
pendent optimization of the transmit beamformers of the
individual users according to the following optimization
problem:

max
fu∈CNt×1

Pu (P1)

s. t.: ‖fu‖2 ≤ 1/ |S| ,
Lkj,u ≤ Lmax, ∀j ∈ S , j �= u, ∀k ∈ {1, . . . , S}.

where the parameter Lmax denotes the maximum tol-
erable interference level. Replacing maxfu∈CNt×1 Pu
equivalently by minfu∈CNt×1(−Pu), this optimiza-
tion problem can be formulated as a quadratically
constrained quadratic program; however, since the
matrix − ∑S

s=1
∥∥csu

∥∥2 (dsu)∗(dsu)T, which determines the
quadratic objective function, is negative semidefinite, the
problem is in general non-convex and non-deterministic
polynomial-time (NP)-hard. An approximate solution
is possible by applying a semidefinite programming
relaxation (SDR) to the optimization variable fu and by
recovering a feasible suboptimal rank-one beamforming
solution through randomization [56]. The approximation
performance of this approach in general deteriorates with
increasing dimension Nt of the optimization variable as
well as with growing number of constraints in (P1) [57,
58]. Hence, for our envisioned use case of FD-MIMO sys-
tems with large Nt and |S|, the achieved approximation
performance might not be satisfactory.
We therefore consider a modification of (P1) to avoid

the SDR: Instead of maximizing the sum signal power
over all S specular components of user u, we rather max-
imize the power received only over the strongest specular
component s = 1, while still considering the interference
leakage caused over all specular components:

max
fu∈CNt×1

∥∥c1u
∥∥2 (d1u)TfufHu (d1u)∗ (P2)

s. t.: ‖fu‖2 ≤ 1/ |S| ,
Lkj,u ≤ Lmax, ∀j ∈ S , j �= u, ∀k ∈ {1, . . . , S}.

This problem can be transformed to a convex problem
by recognizing that (P2) is invariant w.r.t. the absolute
phase of fu. Hence, we can apply the approach consid-
ered, e.g., in [59], and restrict (d1u)T fu to be real valued to
obtain the following equivalent convex second-order cone
program:

max
fu∈CNt×1, pu∈R

pu (P3)

s. t.: ‖fu‖2 ≤ 1/ |S| ,
�

(
(d1u)Tfu

)
≥ pu,

�
(
(d1u)Tfu

)
= 0,

Lkj,u ≤ Lmax, ∀j ∈ S , j �= u, ∀k ∈ {1, . . . , S}.
We denote the optimal solution of this optimiza-

tion problem as the non-robust leakage-bounded angular
beamformer. As this is a second-order cone program, its
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complexity scales with the square root of the number of
cone constraints [60, 61].
The solution to problem (P3) allows to efficiently con-

trol the interference leakage caused to other users, pro-
vided the angular CSIT is accurate. However, since this
CSIT is obtained by limited feedback, angular quanti-
zation is unavoidable which impairs the quality of the
CSIT. Additionally, in mobile situations, the azimuth
and elevation angles representing the specular compo-
nents change over time, causing a mismatch between
the angular CSI feedback and the actual angles, due to
the processing delay of the feedback link. These effects
increase the inter-user interference and thus deteriorate
the performance of the system. To improve the robust-
ness of our beamformer solution w.r.t. angular uncer-
tainty, we consider a robust problem formulation in the
following.
Given the angular feedback

(
φs
u, θ su

)
, we propose to

incorporate angular uncertainty regions into the beam-
former optimization problem. We denote the discrete
angular uncertainty region corresponding to specular
component s of user u as Ts

u ⊆ [−π
2 ,

π
2
]×[ 0,π ],

such that (φs
u, θ su) ∈ Ts

u. In our investigations, we uti-
lize symmetric rectangular regions around (φs

u, θ su). The
sizes of these regions can, e.g., be set according to
the angular variation observed over the previous CSI
feedback interval, i.e., 2

∣∣φs
u[ n − m]−φs

u[ n − 2m]
∣∣ and

2
∣∣θ su[ n − m]−θ su[ n − 2m]

∣∣, where the factor 2 accounts
for the unknown direction of movement. The density of
the lattice points considered within these regions, i.e.,
the angular resolution of Ts

u, must be chosen sufficiently
large to ensure that no side-lobes of the radiation pat-
tern are missed. As a guideline, consider a UPA with equal
gain beamforming: here, zeros in the radiation pattern in
azimuth occur at angles sinφ = ± nλ

dhNh
; hence, the angu-

lar resolution in azimuth must be chosen to assure that

the peaks in-between such zeros are resolved with suffi-
cient accuracy. Notice, though, that the complexity of the
proposed optimization problems, more specifically the
number of constraints, scales linearly with the size of each
set Ts

u; hence, one should avoid unnecessary oversampling
of Ts

u to reduce computational complexity.
Utilizing these angular uncertainty regions, we now for-

mulate the optimization problem for the robust leakage-
bounded angular beamformer:

max
fu∈CNt×1

∥∥c1u
∥∥2 (d1u)TfufHu (d1u)∗ (P4)

s. t.: ‖fu‖2 ≤ 1/ |S| ,
∥∥∥ckj

∥∥∥
2
(at(�k

i,j))
TfufHu (at(�k

i,j))
∗ ≤ Lmax,

∀j ∈ S , j �= u, ∀k ∈ {1, . . . , S}, ∀�k
i,j ∈ Tk

j .

In this problem, the vector at(�k
i,j) denotes the transmit

antenna array response evaluated at angle �k
i,j ∈ Tk

j ; here,
the same antenna array response as in the CSI feedback
dictionary (10) is used. Notice, we account for the angu-
lar uncertainty only in the interference terms, but not in
the signal term. This is because the system reacts much
more sensitive w.r.t uncertainty in the interference direc-
tions as compared to the signal direction, since nulls in the
beamforming pattern are commonly very narrow whereas
peaks are comparatively broad in the angular domain (see
also the example in Fig. 2). Another reason for neglecting
uncertainty in the angular direction of the intended sig-
nal is to keep the problem convex.3 Problem (P4) can be
brought into the form of a second-order cone program,
similar to Problem (P3).

4.2 Leakage-bounded angular precoding
In this section, we extend the robust beamformer design
to multi-user precoding with multiple streams per user.

Fig. 2 Radiation beam pattern obtained with non-robust leakage-bounded angular beamforming (left) and with robust leakage-bounded angular
beamforming (right). The nine angular uncertainty regions of robust leakage-bounded angular beamforming have a width of ψmax = ±1.6◦ in this
example
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When considering multi-stream precoding, it is not suf-
ficient to maximize the sum received power over all Lu
streams of user u because this will generally lead to a rank
one beamforming solution that steers all signal energy
over the largest singular value of the channel. Hence, to
obtain a multi-stream precoding solution of rank Lu, we
have to consider the achievable rate of a user in terms of
themutual information.With the available CSIT, however,
we can only obtain a coarse estimate of the achievable rate
as detailed below.
Let us start by considering the achievable rate of user u

in terms of the mutual information:

Ru = E log

∣∣∣∣∣∣∣∣
INr +

⎛

⎜⎜⎝σ 2
n,uINr +

∑

j∈S
j �=u

Ru,j

⎞

⎟⎟⎠

−1

Ru

∣∣∣∣∣∣∣∣
(22)

Ru = HuFu(HuFu)H, Ru,j = HuFj(HuFj)H, (23)

where Ru and Ru,j denote the signal and interference
covariance matrices, respectively. We consider individual
optimization of the achievable rate of each user w.r.t. its
precoder, putting additional interference constraints on
the signal leakage caused to the other users. This means
that we do not attempt to jointly optimize the sum rate
of all users; notice, though, that for single-stream beam-
forming, it has been shown in [62, 63] that such an
approach can still achieve themaximal sum-rate, provided
the leakage constraints are appropriately selected. When
optimizing Ru w.r.t. Fu, we can then focus on

R̃u = E log

∣∣∣∣∣∣∣∣
σ 2
n,uINr +

∑

j∈S
j �=u

Ru,j + Ru

∣∣∣∣∣∣∣∣
, (24)

since the remaining terms are independent of Fu. Because
the CSIT contains no information about the channel
estimation error in (8) and the channel decomposition
error in (9), the transmitter can only calculate approxima-
tions R̂u and R̂u,j of the covariance matrices utilizing the
angular-domain CSI feedback; this gives a corresponding
approximation ˆ̃Ru of R̃u. In the Appendix, we derive the
following upper bound on ˆ̃Ru:

ˆ̃Ru ≤ log
∣∣∣∣σ

2
n,uIS + (|S| − 1)

SLmax

tr (�2
u)

�2
u + �2

uUH
u CuUu

∣∣∣∣ ,

(25)

where the matrices �2
u and Uu, as defined in (36), can be

calculated from the available CSIT and Cu = Fu(Fu)H
denotes the transmit covariance matrix associated to
user u.
We now utilize this upper bound to formulate the opti-

mization problem for the non-robust leakage-bounded
angular precoder:

max
Cu∈CNt×Nt

∣∣∣∣σ
2
n,uIS + (|S| − 1)

SLmax

tr (�2
u)

�2
u + �2

uUH
uCuUu

∣∣∣∣
(P5)

s. t.: tr (Cu) ≤ 1/ |S| , Cu � 0,

Lkj,u ≤ Lmax, ∀j ∈ S , j �= u, ∀k ∈ {1, . . . , S},

with Lkj,u as defined in (38). Notice, this actually repre-
sents an SDR of the optimization w.r.t. the precoder Fu ∈
C
Nt×Lu . In general, the optimal solution C(opt)

u of (P5) is
not guaranteed to be of rank Lu. Due to the definition of
�2

u and Uu in (36), rank C(opt)
u ≤ S. This is because a solu-

tion of rank greater than S would steer part of the transmit
energy into the null space of Uu, which cannot maximize
our objective function. The restriction rank C(opt)

u ≤ S
also implies that we have to feed back at least as many
specular components S as the number of data streams
Lu to make sure that the solution C(opt)

u can potentially
support the transmission of Lu streams. Still, even with
S ≥ Lu, it can happen that the optimal solution C(opt)

u
has rank C(opt)

u < Lu; this is likely to be the case at low
signal-to-noise ratio SNR where the transmission of less
than Lu streams can provide an advantageous beamform-
ing gain. If rank C(opt)

u < Lu, we simply transmit less
than Lu streams over the eigenvectors corresponding to
the non-zero eigenvalues of C(opt)

u , since this maximizes
our objective function. If rank C(opt)

u > Lu, we apply
Gaussian randomization to derive a feasible precoder of
rank Lu, by appropriately modifying the randomization
approaches described in more detail in [56, 64]. Notice,
though, if we set S = Lu, i.e., we feed back as many spec-
ular components as the number of data streams, then the
rank of C(opt)

u is upper bounded by Lu and we therefore do
not have to apply randomization at all. Thus, by setting
S = Lu, we can guarantee that the SDR provides a globally
optimal solution for the precoder Fu.
Similar to (P4), we can also implement a robust leakage-

bounded angular precoder by accounting for the angular
uncertainty regions Tk

j :

max
Cu∈CNt×Nt

∣∣∣∣σ
2
n,uIS + (|S| − 1)

SLmax

tr (�2
u)

�2
u + �2

uUH
uCuUu

∣∣∣∣
(P6)

s. t.: tr (Cu) ≤ 1/ |S| , Cu � 0,
∥∥∥ckj

∥∥∥
2
tr (at(�k

i,j))
∗(at(�k

i,j))
TCu ≤ Lmax,

∀j ∈ S , j �= u, ∀k ∈ {1, . . . , S}, ∀�k
i,j ∈ Tk

j .

Applying a similar step as from (P2) to (P3), both prob-
lems (P5) and (P6) can be brought into convex form by
adding an extra optimization variable pu ∈ R and max-
imizing pu subject to the logarithmic term in (P5), (P6)
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being greater than or equal to pu. However, such a deter-
minant constraint is substantially more complex than the
corresponding linear constraint in (P3). Hence, we con-
sider in our simulations in Section 6.3 also as an alter-
native to determinant optimization a simple per stream
optimization: we apply (P3) or (P4) Lu times to obtain
beamformers that maximize the received power over the
Lu strongest specular components and we concatenate
these beamformers to obtain the Lu dimensional precod-
ing matrix.
In our derivation, we assumed that the precoders of the

other |S| − 1 users are unknown when calculating the
precoder of user u. Yet, in principle when optimizing the
u-th user, the base station could already utilize the knowl-
edge of the precoders calculated for those u− 1 users that
have been optimized before. Similarly, an alternating opti-
mization of precoders with a proper termination criterion
could be applied to obtain an iterative approach thatmight
provide better performance. For complexity reasons, how-
ever, we have not implemented such an approach in our
simulations.

4.3 Implementation issues
4.3.1 Computational complexity
Our derivation in Section 4.1 shows that leakage-bounded
transmit optimization as proposed in (P1) is in gen-
eral an NP-hard quadratically constrained quadratic opti-
mization problem, which cannot be solved efficiently.
Approximate solution by means of an SDR is a convex
optimization problem, which can be solved efficiently;
yet, it is still computationally demanding, since the opti-
mization variable of the SDR is of dimension Nt × Nt
and hence grows quadratically with the size of the FD-
MIMO antenna array. This complexity issue is relaxed
by problem (P2) and its convex second-order cone pro-
gramming reformulation (P3), in which the dimension of
the optimization variable fu grows only linearly with the
size of the FD-MIMO antenna array. Since (P3) is a con-
vex problem, it can be solved in polynomial time, e.g.,
by means of an interior point method; more details on
solving second-order cone programs can for example be
found in [65]. In problem (P4), we extend the number
of constraints of our optimization problem by accounting
for the angular uncertainty regions; this directly impacts
the computational complexity of the problem. However,
since the worst-case complexity of a second-order cone
program scales with the square root of the number of
constraints [60, 61], the increase in complexity is moder-
ate. Considering the two multi-stream optimization prob-
lems (P5) and (P6), they both admit solution by means of
an interior point method or a Newton conjugate-gradient
approach as proposed in [66]. However, as our computer
experiments have shown, this approach can be computa-
tionally demanding and slow. Therefore, the per-stream

optimization approach proposed in Section 4.2 appears
practically more relevant, since its complexity only grows
linearly with the number of data streams per user.

4.3.2 Combination with hybrid architectures
As mentioned in the introduction of this paper, much
research work on FD-MIMO systems is currently devoted
to reducing system complexity through so-called hybrid
architectures, which divide the precoding operation into
an analog RF domain part and a digital base band pro-
cessing part. The RF domain precoder thereby reduces
the dimension of the effective base band channel, i.e.,
the product of channel matrix and RF domain precoder,
which simplifies channel estimation, alleviates the CSI
feedback overhead burden, and reduces the number of RF
chains required. The RF domain precoder optimization is
commonly required to provide a precoder solution with
unit modulus matrix entries, to enable implementation
with simple phase-shifter elements, and to be constant
over the entire system bandwidth, to facilitate applica-
tion in the analog domain. Both these constraints are
not fulfilled by the leakage-bounded precoding optimiza-
tion problem proposed in this paper. Nevertheless, we
consider an extension of our leakage-bounded precoding
optimization to hybrid architectures as promising future
work.
Specifically, our leakage-bounded angular beamform-

ing approach might be well suited for the design of the
RF domain precoder, by applying the per stream opti-
mization mentioned in Section 4.2 for each user more
than Lu times in order to obtain a precoder of dimen-
sion equal to the number of available RF chains. However,
the corresponding optimization problem (P3) or (P4) will
in general not output a unit-modulus solution. It is well-
known that the unit modulus precoder constraint of RF
precoding is a non-convex constraint. A common solu-
tion to deal with this issue is to relax the constraint in
the precoder optimization and to orthogonally project the
resulting solution onto the set of unit modulus matrices
[14]; this approach can also be applied to our problem at
hand. Notice also, by spending twice the amount of phase-
shifters it is actually possible to avoid the unit-modulus
constraint all together [67].
A second issue that needs to be addressed is that the

channel decomposition (11) is frequency selective due
to the multipath delay spread introduced by the chan-
nel, which implies that the precoder also needs to be
frequency selective and can thus not be implemented in
the analog domain. However, in LOS situations, the fre-
quency selectivity is not very distinct and can potentially
be neglected for the cost of a slight frequency-dependent
mismatch of the decomposition.
In principle, the so obtained analog RF domain precoder

can then be combined with any base band precoding
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approach that is designed for the effective base band chan-
nel, similar to the hybrid BD precoding scheme described
in Section 5.2 below.

5 Benchmarkmethods
In this section, we summarize several well-known beam-
forming and precoding techniques that we employ as
benchmarks for our proposed methods. We provide this
section as a reference for the interested reader as well
as to clarify how these benchmark methods are applied
in our considered setup. Additionally, we propose in
Section 5.2.4 a modification of the popular signal to leak-
age and noise ratio SLNR metric to enable its application
with the angular-domain CSI feedback proposed in this
paper.

5.1 Interference-unaware beamsteering
The following methods do not explicitly account for
multi-user interference in the beamformer design. This
methods are pure angle-of-departure-based beamsteering
techniques, which can be viewed as typical SDMA imple-
mentations. As is well known, the performance of SDMA
strongly depends on the selection of co-scheduled users
[68], i.e., the transmitter should co-schedule users that
experience close to orthogonal channels to avoid extensive
multi-user interference. In our simulations in Section 6.2,
we avoid the impact of imperfect user scheduling by
employing an exhaustive search over all possibilities of
co-scheduled users.

5.1.1 Max-gain beamsteering
The simplest beamforming/precoding technique is to
steer the transmit signal along the Lu strongest angular
directions provided by the CSI feedback:

Fu = 1√|S|
F̃u∥∥∥F̃u

∥∥∥
, (26)

F̃u = [
(d1u)∗, . . . , (dLuu )∗

]
. (27)

This technique does provide large signal gain; yet, its
major weakness is that it does not account for interference
among users. Hence, it only works properly if the base sta-
tion serves users that are a priori well separated in the
angular domain.

5.1.2 Chebyshev-tapered beamsteering
Max-gain beamsteering, as considered above, in general,
produces large side lobe levels and thus potentially strong
inter-user interference. Such large side lobe levels can be
reduced by array weight tapering methods [69]. A pop-
ular weighting technique is Chebyshev weighting, which
achieves the smallest main lobe width for a given side lobe
level [70].

In order to steer the main lobe in an intended direc-
tion, array tapering is combined with the beamsteering
approach of the previous section; i.e., the actual beam-
former is obtained as the product of the array taper and
the max-gain beamsteering vectors.

5.2 Interference-aware precoding
The following methods take multi-user interference into
account and attempt to mitigate it.

5.2.1 Block-diagonalization precoding
BD precoding enables inter-user interference-free trans-
mission of a total number of at most Nt data streams
[29]. This is achieved by steering the transmit signal of
a user into the null-space of the channel matrices of all
other users. In our simulations in Section 6, we do not
employ BD precoding in combination with our CSI feed-
back methods, but we rather assume perfect knowledge
of Hu or its estimate Ĥu. We do this since BD precoding
requires phase information which is not provided by our
CSI feedback; see, e.g., [33], for an efficient CSI feedback
method that can be applied with BD precoding.

5.2.2 Angle of departure block-diagonalization precoding
BD precoding is very sensitive to CSI imperfections since
it relies on destructive multipath interference to elimi-
nate multi-user interference [71–73]. It also has heavy
CSI requirements as it requires knowledge of the entire
channel matrix Hu of each user. To reduce the CSI
requirements, the authors of [74] propose to calculate
the precoder not for the entire channel matrix Hu but
rather only for the dominant propagation paths between
transmitter and receiver. Specifically, the authors of [74]
consider single stream transmission per user and propose
to calculate the corresponding ZF beamformer for the sin-
gle strongest multipath component of each co-scheduled
user. Rather than decomposing the frequency response
channel matrix as we do in the present paper, the authors
of [74] directly consider the time domain channel impulse
response (4) and select the strongest multipath compo-
nent according to the magnitude of α�; the multi-user ZF
beamformer is then calculated from the corresponding
transmit antenna array response vectors at(�t,�,u). This
can be extended to multi-stream transmission per user by
means of BD precoding in a straightforward way, by calcu-
lating the BD precoder from the Lu transmit antenna array
response vectors corresponding to the angles of departure
of the Lu strongest multipath components.

5.2.3 Hybrid block-diagonalization precoding
The angle of departure BD precoding approach described
above does not achieve full multi-user interference can-
celation, since it mitigates interference only over the
strongest multipath component of each user. The residual
multi-user interference leads to a significant performance
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loss compared to regular BD precoding in case of perfect
CSI. To reduce this performance gap, while still keeping
CSI requirements at a reasonable level, the authors of [74]
propose hybrid BD precoding. Here, the hybrid precod-
ing principle is applied to first reduce the dimension of
the effective base band channel matrix of each user, by
employing a RF domain precoder. This RF domain pre-
coder FRF ∈ C

Nt×∑
u∈S[n] Lu is obtained as the matched

filter to the Lu strongest multipath components of each
scheduled user. The base band BD precoder is then cal-
culated for the product of channel matrix and RF domain
precoder, which is called the effective base band channel.
CSI requirements for estimating this effective base band
channel are reduced compared to the full channel matrix,
since the dimension of the effective channel matrix is
smaller.

5.2.4 Incoherent SLNR precoding
SLNR beamforming is a popular coherent beamforming
technique for multi-user broadcast and interference chan-
nels [75]. If full CSI is available at the base station, that
is the full channel matrix Hu is known for each user u,
the SLNR beamformer is obtained by maximizing a corre-
sponding Rayleigh quotient. If we apply the CSI feedback
of Section 3, however, the transmitter only has knowledge
of the channel decomposition expansion vectors dsu and
the norm of their corresponding expansion coefficients∥∥csu

∥∥. Hence, the transmitter does not know whether the
multipath transmissions over the different specular com-
ponents dsu add up constructively or destructively, since it
has no phase information available. We therefore modify
the SLNR metric to consider the incoherent ratio of sig-
nal and leakage powers, utilizing the delayed angular CSI
available at the transmitter:

ˆSLNRu = tr (FHu P̂uFu)
tr (σ 2

n,u
Nr
Lu ILu + FHu L̂uFu)

,

P̂u =
S∑

s=1

∥∥csu
∥∥2 (dsu)∗(dsu)T,

L̂u =
∑

j∈S
j �=u

S∑

s=1

∥∥∥csj
∥∥∥
2
(dsj )∗(dsj )T.

(28)

If we restrict to semi-unitary precoding with equal
power allocation, such that FHu Fu = 1

Lu|S| ILu , we can pull
the precoder in the denominator of (28) left and right
out of the sum, taking into account that tr (FHu Fu) =
1/ |S|. This leads to a generalized Rayleigh quotient that is
maximized by the following semi-unitary precoder:

Fu = 1√
Lu |S| F̃u, (29)

F̃u = max eig vec
Lu

(
σ 2
n,u

Nr
Lu

|S| INt + L̂u
)−1

P̂u, (30)

where the operator max eig vecLu calculates the Lu
orthonormal eigenvectors corresponding to the largest
eigenvalues.

6 Simulations
In this section, we evaluate the performance of the pro-
posed beamforming and precoding methods by means
of numerical simulations. We first provide in Section 6.1
an example of the radiation beam pattern obtained by
leakage-bounded angular beamforming with and with-
out robustness constraints. This facilitates the develop-
ment of a basic understanding of the behavior of the
beamforming solutions produced by the proposed opti-
mization problem, specifically with respect to the influ-
ence of the robustness constraints. In Section 6.2, we
compare the achievable transmission rate of the pro-
posed leakage-bounded angular beamforming methods to
the classical interference-unaware beamsteering methods
summarized in Section 5.1. In these simulations we con-
sider a simple Rician-fading channel model, which allows
to easily control the compressibility of the CSI in the
angular domain via the Rician K-factor. In Section 6.3,
we then utilize the more realistic QUADRIGA channel
model [76] to compare the proposed leakage-bounded
angular precoding methods to the interference-aware pre-
coding methods summarized in Section 5.24. We first of
all evaluate the compressibility of the channel realizations
obtained from QUADRIGA in the angular domain. Based
on these results, we then investigate the performance of
the different precoding methods in terms of the achiev-
able transmission rate. We furthermore simulate the SER
of uncoded transmission as a function of the variance
of the channel estimation error σ 2

e in (8), demonstrating
the robustness of the proposed leakage-bounded beam-
former. To find solutions to the proposed optimization
problems, we apply CVX [77].

6.1 Radiation beam pattern
In our first example, we illustrate the radiation beam
pattern obtained by leakage-bounded angular beamform-
ing with and without robustness constraints. We con-
sider single-stream beamforming and assume a UPA of
isotropic antenna elements at the transmitter of size Nt =
Nh · Nv = 11 · 11 = 121. We assume that U = 10
users are randomly placed within an angular area stretch-
ing in azimuth φ from− 60◦ to 60◦ and in elevation θ from
70◦ to 110◦5. In this example, we consider only a single
specular component S = 1 per user; in the robust leakage-
bounded optimization problem, we additionally assume
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an angular uncertainty region of width ψmax = ±1.6◦ in
azimuth and elevation around each specular component.
This uncertainty represents, for example, LOS transmis-
sion to users that move on a radius of distance d = 50m
from the base station with v = 100 km/h when high-
resolution CSI feedback is provided every τ = 50ms
(ψmax = vτ

d ).
In Fig. 2, we compare the radiation beam patterns of

robust and non-robust leakage-bounded angular beam-
forming for a user that is located at approximately (φ, θ) =
(22◦, 95◦) (indicated with the green circle) and nine leak-
age areas corresponding to the otherU−1 users (indicated
in black). In this example, we set the maximum tolera-
ble interference level to Lmax = −40 dB relative to the
unit transmit power. In Fig. 2 (left), we observe that the
radiation pattern of non-robust leakage-bounded angu-
lar beamforming shows very narrow valleys wherever
interference leakage constraints are active. Therefore, the
transmission to the intended user does not cause substan-
tial interference to the other users, provided the angular
CSIT is accurate. However, due to the narrow width of the
valleys at the interference leakage constraints, the resid-
ual inter-user inference grows significantly if the angular
CSIT is not accurate. To compensate for such angular
uncertainty, we consider interference leakage uncertainty
regions of width ψmax in the robust leakage-bounded
angular beamformer. As shown in Fig. 2 (right), the inter-
ference leakage is then low over the entire uncertainty
regions, thus improving the robustness with respect to
imperfect angular CSIT. However, the maximum achiev-
able gain of the intended user is slightly reduced, since it is
not possible any more to perfectly steer the signal power
towards the intended user while still satisfying all leakage
constraints. Therefore, there exists a trade-off between
the achievable signal gain of the intended user and the
robustness of the interference leakage constraints.

6.2 Comparison to interference-unaware beamsteering
In our second example, we investigate multi-user beam-
forming with a single stream per user, comparing the
interference-unaware angle of departure-based SDMA
beamsteering methods of Section 5.1 and our robust/non-
robust leakage-bounded angular beamformers. We con-
sider users with a single receive antenna Nr = 1 and a
transmitter with a UPA of size Nt = Nh · Nv = 11 · 11.
We employ a Rician-fading channel model to generate the
channel vector hu ∈ C

1×Nt according to:

hu =
√

K
K + 1

ejβuaUPAt (φu, θu)T +
√

1
K + 1

hu,d, (31)

with βu ∼ U (−π ,π) denoting a random phase-shift,
φu ∼ U (−60◦, 60◦) and θu ∼ U (70◦, 110◦) representing
the LOS directions, and hu,d ∼ CN (0, I) being a diffuse
background scattering component. The Rician K-factor

controls the relative strength of the LOS component. We
do not utilize OMP in this example to decompose the
channel vector, but we rather assume that the receivers
employ a dictionary that is matched to the UPA and that
the receivers are able to estimate the LOS angles with an
accuracy of ± 2◦. Hence, the CSIT utilized for beamform-
ing is aUPAt (φ̂u, θ̂u) with φ̂u ∼ U (φu − 2◦,φu + 2◦) and
θ̂u ∼ U (θu − 2◦, θu + 2◦) corresponding to a dictionary
with 4◦ angular resolution. In our simulations, we con-
sider a total number of U = 10 users; out of these ten
users we select the best subset S ⊆ {1, . . . ,U} of users
through exhaustive search with varying size |S| ∈[ 1,U]
to avoid an impact of imperfect user scheduling. We set
the noise variance equal to σ 2

n,u = 10−3. For Chebyshev-
tapered beamsteering, we set the side-lobe level equal to
the maximum of noise power and residual interference
caused by the diffuse component:

SLLu = 1
|S| − 1

max
(

σ 2
n,u,

1
K + 1

)
, (32)

such that the multi-user interference caused by the side-
lobes is in the order of the maximum of diffuse back-
ground interference and noise power.
In Fig. 3, we show the achievable rate performance

of the interference-unaware beamsteering methods and
our robust/non-robust leakage-bounded angular beam-
formers for varying K-factors. The performance of the
interference-unaware beamsteering methods (max. gain
and Cheb. tapered beamsteering) is plotted for the case
of perfect angular CSIT; however, their performance with
imperfect CSIT of accuracy ± 2◦ is virtually the same.
The performance of leakage-bounded beamforming is
shown for perfect angular CSIT as well as for imperfect
angular CSIT with robust/non-robust interference leak-
age constraints. We observe that our leakage-bounded
beamforming method can achieve better performance
and can serve more users in parallel than the interference-
unaware beamsteering schemes (max. gain and Cheb.
tapered beamsteering). With decreasing Rician K-factor
(left to right) the performance deteriorates since the resid-
ual interference over the diffuse background scattering
component is not mitigated by our beamformer optimiza-
tion. Still, even with the relatively low value of K = 10 our
proposed method outperforms the interference-unaware
beamsteering schemes. We furthermore observe in Fig. 3
that the performance loss due to imperfect angular CSIT
can partly be compensated with our robust beamforming
method as compared to the non-robust approach.

6.3 Comparison to interference-aware precoding
For the remaining simulations, we utilize the QUADRIGA
channel model to test our proposed methods on more
realistic channel realizations. We summarize the most
important simulation parameters in Table 1, which have
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Fig. 3 Comparison of the achievable sum rate of different single-stream beamforming methods with varying K factor. a Achievable sum rate with
K = 103. b Achievable sum rate with K = 102. c Achievable sum rate with K = 10

been selected to be LTE standard compliant. We consider
users that are uniformly distributed within a sector of
120◦ with a maximum distance of 500m from the trans-
mitter and we assume that the users move perpendicular
to the transmit antenna array bore-sight direction with
150 km/h. For such user placement, the variation of the
elevation angle is in most cases very small and we there-
fore consider beamforming only in the azimuth domain
utilizing a high-resolution horizontal uniform linear array
(ULA) of 50 antenna elements. In our simulations, we
do not consider macroscopic pathloss even though it

Table 1 Simulation parameters employed to setup the
QUADRIGA channel model

Parameter Value

System bandwidth 10MHz (600OFDM subcarriers)

Carrier frequency fc = 2.1 GHz

Transmission time interval (TTI) 1ms

Number of OFDM symbols per TTI 14

Transmitter height 25m

Receiver height 1.5m

Scenario 3GPP UMa LOS/NLOS

3GPP UMi LOS/NLOS

BERLIN UMa LOS/NLOS

Number of receive antennas Nr ∈ {1, 2}
Receive antenna model Dipole (Nr = 1), x-pol (Nr = 2)

Number of transmit antennas Nt = Nh · Nv = 50 · 1
Transmit antenna model 3GPP-3D

Antenna element spacing Half-wavelength

User placement Uniform within 120◦ sector
with maximum distance 500m

User movement Linear track perpendicular to

antenna boresight direction

User speed 150 km/h

is considered in the output of the QUADRIGA chan-
nel model. We therefore normalize the channel matrices
obtained from the QUADRIGA channel model to satisfy
E

(‖Hu[ n] ‖2
) = NrNt . We apply this normalization since

we do not consider multi-user scheduling in this section,
which would be necessary in case of strong received sig-
nal power disparities of different users. We employ a
dictionary/quantization codebook that is matched to the
horizontal ULA and we consider an azimuthal angular
resolution for CSI quantization of 1◦6. We consider a
block-fading channel model with constant channel during
each transmission time interval (TTI).
In our first simulation of this section, we investigate

the compressibility of the per-subcarrier channel matrices
Hu[ n] in the angular domain. That is, we apply the OMP
algorithm to decompose Hu[ n] in the angular domain
using a dictionary that is matched to the employed ULA
and we determine the average norm of the expansion
coefficient vectors

∥∥csu[ n]
∥∥2 of the decomposition. The

corresponding results are shown in Fig. 4 for different sim-
ulation scenarios as specified in the QUADRIGA channel
model. We observe that in the LOS situations, the first
expansion coefficient contains the majority of the channel
energy, especially in the 3GPP compliant scenarios; this
expansion coefficient corresponds to the LOS direction.
The second largest coefficient lies already approximately
an order of magnitude below the first coefficient. In the
non-line of sight (NLOS) scenarios, however, the chan-
nel energy distributes more equally over many expansion
coefficients. Correspondingly, compressibility with the
employed dictionary is worse. In the remaining simula-
tions we therefore consider LOS transmission and employ
the 3GPP compliant UMa scenario. We also conducted
simulations in NLOS situations, where our proposed
method however does not achieve a significant gain over
the interference-aware benchmark precoders.
In the next simulation, we compare the achievable trans-

mission rate of the interference-aware precoding schemes
summarized in Section 5.2 to our robust leakage-bounded
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Fig. 4 Angular-domain compressibility of the channel matrices
obtained with the QUADRIGA channel model. Blue: 3GPP UMa; green:
3GPP UMi; red: BERLIN UMa

precoding method. We consider transmission to U = 5
users in parallel with Lu = 2 streams per user; hence, the
total number of spatially multiplexed data streams is ten.
We have seen above that in the LOS scenario most chan-
nel energy is contained in a single specular component.
To efficiently support transmission of two spatial streams
per user, we therefore employ a distributed antenna sys-
tem (DAS) composed of two remote radio heads (RRHs)
that are separated by 25m. Each RRH radiates the same
transmit signal; that is, the radio heads are fed with the
same RF signal, e.g., via radio-over-fiber connections.
Correspondingly, the two RRHs do not appear as inde-
pendently steerable antenna arrays since they are fed with
the same transmit signal; hence, the effective number of
actively steerable transmit antennas (and thus the size of
the channel matrix that must be estimated) is still Nt =
50. In that way, we guarantee that each user observes
two strong specular components of approximately equal
strength corresponding to the two antenna arrays of the
RRHs.
We assume that the receivers estimate and feed back

the CSI only at the first TTI, to enable calculation of the
precoders; these precoder are then utilized for the entire
transmission duration of 150 TTIs. For BD precoding
and hybrid BD precoding, we assume perfect unquantized
CSIT of the (effective) base band channel at the first TTI.
For angle of departure BD precoding, we assume perfect
knowledge of the LOS angles w.r.t. the two RRHs and
hence perfect knowledge of the corresponding transmit
antenna array response vectors. For the other schemes, we
utilize our OMP-based channel decomposition to deter-
mine the S = 2 strongest specular components, in order
to facilitate transmission of two spatial streams. We have
observed that the performance does not improve if we

consider S > Lu expansion coefficients; when S is too
large, the performance rather deteriorates since too many
interference leakage constraints are active. For BD precod-
ing and its hybrid variant, we assume perfect base band
CSIT on each of the 600 subcarriers within the first TTI.
For angular BD precoding, only broadband feedback of
the angles of departure of the strongest multipath com-
ponents needs to be provided, since this CSI is obtained
from the time domain channel impulse response; notice,
though, that this either requires estimation of the time
domain channel impulse response or direction estima-
tion of the dominant angles from uplink training signals
[74]. For the remaining schemes, we consider a CSI feed-
back resolution of 60 subcarriers, i.e., the S = 2 strongest
specular components are provided for every 60th subcar-
rier. Therefore, to estimate the full channel matrix at the
receiver for CSI feedback calculation, we require a total of
600/60 · Nt = 500 orthogonal pilot-symbols within the
first TTI, amounting to an overhead of 500/(14 · 600) ≈
6% within the first TTI. However, since we provide CSI
feedback only every 150th TTI the pilot overhead for CSI
feedback calculation is negligible.
For our robust leakage-bounded precoders, we deter-

mine the size of the angular uncertainty regions to match
the uncertainty of the LOS direction caused by the
user movement. To avoid unnecessarily large uncertainty
regions, we recalculate the robust leakage-bounded pre-
coders every 25 TTIs with correspondingly increasing
angular uncertainty regions. Notice, in this recalculation,
only the size of the uncertainty regions is updated and
not the angular CSIT itself; it does therefore not require
renewed CSI feedback from the users. In Fig. 5, we show
the achievable rate performance of the considered pre-
coding schemes. We observe that regular BD precoding
as well as hybrid BD precoding achieve very high data

Fig. 5 Time-evolution of the achievable rate of different precoding
schemes assuming constant precoders over time and time-variant
channels
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rate in the first TTI since at this time the CSIT is per-
fect and thus interference-free transmission is achieved;
notice, we assume a noise variance of σ 2

n,u = 10−2 in
this simulation. However, the performance of BD precod-
ing and its hybrid variant deteriorates very quickly over
time due to increasing residual interference caused by
growing precoder mismatch, since the base band channel
varies quickly over time. Our proposed leakage-bounded
precoding scheme cannot compete with BD precoding
in the first TTI. This is because it does not achieve
interference-free transmission, since there is always resid-
ual interference caused by the channel decomposition
error. Even with S very large and therefore a small chan-
nel decomposition error, our method does not achieve the
multiplexing capabilities of BD precoding because it is an
incoherent scheme that does not make use of coherent
multipath interference, as BD precoding does to elimi-
nate multi-user interference. Yet, our method is much less
sensitive to the temporal variation of the channel matri-
ces, since the employed angular channel decomposition is
comparatively stable over time. This means that the angu-
lar directions of the largest channel expansion coefficients
change only slowly over time and therefore the leakage-
based precoding solution performs well even after many
TTIs. Notice, the incoherent SLNR precoder as well as the
angle of departure BD precoder achieve virtually the same
performance as our scheme at the beginning of the trans-
mission; however, their performance deteriorates faster
because they do not consider angular uncertainty regions.
Nevertheless, both methods provide a reasonably good
trade-off between robustness and computational com-
plexity.We did attempt to incorporate angular uncertainty
regions in the SLNR metric, but we were not successful.
In Fig. 5, we also compare the performance of leakage-
bounded precoding utilizing the determinant optimiza-
tion approach and the per stream optimization approach
described in Section 4.2. We observe that per stream
optimization exhibits only a small rate degradation com-
pared to determinant optimization and therefore might
be practically more relevant due to lower computational
complexity.
In our final example, we investigate the sensitivity of

leakage-bounded beamforming and BD precoding with
respect to channel estimation errors. For this purpose,
we distort the output Hu[ n] of the QUADRIGA channel
model to emulate a channel estimation error:

Ĥu[ n]=
√
1 − σ 2

e Hu[ n]+σ 2
e Eu[ n] , (33)

with [Eu[ n] ]i,j ∼ CN (0, 1) denoting the normalized
channel estimation error and σ 2

e controlling its relative

strength, such that E
(∥∥∥Ĥu[ n]

∥∥∥
2
)

= NrNt7. We con-

sider uncoded 16QAM transmission to a varying number

of users U ∈ {3, 5, 7} with Lu = 1 stream per user.
We use high-resolution angular quantization of a single
S = 1 specular component, such that the CSI uncertainty
of this single expansion vector is only due to the channel
estimation error.
In Fig. 6, we show the obtained SER as a func-

tion of the channel estimation error variance σ 2
e . We

observe that leakage-bounded beamforming exhibits an
SER floor due to residual interference caused by the
channel decomposition error, which grows with the num-
ber of users served in parallel. Yet, the performance
of the method is hardly impacted by the channel esti-
mation error; this robustness is achieved by the sig-
nal denoising properties of the employed angular basis
decomposition. Only for very large channel estimation
errors the decomposition fails due to the growing impact
of Eu[ n]. BD precoding, on the other hand, is much
more sensitive w.r.t. channel estimation errors, since
such errors directly cause residual inter-user interfer-
ence; yet, for small error variance it outperforms our
proposed method. We want to stress that the perfor-
mance shown in (8) is for uncoded transmission; with
channel coding, the SER can of course be substantially
reduced.

7 Conclusions
Multi-user beamforming and precoding approaches are in
general very sensitive to CSI imperfections at the trans-
mitter. Most existing approaches are not efficiently appli-
cable in high-mobility situations, since channel matrices
change so quickly over time that already small process-
ing delays can lead to substantial inter-user interference.
In this paper, we provide a remedy to this problem by
considering non-coherent beamforming/precoding in the

Fig. 6 Sensitivity of the SER achieved with BD precoding and
leakage-bounded beamforming with respect to the channel
estimation error for uncoded 16QAM transmission. Red: Block
diagonalization; blue: leakage-bounded
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angular domain with robustness w.r.t. angular uncertainty.
In addition to improving the robustness of the beam-
former/precoder, this has the further advantage that only
a minimal amount of CSIT is required, namely the angles
of departure of the most significant specular components
together with their respective gains as obtained from a
low-rank basis decomposition. We show that the relevant
CSI can efficiently be quantized by applying a variant of
the OMP algorithm. Naturally, under ideal circumstances
of perfect CSIT, such a non-coherent approach cannot
compete with coherent methods in terms of the achiev-
able multiplexing gain. Also, it is not well suited for strong
scattering environments with a large number of signifi-
cant specular components because the low-rank channel
decomposition has a large residual error in such cases.
Nevertheless, the proposed technique can provide sub-
stantial improvements in situations with few dominant
specular components, as for example expected in the mil-
limeter wave regime, and it enables robust multi-user
beamforming/precoding with low requirements on CSIT
accuracy.

Endnotes
1A basis of a vector space is said to be over-complete if

it is complete even after the removal of a vector from the
basis.

2A related low-rank basis expansion model has recently
also been investigated in [78]; however, in [78] the authors
consider an orthogonal basis expansion model, whereas
we consider an over-complete basis set containing far
more entries |D| than the dimension Nt of the vector
space.

3We investigate a related max-min problem that
accounts for uncertainty in the signal direction in [39]; it
can only be approximately solved via SDR.

4The simulation results were generated using
QuaDRiGa Version 1.4.8-571.

5Notice, the antenna boresight direction is (φ, θ) =
(0◦, 90◦).

6Notice, for multi-user beamforming with a single
stream per user we investigate the impact of the angular
CSI resolution in [40] and demonstrate that an angular
resolution of 4◦ achieves close to optimal performance for
a UPA of size 10 · 10. Since the spatial resolution of the
50 element ULA considered here is better, we increase the
angular CSI resolution to 1◦.

7 The definition of σ 2
e here is slightly different as com-

pared to (8), in order to keep the energy of the estimated
channel constant irrespective of σ 2

e .

Appendix
Upper bound on the approximation ˆ̃Ru
In this appendix we derive an upper bound on the approxi-
mation ˆ̃Ru of (24) that can be calculated from the provided
CSI feedback. We start by applying Sylvester’s determi-
nant theorem and Jensen’s inequality to (24):

R̃u ≤ log

∣∣∣∣∣∣
σ 2
n,uINt + E

⎛

⎝HH
uHu

∑

j∈S
FjFHj

⎞

⎠

∣∣∣∣∣∣
(34)

Let us next consider the approximation of a single inter-
ference term in detail:

E(HH
uHuFjFHj ) ≈ E

( S∑

s=1

S∑

k=1

(
dku

)∗ (
cku

)H
csu

(
dsu

)T Cj

)

= E

( S∑

s=1

∥∥csu
∥∥2 (

dsu
)∗ (

dsu
)T Cj

)
, (35)

with Cj = FjFHj being the transmit covariance matrix. In
this equation, we again utilized the phase independence
of different specular components as in the steps from (19)
to (20). We next apply an eigen-decomposition to the sum
of the specular components:

S∑

s=1

∥∥csu
∥∥2 (dsu)∗(dsu)T = Uu�

2
uUH

u , (36)

Uu ∈ C
Nt×S,UH

uUu = IS, �2
u ∈ R

S×S, (37)

where we assume that S ≤ Nt as our focus is on large-scale
antenna arrays and low-rank channel decomposition.
Let us next consider the interference leakage power

caused by the transmission to user j w.r.t. all specular
components of user u:

Lu,j =
S∑

s=1
Lsu,j =

S∑

s=1
tr

(
csu(dsu)TCj(dsu)∗(csu)H

)

=
S∑

s=1

∥∥csu
∥∥2 (dsu)TCj(dsu)∗ = tr

(
Uu�

2
uUH

u Cj
)
. (38)

In the precoder optimization problem (P5), we restrict
this interference leakage to satisfy Lsu,j ≤ Lmax and hence
Lu,j ≤ SLmax. From this upper bound on the interference
leakage power, we can determine an upper bound on the
interference leakage covariance (35). For that purpose, we
decompose the precoding matrix in terms of the S dimen-
sional basis Uu and a basis U⊥

u of its Nt − S dimensional
orthogonal complement:
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Fj = UuF‖
j + U⊥

u F⊥
j , (39)

F‖
j = UH

u Fj, F⊥
j =

(
U⊥
u

)H
Fj. (40)

With this, we can reformulate the leakage power as:

Lu,j = tr
(

�2
uF

‖
j

(
F‖
j

)H)
≤ SLmax. (41)

We next assume F‖
j ∈ C

S×Lj to be isotropically dis-
tributed, such that in combination with (41) we get

E

(
F‖
j

(
F‖
j

)H)
= kjIS, (42)

kj ≤ SLmax

tr
(
�2

u
) . (43)

Utilizing these results in (35), we obtain:

E
(
Uu�

2
uUH

u Cj
) � SLmax

tr(�2
u)
Uu�

2
uUH

u , (44)

where�means that the difference between the right-hand
side and left-hand side is positive semidefinite. This brings
us to the desired upper bound on the approximation ˆ̃Ru:

R̃u ≈ ˆ̃Ru ≤
log

∣∣∣∣σ
2
n,uIS + (|S| − 1)

SLmax

tr (�2
u)

�2
u + �2

uUH
uCuUu

∣∣∣∣ ,

(45)

where we again applied Sylvester’s determinant theorem.
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4. Multi-User Resource Allocation
and Robust Transmission
Optimization

CSIT allows to optimize the wireless transmissions to accommodate the demands and
requirements of mobile network users. From a network operator standpoint, it is important
to employ the available resources as efficiently as possible, in order to maximize the
network utilization and to fully capitalize on the operational network infrastructure. This
implies optimizing the multi-user resource allocation, with respect to efficiency, fairness
and user satisfaction, as well as, the spatial signature of the transmit signals through MIMO
beamforming and precoding.

CSIT in reality though is never perfect. Especially in high mobility scenarios, CSIT im-
perfections are the consequence of increased channel estimation errors [61], degraded
performance of differential/predictive CSI feedback algorithms [100], as well as, significant
channel aging during the CSIT acquisition phase [70]. These effects impair the spectral
efficiency in particular of MIMO transmissions and increase the outage probability of the
communication system. To compensate for such performance degradation, robust transceiver
designs are necessary that balance the strive for efficiency with the risk of signal outages.

Chapter Outline

In this chapter, I discuss methods for utilizing CSIT to optimize the efficiency, robustness
and QoS experience of multi-user transmissions. I first focus on multi-user scheduling
algorithms, i.e. the space-time-frequency allocation of the available resources amongst
UEs, to exploit multi-user diversity, achieve fairness amongst UEs and to satisfy QoS
requirements. I then discuss MIMO transmission with imperfect CSIT, putting the scope on
robust worst-case optimization and outage-based beamformer/precoder design.
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4.1. Multi-User Scheduling and Admission Control

Multi-user scheduling is a central means for exploiting the multi-user channel diversity
in order to enhance the spectral efficiency and the reliability of the data transmissions,
as well as, for satisfying QoS requirements of the users. It is well-known that under iid
Gaussian channel fading conditions of multiple users, the multi-user diversity gain can
provide a double-logarithmic improvement of the sum rate with the number of users served
by the multi-user system, by scheduling users on favorable time-frequency resources [129].
However, practical mobile communication systems cannot only be designed for maximizing
the system sum rate; they rather have to strike a balance between maximizing the system
efficiency and satisfying the QoS requirements of their users.

Key issues of scheduling and admission control: The following key issues have
to be addressed by the multi-user scheduling and admission control algorithms of the
communication system, to enable efficient, satisfactory and dependable operation:

• Trading-off spectral efficiency for fairness of the resource allocation.

• Satisfying strict QoS requirements of inelastic traffic.

• Controlling admission of applications with strict dependability requirements.

These issues are specifically relevant for novel 5G mobile networks, which are expected to
support a variety of service requirements beyond best effort.

Consideration of the realistic throughput performance: Multi-user scheduling in
realistic systems is complicated by the fact that the throughput of a UE does in general
not grow strictly linear with the amount of allocated resources in time-frequency selective
channels. We already encountered this issue in Section 3.3.1, when discussing CQI feedback
calculation; there, I have shown that the non-linear MIESM function is suitable to estimate
the achievable rate of BICM architectures, when transmitting over time-frequency selective
channels. The non-linearity of MIESM, however, implies that scheduling optimization
problems also become non-linear and, hence, difficult to solve. I provide a remedy to this
issue in [Conf. 2], by applying a local linearization of the BICM functions involved in
MIESM; details are given in Section 4.3.
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4.1.1. Spectral Efficiency versus Fairness

In mobile communications, multiple users commonly experience significant channel quality
differences, due to the location-dependency of the SINR in cellular networks. This implies
that scheduling strategies that purely focus on maximizing the achievable rate of the system,
such as [130], mostly assign resources only to a small subset of users, which experience
good channel conditions, whereas the other UEs are not served by the system. Contrarily,
schedulers that attempt to balance the average throughput of all UEs, such as, max.min.
throughput scheduling [131], have to assign excessive resources to UEs with bad channel
conditions, providing just little pay-off for UEs with good channel conditions. Hence, the
notion of the fairness of a resource allocation has attracted significant interest by researchers.

Quantifying fairness: There exist a number of approaches to quantify the fairness of a
resource allocation, the most prominent being Jain’s fairness index [132]:

J =

(∑U
u=1 T̄u

)2

U
∑U
u=1 T̄

2
u

, (4.1)

with T̄u denoting the average throughput of UE u. This index ranges from 1
U

, when only
one user is served, to one, when all users achieve equal throughput. In practice, often
proportional fair (PF) scheduling is applied [133], where the amount of resources allocated
to a UE is proportional to the average channel quality of this UE. PF scheduling is a special
case of the more general Pareto-optimal class of so-called α-fair utility functions [134], for
which α is a free parameter that determines the extent of fairness of the resource allocation
(α = 0 corresponds to maximum throughput scheduling, α = 1 to proportional fair, α→∞
to max.min. scheduling). However, fixing an α does not correspond to a specific value
of Jain’s fairness index; this relationship depends on the channel quality of the UEs. This
circumstance makes it difficult for network operators to decide for a preferred value of α.

Multi-user scheduling with adjustable fairness: In [135], I provide an alternative
approach, by including Jain’s fairness index explicitly in the scheduling optimization prob-
lem. Specifically, I consider specifying a target lower bound on Jain’s fairness index in the
scheduling problem, while at the same time attempting to maximize the sum throughput of
the system. As illustrated in Figure 4.1, a lower bound on Jain’s fairness index corresponds
to a second-order cone constraint in the achievable rate region of the multi-user system. To
efficiently determine the sum-rate optimal point within the intersection of the second-order
cone fairness constraint and the achievable rate region of the users, I propose in [135] to
employ α-fair utility maximization in combination with a line-search over α. A similar
approach is proposed in [136], where the authors moreover consider constraints imposed by
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Figure 4.1.: Illustration of second-order cone fairness constraints within the hypothetical rate region of two users. Varying the pa-
rameter α of the α-fair utility functions allows to Pareto-optimally trade-off fairness for efficiency. The illustration is taken from my
publication [135] c© 2011 IEEE.

real-time traffic. A comprehensive survey on opportunistic scheduling strategies for wireless
communications is provided in [137].

4.1.2. Handling QoS Requirements

Providing fairness to users of a mobile network is an important concern for network operators;
yet, even the most fair resource allocation can still just support best effort services. Handling
traffic that imposes strict QoS requirements in mobile communications is difficult, due to the
often unpredictable micro- and macroscopic channel fading conditions. QoS requirements
include average and minimum throughput constraints, maximum packet delay constraints for
real-time traffic, minimum SINR constraints to guarantee coverage, as well as, acceptable
packet loss rates. 3GPP currently employs 21 so-called QoS class identifiers (QCIs) to
specify the QoS requirements of applications, ranging from voice, over video and vehicle to
everything (V2X) messages, to augmented reality applications [138].

QoS-aware scheduling: To provide packet latency guarantees, reduced packet loss rate,
and good fairness, the modified-largest weighted delay first and the exponential/PF algo-
rithms have been introduced in [139, 140]. They exploit knowledge of the acceptable packet
loss probability and the head of line delay of the packet buffer to achieve their targets.
In [141], the authors propose a two-level scheduling algorithm, combining a frame-level
scheduler, which determines the amount of data that each real-time service should transmit
within a frame, with a proportional fair RE scheduler that exploits channel diversity. We
propose a similar two-level approach in [142], where we initially, in the first level, schedule
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real-time traffic using an exponentially weighted PF metric; afterwards, in the second level,
we assign the remaining resources to non real-time traffic. The exponential weighting of
the PF metric thereby accounts for the latency constraint of the respective traffic class and
prioritizes data packets that are close to their deadline.

4.1.3. Admission Control under Strict Dependability
Requirements

For some applications that impose strict dependability requirements, it is preferable to deny
access to the communication system if these requirements cannot be satisfied, rather than
granting access to an insufficiently reliable system. This is, e.g., the case in safety-critical
information exchange for vehicular communications, where an unreliable connectivity
cannot be tolerated. In such situations, it is better to adopt a fall-back solution (e.g., a
more conservative driving-mode of vehicles), rather than facing serious problems if the
undependable connection fails. It is therefore important to be able to estimate, whether or
not the QoS requirements of a UE can be satisfied, given the channel conditions and the load
caused by the already connected UEs.

Outage Probability of Wireless Transmissions

The issue of granting access to the communication system relates to the calculation of the
outage probability of wireless transmissions, in order to gauge whether the rate requirements
of the UEs can be satisfied with a sufficiently high probability. The outage probability of
multi-antenna wireless transmissions is strongly impacted by the quality of the CSIT. This
has been analyzed in the scientific literature under a host of assumptions:

• Single-cell single-user multiple-input single-output (MISO): In [143], the authors
show that CSIT imperfections, which are treated as a Gaussian error with respect to
the actual channel state, lead to a reduction of the SNR and a loss of diversity.

• Single-cell multi-user MISO: In [144], the authors calculate the outage probability
under the assumption that only the channel correlation matrices are available as CSIT.
The calculations in the multi-user situation are a lot more involved compared to the
single-user situation, since the intended signal and the residual multi-user interference
are received over the same channel and are therefore correlated.

• Multi-cell single-user MISO: In [145], the authors characterize the entire outage-
region of MISO interference networks with imperfect CSIT, where again the CSIT
error is treated as an additive Gaussian distortion of the actual channel state. The
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authors of [145] show that the outage-region shrinks significantly with increasing
CSIT error.

Outage probability of finite scatterer directional channels: In [Article 9], I revisit
the single-cell single-user MISO channel and calculate the outage probability under the
assumption of a finite scatterer directional channel model with imperfect CSIT, similar
to (3.7). The considered finite scatter directional MISO channel model is:

hu,i[n, k] =
S∑
s=1

h(s)
u,i[n, k] + h(d)

u,i [n, k], (4.2)

where h(s)
u,i[n, k] represents the channel response of the s-th specular scattering component

and h(d)
u,i [n, k] corresponds to diffuse background scattering, which is assumed to be iid

Gaussian distributed. The channel response of the specular components is, up to the path-
loss γ(s)

u,i and a phase shift ϕ(s)
u,i[n, k], determined by the transmit antenna array response

ai(Ψ) with respect to a plane wave in angular direction Ψ(s)
u,i [k]:

h(s)
u,i[n, k] =

√
γ

(s)
u,i ai

(
Ψ(s)

u,i [n, k]
)
ejϕ

(s)
u,i[n,k]. (4.3)

I investigate the impact of imperfect knowledge of the angular directions Ψ(s)
u,i [n, k] and

the phases ϕ(s)
u,i[n, k] at the transmitter. I consider these two terms individually, since in

a time-variant scenario, the angular directions can be assumed relatively stable, as they
vary slowly with the macroscopic movement of UEs, whereas the phases vary significantly
with movements in the order of the wavelength. The model also captures the CSI feedback
quantization errors of the limited feedback algorithm I propose in [Article 7]. It moreover
reduces to the simple Gaussian error model, if perfect knowledge of the specular components
and no knowledge of the diffuse component is considered; the diffuse component would then
correspond to the Gaussian error. The calculation of the outage probability for this channel
model in closed-form is in general not feasible; one has to resort to numerical integration.

In [146], I generalize these results further, to the case of multi-cell multi-user MISO transmis-
sion. The evaluation of the outage probability here relates to the distribution of a non-central
definite quadratic form in complex Gaussian random variables, whose study has a long
standing history [147–151]. Again, calculations in closed-form are restricted to relatively
simple special cases.

4.2. MIMO Transmission with Imperfect CSIT

MIMO techniques are a fundamental component of state-of-the-art wireless communication
systems. They provide substantial improvements in spectral efficiency through spatial
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multiplexing and interference mitigation, in reliability by means of diversity transmission,
and in network coverage through beamforming. Novel multi-antenna transmission concepts,
such as, massive MIMO, FD-MIMO and distributed/cell-free massive MIMO [65,152,153],
continue to attract significant research interest to push the performance of wireless networks.

Yet, the promised performance of MIMO techniques is often not achieved in practice, due
to CSIT imperfections, whether because of estimation errors, feedback quantization or
due to channel aging. As discussed in Section 4.1.3, the CSIT imperfections impair the
outage probability of wireless communications; even more, as mentioned in Chapter 3, they
fundamentally affect the achievable DoF of multi-user transmissions. Below, I summarize
existing theoretical results on the performance of multi-antenna transmissions with CSIT
imperfections, discuss transmission schemes that provide robustness against imperfect CSIT,
and tie in my own contributions to these fields.

4.2.1. DoF with Imperfect CSIT

CSIT imperfections have a significant impact on the performance of multi-user transmissions,
since they are the cause of multi-user interference. Ultimately, if the variance of the
residual multi-user interference σ2

MUI caused by imperfect CSIT is constant, this leads
to an interference limitation of the achievable transmission rate at high SNR, effectively
reducing the DoF of the system to zero. To avoid this interference limitation, the multi-user
interference σ2

MUI has to diminish with growing SNR to achieve non-zero DoF. Specifically,
the following results have been established in the scientific literature:

• Linear transceiver architectures: To achieve the optimal DoF D with linear beam-
forming/precoding schemes, such as, BD precoding and IA, the variance of the
residual multi-user interference must scale inversely proportional to the SNR: σ2

MUI ∝(
P/σ2

z,u

)−1
[98, 154]. If the variance scales as σ2

MUI ∝
(
P/σ2

z,u

)−α
, α ∈ [0, 1], the

DoF are reduced to αD [83, 155].

• Non-linear transceiver architectures: With a rate-splitting approach, which requires
non-linear SIC receivers, it is possible to improve the DoF of the MISO broadcast
channel (BC) with imperfect CSIT to 1 + α(D − 1) ≥ αD,α ∈ [0, 1] [156].

• Outdated CSIT: If the feedback delay is so large that the current channel state is not
correlated to the CSIT feedback, it is still possible to achieve non-trivial DoF with
the retrospective interference alignment space-time coding scheme proposed in [157].
Specifically, the DoF of the U user MISO BC with sufficiently many transmit antennas
and outdated CSIT approach U/ log(U) for U → ∞. The DoF of the most general
case of imperfect and outdated CSIT are derived in [158].
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Relationship to CSIT Acquisition

The DoF results above relate to the CSIT acquisition schemes discussed in Chapter 3.
Specifically, achieving the optimal DoF determines the overhead of these schemes:

• Reverse link channel estimation: The residual multi-user interference σ2
MUI is directly

proportional to the reverse link channel estimation error. Since the channel estimation
error is determined by the density of pilot symbols in the time-frequency RE grid,
as well as, their transmit powers, these parameters need to be adapted according
to the required estimation accuracy. This can, e.g., be achieved by repurposing the
pilot-pattern optimization method proposed in [61].

• Analog CSI feedback: This is analyzed for multi-user MIMO in [155] and for IA
in [154]. The authors show that the optimal DoF can be achieved, as long as the SNR
of the reverse feedback link is comparable to the SNR of the forward link.

• Digital CSI feedback: For this type of feedback, the residual multi-user interference is
determined by the quantization codebook size, which grows exponentially with the
number of feedback bits B. It thus follows that B must grow in proportion to the
logarithm of the SNR. Specifically, assuming that the number of transmit antennas Ni

at the BS is larger than the number of receive antennas Mu at the UEs:

– BD precoding with number of streams per user `u[n, k] = Mu requires B ∝
(Ni −Mu)Mu log

(
P
σ2

z,u

)
as shown in [96].

– BD precoding with `u[n, k] ≤ Mu requires B ∝ (Ni −Mu)`u[n, k] log
(

P
σ2

z,u

)
as I show in [100], which requires application of my proposed SQBC receiver.

If a dynamic reallocation of time-frequency resources between the up- and downlink di-
rections is possible, the investigation of the optimal feedback/training overhead becomes
even more involved. One then has to find the optimal resource partitioning as a function of
the achievable rate in the downlink. Spending more resources on CSIT acquisition reduces
the multi-user interference and thus improves the SINR; yet, it leaves less resources for the
downlink transmission. Optimal resource partitioning is considered, e.g., in [154, 159].

4.2.2. Robust Transmission Schemes

Robust transmission schemes attempt to cope with the CSIT imperfections, by explicitly
accounting for them in the transceiver design. Such schemes cannot beat the DoF results
mentioned above at very high SNR; yet, they can provide a significant performance gain
within practically relevant SNR ranges, by reducing the susceptibility of the transmission
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with respect to imperfect CSIT. The discussed methods are especially relevant in high
mobility scenarios, since these are prone to CSIT imperfections; see [Article 1], [Article 2].

Robust Beamforming and Precoding

Robust beamforming and precoding schemes have been proposed in the scientific literature
under a host of assumptions on the CSIT imperfection and for various transmission scenarios:

• Single-user MIMO transmissions: The problem of worst-case optimization for single-
user MIMO transmissions has been treated by many authors [160–165]. Commonly,
the goal is to optimize the worst-case of a system utility function over the channel state
with respect to the transmit precoder, assuming that the channel matrix lies within an
uncertainty set in a neighborhood of the available CSIT. The problem is generally
treated in [165] for several utility functions and classes of CSIT uncertainty sets, and
a convex formulation of the worst-case optimization is derived.

• Multi-user MIMO systems: Robust optimization for multi-user MISO systems is
considered in [166]. The authors consider QoS constraints in terms of SINR lower
bounds or MSE upper bounds, and develop a convex optimization framework based on
semi-definite programming (SDP), where the channel uncertainty is taken into account
with a Frobenius norm constraint. Similar robust optimizations are investigated
in [167, 168]. The multi-user MIMO case is treated in [169], where the authors
consider joint optimization of the transmit precoders and the receiver equalizers under
probabilistic MSE upper bounds. The derived optimization problem is non-convex in
general and the authors thus resort to a sub-optimal alternating optimization.

• MIMO interference channel (IC): Robust transceivers for the MIMO IC are developed
in [170] assuming a Frobenius norm upper bound on the channel uncertainty. The
authors propose a worst-case SINR optimization, which leads to a non-deterministic
polynomial-time (NP) hard quadratically constrained quadratic program (QCQP). The
authors propose an alternating optimization based on a semi-definite relaxation (SDR)
of the QCQP.

Angular-domain leakage bounded precoding: In [Article 7], I develop robust
transceivers for the multi-user MIMO downlink under the finite scatterer directional channel
model introduced in Section 4.1.3 for MISO transmissions. The underlying assumption
of my robust transceiver optimization is that the BS has imperfect knowledge of the sig-
nal angles Ψ(s)

u,i[n, k] and no knowledge about the respective signal phases ϕ(s)
u,i[n, k]; this

assumption lies outside the classes of CSIT uncertainty sets previously considered in the
literature. The CSIT uncertainty model implies that the transmitter cannot rely on destructive
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Figure 4.2.: Comparison of the geometric leakage-bounded multi-user precoding scheme with the limited CSI feedback method of
[Article 7], and BD precoding with perfect CSIT in the first TTI. Details of the simulated setup are given in [Article 7].

multi-path interference to cancel multi-user interference; it rather mitigates interference by
avoiding significant signal leakage into certain angular directions. Such a space division
multiple access (SDMA) like scheme provides improved robustness with respect to CSIT
imperfections over schemes that rely on coherent multi-path interference. Yet, it can achieve
the optimal DoF only under pure LOS transmission; otherwise, the scheme exhibits some
residual multi-user interference.

To emphasize the excellent robustness of the angular-domain leakage-bounded precoding
method, I include here a result from [Article 7] in Figure 4.2, comparing this incoherent
transmission scheme to the coherent BD precoding. These simulation results have been
obtained with the Quadriga channel model [122], assuming LOS conditions1 and a high
user mobility of 150 km/h. CSIT feedback is provided only every 150 TTIs = 150 ms. The
performance of the coherent BD precoding schemes is very good over the first few TTIs,
where the perfect CSIT provided in the first TTI is highly correlated to the current channel
state, but it falls off very quickly afterwards. The leakage-bounded precoding method
operates with imperfect angular-domain CSIT from the first TTI on. Since these angles
change slowly over time, the performance degradation over time is much more benign.

FD-MIMO and mmWave systems: FD-MIMO and mmWave systems frequently ap-
ply hybrid transceiver architectures to reduce the hardware complexity. This implies that
the precoding is partitioned into a base band and an RF processing part [38]. To achieve
robustness in such systems, both, the digital base band processing and the analog RF pro-

1Notice, though, that even under LOS conditions there are additional NLOS components in the channel.
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cessing should be designed for imperfect CSIT. My method of [Article 7] lends itself to an
implementation in the RF domain, since it is a pure beam-steering approach, which can in
principle be realized with a PSN. Additionally, it can be combined with robust base band
processing, which operates on the effective beamformed channel as discussed in more detail
in [Article 7].

Outage Optimized Transmission

As discussed in Section 4.1.3, the outage probability is a critical parameter for services that
require dependability of the transmission link. Outage optimal beamforming and precoding
schemes under CSIT imperfections have thus been developed for several transmission
scenarios. The general goal of these schemes is to find beamformers/precoders that ensure
that the outage probability falls below a prescribed threshold:

• Point-to-point MISO transmission: The authors of [171] develop outage optimal
precoding schemes for channel covariance feedback and channel mean feedback.

• Multi-user MISO downlink transmission: In [172], the authors consider the multi-user
MISO downlink under a Gaussian distributed CSIT error. The authors apply the
method of convex restriction to obtain a so-called safe tractable approximation [173],
which provides a feasible but possibly not optimal solution of the original problem.

• MIMO IC: This scenario is treated in [174], where the authors propose an iterative
alternating optimization to determine outage-optimal beamformers. The method is
guaranteed to converge; yet, not necessarily to a global optimum.

Outage-optimal beamforming for MISO TWDP fading channels: In [175] and
[Article 9], I consider point-to-point MISO transmission under the finite scatterer directional
channel model of Equation (4.2) restricted to S = 2 dominant specular components. As-
suming unknown phases ϕ(s)

u,i[n, k], the effective channel including beamforming follows the
two wave with diffuse power (TWDP) fading channel model. This channel model causes
fading that can be even worse than Rayleigh fading in terms of the outage probability [176],
depending on the relative strength of the two dominant specular components. This relative
strength of the specular components can partly be controlled by the applied beamformer. I
develop a local gradient optimization approach for outage optimized beamforming, which
operates on the associated Grassmann manifold of one-dimensional unit-norm beamformers.
I moreover demonstrate that the method outperforms the classical robust beamforming
approach of [177]. As shown by our recent measurement results [80], the considered sit-
uation with S = 2 dominant specular components is highly relevant for indoor mmWave
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communications; moreover, since the wavelength of mmWaves is so small, it is sensible to
assume unknown/random phases ϕ(s)

u,i[n, k] under a robust design perspective.

Robust Scheduling and Rate Adaptation

In addition to adopting robust MIMO beamforming/precoding schemes, it is important to
account for the CSIT uncertainty also in the channel quality estimates that are utilized for
multi-user scheduling and transmission rate adaptation. In [Article 8], I derive an SINR
lower bound for BD precoding with imperfect (quantized) CSIT, which enables robust
transmission rate adaptation and multi-user scheduling. Similarly, in [121] I develop a multi-
user scheduler that is suitable for the precoding method developed in [Article 7]. In general,
transmission rate adaptation and multi-user scheduling should be developed to specifically
address the impact of CSIT imperfections under the respective applied precoding scheme, to
enable robust transmissions.

4.3. Scientific Contributions and Publications

My research work on multi-user scheduling and resource allocation started during my time as
a PhD student, in the context of scheduling based on LTE standard compliant CSI feedback,
as described in [Conf. 2] and [135]. In my later publications, such as, [Article 8] and [121],
multi-user scheduling was not the major focus of my research, but rather a necessary
byproduct of the proposed CSI feedback and transmission schemes, to demonstrate their
performance under realistic circumstances. Robust transceiver design, as described, e.g.,
in [Article 7], [Article 9], [146, 175], came into the focus of my work as a post-doctoral
researcher, especially within my Christian Doppler Research Laboratory on Dependable
Wireless Connectivity for the Society in Motion, since robustness, reliability and outage
investigations are essential for dependable transceiver designs.

4.3.1. Selected Publications

The following publications within the fields of multi-user scheduling, robust transceiver
design and outage investigations contribute to this thesis:

[Conf. 2] S. Schwarz, C. Mehlführer, and M. Rupp, “Low complexity approximate max-
imum throughput scheduling for LTE,” in Conference Record of the Forty Fourth
Asilomar Conference on Signals, Systems, and Computers, Pacific Grove, California,
Nov. 2010, pp. 1563–1569
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[Article 7] S. Schwarz, “Robust full-dimension MIMO transmission based on limited feed-
back angular-domain CSIT,” EURASIP Journal on Wireless Communications and
Networking, vol. 2018, no. 1, pp. 1–20, Mar 2018

[Article 8] S. Schwarz and M. Rupp, “Evaluation of distributed multi-user MIMO-OFDM
with limited feedback,” IEEE Transactions on Wireless Communications, vol. 13,
no. 11, pp. 6081–6094, Aug. 2014

[Article 9] S. Schwarz, “Outage investigation of beamforming over random-phase finite-
scatterer MISO channels,” IEEE Signal Processing Letters, vol. 24, no. 7, pp. 1029–
1033, July 2017

4.3.2. Summary of Scientific Contributions

The main scientific contributions of these publications are:

1. Derivation of an efficient linear optimization framework for multi-user scheduling
in BICM-based transceiver architectures, such as, 3GPP LTE, and formulation and
solution of standard scheduling problems as linear programs (LPs) in [Conf. 2].

2. Development of robust FD-MIMO precoding schemes for finite scatterer directional
channels, based on imperfect angular-domain CSIT, in [Article 7].

3. Design of an entire limited feedback based transceiver architecture for BD precoding
multi-user MIMO transmission in OFDMA systems, including transmission rate
adaptation and multi-user scheduling based on quantized CQI feedback, in [Article 8].

4. Investigation of the outage probability of beamforming over finite scatterer directional
MISO channels with imperfect CSIT in [Article 9].

[Conf. 2] Low complexity approximate maximum throughput scheduling for LTE:
In this conference publication, I derive an efficient framework for multi-user scheduling
in BICM MIMO-OFDMA transceiver architectures, with application to 3GPP LTE. As
mentioned in Section 4.1, a critical issue of such BICM architectures is that the achiev-
able rate of a user does not scale linearly with the amount of allocated resources, but is
rather determined by the non-linear MIESM, which complicates the solution of multi-user
scheduling optimization problems. To circumvent this issue, I propose in [Conf. 2] a local
linearization of the BICM functions involved in MIESM, which leads to a computationally
efficient linear optimization framework for multi-user scheduling. The local linearization is
justified by the fact that the SNR variations due to the microscopic fading are effectively
limited to a few [dB] around the mean. This framework enables an implementation of
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popular scheduling strategies as LPs. I moreover utilize this linearization in [135] to derive
a throughput maximizing scheduling algorithms that supports adjustable fairness in terms of
Jain’s index.

[Article 7] Robust full-dimension MIMO transmission based on limited feedback
angular-domain CSIT: I discussed a part of the scientific contribution of this publication
already in Section 3.5, within the context of CSI quantization and feedback. I consider the
article here again, because it also contains significant scientific contributions within the
field of multi-antenna precoding optimization. Specifically, I derive in this article robust
beamforming and precoding methods for efficient multi-user transmission in FD-MIMO
systems with angular-domain CSI feedback. The algorithm thereby relies on feedback of the
azimuth and elevation angles of the dominant scattering components of each user, to calculate
multi-user precoders that limit the amount of multi-user interference of the transmission.
This approach is successful in limited scattering environments, when the channels of the
UEs contain few dominant scattering components. The algorithm additionally allows for
integration of an angular CSIT uncertainty, to compensate for the imperfections caused
by the CSI quantization and by the movement of UEs. It therefore achieves significant
improvements over BD precoding in high mobility situations, when the CSIT is partially
outdated, e.g. due to a delay in the feedback path.

[Article 8] Evaluation of distributed multi-user MIMO-OFDM with limited feed-
back: In this article, I consider the downlink of an OFDM-based LTE compliant multi-
carrier system, in which remote radio units are employed to enable distributed multi-user
MIMO transmission. The UEs provide CSI feedback to the BS via limited capacity feedback
links, causing residual multi-user interference due to CSIT imperfections. Building on Grass-
mannian CSI quantization concepts, I propose an effective CSI feedback clustering approach
to exploit the correlation of the wireless channel in the frequency domain. I moreover derive
the corresponding channel quality feedback for transmission rate adaptation and multi-user
scheduling, and propose a practical greedy multi-user scheduler that achieves a performance
close to the optimal exhaustive search. These methods enable robust BD-precoding based
multi-user MIMO transmission in OFDM systems.

[Article 9] Outage investigation of beamforming over random-phase finite scat-
terer MISO channels: The finite scatterer directional channel model is a popular model
for representation of FD-MIMO systems, especially in the context of mmWave transmis-
sions, which commonly exhibit limited scattering. In this article, I consider beamforming
over such channels under the assumption of imperfect CSIT about the angular directions in
azimuth and elevation of the scattering components, as well as, uncertainty in the relative
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phases of signals arriving at the receivers via these scatterers. In practice, acquiring rela-
tively accurate CSIT about the angular directions is realistic, since these change only slowly
over time, whereas the signal phases are much more sensitive to movement of UEs and/or
scatterers. The calculation of the outage probability under these assumptions is generally not
feasible in closed-form, but requires numerical integration. I further utilize the developed
outage expressions for outage optimized beamforming in [175] and generalize them to
the case of multi-cell transmissions in [146], where I moreover apply them for multi-user
scheduling and outage-constrained admission control to support dependable services.
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Abstract—In this paper we address the challenge of multiuser
scheduling in the downlink of 3GPP UMTS/LTE. Long Term
Evolution (LTE) imposes the constraint of using the same code
rate, modulation order and transmit power for all resources a
User Equipment (UE) is scheduled onto. This, in addition to the
lack of channel knowledge, prohibits theoretical concepts such
as capacity maximization to be applied for resource allocation.
Based on the Channel Quality Indicator (CQI) feedback we
derive a linearized model for multiuser scheduling. In contrast
to other proposals we use Mutual Information Effective SNR
Mapping (MIESM) to calculate an average CQI value for all UE
resources. This enables a rate increase while still guaranteeing
an imposed Block Error Ratio (BLER) constraint. The proposed
framework can also be applied to implement other scheduling
strategies. This is demonstrated by comparing different standard
schedulers in terms of achieved throughput and fairness.

Index Terms—LTE, OFDMA, multiuser scheduling, adaptive
resource allocation, linear programming

I. INTRODUCTION

Orthogonal Frequency Division Multiple Access has been
adopted in emerging broadband wireless access networks such
as 3GPP UMTS/LTE [1] and IEEE 802.16x (WiMAX) [2]
due to its inherent immunity to intersymbol interference and
scheduling flexibility in resource allocation. This flexibility
allows the exploitation of frequency, temporal and multiuser
diversity offered by the wireless broadcast channel. By em-
ploying sophisticated multiuser scheduling algorithms, which
transmit data to different users on favourable resources, a high
system capacity can be achieved.

In our work we focus on the downlink of Long Term Evo-
lution (LTE). In this system the time-frequency grid (resource
grid [3]) spanned by OFDM is divided into several Resource
Blocks (RBs). User Equipment (UE) resource allocation is
carried out on a Resource Block (RB) or a subband basis (each
subband consists of several contiguous RBs). Sophisticated
scheduling requires the UEs to feed back for each RB (or
subband) the supported Channel Quality Indicator (CQI) value,
corresponding to a specific code rate - modulation order
combination [4]. The standard specifies different feedback
granularity possibilities, ranging from wideband (just a single
CQI value for all considered RBs) to best M feedback (a
distinct CQI value for the M best RBs). For our simulations
we consider distinct CQI values for every RB. In our work
in [5] and [6] we proposed a spatial preprocessing and link
adaption (CQI) feedback scheme based on Mutual Information

Effective SNR Mapping (MIESM). MIESM is a well know
technique from link level abstraction [7], [8]. It allows to map
the SINR experienced on several resources to an equivalent
AWGN channel SNR. In [5] and [6] we have shown that
MIESM-based wideband feedback achieves close to optimal
performance in terms of throughput while fulfilling an imposed
constraint on a maximum allowed Block Error Ratio (BLER).
In this paper we use the same feedback strategy, but on an
RB basis. The required MIESM averaging is carried out at
the scheduler after resource allocation.

In this paper we first formulate the sum rate maximization
resource allocation problem in Section II based on MIESM to
calculate the supported CQI value. This leads to a nonlinear
binary integer program. We then use a linear approximation
in Section III to come up with a linearized model, which
allows to solve the resource allocation problem very efficiently
with a Linear Program (LP). We show that this LP is actually
equivalent to a best CQI scheduler. Next we give simulation
results in Section IV that compare our proposed sum rate max-
imizing scheduler with the one proposed in [9]. Afterwards
in Section V we show that the linearized model is directly
applicable to other scheduling strategies as well. In Section VI
we compare the performance of different scheduling strategies
in terms of throughput and fairness. Concluding remarks will
be provided in Section VII.

II. SUM RATE MAXIMIZING SCHEDULER

Consider the downlink of an OFDM single antenna (SISO)
multiuser LTE system. Let N be the number of available RBs
and K the number of users. Every user k feeds back a CQI
vector CQIk ∈ {1, . . . ,CQI(max)}N×1 containing supported
CQI values for the N RBs (in LTE CQI(max) = 15).

These CQIs correspond to supported modulation order -
code rate combinations (given in Table 7.2.3-1 in [4]) for
the individual RBs. If a UE k is served on several RBs it is
necessary to find an average supported CQI value CQIk. We
achieve this by first mapping the CQI values of the considered
RBs to corresponding SNR values. Next we compute an
equivalent AWGN channel SNR value SNReq,k by applying
MIESM and from this value we arrive at CQIk.

In [10] the author shows that, assuming a BLER target of
≤ 0.1, the mapping function from SNR to CQI is linear. There-
fore CQIk is linearly related to a corresponding quantized



SNR vector SNR
[dB]
k ∈ {SNR(1), . . . ,SNR(max)}N×1

SNR
[dB]
k = s1CQIk + s21, (1)

where s1 and s2 are coefficients obtained from the linear
mapping function and SNR(i) is the quantized SNR value
corresponding to CQI(i). The notation (.)[dB] indicates that
the value is given in dB.

The goal of a sum rate maximizing scheduler is to allo-
cate resources such that the sum of the user throughputs is
maximized. Let bk ∈ {0, 1}N×1 be a binary vector indicating
which RBs are allocated to user k

bk(n) = 1⇐⇒ RB n is allocated to user k, (2)

with bk(n) corresponding to the nth value of the vector bk.
In a SISO system an RB can only be used by a single UE,
therefore RB allocations must not overlap

bTj · bi = 0 ∀i 6= j. (3)

Note that this assumption need not be true in a multiuser
MIMO system, because different spatial layers may be allo-
cated to different users on overlapping resources. The sup-
ported CQI value of user k, CQIk, is computed by averaging
SNRk with the help of MIESM to obtain an equivalent
AWGN channel SNR, SNReq,k. This SNR is then mapped
back to the CQI domain via the inverse of the linear mapping
function. Because the CQI value must be an integer in the
range 1, . . . ,CQI(max) the result has to be rounded down:

SNReq,k = βf−1

(
1

||bk||1

N∑
n=1

f

(
SNRk(n)bk(n)

β

))
(4)

CQIk =

⌊
SNR[dB]

eq,k − s2
s1

⌋
(5)

The function f is given by the Bit Interleaved Coded Modu-
lation (BICM) capacity [11]. The variable β is a calibration
factor used to adjust the mapping to the different code rates
and modulation alphabets. Therefore it depends on the CQI
value. Theoretically it would be necessary to repeat the aver-
aging for all different β values, but the calibration has shown
that β is always close to one and therefore set equal to one
for simplicity. The whole nonlinear averaging and mapping
procedure of eqs. (1), (4) and (5) is condensed in the function
R, which yields the spectral efficiency (in bits per channel use)
by mapping the average CQI value CQIk to its corresponding
spectral efficiency. The throughput of user k in bits/s, Tk,
therefore equals

Tk = c ·R(CQIk,bk) · ||bk||1, (6)

where c is a constant that transforms from bits/channel use to
bits/s.

Finally, the sum rate maximization problem can be formu-
lated:

{b?1, . . . ,b?K} = argmax
{b1,...,bK}

K∑
k=1

Tk (7)

subject to:

bTj · bi = 0 ∀i 6= j

bk(n) ∈ {0, 1} ∀n, k.

This is a highly nonlinear binary integer program, for which no
efficient solution exists. It cannot be implemented in realtime
because scheduling decisions must be carried out in every
subframe, that is, every 1 ms. Therefore it is necessary to
further simplify the model which is achieved in the following
section.

III. LINEARIZED MODEL

In LTE, the CQI feedback from a single UE can only span
up to four values, as only 2 bits of feedback are allowed per
resource [4]. These 2 bits per RB signal an offset value to
an average CQI value, which is also fed back. This constraint
can be utilized to simplify the nonlinear optimization problem
by linearly approximating the BICM function f necessary for
MIESM Eq. (4). Figure 1 shows linear MMSE fits of the
envelope of the BICM curves. Normally the BICM functions
are given over SNR, but due to the linear mapping between
SNR and CQI, they are here directly given over CQI. The
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Fig. 1. Linear MMSE fits to the envelope of the BICM functions.

figure shows that for a range of four CQI values linear approx-
imations are reasonable. By applying this approximation, SNR
averaging boils down to computing the arithmetic mean. Still,
to calculate the supported CQI value CQIk according to (5), a
nonlinear operation (rounding) is necessary. In order to achieve
linearity, this operation is ignored for the resource allocation
process and noninteger CQI values are allowed. Note that these
approximations are just applied during resource allocation. As
soon as this process is completed, MIESM is used for every



UE and its RBs to come up with an integer supported CQI
value.

One possibility to compute the efficiency corresponding
to a noninteger CQI value is to linearly interpolate the
efficiencies corresponding to integer CQI values defined in
the LTE standard [4] (cf. the magenta circle marked line in
Fig. 1). Another possibility is using the theoretical BICM
functions. We consider BICM for this purpose (as both are
almost parallel, simulation results differed only marginally
using either of the two). In order to avoid nonlinearities it is
necessary to make use of the linear fits again. Which linear fit
has to be applied depends on the actual value of CQIk. Since
CQIk has to be in the range [min(CQIk), . . . ,max(CQIk)]
the appropriate fit can be chosen in advance.

Using the above assumptions, the rate of user k, Rk, in bits
per channel use becomes

Rk = dk
CQITk bk
||bk||1

+ ek, (8)

where dk and ek are the coefficients from the linear fit. The
throughput equals

Tk = c · Rk||bk||1 =

= c · dkCQITk bk + c ·ek||bk||1︸ ︷︷ ︸
eT
k bk

=

= (c · dkCQITk + c · eTk︸ ︷︷ ︸
cT
k

)bk. (9)

The step from the second to the third line is possible as bk
is binary and ek = ek1. In (9) the user throughput finally is
linear in the RB allocation bk.

For convenience let us introduce the following vector nota-
tion

b = vec




bT1
bT2
...
bTK


 ∈ {0, 1}N ·K×1 (10)

c = vec




cT1
cT2
...
cTK


 ∈ RN ·K×1. (11)

b contains the RB allocation for all UEs in the form that the
first K rows correspond to the first RB of users 1, . . . ,K, the
next K rows to the second RB of all users and so on. Similarly
the vector c contains the corresponding rates.

With this notation the sum rate maximization problem can
be written as following binary linear program

b? = argmax
b

cTb (12)

subject to:
A · b ≤ 1N

b(n) ∈ {0, 1} ∀n.

The matrix A ∈ {0, 1}N×KN ensures that every RB is used
at most by a single UE:

K·N︷ ︸︸ ︷
K︷ ︸︸ ︷

A =


11 . . . 1 0 . . . 0
0 . . . 11 . . . 1 0 . . . 0
...

. . .
...

0 . . . 11 . . . 1

 (13)

Problem (12) can be solved efficiently by a binary solving
method such as branch and bound [12].

Investigating the matrix A shows that it is not even neces-
sary to solve a binary program. Under certain conditions it is
possible to apply integer relaxation to a binary linear program
without loss of optimality and ensurance that the solution
is integer valued. This is possible whenever the constraint
matrix A is totally unimodular1 and the right hand side of the
constraints is integer valued [12]. It is easily verified that these
conditions are fulfilled for the given constraint matrix. There-
fore the problem can be solved as an LP (e.g. with the simplex
method) with additional constraints 0 ≤ b(n) ≤ 1 ∀n.

The solution can also be obtained in a different way by
examining the structure of the problem. Each RB can at most
be assigned to a single UE. Due to the linearity of the problem
each RB will be assigned. No RB will be left out, although
this might be the case if the problem was nonlinear; that is,
the CQIs were allowed to vary over a larger range. As a
consequence the UE with the largest corresponding value in
ck will obtain the RB revealing the scheduler identical to a
best CQI scheduler that schedules the UE with the highest CQI
value. This intuition is proven analytically in Appendix A. We
conclude that the best CQI scheduler is sum rate maximizing
for LTE under the given approximations.

The presented approach may also be applied in multiuser
scenarios with many UEs even if the CQIs are not guaranteed
to lie in a range of four values. In these cases multiuser
diversity will enforce that UEs are scheduled on their best
RBs, automatically leading to low CQI variation (see Section
VI).

IV. SIMULATION RESULTS FOR TWO USERS

In this section we compare our proposed scheduler (Approx-
imate Max. Throughput (AMT)), based on the LP relaxation,
with the Best CQI (BCQI) scheduler and a sum rate maxi-
mizing scheduler proposed by R. Kwan et.al. in [9] (Kwan
Max. Throughput (KMT)). In [9] the authors are tackling the
challenge of resource allocation under the conditions given
by the LTE standard (limited channel knowledge, single CQI
value per UE). In order to solve the optimization problem, they
assume that a UE can only support the lowest CQI value of all

1every square non-singular submatrix is unimodular; that is, it has deter-
minant ±1 and integer entries



RBs it is assigned to. This will be shown to entail a rate loss
compared to our solution although the imposed constraint on
a maximum allowed BLER is fulfilled by both approaches. In
[13] the authors also deal with the problem of scheduling under
the constraint of a single adaptive modulation and coding
scheme per user, but in a more abstract way. This fact in
addition to the complex structure of the solution prevents it
from direct application in a realtime system.

In order to compare different schedulers we use a standard
compliant LTE physical layer simulator [14] that is publicly
available [15]. We implement the slightly suboptimal (∼ 5%
rate loss) scheduling strategy proposed in [9] due to the high
complexity of the optimal integer linear program solution.

In the first simulation we consider a scenario with two
UEs and a difference in the mean SNR of the two UEs
of ∆SNR = 3 dB. The parameters of the simulation are
summarized in Table I. We assume a blockfading channel

TABLE I
SIMULATION PARAMETERS

Parameter Value
System bandwidth 1.4 MHz

Number of subcarriers 72
Number of RBs N 12

Number of users K 2
Channel Model ITU-T VehA [16]

Antenna configuration 1 transmit, 1 receive (1× 1)
Receiver Zero Forcing ZF

Schedulers Best CQI (BCQI)
Approx. Max. Throughput (AMT)
Kwan. Max. Throughput (KMT)

model with a constant channel during one subframe duration
(1 ms) and channel realizations independent between sub-
frames. The CQI feedback from the UEs arrives with zero
delay, meaning that the scheduler knows the feedback before
the actual transmission. We assume distinct feedback values
for all RBs, but we do not explicitly enforce the constraint that
the CQI feedback must lie in a range of four values (in most of
the cases this is anyway fulfilled). We use a full transmit buffer
assumption for our simulations; that is, users fully utilize all
resources they get.

Figure 2 shows the sum throughput of both UEs for the
three different schedulers over the SNR. BCQI and AMT
perform similar. Our proposed scheduler gains about 1.8−2 dB
compared to the proposal of Kwan et.al.

Figure 3 shows a comparison of the BLERs of the two
UEs when different schedulers are employed. There is a slight
difference in the BLER performance of BCQI and AMT,
because the RB assignment is not unique if both users feed
back the same CQI value for a resource. The user with the
higher SNR (UE1) needs about −2 dB SNR to achieve the
imposed target BLER for all schedulers, while the worse
user (UE2) requires about −1 dB SNR. The reason for this
is that UE2 in general gets less resources than UE1 and
therefore the codeblocksize is smaller which impairs the code
performance. The BLER of KMT is lower than that of our
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Fig. 2. Sum throughput obtained with different schedulers plotted over SNR
for UE 1 and UE 2.
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Fig. 3. Block error ratio obtained with different schedulers plotted over SNR
for UE 1 and UE 2.

proposed method because it underestimates the channel and
uses a too conservative CQI value.

V. APPLICATION TO OTHER SCHEDULING STRATEGIES

In this section we show how the proposed framework
can be used to implement other scheduling strategies. We
consider some fair schedulers namely the Resource Fair (RF)
scheduler, the MaxMin. scheduler and the Proportional Fair
(PF) scheduler.

A. Resource Fair Scheduler

The RF scheduler tries to maximize the sum rate of all
UEs while guaranteeing fairness with respect to the number
of RBs a UE gets. This can be easily achieved by imposing
the additional constraint

||bk||1 =
N

K
∀k, (14)

if N
K is integer, otherwise some UEs will get bNK c while others

get dNK e to make up for the total number of RBs (to guarantee



fairness one should randomize this decision). This can be
easily achieved by including an additional row for each UE in
the matrix A (13) that sums up all RBs of a UE. This does
not harm the unimodularity of the matrix, so the problem can
be solved as an LP.

B. MaxMin. Scheduler

The task of a MaxMin. scheduler is to maximize the
minimum of the user throughputs. This scheduler is Pareto
optimal, meaning that the rate of one UE cannot be increased
without decreasing the rate of another UE that has a lower
rate than the one considered [17]. The optimization problem
can be formulated as

{b?1, . . . ,b?K} = argmax
{b1,...,bK}

min
k

cTk bk (15)

subject to:

bTj · bi = 0 ∀i 6= j

bk(n) ∈ {0, 1} ∀n, k.

Introducing the variable ε allows to recast the problem into a
linear integer program

{b?1, . . . ,b?K , ε?} = argmax
{b1,...,bK ,ε}

ε (16)

subject to:

ε ≤ cTk bk ∀k
bTj · bi = 0 ∀i 6= j

bk(n) ∈ {0, 1} ∀n, k.

Next we combine the different RB vectors bk into a single
vector b as in (10), append the variable ε at the end of the
vector to get b̃ ∈ R(KN+1)×1 and put the ck into a matrix
C ∈ RK×KN+1

b̃ =

[
b
ε

]
,

K·N+1︷ ︸︸ ︷
K︷ ︸︸ ︷

C =


c1,1 0 0 0 . . . 0 c1,2 0 0 0 . . . 1
0 c2,1 0 0 . . . 0 0 c2,2 0 0 . . . 1
0 0 c3,1 0 . . . 0 0 0 c3,2 0 . . . 1
...

. . . . . .
...


where ci,j = −ci(j). Using this notation the optimization
problem can be written as

b̃? = argmax
b̃

[0KN , 1] · b̃ (17)

subject to:

C · b̃ ≤ 0K

A · b ≤ 1N

b(n) ∈ {0, 1} ∀n.

This linear binary integer program cannot be relaxed to an LP
without sacrificing optimality, as the constraint matrices are

not totally unimodular. Nevertheless, we apply the relaxation
here and round the solution simply to the nearest integer.
Simulations have shown that the relaxation only entails a
minimal rate loss.

C. Proportional Fair Scheduler

A scheduling P is proportionally fair if and only if, for any
feasible scheduling S, it satisfies:∑

k

T
(S)
k − T

(P )
k

T
(P )
k

≤ 0 (18)

where T
(S)
k is the temporal average rate of user k by scheduler

S [17]. In [18] necessary and sufficient conditions for a
multicarrier scheduler to be proportionally fair are derived.
Based on these conditions a slightly suboptimal reduced-
complexity algorithm is derived in [19] which can directly be
applied with the proposed framework. We use this algorithm
with a window size of 10 subframes for the exponential
window that is used for averaging the user throughput.

VI. SIMULATION RESULTS FOR MULTIPLE USERS

In this section we compare different schedulers in terms
of their achieved throughput and fairness. Additionally to the
schedulers presented in previous sections we use a round robin
(RR) scheduler, that schedules users with a fixed pattern, such
that every UE gets the same number of contiguous resources.
We quantify fairness using Jain’s fairness index [20]

J(T) =

(∑K
k=1 T(k)

)2
K
∑K
k=1 T(k)2

, (19)

where T is a vector of measured (simulated) user through-
puts. Jain’s fairness index equals one if all throughputs are
the same and perfect fairness is achieved. With decreasing
fairness, Jain’s fairness index approaches zero. We consider
here absolute fairness, meaning that we don’t take into account
the SNR differences in our fairness measure.

The simulation setup consists of a single cell SISO scenario
with 25 UEs having average SNRs ranging from 1 to 25 dB in
1 dB steps. Our simulation parameters are summarized in Table
II. Figure 4 shows the throughput achieved by the different
UEs when applying several resource allocation schemes. The
max. throughput schedulers (AMT, KMT, BCQI) achieve high
throughputs for UEs with good SNR but users with low SNR
are never severed. The figure also shows, that the scheduler
proposed by Kwan et.al. performs as good as our proposal
in this case. This is due to multiuser diversity, which causes
UEs to be scheduled only on their best RBs, where the CQI
values are hardly varying. Figure 5 shows the sum throughput
achieved in the cell. The rate maximizing schedulers behave
similar and outperform the others in terms of throughput,
because they only serve UEs with good channel conditions.
The round robin scheduler performs worst, as it does not take
into account the channel state for resource allocation. In terms
of fairness, the situation more or less reverses, as Figure 6



TABLE II
SIMULATION PARAMETERS

Parameter Value
System bandwidth 10 MHz

Number of subcarriers 600
Number of RBs N 100

Number of users K 25
Channel Model 3GPP TU [21]

Antenna configuration 1 transmit, 1 receive (1× 1)
Receiver Zero Forcing ZF

Schedulers Best CQI (BCQI)
Approx. Max. Throughput (AMT)
Kwan. Max. Throughput (KMT)
Round Robin (RR)
Proportional Fair (PF)
Resource Fair (RF)
MaxMin.
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Fig. 4. Throughputs simultaneously achieved by UEs with different average
SNRs for several schedulers.

shows. In accordance to Figure 4 pure rate maximization is not
compatible with fairness. The best fairness is achieved with the
maxmin. scheduler, which conforms to it’s design goal. Good
fairness is also achieved with the PF and RF schedulers. These
two also deliver high sum throughput and therefore seem to
be a good compromise. Not taking into account the channel
conditions for resource allocation, as the RR scheduler does,
clearly is a bad choice, because neither high fairness nor high
throughput can be achieved.

All simulation results as well as the corresponding
MATLAB code will be made available online in the next
release (v.1.5) of our physical layer LTE simulator [15].

VII. CONCLUSION

In this paper we formulate the sum rate maximization
resource allocation problem in the framework of Long Term
Evolution. We develop a linearized model to simplify the
nonlinear combinatorial optimization problem to a simple
linear program. We show that solving this linear program
is equivalent to allocating resources to the users with the
best channel conditions (best CQI). A comparison to a rate
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maximizing scheduling strategy proposed by Kwan et.al. in
[9] is carried out by simulations. Our scheduler achieves better
results for small user numbers, while for large user numbers
the performance is similar. Next we show how the proposed
framework can be used to implement other schedulers. We
compare several schedulers in terms of achieved throughput
and fairness by simulations. These show that proportional
fair and resource fair schedulers deliver a good compromise
between fairness and throughput.
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APPENDIX A

We show analytically that the AMT scheduler is equivalent
to the BCQI scheduler by considering the Karush-Kuhn-
Tucker (KKT) optimality conditions [22]. For this purpose we



reformulate the linear relaxation of the optimization problem
(12) in scalar notation. We set the first constraint equal to
one, because every resource is used due to the linearity of the
problem.

{b?1,1, . . . , b?N,K} = argmax
{b1,1,...,bN,K}

N∑
i=1

K∑
j=1

ci,jbi,j (20)

subject to:
K∑
j=1

bi,j = 1 ∀i ∈ {1, . . . , N}

0 ≤ bi,j ≤ 1 ∀i ∈ {1, . . . , N}, j ∈ {1, . . . ,K}

The Lagrangian L(b, λ, ν) is given by

L(b, λ, µ) =
N∑
i=1

K∑
j=1

ci,jbi,j +
N∑
i=1

K∑
j=1

λi,j(bi,j − 1) + . . .

+
N∑
i=1

K∑
j=1

λi+N,j(−bi,j) +
N∑
i=1

νi

 K∑
j=1

bi,j − 1

 (21)

b = [b1,1, b1,2, . . . , bN,K ]T ∈ RNK×1

λ = [λ1,1, λ1,2, . . . , λ2N,K ]T ∈ R2NK×1

ν = [ν1, ν2, . . . , νN ]T ∈ RN×1.

The KKT conditions result in the following system of
equations:

(i) bi,j ≤ 1 ∀i, j (ii) bi,j ≥ 0 ∀i, j
(iii)

∑K
j=1 bi,j = 1 ∀i (iv) λi,j ≥ 0 ∀i, j

(v) λi,j · (bi,j − 1) = 0 ∀i, j (vi) λi+N,j · bi,j = 0 ∀i, j
(vii) λi,j − λi+N,j = ci,j − νi ∀i, j

Consider next the case ci,j − νi > 0.

ci,j − νi > 0
(vii)
=⇒ λi,j > λi+N,j

(iv)
=⇒ λi,j > 0

(v)
=⇒ bi,j = 1

(vi)
=⇒ λi+N,j = 0

(iii)
=⇒ bi,n = 0 ∀n 6= j

(iv,vi)
=⇒ λi+N,n ≥ 0

(v)
=⇒ λi,n = 0

(vii)
=⇒ ci,n − νi ≤ 0 =⇒ ci,j > ci,n ∀n.

In this case the user j with the largest CQI value on resource i
is served. Considering the case ci,j − νi < 0 leads to bi,j = 0
following a similar argumentation as above. This means that
the user j is not served on resource i. The last possibility to
be investigated is ci,j − νi = 0.

ci,j − νi = 0
(vii)
=⇒ λi,j = λi+N,j

(v,vi)
=⇒ λi,j = λi+N,j = 0

If the user j is the only one for which ci,j − νi = 0 holds and
there is no user k with ci,k − νi > 0 than (iii) necessitates
bi,j = 1 and the user gets the resource i. If there are more
users {j, k, l, . . . } that have ci,n − νi = 0 n ∈ {j, k, l, . . . }
than time sharing of the resource i between the users, such that∑
n∈{j,k,l,... } bi,n = 1 is fulfilled, is an optimal solution. Em-

ploying the simplex method for solving the LP, a time sharing
solution will not be produced, as this does not correspond to
a corner point of the feasible set, but rather to a point on a

connecting surface between corner points [23]. Therefore, in
the case of equal CQI values for several users, a single user
will get the resource.
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Evaluation of Distributed Multi-User MIMO-OFDM
With Limited Feedback
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Abstract—In this article, we investigate the performance of cel-
lular networks employing remote radio units to enable distri-
buted multi-user MIMO transmission using block-diagonalization
precoding. We consider the downlink of an OFDM-based LTE
compliant multi-carrier system in which the users provide channel
state information (CSI) to the base station via limited capacity
feedback links. With limited feedback, residual interference be-
tween the spatially multiplexed users cannot be avoided, causing
an interference-limitation of the achievable downlink throughput.
Efficient CSI quantization is therefore central in such systems to
achieve a performance gain over single-user MIMO. Building on
Grassmannian CSI quantization concepts, we propose an effective
CSI feedback clustering approach in this work to exploit the
correlation of the wireless channel in the frequency domain. We
furthermore derive the corresponding channel quality feedback
and propose a practical greedy multi-user scheduler.

Index Terms—Limited feedback, multi-user MIMO, block-
diagonalization, OFDM, distributed antenna systems.

I. INTRODUCTION

IN this paper, we investigate multi-user multiple-input
multiple-output (MU-MIMO) transmission based on block-

diagonalization (BD) precoding [1] with limited feedback in
the downlink of orthogonal frequency division multiplexing
(OFDM) based cellular networks. Although strictly suboptimal
in terms of the achievable transmission rate, many authors
consider BD precoding as practically important for its com-
plexity advantage compared to non-linear techniques, such
as vector perturbation [2], and because it achieves the sum
degrees of freedom of the MIMO broadcast channel. MU-
MIMO, however, is sensitive to the accuracy of the channel
state information (CSI) at the transmitter (CSIT). With imper-
fect CSIT, e.g., due to limited capacity feedback links, residual
multi-user interference causes an interference limitation of the
achievable throughput that can only be avoided by scaling
the feedback overhead linearly with the logarithmic signal-to-
noise ratio (SNR) [3]–[5]. To reduce the feedback burden, the
channel correlation over time, frequency and space must be
exploited during CSI quantization. Differential and predictive
limited feedback algorithms that utilize the temporal correlation
of the wireless channel have been proposed in [6]–[8] for single
stream transmission per user (zero-forcing beamforming) and
have been extended in [9], [10] to support multiple streams
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per user. Additionally, the frequency correlation of the channel
can be exploited for feedback overhead reduction. Clustering
consecutive OFDM subcarriers and providing the best repre-
sentation for each cluster as CSI has been proposed in [11] for
beamforming systems. Feeding back CSI on a subset of OFDM
subcarriers and employing interpolation at the transmitter to
determine the CSI on the intermediate subcarriers has been
considered in [12]–[14].

The efficiency of MU-MIMO can be improved with remote
radio units (RRU) that are distributed over the cell area to
form a distributed antenna system (DAS) [15], [16]. DASs
improve the macro-diversity of cellular networks and reduce
the average access distance to the base station [17]. They have
hence been successfully employed for coverage improvement
[18], to reduce the outage probability of cellular networks [19]
and to increase the network capacity [17]. Distributing antenna
arrays over the cell area can cause significant macroscopic
pathloss variations with respect to the individual arrays. This
can be exploited during CSI quantization by providing more
accurate CSI for the strong antenna arrays, e.g., by means of
feedback bit allocation [20] or by matching the quantization
codebook to the spatial statistics of the channel [16], [21].

Another important aspect of MU-MIMO is the selection of
users that are served in parallel. For zero-forcing beamforming,
it has been shown that a selection of users with orthogonal
channels implies asymptotic optimality with a growing num-
ber of users [22]. Based on this observation practical greedy
scheduling algorithms have been proposed that achieve close-
to-optimal performance, most famously, semi-orthogonal user
selection (SUS) [22]. The SUS idea has been extended to oper-
ate with limited feedback in [23] and similar greedy schedulers
for BD precoding have been proposed in [24].

Summary of Contributions: In this paper, we propose a
practically viable BD-based MU-MIMO OFDM transceiver ar-
chitecture in Section II that operates with limited feedback. The
major focus of the paper is on the exploitation of the frequency
correlation of the wireless channel to achieve efficient CSI
quantization in multi-carrier OFDM. In Section III, we briefly
review geodesic CSI interpolation and propose an alternative
efficient CSI clustering approach that generalizes subspace
quantization based combining (SQBC) [5] from single-carrier
to multi-carrier transmission. With this approach, we achieve a
significant mean squared error (MSE) reduction and throughput
improvement compared to interpolation-based methods, espe-
cially when cluster sizes are large compared to the channel
coherence bandwidth. We combine CSI clustering and interpo-
lation with our previously proposed CSI quantizers to achieve
efficient limited feedback operation. We furthermore propose a

1536-1276 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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TABLE I
TABLE OF FREQUENTLY USED VARIABLES AND PARAMETERS

lower bound on the expected per-stream signal-to-interference-
and-noise ratio (SINR) as channel quality feedback, enabling
effective multi-user scheduling with low complexity when
combined with SUS. We investigate the performance of the
proposed methods and algorithms by means of Monte-Carlo
simulations in Section IV and apply the proposed transceiver
architecture in a 3GPP LTE compliant heterogeneous cellular
network in Section V, employing the open-source MATLAB-
based Vienna LTE-A link level simulator [25].

Notation: a ∈ NC(m,R) defines a complex-valued cir-
cularly symmetric Gaussian random vector a, with mean
m and covariance matrix R. The Grassmann manifold of
m-dimensional subspaces in the n-dimensional complex
Euclidean space (m ≤ n) is written as G(n,m). The conjugate-
transpose of a matrix A is AH. E(·) denotes the expected value.
The operator [A]m:n,i:j selects rows m to n and columns i to j
of A; span (A) denotes the space spanned by the columns of
A, null (A) defines the null space of A and tr (A) is the trace.
Symbols for frequently used variables and parameters are listed
in Table I.

II. SYSTEM MODEL

We consider MU-MIMO transmission in the downlink of a
cellular network. The transmitter employs OFDM modulation
to convert the frequency selective channel into a set of non-
interfering frequency-flat subcarriers indexed by n. The input-
output relationship of user u at subcarrier n is

yu[n] = (Hu[n]Gu[n])
H Fu[n]xu[n]

+ (Hu[n]Gu[n])
H

S∑
s=1,s �=u

Fs[n]xs[n] +Gu[n]
Hzu[n]. (1)

Here, Hu[n] ∈ C
Nt×Mu denotes the complex-valued channel

matrix between the Nt transmit antennas and the Mu receive
antennas.1 The matrices Fs[n] ∈ C

Nt×�s , s ∈ S = {1, . . . , S}
denote the precoders of the S spatially multiplexed users. To
simplify notations, we omit a subcarrier dependency of the
schedule S and of the number of spatial streams �s ≤ Ms

of user s. The vector xs[n] ∈ C
�s×1 contains the spatially

1We apply the conjugate transpose of Hu[n] and Gu[n] in Eq. (1) to
simplify later notations.

multiplexed transmit symbols of user s; it is normalized as
E(xs[n]xs[n]

H) = I�s . Gu[n] ∈ C
Mu×�u is the antenna com-

biner applied by user u to separate the intended signal from
the multi-user interference. We are interested in the practically
relevant situation Mu < Nt, in which the users cannot in gen-
eral completely eliminate the multi-user interference without
the aid of the transmitter. We refer to the product Heff

u [n] =
Hu[n]Gu[n] as the effective channel matrix. The vector zu[n]
denotes the sum of Gaussian receiver noise and other-cell
interference. We suppose that the users treat the other-cell inter-
ference as additional noise and assume zu[n] ∼ NC(0, σ

2
zIMu

).
Notice that Gaussianity of the other-cell interference may not be
fulfilled in all cases, e.g., if there are few dominant interferers.
Then, receivers that estimate the interference statistics can
provide better performance [26].

The considered system model recently gained interest in the
context of joint transmission coordinated multi-point transmis-
sion (CoMP) [27], [28], where the Nt transmit antennas are dis-
tributed among several cooperating transmission points. In our
simulations in Section IV, we apply the proposed algorithms
for joint transmission in a DAS, in which RRUs are connected
to the macro base station over low-latency high-bandwidth
dedicated connections (e.g., radio over fiber, microwave radio
links) to enable coherent transmission from spatially separated
antenna arrays. We account for these effects by decomposing
the channel as

Hu[n] = Γ1/2
u H̄u[n], Γu = diag

(
γ(1)
u , , . . . , γ(Nt)

u

)
, (2)

where the channel gain γ
(j)
u characterizes the large-scale fading

with respect to transmit antenna j, and the matrix H̄u[n]
captures the frequency selective small-scale fading.

A. Block-Diagonalization Precoding

To optimize the achievable throughput of the system in
(1), a joint optimization of the multi-user schedule S , the
precoders Fs[n] and the antenna combiners Gs[n] is required.
Iterative algorithms have been proposed to find locally optimal
solutions to this non-convex joint-optimization problem, e.g.,
[29], [30]. These approaches, however, involve a significant
signaling overhead between the transmitter and the receivers to
determine the solution; also, it is not immediately clear how
to enable efficient limited feedback operation. In this paper
we hence pursue a different practically feasible approach, in
which we restrict the precoders to BD and we determine the
antenna combiners independently at the users based on purely
selfish arguments; thus, we do not consider joint transceiver
optimization. With our approach, the users select the antenna
combiners to either maximize the gain of the intended signal,
ignoring the residual multi-user interference due to limited
feedback; or they focus on reducing the residual multi-user
interference by minimizing the CSI quantization error.

With BD precoding [1], the transmitter calculates the pre-
coders Fs[n], ∀ s ∈ S such that the interference at each user due
to all other users is eliminated. In the original proposal of BD
precoding [1], the authors construct the solution by invoking
the conditions Hu[n]

HFs[n] = 0, ∀ s �= u. In the considered



SCHWARZ AND RUPP: DISTRIBUTED MULTI-USER MIMO-OFDM WITH LIMITED FEEDBACK 6083

scenario with �u ≤ Mu we are satisfied if the interference is
zero in the �u-dimensional subspace selected by the antenna
combiner Gu[n], leading to the conditions

Heff
u [n]HFs[n] =0, ∀u, s ∈ S and s �= u, (3)

rank
(
Heff

u [n]HFu[n]
)
= �u, ∀u ∈ S. (4)

Assuming full-rank channel matrices, a solution exists provided
the feasibility conditions �u ≤ Mu and

∑
s∈S �s ≤ Nt are sat-

isfied [1]. The precoders are obtained from

Fu[n] ∈ null
(
Hu[n]

)
, rank (Fu[n]) = �u, ∀u ∈ S, (5)

Hu[n] =
[
H̃1[n], . . . , H̃u−1[n], H̃u+1[n], . . . , H̃S [n]

]H
,

(6)

span
(
H̃s[n]

)
= span

(
Heff

s [n]
)
, (7)

H̃s[n]
HH̃s[n] = I�s , H̃s[n] ∈ C

Nt×�s , ∀ s ∈ S. (8)

In this equation, the matrices H̃s[n] form orthonormal bases for
span(Heff

s [n]) and can, e.g., be obtained from a singular value
decomposition (SVD) of Heff

s [n]. The precoder of user u lies in
the left null space of all other users’ effective channels. Hence,
after antenna combining, the transmission to user u does not
interfere with the transmission to any of the other users. As the
same holds true for every u ∈ S , we obtain interference-free
transmission to all users, i.e.,

yu[n] = Heff
u [n]HFu[n]xu[n] +Gu[n]

Hzu[n]. (9)

The precoder Fu[n] obtained from (5) is unique up to right-
multiplication with any full-rank �u × �u matrix. In [1], the
authors remove this ambiguity by treating the interference-free
input-output relationship (9) as a single-user MIMO system,
and additionally performing SVD-based precoding over this
single-user channel. This is feasible if the channel matrices
Heff

s [n], ∀ s are available at the transmitter. In this paper, how-
ever, we target the application of well studied Grassmannian
quantization algorithms for limited feedback operation. The
Grassmannian conveys only subspace information, i.e., neither
information about the magnitudes of the singular values of
Heff

s [n] nor about the orientation of the individual singular
vectors. Hence, power allocation is not an option with Grass-
mannian feedback and we thus consider equal power allocation
across users, spatial streams and subcarriers

Fu[n]
HFu[n] =

Pt

S�u
F̃u[n]

HF̃u[n] = PuI�u , (10)

with Pt being the per-subcarrier transmit power. This approach
is suitable for high SNR and has the advantage that the base sta-
tion only requires knowledge of the �s-dimensional subspaces
span(Heff

s [n]), ∀ s, to determine the precoders, which can be
conveyed using Grassmannian feedback [10]. In the low to in-
termediate SNR regime, however, performance improvements
are possible, e.g., with regularized BD and water-filling power
allocation, which can be enabled with CSIT on the Stiefel
manifold rather than on the Grassmannian; see [31].

B. Limited Feedback Model

The subspace span(Heff
s [n]) is a point on the Grassmann

manifold of �s-dimensional subspaces in the Nt-dimensional
complex Euclidean space G(Nt, �s) [32], [33]. To represent this
point, we employ an orthonormal basis H̃s[n] as in (7) and (8).
Perfect knowledge of H̃s[n], ∀ s ∈ S is required at the base
station to achieve zero multi-user interference. With limited
feedback, user u feeds back a quantized version Ĥu[n] obtained
by minimizing a quantization metric

Ĥu[n] = argmin
Qj∈Qu

Ω(Hu[n],Qj) , (11)

Qu =
{
Qj ∈ C

Nt×�u |QH
j Qj = I�u , j ∈ {1, . . . , 2b}

}
,

(12)

with Qu denoting the Grassmannian quantization codebook and
b being the number of feedback bits. The transmitter treats the
quantized subspace Ĥu[n] as the actual subspace H̃u[n] and
calculates the precoders from (5), replacing Hu[n] with

Ĥu[n] =
[
Ĥ1[n], . . . , Ĥu−1[n], Ĥu+1[n], . . . , ĤS [n]

]H
.

(13)

We decompose the effective channel Heff
u [n] into its range

space component Heff,r
u [n] and its left null space component

Heff,n
u [n] with respect to the orthonormal basis Ĥu[n]

Heff
u [n] = Ĥu[n]Ĥu[n]

HHeff
u [n]︸ ︷︷ ︸

Heff,r
u [n]

+
(
INt

− Ĥu[n]Ĥu[n]
H
)
Heff

u [n]︸ ︷︷ ︸
Heff,n

u [n]

. (14)

Using this notation and recalling that Ĥu[n]
HFs[n] = 0, ∀ s �=

u, due to the BD construction, the input-output relationship
with quantized CSIT is

yu = Heff
u [n]HFu[n]xu[n]

+Heff,n
u [n]H

S∑
s=1,s �=u

Fs[n]xs[n] +Gu[n]
Hzu[n]. (15)

III. CSI FEEDBACK STRATEGIES

CSIT imperfections cause residual interference in multi-user
precoding systems. The rate loss with respect to perfect CSIT
is determined by the chordal distance quantization error [3]–[5]

d2c

(
H̃u[n], Ĥu[n]

)
=�u − tr

(
H̃u[n]

HĤu[n]Ĥu[n]
HH̃u[n]

)
,

(16)

which is thus often employed as CSI quantization metric, not
only for BD precoding [6], [8], but also for interference align-
ment [34] and signal to leakage and noise ratio beamforming
[35]. In this section, we propose CSI feedback strategies for
multi-carrier OFDM, extending the single-carrier quantization
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metric (16), such as to determine the best subspace representa-
tion for a cluster of subcarriers. We compare this Grassmannian
clustering approach to interpolation-based feedback, employing
linear geodesic interpolation. As demonstrated in Section IV,
clustering provides an advantage over interpolation in case the
distance between subcarriers for which CSI is fed back, so
called CSI pilots, is large compared to the coherence bandwidth
of the channel.

To perform multi-user scheduling, the base station additional-
ly requires information about the achievable transmission rates
of the users. For this purpose, we derive a lower bound on the
expected SINR of a user with imperfect CSIT in Section III-B,
exploiting the BD construction.

A. Channel Subspace Feedback

a) Channel subsampling and geodesic interpolation:
With channel subsampling, the receiver provides CSI feedback
only for a subset of the OFDM subcarriers, i.e., the CSI pilots.
After receiving the feedback, the transmitter determines the CSI
on the remaining subcarriers by drawing equidistant samples
of the geodesic between neighboring CSI pilots. We briefly
summarize the approach below, as it has already been proposed
in [14]; however, we employ different formulations of the
tangent and geodesic, following [32], [33], [36].

Considering a specific CSI pilot n1, we assume that user u
employs the selfish maximum eigenmode transmission (MET)
antenna ccombiner investigated in [5] to determine the effective
channel matrix. The corresponding CSI quantization metric is

ΩMET (Hu[n1],Qj) =d2c

(
[Uu[n1]]:,1:�u ,Qj

)
, (17)

Hu[n1] =Uu[n1]Σu[n1]Vu[n1]
H, (18)

where (18) denotes an SVD of the channel matrix with singular
values in decreasing order. With MET, the user selects the �u
largest eigenmodes as the effective channel, providing a poten-
tially large channel gain and corresponding high SNR. Given
the quantized CSI at two consecutive pilot positions n1 and
n2, the transmitter determines the tangent Tu[n1] defining the
geodesic between span(Ĥu[n1]) and span(Ĥu[n2]) according
to [36]

U tan(Φ)VH =
(
INt

− Ĥu[n1]Ĥu[n1]
H
)

Ĥu[n2]
(
Ĥu[n1]

HĤu[n2]
)−1

, (19)

Tu[n1] =UΦVH, (20)

where U tan(Φ)VH represents an SVD of the right-hand side
of (19) and Φ is calculated as the arc tangent of the diagonal
matrix tan(Φ). With the tangent from (20), the base station then
obtains the linearly interpolated subspace at distance Δn =
(n2 − n1) p, p ∈ [0, 1] from span(Ĥu[n1]), using the geodesic
defined in [32]

Ĥu[n1 +Δn] = Ĥu[n1]V cos(Φ p)VH +U sin(Φ p)VH.
(21)

b) SQBC-based clustering: As an alternative to CSI in-
terpolation we propose a novel CSI clustering scheme, which

minimizes the average subspace chordal distance per cluster,
implying minimal residual interference due to the mismatch
between the channel and the clustered and quantized CSI. This
approach is suitable for large CSI pilot distances compared
to the channel coherence bandwidth, entailing unsatisfactory
performance of linear interpolation due to significant channel
variations in between CSI pilots. Below we consider a specific
CSI feedback cluster and assume for simplicity that the corre-
sponding N subcarriers are indexed by n ∈ N = {1, . . . , N}.

We define the best unquantized Grassmannian subspace
representation H̃u of the cluster by minimizing the average
chordal distance with respect to the channel matrices Hu[n],
∀n ∈ N

H̃u = argmin
H̃

1

N

N∑
n=1

d2c

(
Uu[n], H̃

)
,

subject to : H̃ ∈ C
Nt×�u , H̃HH̃ = I�u , (22)

with Uu[n] being obtained from an SVD of the channel matrix
as in (18). We can extend this approach to account for CSI quan-
tization as well and define the best quantized Grassmannian
subspace representation as

Ĥu = argmin
Qj

1

N

N∑
n=1

d2c (Uu[n],Qj) ,

subject to : Qj ∈ Qu =
{
Qj ∈ C

Nt×�u |QH
j Qj = I�u

}
.

(23)

We obtain the solution to problem (22) according to

H̃u =
[
Ūu

]
:,1:�u

= Ū(�u)
u ,

ŪuΛ̄uŪ
H
u = R̄u, R̄u =

1

N

N∑
n=1

Uu[n]Uu[n]
H, (24)

with ŪuΛ̄uŪ
H
u denoting an eigen-decomposition of R̄u. Ma-

trix R̄u can be interpreted as a subspace correlation matrix,
with Λ̄u containing its eigenvalues in decreasing order. Sim-
ilarly, the solution of (23) leads to the following quantization
metric

Ĥ(SQBC)
u = argmin

Qj∈Qu

�u − tr
(
Λ̄u

(
ŪH

uQjQ
H
j Ūu

))
Δ
= argmin

Qj∈Qu

d2c,w(Ūu,Qj , Λ̄u)

=ΩSQBC ({Hu[1], . . . ,Hu[N ]} ,Qj) . (25)

In this equation, we define the weighted chordal distance
d2c,w(Ūu,Qj , Λ̄u) with weighting matrix Λ̄u. This diagonal
weighting matrix specifies the importance of the individual
eigenmodes of the subspace correlation matrix in the quanti-
zation problem (25). Notice that this quantization problem is
a generalization of SQBC [5] from single-carrier systems to
multi-carrier feedback. The corresponding antenna combiners
Gu[n], ∀n ∈ N that must be applied by user u to achieve this
minimal quantization and representation error can be obtained
similar to [5].
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c) Dimensionality adaptation: SQBC considers all Mu

eigenmodes of the channel matrix Hu[n] as equally important
during quantization, which potentially causes a weak channel
gain of the effective channel matrix [5]. This is also the case
with SQBC-based clustering as proposed in (25). This can
be problematic in case the multi-user transmission is noise
limited, rather than interference limited, because it is then more
important to achieve a large effective channel gain, instead
of a minimal CSI quantization error. To account for such
situations, we propose to trade-off between MET and SQBC
by considering only the subset of d largest eigenmodes of
the channel matrices during quantization, with �u ≤ d ≤ Mu.
Hence, instead of the weighted chordal distance quantization
metric (25) we employ

Ĥ(d)
u = argmin

Qj∈Qu

d2c,w

(
Ū(d)

u ,Qj , Λ̄
(d)
u

)
,

Ū(d)
u Λ̄

(d)
u

(
Ū(d)

u

)H

= R̄(d)
u ,

R̄(d)
u =

1

N

N∑
n=1

U(d)
u [n]U(d)

u [n]H, U(d)
u [n] = [Uu[n]]:,1:d .

(26)

With this metric, we determine the best �u-dimensional Grass-
mannian subspace representation in the quantization codebook
Qu in terms of the average chordal distance to the d largest
eigenmodes of the channel matrices within the cluster. Notice
that this does not imply changing the number of streams �u,
as is commonly considered in MIMO spatial multiplexing; we
only select the dimension d of the search space, in which we
find the best �u-dimensional subspace.

The natural question that arises is how to select the di-
mension d. To answer this question, we propose to employ
an estimate of the pre-equalization achievable transmission
rate with BD precoding and quantized CSIT. According to
[37], the instantaneous mutual information between the channel
input and output on subcarrier n, determining the achievable
transmission rate, is

R(d)
u [n] = log2 det

(
IMu

+Hu[n]
HSu[n]Hu[n](

σ2
zIMu

+C(d)
u [n]

)−1
)
, (27)

with Su[n] denoting the covariance matrix of the channel input
and C

(d)
u [n] being the interference covariance matrix. At the

time of calculation of the CSI feedback, user u does not have
knowledge of the precoders because the multi-user schedule is
not yet fixed and the CSI of the other users is not available to
user u. To determine an estimate of the mutual information,
we hence consider the precoders as random and take them into
account in the covariance matrices2

Su[n]=E

(
Fu[n]xu[n](Fu[n]xu[n])

H
)
=E

(
Fu[n]Fu[n]

H
)
,

(28)

2Notice that this implies regarding the precoders as part of the channel input
that should be estimated by the receiver.

C(d)
u [n] =

S∑
s=1,s �=u

Hu[n]
H
E
(
Fs[n]Fs[n]

H
)
Hu[n], (29)

where the expectation is with respect to the transmit signals and
precoders. The precoder Fu[n] depends only on the channels of
the other users. As these channels are unknown to user u, we
assume Fu[n] to be isotropically distributed, implying

Su[n] = PuE

(
F̃u[n]F̃u[n]

H
)
=

Pt

NtS
I�u , (30)

with F̃u[n] as defined in (10). Due to the BD construction, the
precoders Fs[n] of the other users are restricted to the left null
space of Ĥ(d)

u . Considering this in the calculation of C(d)
u [n],

and assuming that S = Nt/�u users are served in parallel each
over �u streams, we obtain

C(d)
u [n] =

Pt

Nt
Hu[n]

H

(
IMu

− Ĥ(d)
u

(
Ĥ(d)

u

)H
)
Hu[n].

(31)

With these estimates, we select the preferred dimensionality du
by maximizing the sum rate

du = argmax
�u≤d≤Mu

N∑
n=1

R(d)
u [n]. (32)

d) Quantization codebooks: In the simulation-based
study conducted in Section V, we employ memoryless and
predictive quantization codebooks to quantize the subspaces
selected with the methods proposed above to provide CSIT. We
present the constructions of the applied codebooks in [8], [10],
[16], respectively. In case of memoryless quantization, the users
quantize the CSI at each TTI independently utilizing predefined
quantization codebooks. We consider memoryless quantization
based on random vector quantization (RVQ) and correlated
RVQ. Correlated RVQ exploits the pathloss difference experi-
enced in DASs to provide more accurate CSIT by matching the
statistics of the codebook to the channel gain matrix (2) [16].
This is achieved by determining the subspace codebook from
random matrices that are distributed according to (2), assuming
H̄u[n] as i.i.d. Gaussian:

Q(corr)
u =

{
Q

(corr)
j

∣∣∣Q(corr)
j ΣVH = Γ1/2

u H̄j ,

H̄j ∈ C
Nt×Mu , [H̄j ]m,n ∼ NC (0, 1)

}
, (33)

with Q
(corr)
j ΣVH representing a compact SVD of Γ1/2

u H̄j .
Simulation results are averaged over random realizations of the
matrices H̄j . If the number of streams �u is less than Mu, we

further tailor Q(corr)
u to SQBC and MET, respectively. In case

of MET, the �u largest eigenmodes of Γ1/2
u H̄j are quantized;

hence, we include only the first �u columns of the matrices
Q

(corr)
j , corresponding to the �u largest eigenmodes, in our

quantization codebook:

Q(MET)
u =

{
Q

(MET)
j =

[
Q

(corr)
j

]
:,1:�u

∣∣∣Q(corr)
j ∈ Q(corr)

u

}
.

(34)
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With SQBC, on the other hand, there exists no preferred
subspace orientation within span(Γ1/2

u H̄j); hence, we include

randomly drawn �u dimensional subspaces of span(Q(corr)
j ) in

the codebook:

Q(SQBC)
u =

{
Q

(SQBC)
j = Q

(corr)
j Uj

∣∣∣Q(corr)
j ∈ Q(corr)

u ,

Uj ∈ C
Mu×�u ,UH

j Uj = I�u
}
. (35)

Here, multiplication of Q(corr)
j with the isotropically distributed

matrix Uj generates an orthonormal basis Q(SQBC)
j that spans

a uniformly distributed subspace within span(Q
(corr)
j ). Simi-

larly, in case we consider dimensionality adaptation, the SQBC
codebook is determined from the d columns of Q

(corr)
j cor-

responding to the d largest eigenmodes. In case of predictive
quantization, the quantization codebook adapts to the temporal
evolution of the channel to achieve high-fidelity quantization in
low to moderate mobility scenarios [8], [10].

We finally mention that Grassmannian feedback is not only
relevant for BD-based MU-MIMO, but also for single-user
MIMO [38] and for MIMO interference alignment [34]. Grass-
mannian clustering is an appropriate approach whenever the
achievable transmission rate is determined by the residual
multi-user interference due to CSIT imperfections, i.e., for BD
and interference alignment in the high SNR regime [3]–[5],
[34]. At low to intermediate SNR alternative quantization and
clustering metrics that explicitly account for the channel gain
may obtain better results.

e) Comments on complexity: To determine the CSI feed-
back for MET with interpolation, the users have to apply a
single SVD per CSI pilot to obtain the largest eigenmodes of
the channel matrix. This is advantageous compared to SQBC-
based clustering, where the users have to apply an SVD on
each subcarrier to calculate the subspace correlation matrix. On
the other hand, from the perspective of the transmitter, SQBC-
based clustering does not require any further processing of the
CSI feedback, whereas MET feedback necessitates geodesic
interpolation to derive the CSI in between pilot positions for
each user. It thus depends on the capabilities of the transmitter
and the users which of the two strategies is favorable in terms
of complexity.

B. Channel Quality Feedback

To determine the multi-user resource allocation, the base sta-
tion estimates the achievable data rate of a given schedule. For
this purpose, we propose BD specific channel quality feedback
in this section. The achievable rate depends on the set of users
that is served in parallel; therefore, it must be possible to update
the channel quality feedback at the base station depending on the
considered user set. In practical communication systems, the
post-equalization SINR is commonly employed for rate adap-
tation and thus determines the achievable throughput [39]. We
hence consider an estimate of the post-equalization SINR as
CQI. As the multi-user schedule and the precoders are unknown
at the time the feedback is calculated, we propose to apply
a lower bound on the expected value of the SINR similar to

the bound derived in [23] for zero-forcing beamforming. We
provide the details of the derivation in Appendix. The lower
bound on the expected SINR of user u on stream ν according
to (61) is

β̃ν,u[n] =
cS [n]σ

eff
ν,u[n]

2

σ2
z + cI [n]σeff

ν,u[n]
2
,

cS [n] =
Pt

S(Nt − �̄u)

(
1− d2c(Ĥu[n],Bu[n])

�u

)
(
1− d2c(Ĥu[n], H̃u[n])

�u

)
,

cI [n] =
Pt

Nt�u
d2c(Ĥu[n], H̃u[n]),

Σeff
u [n] = diag

(
σeff
1,u[n], . . . , σ

eff
�u,u

[n]
)
. (36)

with Σeff
u [n] denoting the matrix of singular values of the

effective user channel Heff
u [n], H̃u[n] as defined in (7), Ĥu[n]

being the quantized channel subspace, Bu[n] denoting an or-
thonormal basis for the orthogonal complement of the other
served users’ quantized effective channels (see (48)) and �̄u =∑

s∈S\u �s. We observe that the residual multi-user interfer-
ence is determined by the chordal distance quantization error
in cI [n].

Considering the constant cS [n], we see that the first two
factors cannot be determined by the user u, because S, �̄u
and the other users’ effective channels are unknown to user u.
However, the user can calculate the last term, which depends
on the quantization error. Also, the user knows the constant
cI [n] and the singular values in Σeff

u [n], because they depend
on local CSI only. We therefore propose the following value as
per-stream CQI feedback

CQIν,u[n] =
σeff
ν,u[n]

2
(
1− d2

c(Ĥu[n],H̃u[n])
�u

)
σ2
z +

Pt

Nt�u
d2c(Ĥu[n], H̃u[n])σeff

ν,u[n]
2
. (37)

With this feedback, the base station can estimate the achievable
user rate Ru[n] for a given schedule S , because the remaining
two factors of cS [n] are available at the transmitter

β̃ν,u[n] =
Pt

S(Nt − �̄u)

(
1− d2c(Ĥu[n],Bu[n])

�u

)
CQIν,u[n],

(38)

Ru[n] ≈
�u∑
ν=1

log2

(
1 + β̃ν,u[n]

)
. (39)

With feedback clustering or interpolation, the users provide
CQI feedback only once per cluster. Then, we propose to
calculate an average CQI for each cluster, by linearly averaging
the quantization error and the squared singular values.

Utilizing the proposed CQI feedback for multi-user schedul-
ing, we obtain reasonably close to optimal results as demon-
strated in Section IV. Still, for transmission rate adaptation the
SINR estimate is not sufficiently accurate. Instead, we consider
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TABLE II
SUS-BASED MULTI-USER SCHEDULING ALGORITHM

(37) only as an initial CQI for multi-user scheduling. As soon as
the schedule is fixed, the users can estimate the instantaneous
SINR accurately and feed back this value for rate adaptation.
Naturally this approach is only useful if the schedule is fixed
for several TTIs, implying a loss of temporal multi-user diver-
sity. However, accounting for the downlink signaling overhead
involved in changing the resource allocation, the performance
loss is reasonable in the considered low to moderate mobility
scenarios.

C. Multi-User Scheduling

The throughput achieved with BD precoding depends
strongly on the set of users S that is served in parallel. To avoid
the complexity of an exhaustive search, we propose a greedy
proportional fair scheduler that is based on a preselection of
users utilizing the SUS algorithm [22] and exploits the CQI
feedback as well the transmission rate estimate derived in the
previous section to determine the final user set. We summarize
the scheduling procedure in Table II for �s = L, ∀ s and Nt/L
is integer-valued; otherwise, the scheduler must perform an
explicit validation of the feasibility conditions of BD precoding.
A total number of U users is attached to the base station. In
step 2, the scheduler performs a preselection of users, based
on their subspace distance to the already served users, invoking
the SUS principle. Only if a user is close to orthogonal to the
served users, he is considered as a potential additional user.
The SUS parameter αSUS specifies the meaning of "close to
orthogonal" [22]. In the presented simulations we set αSUS =
0.35; we observed a dependency of the optimal value of αSUS

on the number of users and the antenna configuration. The
value αSUS = 0.35 was selected as a good compromise for
all considered scenarios; slight improvements may be achieved
by optimizing αSUS for each specific situation. The proposed
scheduler, however, employs the semi-orthogonal user set S̃
only as a preselection of users for complexity reduction. Given
S̃ , it determines in step 5 the user ŝ ∈ S̃ that achieves the high-
est rate when scheduled in parallel with the already selected
users in S . Provided adding this user improves the weighted
sum rate, it is included in the schedule S; otherwise the algo-

rithm is terminated. In contrast to pure SUS scheduling, where
the number of users served in parallel is basically determined by
the parameter αSUS only, we hence employ a greedy scheduler
utilizing the proposed rate estimate to decide on the number of
served users.

IV. PERFORMANCE INVESTIGATION

In this section, we investigate the performance of the
proposed CSI feedback strategies and the efficiency of the
multi-user scheduler by means of Monte-Carlo simulations. To
quantify the frequency-selectivity of the wireless channel, we
employ the normalized sampling bandwidth

Bs = ΔfsNτRMS, (40)

with Δfs [Hz] being the OFDM subcarrier spacing, N denoting
the cluster size and τRMS specifying the root mean square delay
spread of the channel. We also specify the feedback reduction
ratio (FRR) achieved by feedback clustering, i.e., the number
of subcarriers of the system divided by the number of clusters
used for CSI feedback. Notice, however, that the performance
achieved at a specific FRR depends on the coherence band-
width of the wireless channel, which is explicitly accounted
for in the normalized sampling bandwidth. The minimal FRR
considered is equal to 12, corresponding to one CSI feedback
value per LTE resource block. We employ the spatial Kronecker
correlation model defined in [40] to determine the correlation
between the entries of the channel matrix assuming receive-side
correlation only, specified with the single parameter αcorr ∈
[0, 1] (αcorr = 0 means no correlation). We conduct standard-
compliant link-level throughput simulations of a single cell
utilizing the Vienna LTE-A link-level simulator [25]. We do not
consider distributed antennas in this section, i.e., Γu = INt

.
In the first simulation, we cross-compare the chordal distance

MSE obtained by MET with geodesic interpolation and SQBC-
based clustering. We consider a channel of size Nt ×Mu =
8× 4 and select an �u = 1-dimensional subspace as CSI feed-
back. The system bandwidth is 5 MHz (300 subcarriers) and
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Fig. 1. Chordal distance MSE of feedback clustering and interpolation and throughput investigation of SQBC-based clustering. (a) MSE of feedback clustering
and interpolation. (b) Impact of the SQBC dimensionality (FRR = 72).

Fig. 2. Comparison of SQBC-based clustering and MET with interpolation and investigation of SUS-based greedy scheduling. (a) Throughput in dependence of
the cluster size. (b) Greedy scheduling versus exhaustive search.

the channel follows the SCME urban micro model [41] having
a coherence bandwidth [42] of 680 kHz. The users provide
unquantized feedback; the chordal distance error is therefore
only due to the clustering and interpolation, respectively.

Fig. 1(a) shows the results of the simulation. We observe that
SQBC clustering achieves a substantial MSE improvement over
geodesic interpolation at large CSI pilot distance (respectively
cluster size) N . The performance of SQBC clustering depends
on the dimensionality d considered in (26). The value of d de-
termines the dimension of the search space in the optimization
problem (26); the larger d, the better the subspace represen-
tation. With SQBC clustering we thus exploit the degrees of
freedom provided by the Mu ≥ �u excess receive antennas to
improve the performance of clustering. This, however, implies
a channel gain reduction, which is significant in case of spatially
correlated channels as observed below.

In the next simulation, we investigate the throughput reduc-
tion with respect to perfect CSIT due to SQBC-based feedback
clustering. In this simulation, we employ the rural area channel
model [43] with a coherence bandwidth of 2 MHz and we
assume strongly correlated receive antennas (αcorr = 0.9). The
users employ a single CSI feedback cluster to represent the
1.4 MHz system bandwidth (FRR = 72, Bs = 0.11) and apply
the interference-averaged MMSE equalizer proposed in [44],
which exploits the BD construction to estimate the residual

multi-user interference and reduce its impact on the intended
signal.

As shown in Fig. 1(b), at low SNR a dimensionality of
d = 1 achieves the best results. With d = 1, the subspace rep-
resentation is obtained from the maximum eigenmodes of the
channels. The BD precoder ensures that the selected subspace
is free of interference, thus, enabling a large channel gain over
the interference-free subspace. Due to clustering, however, the
single subspace representation is imperfect for a given subcar-
rier, implying residual multi-user interference after precoding.
Therefore, the throughput is interference-limited at high SNR.
With a larger dimensionality d > 1, the chordal distance error
is decreased, causing a reduction of the residual multi-user
interference. Hence, we can trade-off the channel gain for the
residual interference by varying d. The optimal dimensionality
depends on the SNR. As demonstrated in Fig. 1(b), our pro-
posed dimensionality adaptation is able to identify the optimal
dimensionality. Notice that varying d has no impact on the
number of transmitted data streams, i.e., � = 8 in all cases. Due
to the strong receive antenna correlation, causing significant
singular value disparity of the channel [45], the gap between
d = 1 and d > 1 is large at low SNR.

In Fig. 2(a) we consider the same scenario as above, but
with only four users getting �u = 2 streams each, assuming
uncorrelated receive antennas αcorr = 0. In this investigation,
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Fig. 3. Investigated heterogeneous cellular networking architectures.

the users apply an increasing number of feedback clusters to
reduce the throughput gap with respect to perfect CSIT. We
compare the performance achieved by MET feedback with
geodesic interpolation to SQBC-based clustering with dimen-
sionality adaptation. We observe that SQBC feedback out-
performs MET at high SNR and with large cluster sizes, due
to the reduced subspace error. With dimensionality adaptation
clustering performs never worse than interpolation.

Finally, we investigate the efficiency of the proposed sched-
uler in Fig. 2(b), by comparing to the throughput achieved
with the optimal exhaustive search schedule. We consider two
different configurations, i.e., Nt ×Mu = 4× 1 with �u = 1
and Nt ×Mu = 8× 4 with �u = 2. Hence, the base station
serves at most four users in parallel in both cases. We apply
the rural area channel model with αcorr = 0 and use a single
feedback cluster to represent the 1.4 MHz system bandwidth
(FRR = 72, Bs = 0.11). All users experience an average SNR
of 20 dB. We observe that the proposed greedy scheduler
obtains a similar multi-user diversity as the exhaustive search
scheduler, albeit an approximately constant rate loss that is
dependent on the configuration of the system. Especially in
the realistic situation of imperfect CSIT, the greedy algorithm
achieves a throughput that is close to the rate obtained with the
optimal schedule at a significantly reduced complexity.

V. NETWORK ARCHITECTURE COMPARISON

In this chapter, we apply the proposed methods and algo-
rithms in a simulation-based study to obtain a realistic perfor-
mance comparison of two heterogeneous cellular networking
architectures, that is, a DAS and a system comprising uncoor-
dinated small cells as visualized in Fig. 3.

In the DAS, each sector of the 120◦ sectorized network con-
tains, in addition to the four antennas at the macro base station,
two RRU with two omni-directional antennas each, forming
a distributed MIMO system. We place the RRU uniformly on
a ring of radius (2/3)rc around the macro base station, with
rc = 500 m being the nominal cell radius. The base station
has a transmit power of Pt = 43 dBm, which can be arbitrarily
divided among the antenna arrays. We employ the 2D antenna
gain pattern defined in [46] for the macro base stations, having
a 3 dB beamwidth of 65◦, a maximum gain of 15 dB and a
maximum attenuation of 20 dB.

In the small cell system, we replace the RRU with uncoordi-
nated micro base stations that are equipped with two transmit

TABLE III
SIMULATION PARAMETERS APPLIED FOR THE NETWORKING

ARCHITECTURE COMPARISON

antennas and have a transmit power of Pt = 37 dBm each.
These micro base stations operate autonomously in the same
1.4 MHz wide frequency band as the macro base station. We
reduce the transmit power of the macro base stations to Pt =
40 dBm to have the same total transmit power of (2 · 37 +
40) dBm = 43 dBm in both scenarios. Notice that the total
number of transmit antennas is the same as well.

We consider U ∈ [2, 32] users per sector that are uniformly
distributed over the cell area and are equipped with Mu = 2
antennas each. The users are served over a single stream,
�u = 1, by the strongest base station; hence, we do not apply
load balancing [48]. The received signal strength and thus the
channel gain matrix Γu depend on the pathloss, according to the
model specified in [46, Section 4.5.2]. We do not take shadow
fading into account. This simplifies the simulations, because the
region of interest is clearly delimited by the geometry of the
cell. Also, with shadow fading a uniform placement of RRU is
not reasonable. The PedA channel model [47] with a coherence
bandwidth of 4.4 MHz determines the frequency selectivity
of the channel, while the temporal evolution follows Clarke’s
model. We assume a low mobility scenario with a normalized
Doppler frequency of νd = Tsfd = 1 ms · 10 Hz = 0.01, with
Ts being the LTE subframe duration and fd denoting the
Doppler frequency. We conduct extensive link-level simulations
of the three sectors shown in Fig. 3. We also consider other
cells that are placed on a hexagonal grid, but the other-cell
interference caused by these cells is only modeled, utilizing
the Gamma distribution model proposed in [15], [16]. This
model determines the first- and second-order moments of the
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Fig. 4. Area spectral efficiency achieved in the DAS and the small cell system in dependence of the number of users per sector. An Nt ×Mu = 8× 2 antenna
configuration is considered, transmitting �u = 1 stream per user.

Fig. 5. Area spectral efficiency achieved in the DAS and the small cell system in dependence of the feedback overhead. An Nt ×Mu = 8× 2 antenna
configuration is considered, serving U = 8 user over �u = 1 stream per user.

interference power observed at a given user position and
matches a Gamma distribution to these moments, which is
then applied to randomly generate interference. We evaluate the
results in terms of the ASE, employing the discrete approxi-
mation presented in [15]. Important simulation parameters are
summarized in Table III.

In Fig. 4, we plot the ASE in dependence of the number
of users, assuming a single feedback cluster (FRR = 72) that
is quantized with b = 8 bits per subframe. Comparing the two
networking architectures with perfect CSIT, we observe a gain
of approximately 40–45% with the DAS, because it enables
coherent data transmission from all distributed antennas. With
memoryless quantization, using RVQ and correlated RVQ re-
spectively (see Section III-A), this gain reduces to 15–25%,
due to the larger residual multi-user interference incurred in
the DAS with imperfect CSIT. Notice that the DAS with RVQ
does not achieve a multiplexing gain, because the CSIT is not
accurate enough; hence, the scheduler only selects one user per
TTI. This is because the RVQ codebook does not account for
the pathloss differences experienced with respect to different
RRU and hence the transmitter does not know which RRU
are favorable for the user. Correlated RVQ accounts for the
pathloss differences in the codebook construction, avoiding
such issues. With predictive quantization we obtain close to
optimal performance in the considered low mobility scenario.
The gap between perfect CSIT and quantized CSIT is smaller

in the small cell system than in the DAS. This is because in
the small cell system users only provide CSI to the macro base
station or the micro base station they are attached to, i.e., either
a 4 × 2 or a 2 × 2 channel matrix is quantized, whereas in the
DAS the channel matrix is of size 8 × 2.

In the second simulation, we evaluate the impact of the
feedback overhead, to assess the robustness of the observed
gains with respect to CSIT imperfections. Fig. 5 presents
the results assuming U = 8 users per sector. The small cell
system achieves almost perfect performance with memoryless
quantization and 10 bit of feedback per TTI; with predictive
quantization already 4 bit of feedback provide quasi-perfect
CSIT in this low mobility scenario. In the DAS, the difference
between quantized and perfect CSIT is larger, thus requiring a
larger feedback overhead to get close-to-optimal performance.
Importantly, the DAS always outperforms the uncoordinated
small cell system in our investigations, provided the pathloss
differences of the channel gain matrix Γu are exploited during
quantization, i.e., with correlated RVQ and with predictive
quantization. If the quantizer ignores the pathloss differences
(RVQ in Fig. 5) the efficiency is strongly reduced.

VI. CONCLUSION

In this paper, we propose an efficient CSI feedback clustering
method for BD-based multi-user MIMO-OFDM with limited



SCHWARZ AND RUPP: DISTRIBUTED MULTI-USER MIMO-OFDM WITH LIMITED FEEDBACK 6091

feedback. Based on the observation that channel subspace feed-
back is sufficient for BD precoding with equal power allocation,
we derive the best Grassmannian subspace representation for a
cluster of OFDM subcarriers in terms of minimizing the aver-
age chordal distance error, which determines the residual multi-
user interference due to imperfect CSIT. Especially with excess
receive antennas and a low density of CSI pilots, we obtain a
significant performance improvement over interpolation-based
methods. We propose an effective greedy multi-user scheduler
that is based on a lower bound of the expected per-stream SINR
of the users and achieves close to optimal performance with
quantized CSIT. We apply the proposed methods to compare
the performance of small cell systems and DASs with limited
feedback and observe spectral efficiency gains of DASs over
uncoordinated small cells. We can interpret this evaluation as
an indicator for the performance gain that can be expected
by enabling joint transmission CoMP in small cell networks
compared to uncoordinated transmission. More detailed investi-
gations are, however, required considering shadow fading, more
realistic positioning of the RRU, varying node density, etc., to
confirm these trends.

APPENDIX

SINR LOWER BOUND FOR BLOCK-DIAGONALIZATION

PRECODING

In this appendix, we provide the derivation of the SINR lower
bound for limited feedback-based BD precoding, extending the
zero-forcing beamforming bound of [23] to multiple streams
per user. We omit the index [n] for brevity. The expected value
of the post-equalization SINR of user u, assuming that the user
applies a semi-unitary antenna combiner, is

E(βu) =E

(
tr(Su)

tr (σ2
zI�u +Ru)

)
≥ E(tr (Su))

σ2
z�u + E (tr(Ru))

,

(41)

Su =
(
Heff

u

)H
FuF

H
uH

eff
u = Pu

(
Heff

u

)H
F̃uF̃

H
uH

eff
u ,

(42)

Ru =
∑

s∈S,s �=u

Ps

(
Heff

u

)H
F̃sF̃

H
s H

eff
u =

∑
s∈S,s �=u

R(s)
u ,

(43)

where we utilized Jensen’s inequality E(f(x)) ≥ f(E(x)) to
obtain the lower bound in (41), with f(x) = a/(b+ x), x =
tr(Ru), a = E(tr(Su)), b = σ2

z �u. We next derive the expected
values of the covariance matrices of the signal term and the
interference terms.

a) Signal term: Applying the channel decomposition of
(14), we write the covariance matrix of the intended signal of
user u as

E(Su) = PuE

((
Heff,r

u +Heff,n
u

)H
F̃uF̃

H
u

(
Heff,r

u +Heff,n
u

))
,

(44)

At the time the CQI feedback is calculated, the precoder F̃u

is unknown. Because the precoder is determined solely by the

channels of the other served users according to (5), which are
unknown to user u, we assume the precoder to be isotropically
distributed. It follows that the expected values of the mixed
terms between Heff,r

u,i and Heff,n
u,i are equal to zero, e.g.,

(
Heff,r

u

)H
E

(
F̃uF̃

H
u

)
Heff,n

u =
�u
Nt

(
Heff,r

u

)H
Heff,n

u = 0,

(45)

⇒ E(Su) = PuE

((
Heff,r

u

)H
F̃uF̃

H
uH

eff,r
u

)
+ PuE

(
(Heff,n

u )HF̃uF̃
H
uH

eff,n
u

)
. (46)

Neglecting the signal power received over Heff,n
u , the covari-

ance matrix is lower bounded as

E(Su) � E(S̃u) = PuE

((
Heff,r

u

)H
F̃uF̃

H
uH

eff,r
u

)
, (47)

in the sense that E(Su − S̃u) is positive semidefinite. Notice
that this bound is tight in case of unquantized feedback or if
orthogonal users are scheduled.

According to the BD construction (5), the precoder of user u
lies in the left null space of the other users’ quantized channels.
Considering an orthonormal basis Bu for this space,

(Ĥu)
HBu = 0, Bu ∈ C

Nt×Nt−�̄u , BH
uBu = INt−�̄u ,

(48)

with Ĥu from (13) and �̄u =
∑

s∈S\u �s, the precoder can be
expressed as

F̃u = BuQu, Qu ∈ C
Nt−�̄u×�u , QH

uQu = I�u . (49)

The assumption that F̃u is isotropically distributed implies that
Qu is isotropically distributed and statistically independent of
Bu, leading to

E(S̃u) = Pu
�u

Nt − �̄u
E

((
Heff,r

u

)H
BuB

H
uH

eff,r
u

)

= Pu
�u

Nt − �̄u
E

((
Heff

u

)H
ĤuĤ

H
uBuB

H
u ĤuĤ

H
uH

eff
u

)
, (50)

where Heff,r
u has been substituted from (14). Next, we decom-

pose Bu with respect to Ĥu

Bu = ĤuĤ
H
uBu +

(
INt

− ĤuĤ
H
u

)
Bu

= ĤuUu cos(Φu)V
H
u +

(
INt

− ĤuĤ
H
u

)
Bu, (51)

where the second equality follows from a compact SVD of
ĤH

uBu. User u does neither know the CSI feedback of the other
users nor the schedule S during feedback calculation; hence,
the user cannot determine Bu and we therefore assume it to
be uniformly distributed on G(Nt, Nt − �̄u). Correspondingly,
Uu, cos(Φu) and Vu are statistically independent, and the
�u × �u dimensional unitary matrix Uu is isotropically dis-
tributed [49, Theorem 1]. Diagonal matrix Φu contains the
principal angles between span(Ĥu) and span(Bu); hence,
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Fig. 6. Evaluation of the proposed lower bound on the expected SINR in dependence of the SNR Pt/σ2
z . (a) Impact of the quantization error d2c(U

eff
u , Ĥu).

(b) Impact of the subspace distance d2c(Ĥu,Bu).

tr(cos(Φu)
2) = �u − d2c(Ĥu,Bu). Plugging (51) into (50) and

considering the mentioned assumptions we obtain

E(S̃u) = Pu
�u

Nt − �̄u
E

((
Heff

u

)H
Ĥu

(
Uu cos(Φu)

2UH
u

)
ĤH

uH
eff
u

)
= Pu

�u
Nt − �̄u

E

((
Heff

u

)H
ĤuĤ

H
uH

eff
u

)(
1− d2c(Ĥu,Bu)

�u

)
, (52)

where the second equality is due to the isotropy of Uu.
Finally, we apply an SVD to the effective channel Heff

u =
Ueff

u Σeff
u (Veff

u )H, and decompose Ĥu with respect to Ueff
u ∈

C
Nt×�u

Ĥu =Ueff
u

(
Ueff

u

)H
Ĥu +

(
INt

−Ueff
u

(
Ueff

u

)H)
Ĥu

=Ueff
u Yu cos(Θu)W

H
u +

(
INt

−Ueff
u

(
Ueff

u

)H)
Ĥu,

(53)

with the second equality being obtained from a compact SVD
of (Ueff

u )HĤu. For a fixed quantized subspace Ĥu, we can-
not further simplify this expression. However, considering the
randomness of the applied quantization codebook, we can
reasonably argue that for a fixed subspace quantization error
d2c(U

eff
u , Ĥu) = �u − tr(cos(Θu)

2), which is solely deter-
mined by the component of Ĥu in the orthogonal comple-
ment of span(Ueff

u ), the range space component of Ĥu within
span(Ueff

u ) is random. We hence assume (Ueff
u )HĤu to be

isotropically distributed, implying that Yu is isotropic unitary.
Using (53) in (52) and exploiting the isotropy of Yu, the
covariance matrix is

E(S̃u) = Veff
u

(
Σeff

u

)2 (
Veff

u

)H
Pu

�u
Nt − �̄u

(
1− d2c(Ĥu,Bu)

�u

)⎛
⎝1−

d2c

(
Ueff

u , Ĥu

)
�u

⎞
⎠

︸ ︷︷ ︸
cS

.

(54)

The first term in brackets quantifies the overlap between
the quantized user subspace Ĥu and the other users’ chan-
nels. If Ĥu is in the left null space of the other users, i.e.,
d2c(Ĥu,Bu) = 0, we can fully steer the transmit signal of user
u into the subspace span(Ĥu)without causing any interference.
The term involving d2c(U

eff
u , Ĥu) is a consequence of (47).

b) Interference term: To estimate the inference covariance
matrices, we impose additional assumptions: as user u does not
know the number of streams of the other users, we assume that
all users are served over �s = �u streams, implying that Ps =
Pu, ∀ s. Also, we consider the worst case number of users S =
Nt/�u in terms of residual multi-user interference.

With an orthonormal basis Ĥ⊥
u ∈ C

Nt×Nt−�u of the orthog-
onal complement of Ĥu, we can rewrite the expected value of
a single interference term as

E(R(s)
u ) = E

((
Heff

u

)H
Ĥ⊥

u

(
Ĥ⊥

u

)H

(
Ĥ⊥

uQsQ
H
s

(
Ĥ⊥

u

)H
)
Ĥ⊥

u

(
Ĥ⊥

u

)H

Heff
u

)
, (55)

where we substituted Heff,n
u from (14) and exploited the BD

construction to express F̃s in terms of the basis Ĥ⊥
u using the

semi-unitary matrix Qs ∈ C
Nt−�u×�s . Because the user u does

not know the precoders of the other users, we assume Qs as
uniformly distributed on G(Nt − �u, �s). With an SVD of Heff

u ,
as in (53), we can write the covariance matrix as

E

(
R(s)

u

)
= Ps

�s
Nt − �u

Veff
u Σeff

u

E
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)H
Ĥ⊥
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(
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)H
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u

)
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u

(
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u

)H
. (56)

To determine the expected value in the center, we replace
Ĥ⊥

u (Ĥ
⊥
u )

H with (INt
− ĤuĤ

H
u )

E

((
Ueff

u

)H
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(57)
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Applying the decomposition and argumentation from (53) and
below, the expected value is

E

((
Ueff

u

)H
Ĥ⊥

u (Ĥ
⊥
u )

HUeff
u

)
= INt

−INt
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⎝1−
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u , Ĥu

)
�u

⎞
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d2c

(
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u , Ĥu

)
�u

INt
. (58)

With the assumptions �s = �u, Ps = Pu and S = Nt/�u, we
obtain the sum interference as

E(Ru) = Pu
�u

Nt − �u

(
Nt

�u
− 1

) d2c

(
Ueff

u , Ĥu

)
�u︸ ︷︷ ︸

cI

Veff
u

(
Σeff

u

)2 (
Veff

u

)H
. (59)

c) SINR lower bound: With the results derived above we get
the following lower bound on the expected SINR of user u with
imperfect CSIT

E(βu) ≥
cStr

((
Σeff

u

)2)
σ2
z�u + cItr

((
Σeff

u

)2) . (60)

Observing that Σeff
u is a diagonal matrix, we can also define the

following per stream SINR lower bound

E(βν,u) ≥ β̃ν,u =
cS

(
σeff
ν,u

)2
σ2
z + cI

(
σeff
ν,u

)2 , ν ∈ {1, . . . , �u}

Σeff
u =diag

(
σeff
1,u, . . . , σ

eff
�u,u

)
. (61)

d) Evaluation of the bound: We evaluate the tightness of
the proposed lower bound with simulations, assuming Nt =
8, Mu = 4, �u = 2 and S = U = 4. The results are shown
in Fig. 6. We first assume that the channels of all users
are isotropically distributed and we investigate the impact of
the quantization error d2c(U

eff
u , Ĥu) on the tightness of the

lower bound in Fig. 6(a). With decreasing quantization error
the bound gets tighter, because the interference diminishes.
This is in line with our derivation, because on the one hand,
without interference, Jensen’s inequality in (41) is tight and on
the other hand, with diminishing quantization error, the null
space component of the effective channel vanishes, implying
tightness of (47). In Fig. 6(b), we investigate the impact of the
overlap between the quantized subspace span(Ĥu) and the left
null space of the other users’ channels span(Bu), assuming
a fixed quantization error d2c(U

eff
u , Ĥu) = 0.5. We observe

that the bound gets tighter with decreasing subspace distance
d2c(Ĥu,Bu), due to (47). Also, the SINR improves because
more signal energy is steered into the subspace spanned by the
effective channel. The residual gap of the bound, however, does
not vanish, due to Jensen’s inequality in (41).
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Outage Investigation of Beamforming Over
Random-Phase Finite-Scatterer MISO Channels

Stefan Schwarz, Member, IEEE

Abstract—In this letter, we revisit single-user multiple-input
single-output beamforming with imperfect channel state informa-
tion (CSI) at the transmitter. We present a CSI estimation model
that is suitable for finite-scatterer directional channel models with
uncertainty in the relative phase shifts of the scattering compo-
nents. We show that in this case the distribution of the effective
beamformed channel does not follow one of the well-known channel
fading distributions and leads to complicated outage calculations.
We show that the presented model generalizes popular existing
models and we relate our investigations for the special cases of one
and two specular components to existing results. We furthermore
consider signal outage optimal beamforming for the case of two
specular components.

Index Terms—Gradient optimization, Grassmann manifold,
general two-ray (GTR) fading, signal outage, two-wave with diffuse
power (TWDP) fading, manifold optimization.

I. INTRODUCTION

B EAMFORMING is a well established and thoroughly in-
vestigated technique that is successfully employed in many

commercial and standardized wireless communication systems,
e.g., 3GPP long term evolution (LTE) and Wi-Fi. Beamforming
methods have been proposed under a host of different design
aspects, such as maximizing the signal power of users [1], [2],
minimizing the interference amongst users [3]–[5], or managing
the interference between multiple transmitters [6]–[11]. The
theoretical performance of beamforming methods with perfect
channel state information at the transmitter (CSIT) as well as
imperfect CSIT has been established for many important design
criteria such as achievable transmission rate [12]–[15] and
outage probability [16]–[22]. Robust adaptive beamforming
techniques have been developed [23]–[28] that are able
to cope with various impairments encountered in practical
realizations. Recently, the interest in beamforming methods
for wireless communications in cellular networks is reigniting,
specifically within the fields of full-dimension multiple-input
multiple-output (MIMO) systems [29], three-dimensional (3-D)
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beamforming [30], massive MIMO communications [31], and
transmission in the millimeter wave band [32].

Despite all of these existing results and contributions, we
revisit in this letter multiple-input single-output (MISO) beam-
forming with imperfect CSIT for the seemingly simple case of
single-user point-to-point transmission. Our contribution is to
generalize the most commonly employed channel state infor-
mation (CSI) estimation model, i.e., writing the actual channel
as the sum of an imperfect estimate and an error that is complex-
Gaussian distributed, to a more complex model that is suitable
for finite-scatterer directional channels. Specifically, we con-
sider in Section II, a channel that consists of multiple specular
components that are relatively phase shifted with respect to
each other with random unknown phase shifts. Beamforming
over such a channel leads to fading behavior that can in gen-
eral not be described with well-known fading distributions, such
as Hoyt, Rayleigh, Rice, Nakagami-m, Weibull, or the recently
proposed α − η − κ − μ distribution [33]. In Section III, we
summarize existing results that are valid for the case of a sin-
gle specular component, or equivalently for multiple specular
components with fixed known relative phase shifts, both cases
amounting to Rician fading. In Section IV, we particularize our
results to the case of two specular components with random
relative phase shift. This case relates to the two-wave with dif-
fuse power (TWDP) and the general two-ray (GTR) [34]–[36]
fading distributions, which naturally generalize Rayleigh and
Rician fading. The TWDP and GTR models can be suitable
to represent transmission scenarios in the millimeter waveband
where the number of significant scatterers is commonly very
small [37] and where the phase of the signals varies quickly
due to the small wavelength. Recently, in [38] and [39], the
average symbol error probability and the capacity of single-
input single-output TWDP channels have been derived. In
Section IV-A, we propose a beamformer optimization that mini-
mizes the signal outage probability for the TWDP case and find
a generally suboptimal solution via a projected gradient opti-
mization that operates on a Grassmann manifold; in Section V,
we investigate its performance by Monte-Carlo simulations.

Notation: The transpose and conjugate-transpose of matrix
A are AT and AH, and the Frobenius norm is ‖A‖. The ex-
pected value of random variable x is E{x}. The probability
of random event A is P{A}. The vector-valued circularly-
symmetric complex Gaussian distribution is NC(μ,C). The
uniform distribution centered at a and having a width of b is
U(a, b). The Rayleigh distribution with parameter σ is Rayl(σ).
The Rician distribution with shape K and scale Ω is Rice(K,Ω).
The complex Grassmann manifold of 1-D subspaces in the N -
dimensional complex Euclidean space is GC(N, 1). The tangent
space to GC(N, 1) at point x is T (x). The generalized Marcum
Q-function of order m is Qm (a, b).

1070-9908 © 2017 IEEE. Translations and content mining are permitted for academic research only. Personal use is also permitted, but republication/redistribution
requires IEEE permission. See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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II. SYSTEM MODEL

A. Channel and Transmission Model

We consider MISO transmission where the transmitter is
equipped with Nt transmit antennas. We denote the frequency-
flat channel between transmitter and receiver as h ∈ CNt ×1 .
We consider linear beamforming and denote the beamformer
applied for transmission of data symbols s ∈ C, E{|s|2} = 1 as
f ∈ CNt ×1 . The input–output relationship is

y = hHfs + n (1)

with n being complex Gaussian receiver noise of variance σ2
n ;

w.l.o.g., we assume a unit transmit power constraint ‖f‖2 ≤ 1.
We consider a finite-scatterer directional channel model [40],

where the channel h is composed of S specular components hs

and a diffuse background scattering component hd

h =
S∑

s=1

hs + hd (2)

hs = ejϕs
(√

γs h̄s

)
= ejϕs h̃s (3)

with γs ∈ R+ denoting the macroscopic pathloss of specular
component s and h̄s representing the normalized channel vec-
tor with ‖h̄s‖ = 1. The variable ϕs ∈ R is the phase shift due
to propagation delay, Doppler-effects and reflection/scattering
properties of the environment. The elements of the diffuse com-
ponent are assumed to be uncorrelated zero-mean complex-
Gaussian distributed of variance σ2

d .
The normalized channel vector h̄s is determined by the

transmit antenna array response with respect to the signal
azimuth/elevation angles of departure (φs, θs) of specular com-
ponent s. For example, assuming a mutually uncoupled uni-
form planar array of isotropic antenna elements of size Nt =
Nv × Nh , with Nv , Nh , respectively, denoting the number of
rows and columns of the antenna array that are spaced distances
δv , δh (in multiples of the wavelength) apart, the normalized
channel vector is [41]

[
h̄s(φs, θs)

]
(�−1)Nh +k

=
1√
Nt

ej2π (δv (�−1) cos θs +δh (k−1) sin φs sin θs )

� ∈ {1, . . . , Nv}, k ∈ {1, . . . , Nh} (4)

with [h]i indexing the i-th element of vector h.

B. CSI Estimation Model

The signal angles (φs, θs) and the pathloss γs are macroscopic
channel properties that change relatively slowly over time. The
relative phase shifts ϕs , however, can change significantly with
movements in the order of only fractions of the wavelength,
causing spatial microscopic fading due to varying multipath
interference. We assume that the base station has estimates of the
angles of departure, the pathloss, and the phase shifts, acquired
either through uplink pilots or by means of limited feedback. To
reflect the varying degree of uncertainty about macroscopic and
microscopic channel properties, we assume a model of imperfect
CSIT of the following form:

ĥs = ejϕ̂s

(√
γ̂s

ˆ̄hs

)
= ejϕ̂s ˆ̃hs (5)

with ĥs denoting the CSIT, ϕ̂s being the estimated phase shift

and ˆ̃hs denoting the estimated channel vector obtained from

macroscopic angle and pathloss estimates. This estimated CSIT
is related to the actual channel state according to

hs = ej (ϕ̂s +Δϕs )
(√

αs
ˆ̃hs +

√
1 − αs ẽs

)

= ej (ϕ̂s +Δϕs )√αs
ˆ̃hs +

√
1 − αs es (6)

with αs ∈ [0, 1] representing the quality of the macroscopic
CSIT estimate and es ∼ CN (0, γs

Nt
I) being the normalized

macroscopic estimation error. We assume that the phase
estimation ϕ̂s is unbiased E{ϕ̂s} = ϕs and, hence, the phase
estimation error follows a zero-mean probability density Δϕs ∼
fΔϕs

(Δϕs), E{Δϕs} = 0; we also assume that the phase es-
timation errors are statistically independent E{ΔϕsΔϕt} =
0,∀s �= t. The model (6) is consistent with the low-rank channel
decompositions considered in [42]–[44]; these papers, however,
do not make the phase estimation error explicit, but rather ab-
sorb it in an overall Gaussian estimation error. The model also
reflects our limited feedback method proposed in [27], where
only angular CSI is provided as feedback information and thus
Δϕs ∼ U(0, 2π). The method in [27] can be extended to ad-
ditionally provide phase CSI by uniformly quantizing ϕs with
resolution Δφs ; then Δϕs ∼ U(0,Δφs).

Since both, the estimation error es of the specular compo-
nents as well as the diffuse channel hd follow a zero-mean
uncorrelated complex-Gaussian distribution, we can combine
these contributions to form the effective diffuse channel

h̃d = hd +
S∑

s=1

√
1 − αs es

h̃d ∼ CN
(
0, σ̃2

d I
)
, σ̃2

d = σ2
d +

S∑

s=1

(1 − αs)
γs

Nt
. (7)

With γ̃s = γ̂s αs , the channel vector can be compactly written

h =
S∑

s=1

ej (ϕ̂s +Δϕs )
√

γ̃s
ˆ̄hs + h̃d . (8)

The effective channel, including the beamformer, is then

z = hHf = rejϕ =
S∑

s=1

rse
jϑs + rde

jϑd

rs =
√

γ̃s

∣∣∣ˆ̄hH
s f

∣∣∣ , ϑs = arg
(

ˆ̄hH
s f

)
− ϕ̂s − Δϕs

fϑs
(ϑs) = fΔϕs

(
arg

(
ˆ̄hH

s f
)
− ϕ̂s − ϑs

)

rd ∼ Rayl (σ̃d ‖f‖) , ϑd ∼ U (0, 2π) (9)

with fϑs
(ϑs) denoting the probability density of ϑs . To the

best of the author’s knowledge, the probability distribution
of z is not known for the general case. If the random
phase shifts Δϕs are fixed ∀s it can be seen that z|Δϕs ∼
CN (

∑S
s=1 rse

jϑs , σ̃2
d‖f‖2). The random phase shifts Δϕs de-

termine the mean of z|Δϕs ; hence, with random phase shifts, z
follows a complex-Gaussian distribution with random mean.

C. Outage Probability

In order to calculate the outage probability of z, i.e., the
probability that |z| = r ≤ rmin, we first assume that the random
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phase shifts Δϕs and, thus, ϑs are fixed ∀s. We then have

r|Δϕs ∼ Rice (Kr,Ωr )

Kr =

∣∣∣
∑S

s=1 rse
jϑs

∣∣∣
2

σ̃2
d ‖f‖

2 , Ωr =

∣∣∣∣∣

S∑

s=1

rse
jϑs

∣∣∣∣∣

2

+ σ̃2
d ‖f‖2 .

(10)

Notice, the beamformer f impacts the scale and shape parameter
of this Rician distribution. The cumulative distribution function
of the Rician fading model can be stated, e.g., in terms of the
Marcum Q-function Qm (a, b) [45] and, thus, the outage proba-
bility with fixed phase shifts and rmin ≥ 0 is

Pout|Δϕs
(rmin) = P {r ≤ rmin|Δϕs} = 1 − Q1

(
α

β
,
rmin

β

)

α2 =
Kr

1 + Kr
Ωr , β2 =

Ωr

2(1 + Kr )
. (11)

Calculation of the outage probability for random phase shifts
requires removing the conditioning of Pout|Δϕs

(rmin), involving
multidimensional integration over the random phase shifts

Pout(rmin) =
∫

· · ·
∫ 2π

0
Pout|Δϕs

(rmin)

×
S∏

s=1

fΔϕs
(Δϕs) d (Δϕs)∀s . (12)

The calculation of this integral is numerically only feasible for
a small number S of scatterers. We, hence, consider below the
cases S = 1 and S = 2 in more detail.

III. SINGLE SPECULAR COMPONENT

If we restrict to S = 1 (or equivalently assume Δϕs as fixed
∀s), we recover the CSI estimation model that is mostly con-
sidered in literature; that is, the actual channel is equal to
an imperfect estimate plus an additive Gaussian distortion. In
this case, the phase uncertainty does not impact the outage
probability at all and the effective channel follows a Rician
distribution. In [17], the structure of the outage optimal input
covariance matrix is investigated, revealing that the optimal sig-
naling directions are the CSIT estimate and its orthogonal com-
plement; the optimal power allocation among these directions
is, however, not provided in [17]. Yet, restricting to rank-one
beamforming, the optimal solution is maximum ratio transmis-
sion (MRT) along the CSIT estimate.

IV. TWO SPECULAR COMPONENTS

For the case S = 2 and Δϕs ∼ U(0, 2π), the probability
distribution of z follows the TWDP fading model [35]; with
a general distribution fΔϕs

(Δϕs), z follows the GTR fading
model [36]. Here, the probability density function (pdf) of the
envelope r can be expressed in terms of an equivalent Rician pdf

fGTR(r) =
∫ 2π

0
fRice(r;K(1 + Δ cos δ)) fδ (δ) dδ (13)

K =
r2
1 + r2

2

σ̃2
d ‖f‖

2 , Δ =
2r1r2

r2
1 + r2

2
(14)

with phase difference δ = ϑ1 − ϑ2 between the two specular
components and fδ (δ) denoting its pdf, obtained by convolv-
ing fϑ1 (ϑ1) with fϑ2 (−ϑ2) and wrapping onto [0, 2π] [to avoid

wrapping, the range of integration in (13) can be extended]. The
outage probability Pout(rmin) can be obtained by integrating (13)
from 0 to rmin. It is obvious that the beamformer f impacts the
outage probability in a complicated manner. Nevertheless, we at-
tempt outage-based beamformer optimization in the following.

A. Signal Outage Optimized Beamforming

In this section, we discuss beamforming strategies for the
case of S = 2 specular components with the ultimate goal of
minimizing the outage probability.

1) Benchmark Beamformers: The following beamforming
strategies are employed as benchmarks in our numerical inves-
tigations. We assume w.l.o.g. γ̃1 ≥ γ̃2 .

a) Maximum ratio transmission—MRT [1]: fMRT1 = ˆ̄h1 ,
maximizing the signal power received over the strongest specu-
lar component. Notice, we do not consider the sum channel here,
since the random phase shift between the two specular compo-
nents is unknown; it only makes senses to consider the sum
channel for beamforming if the phase uncertainty is sufficiently
small.

b) Zero-forcing beamforming—ZF [3]:

fZF2 = f̃ZF2/
∥∥∥f̃ZF2

∥∥∥ , f̃ZF2 =
(
I − ˆ̄h2

ˆ̄hH
2

)
ˆ̄h1 (15)

eliminating the signal variation due to multipath interference.
c) Maximum eigenmode transmission—MET: Maximizing

the expected received signal power for entirely unknown phases
Δϕs ∼ U(0, 2π), by aligning the beamformer with the left sin-
gular vector fMET = umax corresponding to the largest singular

value of matrix H = [
√

γ̃1
ˆ̄h1 ,

√
γ̃2

ˆ̄h2 ].
d) Robust adaptive beamforming—RAB: Here, we determine

the beamformer by applying the worst-case optimization prob-
lem proposed in [46, eq. (20)] to our scenario. Specifically, in

our case the presumed steering vector of [46] is ˆ̄h1 , whereas the
steering error vector δ of [46] is determined by the relatively
phase shifted second specular component as well as the effec-
tive diffuse component. Since our goal is to minimize the outage
probability, we find the largest success probability p (one mi-
nus outage probability) in [46, eq. (20)] that provides a feasible
beamformer solution satisfying the power constraint ‖f‖ ≤ 1.
This can easily be achieved by applying a bisection line search.
Notice, however, that the problem is not always feasible with
the restriction ‖f‖ ≤ 1 even if p = 0, especially for large rmin;
in case of infeasibility we fall back to MRT.

2) Gradient-Based Optimization: The following optimiza-
tion problem defines the signal outage optimal beamformer:

min
f ,‖f ‖=1

Pout(f , rmin) = min
f ,‖f ‖=1

P {r ≤ rmin} . (16)

As calculation of the outage probability requires numerical inte-
gration, a closed-form solution appears out of reach. We, there-
fore, resort to local optimization by using a projected gradient
method that operates on the associated Grassmann manifold
GC(Nt, 1) [47]. Notice, in (16), we can restrict to unit norm
beamformers, ignoring beamformers with ‖f‖ < 1, since, oth-
erwise, we can always increase the larger signal component r1
or r2 , while keeping the other smaller component unchanged
(by steering in the null-space of the corresponding channel);
this in-turn reduces the outage probability by decreasing the
signal variation with varying phase.

As a first step, we need to calculate the gradient of the signal
outage probability P{r ≤ rmin} w.r.t. to f , which we denote
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as ∇f Pout. This calculation is tedious but straightforward and
requires numerical integration. In a second step, we project
this gradient onto the tangent space T (f) of the Grassmannian
associated to the point f ∈ GC(Nt, 1)

∇T
f Pout =

(
I − ffH)

∇f Pout ∈ T (f). (17)

This projected gradient parametrizes a geodesic Γ(t,∇T
f Pout) ∈

GC(Nt, 1) on the Grassmannian

Γ(t,∇T
f Pout) = f cos

(
t
π

4

)
− ∇T

f Pout∥∥∇T
f Pout

∥∥ sin
(
t
π

4

)
. (18)

We employ this geodesic as local search direction for a line
search algorithm over the line parameter t ∈ [0, 1]. The most
costly part is that the calculation of the outage probability and
its gradient, since both require numerical integration.

3) Restricted Geodesic Optimization: The method pre-
sented in the previous section is not very practical, since it
requires numerical calculation of a complicated double-integral
in each step of the gradient line search. We, thus, propose in
the following two simpler optimization problems that drasti-
cally restrict the beamformer search space. More specifically, we
restrict the search for the optimal beamformer to two geodesics:
one connecting the zero-forcing solution of scattering compo-
nent to fZF2 with the maximum ratio beamformer of scattering
component one fMRT1; the other connecting the two maximum
ratio beamformers fMRT1, fMRT2. Even though this appears very
restrictive, it turns out that in our simulations the gradient search
never achieves a better solution than the optimum restricted to
these geodesics. Yet, we have not been able to formally prove
that the optimum necessarily lies on these geodesics.

The geodesic on the manifold GC(Nt, 1) connecting two
points f1 ∈ GC(Nt, 1) and f2 ∈ GC(Nt, 1) is

Γ(t, t1,2) = f1 cos (φ1,2t) +
t1,2

‖t1,2‖
sin (φ1,2t)

t1,2 =
(
I − f1fH1

) f2
fH1 f2

, φ1,2 = atan ‖t1,2‖ , t ∈ [0, 1].

(19)

To find the optimal solutions on the geodesics fZF2 to fMRT1 and
fMRT1 to fMRT2, we apply a bisection w.r.t. t ∈ [0, 1], employing
Pout(Γ(t, t1,2), rmin) to determine the nested intervals.

V. SIMULATION RESULTS

In this section, we investigate the presented beamforming
methods numerically. We assume S = 2, Nt = 4, σ̃2

d = 0.2, and
Δϕs ∼ U(0, 2π),∀s, i.e., the worst case of totally unknown
phase shifts, corresponding to the limited feedback approach
of [27]. We compare the empirical outage probability with vary-
ing threshold rmin to the analytical calculation. For the gradient
method, we generate 25 random beamformer realizations f0 that
are used to initialize the gradient optimization and we plot the
performance of the best solution, which is of course still not nec-
essarily the global optimum. We plot results for two different
cases: γ̃1 = γ̃2 = 2 and γ̃1 = 3, γ̃2 = 1.

In Fig. 1, we compare the performance of the presented bench-
mark schemes to the gradient and restricted geodesic optimiza-
tion in dependence of the signal power threshold r2

min. In the
figure, analytic (solid) as well as empirical (dashed) results per-
fectly agree. As expected the gradient approach outperforms the
benchmark schemes, but shows exactly the same performance

Fig. 1. Comparison of signal outage probabilities of different beamforming
methods in dependence of the power threshold r2

min. (a) Signal outage probability
with γ̃1 = γ̃2 = 2. (b) Signal outage probability with γ̃1 = 3 and γ̃2 = 1.

as the restricted geodesic optimization (cross markers). The ro-
bust optimization proposed in [46] comes close to the gradient
optimization especially for equal-strength specular components.
This method has the advantage that it can relatively easily be ex-
tended to S > 2 specular components, whereas the complexity
of the gradient approach grows significantly, as each additional
specular component implies an additional integral in the outage
calculation. Notice though that the power-constrained robust
adaptive beamforming (RAB) problem becomes infeasible in
our simulations for r2

min ≥ 2 dB, in which case we heuristically
fall back to MRT. We also observe in Fig. 1 that each of the three
schemes MRT, zero-forcing beamforming (ZF), and maximum
eigenmode transmission (MET) has a certain regime of rmin in
which it outperforms the others. Comparing Fig. 1(a) and (b),
we see that better performance is obtained if the total specular
energy γ̃1 + γ̃2 = 4 distributes unequally over the two specular
components as in Fig. 1(b).

VI. CONCLUSION

We investigate single-user MISO beamforming over finite-
scatterer directional channels with imperfect CSIT, applying a
CSI estimation model that accommodates varying degrees of
uncertainty in microscopic and macroscopic CSI. The assumed
model leads to channel fading behavior of the beamformed chan-
nel that has, to the best of the author’s knowledge, not yet been
investigated. We determine the outage probability for the gen-
eral case in integral form and relate our results to the previously
investigated cases of one and two randomly phase shifted spec-
ular components. We propose outage-optimized beamforming
for the case of two scattering components and show that it
outperforms existing schemes.
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5. Coordinated Transmission and
Interference Management

Today’s mobile cellular networks predominantly employ the entire available spectrum at
all base stations simultaneously, in order to maximize the spatial spectrum reuse gains of
the system. An observation from Martin Cooper in 2001 assessed that the wireless capacity
doubles every 30 months [181]. This trend has been preserved to date and has improved
the wireless capacity by a factor of one million during the last 45 years. The major part of
this gain has been achieved by efficient spatial reuse of the spectrum [182], by means of
network densification through small cells, distributed antenna systems (DASs) and relay
nodes [183–185]. Network densification, however, leads to increasing interference between
neighboring cells, which impairs both, the efficiency and the reliability of the wireless
connectivity. In fact, several investigations have shown that in uncoordinated networks there
can exist an optimal finite spatial density of BSs that maximizes the area spectral efficiency
and the coverage of the network [186–188]. To circumvent these interference limitations,
many multi-point coordination and joint transmission schemes have been developed over the
last years, leading up to the proposal of cloud radio access networks (CRANs) and cell-free
massive MIMO systems to achieve a large area coordination of mobile networks [189–191].

Chapter Outline

In this chapter, I provide a discussion of CoMP and joint transmission (JT) techniques for
unicast and multicast scenarios, give an overview of my scientific contributions within these
fields and tie in my corresponding publications that constitute this thesis. I first focus on the
unicast scenario, which is a well investigated subject with many related scientific publications.
Nevertheless, interference management for unicast scenarios has lost none of its topicality
in the development of 5G mobile networks, since CRAN, distributed MIMO and cell-free
massive MIMO promise significantly enhanced coordination capabilities [190–192].

The multicast scenario is less well understood, especially in the context of multi-cell coordi-
nation. I introduce in this chapter the underlying information-theoretic model of multi-cell
multicasting, namely the multi-antenna MCIC, present coordination techniques for efficient
multicasting in multi-cell networks and exhibit their potential to support cellular-assisted
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vehicular communication scenarios. I do not address CSIT imperfections in this chapter in
detail, even though they are as critical as in the multi-user MIMO transmission schemes
discussed in Chapter 4. However, the basic insights on CSI feedback and CSIT imperfections
of Chapters 3 and 4 carry over to multi-point coordination and joint transmission.

5.1. Interference Management in Unicast Scenarios

Interference management techniques in mobile cellular networks basically fall into one of
two categories:

• CoMP techniques: These methods rely on coordination of the resource allocations and
MIMO processing to mitigate the mutual interference of different cells. They require
sharing of the CSI and of coordination information amongst cells for the optimization
of the precoders and resource allocations. Mostly, such coordination techniques are
implemented in a distributed fashion within the network.

• JT techniques: These methods apply cooperation amongst cells to jointly satisfy
the QoS requirements of all UEs of the cooperating cells. They are commonly
implemented by a central processor, which jointly optimizes the resource allocations
and precoders of all cooperating cells and distributes the information accordingly.
This requires gathering of all the CSI at the central processor and, in general, sharing
of the data of all UEs amongst the cooperating cells. This implies that JT techniques
require powerful backhaul connections in-between cooperating cells.

Both of these techniques have been standardized within 4G LTE. Yet, research for 5G CoMP
and JT technologies is still ongoing, especially within the fields of CRAN antenna domain
optimization [193–195], cell-free massive MIMO precoding and power control [153], and
mmWave multi-point transmission coordination to enhance the macroscopic diversity and
thereby reduce the outage probability [196, 197].

5.1.1. CoMP Techniques

Coordination techniques can be realized in the time-frequency domain, by dynamically
allocating time-frequency resources amongst cells and UEs, and/or in the spatial domain, by
coordinating beamforming and precoding strategies of neighboring cells.
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Coordinated Resource Allocation

Coordinated scheduling: This method is basically a dynamic implementation of
fractional frequency reuse (FFR) [198]. The underlying idea is to assign different time-
frequency resources to UEs that are at the same cell edge but belong to different cells, thus,
mitigating interference between them [199]. Such techniques can reduce the outage prob-
ability of cellular networks, require just little information exchange amongst BSs and are
robust with respect to user mobility, since they do not rely on accurate CSIT. However, from
a network capacity standpoint, coordinated scheduling provides hardly any performance
gain [200].

Dynamic point selection (DPS): This method enables to receive data within consecu-
tive TTIs from different cells, without requiring a hand-over between the cells [201]. This
enhances the macroscopic diversity of the system and thus the reliability. Yet, DPS requires
fast forwarding of data between cells, causing an increase of the backhaul network load.

Dual connectivity: Although not strictly a CoMP technique with respect to user data
transmissions, dual connectivity nevertheless requires coordination of multiple transmission
points to realize the control-plane user-plane splitting feature necessary to enable efficient
and reliable high-mobility support in dense heterogeneous small cell networks [202]; see
[Article 2] for a more detailed discussion.

Coordinated Beamforming and Precoding

Coordinated beamforming and precoding techniques exhibit a larger potential than coor-
dinated resource allocation, because they allow to utilize all the available time-frequency
resources by all cells simultaneously, while still being able to mitigate interference in the
spatial domain through beamforming/precoding methods.

Coordinated beamforming for the MISO unicast interference channel: The
MISO unicast interference channel (UCIC) is the information-theoretic model for uni-
cast transmissions from multiple transmit antennas in multi-cell mobile networks. In general,
neither the capacity region nor even the DoF region of such systems are known. Only for
special cases, such as the two user SISO UCIC, the DoF region has been fully character-
ized [203], and it is known that rate-splitting and SIC are generally required to achieve the
optimal DoF. In my further discussions, however, I restrict to linear beamforming/precoding
(without rate-splitting) and single-user detection (no SIC), as such methods are practically
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more relevant for reasons of complexity. The following main results have been established
for this situation in the scientific literature:

• The optimal transmit covariance matrix has rank one; thus, beamforming is the optimal
transmit strategy. The Pareto boundary of its achievable rate region is characterized
in [204–207].

• Weighted sum-rate maximization can provide beamformers that achieve any point on
the Pareto boundary of the rate region; yet, the optimization problem is NP hard [208].

• Iterative algorithms for local and even global optimization of the weighted sum-rate
beamforming problem exist [209, 210]. In practice, though, mostly low-complexity
(semi) closed-form beamformers are preferred, such as, SLNR beamforming [105]
and multi-cell BD precoding [211].

• The outage region of coordinated beamforming with imperfect CSIT is characterized
in [145], and robust beamforming methods are proposed, e.g., in [212].

In my article [Article 10], I provide a comprehensive overview and performance comparison
of coordinated transmit beamformers for the MISO UCIC with excess antennas at the re-
ceivers. Specifically, I consider MIMO systems, in which the receivers apply beamformers to
convert the system to an effective MISO system from the perspective of transmit beamform-
ing. I analyze the achievable rate region of a simplified but nonetheless instructive scenario
with two transmitters and two receivers, for several combinations of transmit and receive
beamformers, showing that SLNR and MMSE based schemes exhibit the best performance;
see Section 5.3 for more details.

Coordinated beamforming for the MIMO unicast interference channel: Capacity
optimal transmit strategies for this situation are not known in general. However, the DoF
optimal linear transmit and receive beamforming/precoding strategy for the MIMO UCIC is
known to be IA [213, 214]. This method has received significant attention, since it allows to
achieve half of the DoF of the idealistic situation where cells a priori do not interfere with
each other. The following main results have been established for IA:

• In general situations, with arbitrary number of transmit and receive antennas, IA
requires so-called symbol-extensions, i.e. beamforming/precoding over space and
time, to achieve the optimal DoF [213].

• When restricting to beamforming/precoding over space only by employing linear
spatial transmit and receive filters, assessing the feasibility of an IA configuration,
with a certain number of spatial streams for each UE, is a complicated problem on its
own behalf. A polynomial-time feasibility test for this problem is developed in [215].
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• Closed-form solutions for IA transmit and receive filters are available only for special
cases; yet, many iterative optimization schemes exist, e.g., [104, 216, 217].

• In practically relevant SNR ranges it is often preferable to allow some residual inter-
ference between cells rather than canceling the interference entirely. This enables
to achieve a favorable trade-off between the intended signal power and the residual
interference, e.g., by maximizing the SINR [218].

I discuss the sensitivity of IA with respect to CSIT imperfections in Section 4.2. Moreover,
I argue in Section 3.4 that subspace-based IA can be realized by explicit Grassmannian
CSI feedback, while max-SINR IA requires explicit Gramian CSI feedback. Hence, my
predictive Grassmannian and Stiefel manifold feedback algorithms, as explained in [110,
111], [Article 6], are applicable for the CSIT acquisition of IA.

5.1.2. Joint Transmission Techniques

JT techniques in principle convert an information-theoretic interference channel to a broad-
cast channel, by centrally optimizing the base band processing of all involved transmission
points. This implies that the transceiver architectures discussed in Chapter 4 are applicable
for JT, with minor modifications, since the involved transmission points commonly impose
individual transmit power constraints, rather than a sum-power constraint.

JT techniques have initially been adopted within DASs, because they require high-bandwidth
low-latency connections between the cooperating transmission points. Since the backhaul of
mobile networks becomes increasingly powerful, JT has lately gained interest in the context
of CRAN, distributed MIMO and cell-free massive MIMO. JT has the potential to exploit
the full DoF provided by the system, in contrast to CoMP, which can at most achieve half
the DoF through IA. Additionally, JT can improve the reliability of the wireless connectivity,
by enhancing the macroscopic diversity through multi-point transmissions.

Distributed Antenna Systems

DASs are wireless communication architectures that utilize multiple spatially (geograph-
ically) distributed transmission/reception points to serve users in wireless cellular net-
works [219]. DASs are static infrastructures, in which remote radio heads (RRHs) are
connected to the BSs by high-bandwidth low-latency dedicated connections, such as, radio-
over-fiber or dedicated micro-wave links [220]. In principle this structure enables JT from all
RRHs that are connected to a BS, even though often simpler schemes, such as transmission
point selection, are employed. DASs are successful in a number of aspects:
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• Coverage improvement and reduction of the outage probability of wireless networks,
especially indoors [221, 222].

• Network capacity enhancement and improvement of the ASE [223, 224].

• Improvement of the efficiency of simultaneous wireless information and power transfer
(SWIPT) methods [225].

DASs versus collocated antennas: In my article [226], I analyze the ASE of DASs and
of BSs with only collocated antennas, assuming the same total amount of antennas per cell.
For both, single- and multi-user MIMO transmission with limited feedback, the performance
gap with respect to perfect CSIT can be significantly reduced in DASs, provided the CSI
quantization codebooks are designed to account for the path-loss differences between the
RRHs. Additionally, in multi-user MIMO transmission, smart multi-user scheduling can
reduce the residual inter-user interference in DASs, by co-scheduling UEs that are close to
different geographically separated RRHs.

DASs versus small cells: In [Article 8], I compare the ASE of DASs to heterogeneous
networks that employ autonomous small cells instead of RRHs. I consider uncoordinated
transmission in the small cell system and joint multi-user MIMO transmission in the DAS,
in both cases with limited feedback and the same total feedback overhead budget. My results
show that JT in the DAS provides higher ASE not only with perfect CSIT, but even with
very low feedback rates. Yet, this performance gap might partly be alleviated by applying
CoMP in the small cell system, which is not investigated in [Article 8].

Dynamic distributed antenna systems: In [Conf. 3], I investigate the performance
of an enhanced version of DASs, called dynamic distributed antenna systems (dDASs),
in which the association of RRHs to BSs is not fixed, but can rather be optimized to
most efficiently satisfy the demand of the individual BSs. Such an architecture requires
a reconfigurable front-haul network between the RRHs and the BSs. In principle, this
can be realized wirelessly, through steerable antenna arrays at the BSs that operate in a
dedicated band, e.g., in the mmWave regime as noted in [Article 1]. As I show in [Conf. 3],
dDASs have the potential to significantly reduce the outage probability of mobile networks.
However, an optimal association of RRHs amongst BSs requires solving combinatorial
optimization problems, which becomes computationally challenging with growing problem
dimensions.
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CRAN, Distributed MIMO and Cell-Free Massive MIMO

Realizing the full potential of network densification requires centralized coordination of the
base band processing of larger spatial areas, to mitigate interference or to even exploit signals
from many transmission points to reliably convey information. This is one of the motivations
that underlies the proposal of CRAN architectures [189], where the base band processing is
outsourced to so-called base band units (BBUs) on cloud computer servers. The actual radio
transmissions are handled by RRHs, which are dynamically connected to the BBUs over a
reconfigurable front-haul network. This is similar to a dDAS, however, in a dDAS the base
band processing is not outsourced, but is rather performed by the existing BSs; dDASs can
thus be thought of as an intermediate step towards a full-fledged CRAN. In CRAN, both
CoMP and JT techniques are applicable; commonly a combination of both is considered:
JT within so-called antenna domains and CoMP in-between them [194]. The second main
motivation for CRAN is to enhance the scalability of the mobile network and to support
better adaptability with respect to spatio-temporal capacity demand variations caused, e.g.,
by daily commuters. Specifically, the spatio-temporal distribution of the network capacity
can be relatively easily varied and scaled by invoking a smaller or larger number of BBUs
on the cloud, and by dynamically connecting them to the appropriate RRHs.

Cell-Free massive MIMO: The basic idea of coherent JT from many spatially distributed
antennas to provide uniformly good service for all users in the network has been proposed un-
der several different names, such as, virtual/distributed/network MIMO [227–229]. Its latest
manifestation in the context of massive MIMO is known as cell-free massive MIMO [191],
where a very large number of single-antenna access points simultaneously serve a much
smaller number of users, employing computationally simple signal processing. Relying on
the well known massive MIMO phenomena of favorable propagation and channel hardening,
this enables the use of computationally efficient, globally optimal transceivers and simple
pilot assignment schemes.

5.2. Interference Management in Multicast Scenarios

Multicasting implies the simultaneous transmission of the same information to multiple
users. In mobile communications, this feature was initially implemented to support video
broadcasting, e.g., venue casting at local sports events [230–233]. Other application sce-
narios include software/firmware/operating-system updates for mobile Internet of Things
devices [234] and, most importantly, road traffic- and safety-relevant information broadcast-
ing in cellular-assisted intelligent transportation systems (ITS) [235], [Article 2].
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Base band model of the multi-antenna MCIC: Multicasting can easily be accom-
modated in the base band system models described in Chapter 2. Rather than UE-specific
transmit symbols and precoders as in Eq. (2.3), the same symbols are transmitted to all UEs:

xi[n, k] = Fi[n, k]si[n, k]. (5.1)

The corresponding achievable rate of a user u ∈ Si[n, k] served by BS i is:

Ru[n, k] = log2 det
(
IMu + Ju[n, k]−1Su[n, k]

)
, (5.2)

Su[n, k] = Hu,i[n, k]Fi[n, k] (Hu,i[n, k]Fi[n, k])H,

Ju[n, k] = σ2
z,uIMu +

∑
j 6=i

Hu,j[n, k]Fj[n, k] (Hu,j[n, k]Fj[n, k])H.

However, since the BS transmits the same information to all UEs, it has to adopt a multicast
transmission rate R(i)[n, k] that enables satisfactory transmission to all served UEs:

R(i)[n, k] = min
u∈Si[n,k]

Ru[n, k]. (5.3)

5.2.1. Multicasting in Mobile Wireless Communications

In 3GPP mobile communication systems, multicasting is supported by three technologies:

• Multimedia broadcast multicast service: MBMS specifies the basic PHY processing
and the logical channels required for multicasting in mobile networks.

• Multimedia broadcast single frequency network: MBSFN enables multicasting from
multiple strictly time and frequency synchronized BSs simultaneously, forming a
so-called MBSFN area. This provides a significant enhancement of the SINR within
the MBSFN area, especially at the former cell edge between the involved BSs.

• Public warning system: PWS is mainly intended to broadcast geographically con-
strained warnings to the general public, e.g., storm, tsunami or earthquake warnings.
The technology therefore supports geocasting, which makes it also suitable for cellular-
assisted vehicular communication scenarios, as argued in [Article 2].

In its current implementation, MBMS in LTE does neither support feedback based transmis-
sion rate or precoder adaptation, nor hybrid ARQ based retransmissions. This is because
there exist no methods for reconciling the feedback of multiple UEs within the standard.
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Multicasting for cellular-assisted vehicular communications: As I argue in [Arti-
cle 2], multicasting is an enabling technology for cellular-assisted exchange of road traffic-
and safety-relevant information. In ITS, basically two types of messages are exchanged:
1) periodic messages to share vehicle status information, such as, location, direction and
velocity; 2) event-driven sporadic messages, such as, emergency warnings. Since both types
of messages are commonly intended for many vehicles in a given geographic area, they can
most efficiently be distributed via geographically constrained multicasting, as supported by
the interplay of MBMS/MBSFN/PWS.

MBMS/MBSFN based V2X in LTE: In [236], we investigate the potential of LTE to
efficiently support the distribution of ITS related road traffic information by MBMS/MBSFN.
Our focus thereby is on two important metrics: the latency of the packet delivery and the
overhead caused by this information exchange on the mobile network. We thereby cross-
compare the performance of unicasting and multicasting. Our system level simulation based
results show that multicasting achieves approximately a factor ten reduction in transmission
latency compared to unicasting, and at the same time requires much less time-frequency
resources. Additionally, we demonstrate that transmission rate adaptation based on the
minimum CQI of all multicast UEs provides a further improvement in latency and efficiency.
Hence, we conclude that future releases of MBMS in LTE/5G should provide support for
CQI feedback based rate adaptation for dependable and efficient ITS information exchange.

5.2.2. Optimization of Multi-Antenna Multicast Transmissions

Because in multicasting the same information symbol is transmitted to several UEs, the
beamformer/precoder optimization of a multi-antenna multicast transmissions has to strike a
balance that satisfies all UEs. Common optimization targets are therefore the maximization
of the minimum rate/SINR of all multicast users, or the minimization of the transmit power
subject to QoS (minimum rate/SINR) constraints.

Single-Cell Multicasting

In single-cell systems, no interference management/coordination is required. For the sake of
completeness, I nevertheless summarize below the main results for such systems.

MISO optimization: The study of transmit optimization for single cell MISO physical-
layer multicasting was initiated by the work of Sidiropoulos [237]. Since then a number of
important results have been obtained:
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• The problems of QoS constrained and max.min. SINR multicast transmit beamform-
ing are NP hard [237].

• An approximate solution of these problems is possible by an SDR [238, 239]. The
approximation bound of this SDR is provided in [240], showing that beamforming is
strictly suboptimal for multicasting in contrast to unicasting.

• To alleviate the approximation gap of the rank-one beamforming SDR, a rank-two
approximation based on the Alamouti space-time coding scheme is derived in [241].

• For multicasting in massive MIMO systems, asymptotically optimal beamformers
are studied in [242], showing that these beamformers are a linear combination of the
users’ channel vectors.

• Extensions of multicast transmit beamforming to multi-group multicasting, where
several independent groups of multicast UEs are jointly served by a BS, are studied
in [243]. In this situation, it is additionally necessary to control the interference
between these multicast groups.

MIMO optimization: The above results have partly been extended to the MIMO case:

• Optimal single-stream multicast transmit beamforming for MIMO systems is consid-
ered in [244]. The corresponding optimization problem is generally NP hard; yet, for
the special case of Ni = 2 transmit antennas, the authors of [244] succeed to provide
a polynomial time algorithm.

• The extension of the above results to dual stream transmission is published in [245].

• A per-stream post-equalization max.min. SINR precoder optimization for multi-
stream multicasting is proposed in [246], assuming that the receivers apply decision
feedback MMSE equalizers. The authors demonstrate that their method performs very
close to the MIMO multicast channel capacity.

Multi-Cell Multicasting

In multi-cell systems, a coordination of the multicast beamforming/precoding strategies of
multiple BSs is required to alleviate the inter-cell interference.
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MISO optimization: Recently, a number of important contributions have been achieved
for multicast transmission in the MISO MCIC:

• Multi-cell multicasting is studied under the assumption of statistical CSIT in [247].
The authors propose a beamforming problem for global max.min. long-term SINR
optimization, by applying a joint optimization over all transmitters. An efficient
solution of this problem is provided in [248] by a quasi-convex formulation.

• The problem of global max.min. SINR optimization with instantaneous CSIT is stud-
ied in [249]. The authors propose an iterative decentralized solution, by decomposing
the problem into sub-problems that are approximately solved by an SDR.

• I study the problem of weighted sum-rate maximization for the MISO MCIC in
[Article 11]. I discuss a few details of this optimization problem below.

Weighted sum-rate maximization for the MISO MCIC: The goal of weighted sum-
rate maximization is to identify the Pareto-boundary of the achievable rate region of the
multi-cell system. The corresponding optimization problem for multicast transmission is:

max
C1[n,k],...,CJ [n,k]

J∑
j=1

wjR
(j)[n, k], (5.4)

subject to : Cj[n, k] � 0, tr (Cj[n, k]) ≤ Pj, ∀j ∈ {1, . . . , J}.

Here, the weights wj ≥ 0 determine the point achieved on the Pareto-boundary of the
rate region and Cj[n, k] = Fj[n, k]Fj[n, k]H are the positive semi-definite input covariance
matrices. As I show in [Article 11], this problem is non-convex. Furthermore, a convex
reformulation similar to the approach taken in the MISO UCIC [206] is not possible,
due to the additional minimization over the user rates in (5.3). Moreover, not even a
global optimization by adopting the monotonic optimization framework of [210] is possible,
because the multicast rates R(j)[n, k] are not monotonic in the individual user rates.

In [Article 11], I propose a local distributed optimization approach for Problem (5.4) as
detailed in Section 5.3. This method can generally only be guaranteed to converge locally;
yet, in my simulations the outcome turned out to be globally optimal, as proved by a vanishing
duality gap. An exemplary achievable rate region of this leakage-based multicasting scheme
is shown in Figure 5.1. In this figure, the performance of leakage-based multicasting is
compared to the interference unaware max.min. SINR multicasting scheme of [237] and
to the generalization of BD precoding to multicast scenarios as proposed in [Article 11].1

Figure 5.1 shows that a coordination of the multicast transmissions of multiple cells can
significantly enlarge the achievable rate region. However, these improvements diminish with

1A comparison to additional other schemes is included in [Article 11].
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Figure 5.1.: Achievable rate region of the leakage-based multicasting scheme proposed in [Article 11] for a double-cell MISO multicas-
ting scenario. The rate region in this case represents the global optimum as proved by a vanishing Lagrangian duality gap. The figure is
a simplified version of Fig. 2 (b) of [Article 11].

a growing number of multicast UEs per cell, if the number of transmit antennas does not
scale accordingly.

MIMO optimization: The problem of coordinated precoding for the MIMO MCIC is
largely unexplored. In [250], I restrict to single-stream transmit and receive beamforming
and propose an iterative optimization of these beamformers. Specifically, I interpret the
optimal rank-unconstrained input covariance matrix obtained from the optimization in
[Article 11] as an SDR of the corresponding rank-one beamforming problem. Hence, I
obtain a rank-one transmit beamforming solution by applying a Gaussian randomization to
the optimal input covariance matrix [238], while the receive filters follow from an MMSE
solution. As shown by simulations in [250], this approach can provide a significant gain
over time-sharing of resources between BSs.

To gauge the quality of the rank-one beamforming approximation of the SDR performed
in [250], I conduct a worst-case analysis in [Article 12]. Moreover, I propose in this article a
rank-two multicast precoding approximation based on the Alamouti scheme to reduce the
approximation gap; see Section 5.3 for more details.
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Multicast Transmit Beamforming for MBMS/MBSFN based V2X in LTE:

We apply a generalized version of the optimization method of [Article 11], which supports
joint transmission from multiple BSs within an MBSFN area, for the distribution of ITS
related road traffic information in our conference publication [251]. Compared to utilizing
the best beamformer from the LTE standard-defined codebook, we achieve a substantial
improvement of 3 to 6 dB in the minimum SINR of the multicast UEs in the investigated
scenarios. This directly translates to an enhancement in throughput, thereby reducing the
transmission latency and the overhead caused by the V2X traffic on the mobile network.
Multicast beamforming thus has a significant potential for enhancing the efficiency and
dependability of cellular-assisted vehicular communications.

To improve the robustness of multicast beamforming/precoding solutions in high-mobility
vehicular scenarios, the angular-domain leakage bounded beamforming/precoding approach
of [Article 7] can also be adopted for multicast situations. In many vehicular communication
scenarios, access points (e.g., BSs) are placed along the roads under LOS to the vehicles;
furthermore, vehicles are restricted to move along roads. Both circumstances are favorable
for angular-domain based approach, since they limit the angular diversity and allow for
angular separability of independent multicast user groups (e.g., vehicles driving in different
directions), provided sufficient spatial resolution is achieved by the employed antenna arrays.

5.3. Scientific Contributions and Publications

My research interest in JT multi-user MIMO in DASs with limited feedback was invoked
during my research stay with Prof. Robert Heath at the University of Texas at Austin.
Thereby, my main focus was on the adaptation of my Grassmannian CSI quantization
methods to DASs, which requires to account for the path-loss differences between the
signals received from different RRHs of a DAS to achieve an efficient quantization, as I
show in [226,252]. A drawback of classical DASs is their static topology, which prohibits an
adaptation to the actual spatio-temporal capacity demands of the network. To circumvent this
issue, I recently investigated the potential of dDASs in [Conf. 3] to enhance the adaptability
of the network, in order to more effectively utilize the available infrastructure.

CoMP techniques came into the focus of my research work through a collaboration with
General Motors on cellular-assisted vehicular communications. The core result of this
collaboration are the leakage-based coordinated multicasting techniques for the MIMO
MCIC, as described in [Article 11], and the application of these methods for the distribution
of ITS related road traffic information in our conference paper [251]. My work shows
that multicasting is an enabling technology for cellular-assisted vehicular communications,
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providing significantly reduced transmission latency while minimizing the load caused by
vehicular communications on the mobile network.

5.3.1. Selected Publications

The following publications within the fields of multi-point coordination and joint transmis-
sion in unicast and multicast situations contribute to this thesis:

[Article 10] S. Schwarz and M. Rupp, “Exploring coordinated multipoint beamforming
strategies for 5G cellular,” IEEE Access, vol. 2, pp. 930–946, 2014

[Conf. 3] S. Schwarz, “Remote radio head assignment and beamforming in dynamic dis-
tributed antenna systems,” in IEEE International Conference on Communications,
Kansas City, Missouri, May 2018, pp. 1–6

[Article 11] S. Schwarz and M. Rupp, “Transmit optimization for the MISO multicast
interference channel,” IEEE Transactions on Communications, vol. 63, no. 12, pp.
4936 – 4949, 2015

[Article 12] S. Schwarz, “Probabilistic analysis of semidefinite relaxation for leakage-based
multicasting,” IEEE Signal Processing Letters, vol. 23, no. 5, pp. 742–746, 2016

5.3.2. Summary of Scientific Contributions

The main scientific contributions of these publications are:

1. Conducting a comprehensive performance comparison of coordinated beamforming
strategies for interference mitigation in the MIMO UCIC, to provide guidelines for
selecting methods depending on the particular transmission situation in [Article 10].

2. Development of a joint RRH assignment and coordination beamforming method for
dDASs in [Conf. 3].

3. Derivation of a distributed iterative coordinated multicast precoding method for
weighted multicast sum-rate optimization in the MIMO MCIC in [Article 11].

4. Probabilistic analysis of the worst-case approximation ratios achieved by the rank-one
and rank-two precoding approximations of the optimal rank-unconstrained transmit
covariance matrix of [Article 11] in [Article 12].
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[Article 10] Exploring coordinated multipoint beamforming strategies for 5G cel-
lular: In this article, I provide an overview and a comprehensive performance comparison
of coordinated beamforming strategies for interference mitigation in MIMO broadcast and
interference channels. To gain a better understanding and insights into the ergodic behavior
of these schemes in terms of the SINR and the achievable transmission rate, I focus on
the most simple but nonetheless representative scenario of two transmitters that serve two
users. I consider the joint selection of transmit and receive filters, focusing mainly on
low-complexity non-iterative schemes. However, I also investigate a relatively simple MSE
based iterative scheme. As expected, the best performance is achieved by the iterative
scheme; MMSE and SLNR based non-iterative methods, though, do not fall far behind. My
investigation provides guidelines for selecting methods depending on the particular trans-
mission situation, in terms of signal and interference strength, the available computational
power, as well as, the tolerable signaling overhead.

[Conf. 3] Remote radio head assignment and beamforming in dynamic distributed
antenna systems: dDASs are an enhanced form of DASs, where the assignment of
RRHs to BSs is not fixed, but can rather be dynamically established on-demand. As noted
in Section 5.1.2, finding the optimal assignment of RRHs amongst BSs is a complicated op-
timization problem, since it is combinatorial in nature. In my recent conference contribution
[Conf. 3], I formulate a joint RRH assignment and coordinated beamforming optimization
problem with the goal of minimizing the outage probability of the mobile network. I provide
a mixed-integer second order cone program (MISOCP) formulation of this optimization
problem, which can be approximately solved by applying an integer relaxation. Even though
this relaxation facilitates tractability of the problem in terms of computational complexity, it
implies a significant performance loss compared to an exhaustive combinatorial search over
all possible RRHs assignments. Hence, the topic requires further research work.

[Article 11] Transmit optimization for the MISO multicast interference channel:
In this article, I investigate weighted sum-rate maximization for the MISO MCIC. As
discussed in Section 5.2.2, this optimization problem is non-convex and I did not succeed
in finding a convex reformulation. I therefore resort in [Article 11] to an iterative local
distributed optimization of the problem, by employing a dual-gradient approach. To this
end, I introduce additional interference-leakage parameters that upper-bound the amount of
permissible inter-cell interference. This leads to a decoupling of the rate optimization of
each BS, subject to interference-leakage constraints. These individual decoupled problems
are convex and can therefore be solved efficiently. Yet, the quality of the obtained solution
depends on the chosen interference-leakage parameters. To determine a locally optimal
solution of the weighted sum-rate optimization problem, I propose an iterative update of the
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leakage parameters, by stepping along the gradient of the Lagrangian dual of the weighted
sum-rate optimization with respect to the leakage parameters. The corresponding partial
derivatives constituting this gradient can be calculated in a distributed manner by the BSs
and are exchange by them as coordination information. Depending on the problem size,
convergence of this algorithm can be slow. I therefore also propose a heuristic leakage
parameter initialization, which provides a performance close to the rate boundary attained
by the iterative scheme without requiring any iterations.

[Article 12] Probabilistic analysis of semidefinite relaxation for leakage-based
multicasting: Attaining points on the boundary of the rate region of the leakage-based
multicasting solution proposed in [Article 11] in general requires transmit signals that are
distributed according to a multivariate Gaussian distribution with high-rank covariance
matrix. In practice, however, simple low-rank transmission schemes, such as, rank-one
beamforming in MISO systems, are often preferred, since they can be realized by linear
transmit and receive filters. In [Article 12], I investigate the performance of rank-one
beamforming and rank-two Alamouti-based space time block coding for leakage-based
multicasting. The rank-one and -two transmit processing schemes are obtained from the
optimal rank-unconstrained transmit covariance matrix of [Article 11] through Gaussian
randomization. I derive tight upper bounds on the rank of the optimal transmit covariance
matrix of leakage-based multicasting, showing that the rank-one and -two approximations
are optimal only for small numbers of multicast users in the system. I moreover analyze
the worst-case approximation ratios of these two schemes, exposing that the worst-case
approximation ratio of rank-one beamforming scales inversely proportional with the number
of multicast users, whereas that of rank-two beamforming scales inversely proportional to
the square-root of this number, hence providing a much better approximation performance.
The median approximation ratios are much more benign than the worst-cast ratios in both
cases, and they improve with a growing number of antennas at the UEs.
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ABSTRACT Cellular networks are a central part of today’s communication infrastructure. The global
roll-out of 4G long-term evolution is underway, ideally enabling ubiquitous broadband Internet access.
Mobile network operators, however, are currently facing an exponentially increasing demand for network
capacity, necessitating densification of cellular base stations (keywords: small cells and heterogeneous
networks) and causing a strongly deteriorated interference environment. Coordination among transmitters
and receivers to mitigate and/or exploit interference is hence seen as a main path toward 5Gmobile networks.
We provide an overview of existing coordinated beamforming strategies for interference mitigation in broad-
cast and interference channels. To gain insight into their ergodic behavior in terms of signal to interference
and noise ratio as well as achievable transmission rate, we focus on a simplified but representative scenario
with two transmitters that serve two users. This analysis provides guidelines for selecting the best performing
method depending on the particular transmission situation.

INDEX TERMS Multiple-input multiple-output, beamforming, multiuser gains, coordinated multipoint
transmission, ergodic transmission rate, linear transceivers, MMSE receiver.

I. INTRODUCTION AND SYSTEM MODEL
Cellular networks are currently experiencing a tremendous
growth of data traffic, due to multimedia and internet appli-
cations that are enabled by novel devices such as smart
phones and tablet computers [1], [2]. Network densification
is considered as one of the most promising means to cope
with this increasing demand in the near future [3] and is
seen as a main path for advancing 4th generation (4G)
cellular networks, i.e., Long Term Evolution (LTE),
towards 5G. The resulting heterogeneous networking archi-
tectures, however, require coordination of different transmis-
sion points to handle the increased inter-cell interference
encountered in dense wireless networks [4], [5]. Simple
forms of coordination, such as, inter-cell interference coor-
dination (ICIC) (Rel. 8) and its enhanced (Rel. 10) as well
as further enhanced (Rel. 11) versions, are already a central
part of 4G LTE. The basic idea of ICIC is to keep the
inter-cell interference under control by radio resource man-
agement (RRM) methods, i.e., restricting the available
time-frequency resources on traffic channels to avoid/
reduce inter-cell interference at least for cell-edge users.

Enhanced ICIC further extends these concepts to control
channels and introduces the almost blank subframe (ABS) to
mitigate interference in heterogeneous networks. With ABS,
however, cell-specific reference symbols still cause signifi-
cant interference between cells, which is considered in further
enhanced ICIC by means of enhanced transceiver processing,
such as, interference cancellation receivers; see [6], [7] for
more detailed discussions on ICIC.
ICIC based RRM methods have the disadvantage that

not all resources can be utilized in all cells at the same
time. Spatial coordination schemes, also known as coordi-
nated multi-point (CoMP) transmission, provide a remedy
by exploiting the spatial dimension to control the interfer-
ence between cells. The highest performance can thereby
be achieved in combination with multiple transmit anten-
nas at the base stations, employing coordinated beamform-
ing and joint transmission techniques to reduce or even
exploit the interference from multiple transmission points,
see [8]–[14]. Within the 3rd Generation Partnership Project
(3GPP), the first studies on CoMP have been conducted
during the preparation of Rel. 10 [15]. The basic enablers
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for CoMP, such as, extended reference signals and signal-
ing information exchange between base stations, have been
standardized with Rel. 11 [16]; however, work is still ongoing
to study effects of realistic restrictions, such as, non-ideal
backhaul, limited feedback capacity and so on [17]. Hence,
although the basics for CoMP are already provided with
4G technology, many practical as well as theoretical questions
still have to be answered to unleash the full potential of CoMP
as a 5G enabler. Furthermore, with the advent of millime-
ter wave as a promising 5G technology [18], coordination
between multiple transmitters will not only be necessary to
avoid interference, but also to improve coverage by exploiting
the macro diversity provided by several non-collocated trans-
mitters, in order to mitigate severe shadowing and blockages
at such high carrier frequencies.

Since the introduction of multiple antennas at the
base stations and the mobile receivers, beamforming and
precoding methods are also becoming increasingly popular
to enhance the single cell downlink transmission in cellular
networks. Especially, multiuser multiple-input multiple-
output (MIMO) promises large network capacity gains by
spatially multiplexing several users over the same time-
frequency resources [19], [20]. Although strictly suboptimal
for the MIMO broadcast channel, linear transceiver architec-
tures, see [21], [22], are still considered as practically impor-
tant for their complexity advantage compared to non-linear
techniques, such as vector perturbation [23] and Tomlinson-
Harashima precoding based methods [24]. Considering the
multiple-input single-output (MISO) interference channel,
Jorswieck et.al. investigated the structure of optimal linear
beamforming vectors [25]. They showed that in case of two
users, any Pareto-optimal beamformer is necessarily a convex
combination of the matched filter (MF) vector for its own
channel (a.k.a. maximum ratio transmission) and the zero
forcing (ZF) vector for the interference channel.1 However,
finding appropriate coefficients for this convex combination,
for example such as to maximize the achievable sum rate, is
in general non-trivial and implies an exhaustive search over
the Pareto-optimal front; only few specific special cases are
known in closed-form, e.g., the coefficients that a achieve
a Walrasian equilibrium [26]. For more than two users, this
necessary condition generalizes such that any Pareto-optimal
linear beamformer must be a linear combination of the own
channel vector and all interference channel vectors. Similarly,
for the MIMO interference channel, the column space of any
Pareto-optimal transmit signal covariance matrix is contained
in the union of the signal spaces of the channel matrices from
the transmitter to all receivers [27].

The aforementioned papers consider only the design of
optimal linear beamforming vectors and precoding matri-
ces, without restricting the complexity at the receiver side.
In mobile communications, however, the computational capa-
bilities of mobile devices (smart phones, tablets, and more)
are typically even more restricted than those of base stations,

1Notice that this is only a necessary condition.

necessitating linear receive filters to limit complexity. In par-
ticular, methods that require large amounts of iterations to
achieve an optimum are prohibitive.We hence consider in this
paper linear transmission and reception over MIMO channels
Hlk ∈ CNR×NT , from K sources to L users:

yl =
K∑
k=1

Hlk fk
√
αkPsk + vl,

l ∈ {1, 2, ...,L}, s.t.
K∑
k=1

αk = 1, (1)

encompassing both, downlink multiuser MIMO as well as
CoMP transmissions from multiple transmitters. To simplify
the exposition, we assume that each base station is equipped
with NT transmit antennas and each user has NR receive
antennas. The vector fk ∈ CNT×1 denotes the beamformer
of user k . We assume throughout this paper that the beam-
forming vectors are normalized, i.e., ‖fk‖2 = 1. Each
receiver l observes its intended signal Hllfl

√
αlPsl , but also

interference caused by the transmission to other users, as
well as additive Gaussian noise vl ∈ NC(0,No INR ). In this
article we confine ourselves to the simplest case of two users
(L = 2) supported by either a single base station or by two
cooperating base stations. Of course this simplified scenario
cannot describe all effects in coordinatedmultipoint transmis-
sion/reception; specifically MIMO interference alignment
(IA) [28], [29] becomes interesting only with more than two
transmitters. However, the most relevant relations to gain
an understanding of the basic behavior of the considered
transceiver architectures can already be studied in the two
user setup. Extensions to more base stations and users are
in most cases straightforward. Note also that scenarios with
many coordinated coherent transmissions are unfeasible as all
channels need to be estimated and exchanged between all base
stations within the channel’s coherence time. Following the
notation of 3GPP LTE, we refer to the base station as evolved
NodeB (eNodeB) and to the user as user equipment (UE).
The power distribution of the sum power P is performed by
selecting power fractions αk . We thus reduce the complex
problem by two restrictions:

BF Beamforming: in multiuser scenarios with a large
number of users, limited number of antennas and power
limitation will require to use beamforming, e.g., in
order to steer the transmit signal of a user along the
maximum eigenmode of the channel matrix, perform-
ing maximum eigenmode transmission (MET) [12],
[30], [31]. It is thus a useful restriction even though in a
pure two user setup using only a single stream may not
be sufficient and may appear overly restrictive.

2U Two users: to study the basic behavior of interference
mitigation algorithms, it is sufficient to assume just a
second user as the interfering source. This second user
may be interpreted as the sole source of interference.
Note that in multiuser scenarios with a large number
of users, the a-priori knowledge of all interference
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channels is not feasible. Hence, in many practical cases
of interest a second users will be the single source of
major interference.

Here two similar but different scenarios are of interest:
1) Broadcasting (Single eNodeB) scenario:

y1 = H11f1
√
αPs1 +H11f2

√
(1− α)Ps2 + v1, (2)

y2 = H21f1
√
αPs1 +H21f2

√
(1− α)Ps2 + v2. (3)

2) Interference Channel (Double eNodeB) scenario:

y1 = H11f1
√
αPs1 +H12f2

√
(1− α)Ps2 + v1, (4)

y2 = H21f1
√
αPs1 +H22f2

√
(1− α)Ps2 + v2. (5)

Although mathematically they both appear very similar as
K = 2 sources transmit to L = 2 users, there is the
difference that in the single eNodeB scenario the intended
signal as well as the interference are received over the same
channel (i.e., H11 = H12 and H21 = H22), whereas dif-
ferent channel matrices are effective in the double eNodeB
setup as illustrated in Figure 1. Correspondingly, some of the
algorithms we consider in this paper react very differently
in both scenarios. Note that the power share α introduces a
power control as well as a sum power constraint (1). Such
a sum power constraint is natural for the first scenario with
a single eNodeB transmitting to multiple receivers. For the
double eNodeB scenario, mostly individual power constraints
per transmitter are considered in literature. However, we
assume that the total transmit power can be shared between
the eNodeBs, amounting to just another form of coordina-
tion as considered, e.g., in [32] and simplifying the complex
problem considerably. We will show in the following that this
allows to decouple the problem of finding optimal precoding
vectors and optimal power shares.

FIGURE 1. Visualization of the considered single and double eNodeB
scenarios.

In order to separate the intended signal from the interfer-
ence and to estimate the transmitted data symbol sk , user k
applies a linear filter gk ∈ CNR×1 to the received signal, e.g.,

ŝ1= gH1 H11f1
√
αPs1+gH1 H12f2

√
(1− α)Ps2+gH1 v1 (6)

Similar expressions are obtained for the single eNodeB
scenario and the other user. The corresponding signal to
interference and noise ratios (SINRs) of the users are:

SINR1 =
|gH1 H11f1|2αP

No‖g1‖22 + |g
H
1 H12f2|2(1− α)P

(7)

=
αP

No‖g1‖22
|gH1 H11f1|2

×

[
1−

|gH1 H12f2|2(1− α)P

No‖g1‖22 + |g
H
1 H12f2|2(1− α)P

]
, (8)

SINR2 =
|gH2 H22f2|2(1− α)P

No‖g2‖22 + |g
H
2 H21f1|2αP

(9)

=
(1− α)P

No‖g2‖22
|gH2 H22f2|2

×

[
1−

|gH2 H21f1|2αP

No‖g2‖22 + |g
H
2 H21f1|2αP

]
, (10)

where we assume unit power transmit symbols sk w.l.o.g.
To obtain the SINRs of the single eNodeB scenario we simply
set H12 = H11 and H22 = H21, respectively. The alterna-
tive forms (8) and (10) will become useful later when we
derive general expressions. We already recognize the typical
problematic of having a first term that is to maximize (e.g.,
|gH1 H11f1|2) while a second penalty term occurs that needs to
be as small as possible, i.e., |gH1 H12f2|2. Treating the remain-
ing interference as additional Gaussian noise, the transmis-
sion rate achievable with the precoders f1, f2 and the receive
filters g1, g2 is upper bounded by Shannon’s famous capacity
formula valid for point to point additive white Gaussian noise
(AWGN) channels [33]:

[R1,R2] =
[
log2 (1+ SINR1), log2 (1+ SINR2)

]
. (11)

Notice that this achievable rate region is not equivalent
to the capacity region of the broadcast and interference
channels. For the broadcast channel, the capacity region is
known to be achievable by nonlinear dirty-paper coding based
schemes [34]. The capacity region of the interference channel,
however, is known only for some special cases, e.g., very
strong interference [35]. To optimize the efficiency of the
network, the ultimate linear transceiver design goal is to max-
imize the achievable sum rate of the multiuser transmission.
Unfortunately, this problem is hard and we consider instead
the following simpler problem:
Two User Problem: Given a power distribution α, find

linear receiver filters g1, g2, aswell as precoding vectors f1, f2
such that the SINR for each receiver, i.e., (7) resp. (9), is
maximized with respect to its own desired signal.
We have a coupled system now for which the maximum of

the first user’s SINR in general does not show a maximum in
the second user’s SINR. The solution depends on the level
of cooperation. While in a single eNodeB setup, coopera-
tion of the two data streams appears naturally, the double
eNodeB setup may require a different level of cooperation.
We consider exchanging the power distribution as well as
channel state information for cooperation but not the informa-
tion data, i.e., if two eNodeBs are employed they only support
one user each.
Notice that maximizing the SINR is equivalent to

minimizing the mean squared error (MSE) of the
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estimation [36]–[39]:

MSEk = E
[∣∣ŝk − sk ∣∣2] . (12)

Hence, minimum MSE (MMSE) transceiver designs play an
important role in our investigation.

A. LITERATURE SURVEY AND CONTRIBUTIONS
Due to the difficulty of analyzing the capacity of general
interference channels, researchers have resorted to determin-
ing the Degrees of Freedom (DoF) of such systems, i.e., the
pre-log factor of the sum capacity specifying the slope of
the capacity curve at high signal to noise ratio (SNR), and
to finding transceivers that achieve these results. Cadambe
and Jafar [28] as well as Maddah-Ali et.al. [29] were the first
to develop IA techniques for MIMO interference channels,
enabling interference-free transmission to a maximum num-
ber of users in parallel employing linear precoders and receive
filters. Since then, a large body of literature has evolved
around IA; see [40] and references therein for an overview.

Similar to IA methods for interference channels,
interference cancellation techniques for the MIMO broad-
cast channel that achieve the maximum DoF, such as
zero-forcing beamforming [21] and block-diagonalization
precoding [9], are also very popular. Although such schemes
can maximize the spatial multiplexing gain at asymptotically
high SNR, they suffer a significant SNR gap with respect
to optimal performance and compared to other techniques;
see [21], [41].

More robust strategies, accounting not only for the
multiuser interference but also for the noise, have thus been
proposed in literature, which relax the need for perfect
interference cancellation/alignment to improve the desired
signal power. Regularized zero-forcing beamforming [21]
and block-diagonalization precoding [42] improve the low
SNR performance by explicitly considering the noise in the
precoder design. Also, iterative designs that jointly optimize
the precoders and receive filters according to MSE [43],
SINR [44] or sum rate [45] criteria exist, gaining in through-
put compared to independent transmit/receive filter designs,
however, increasing complexity and signaling overhead
substantially. Similar approaches have been considered for IA
aswell, e.g., regularized IA [46] and iterative algorithms, such
as the max SINR algorithm [41].

Although we do not consider channel state information
acquisition at the receiver and transmitter in this article,
it is a central ingredient for the methods and algorithms
presented throughout this paper. Specifically, channel estima-
tion at the receiver and channel state information feedback to
the transmitter have attracted lots of attention and a vast body
of literature exists; see [47]–[51] and references therein.

In this article, we revisit existing linear transceiver design
principles and provide a comprehensive performance compar-
ison for scenarios with two transmitters and two receivers.
A similar investigation for mostly different beamformers
and precoders has been conducted in [52, Ch. 12] for the

MIMO broadcast channel. This work is on the one hand
more general than ours, because it is not restricted to two
users; but on the other hand [52] is also more restrictive
than our derivations, because it does not consider the joint
selection of transmitter and receive filters, but only evaluates
different precoding strategies. We furthermore analyze the
approximate ergodic performance of the presented transceiver
architectures, providing important insides and guidelines for
selecting methods depending on the particular transmission
situation and the available computational power as well as
the tolerable signaling overhead.

B. NOTATION
Wewrite the singular value decomposition (SVD) of a matrix
H11 ∈ CNR×NT as H11 = U11611VH

11, with the singular
values on the diagonal of611 ordered from largest to smallest,
that is σ11,1 = σ11,max, σ11,N∗ = σ11,min. The rank of
such matrix is N∗ = rank(H11), which is typically given by
min{NR,NT }. We denote the left pseudo inverse of a matrix
by ‘‘#’’: A#A = I. Frequently used variables and parameters
are summarized in Table 1.

TABLE 1. Table of frequently used variables and parameters.

C. ORGANIZATION OF THE ARTICLE
In Section II we formulate a set of different algorithms,
all supposedly well suited to decrease interference in the
considered scenarios. In Section III we derive approximate
ergodic performance of these algorithms, that is, their SINR
and achievable transmission rate over an ensemble of random
channel realization. The predicted values are compared to
Monte Carlo (MC) simulations and in most cases we find
excellent agreements, explaining the influential terms of the
algorithms in question.We derive optimal power distributions
that either allow for a fair (= equal) rate or for maximal sum
rate. Finally, we conclude our findings in Section IV. Detailed
derivations and proofs are provided in the appendix.

II. LINEAR TRANSCEIVER ARCHITECTURES
A. INTERFERENCE IGNORANT MET
Assuming uncoordinated transmission with only local
channel state information (CSI) available at the eNodeBs, a
reasonable precoding strategy is to select the precoding vector
of user l as the right singular vector corresponding to the
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largest singular value, i.e., the largest eigenmode of channel
matrixHll . This strategy is known asMET [12], [30], [31] and
maximizes the SNR of the received signal, entirely ignoring
the amount of interference caused to other users. We apply an
SVD to the channel matrices to obtain H11 = U11611VH

11
and H22 = U22622VH

22, with v11,1 and v22,1 denoting the
right singular vectors corresponding to the largest singu-
lar values σ11,1 and σ22,1, respectively. Starting again with
Eqs. (7) and (9) and ignoring the interference terms as such,
i.e., treating them instead as ordinary white noise, we find a
corresponding SNR maximizing equalizer solution in g1, g2
for the given precoding vectors2:

f1,II−MET = v11,1, f2,II−MET = v22,1, (13)

g1,II−MET = u11,1, g2,II−MET = u22,1, (14)

which is valid for the double eNodeB scenario; for the single
eNodeB we simply set H22 = H21.

Notice that the precoders (13) are MF vectors for the effec-
tive channels g1,II−METH11 and g2,II−METH22, respectively;
hence, they fulfill the necessary condition for Pareto-optimal
linear beamformers stated in [25]. Still, these beamformers
are known to be non-Pareto-optimal; they only provide an
uncoordinatedNash-equilibrium fromwhich a user would not
want to deviate, given the receive filters and the precoder(s)
of the other user(s) [53].

B. ORTHOGONAL FILTERING
If the users are aware of the interfering precoders, i.e., they
can estimate not only the interfering channel but also the pre-
coder applied by the interfering eNodeB, the receive vectors
can be selected as orthogonal to the interfering channel to set
the interference term equal to zero. Assuming again that the
eNodeBs applyMET beamforming, the receive vectors g1, g2
are obtained by enforcing the orthogonality conditions:

gH1 H12f2 = gH1 H12v22,1 = 0, (15)

gH2 H21f1 = gH2 H21v11,1 = 0. (16)

This means that, e.g., g2 has to lie in the orthogonal comple-
ment of x1 = H21v11,1. Hence, employing an orthonormal
basis B1 for the orthogonal complement of x1, we can write
a general solution for the receive filter as:

g2 = B1g̃2, B1 ∈ CNR×(NR−1), BH1 B1 = INR−1. (17)

The vector g̃2 is found by additionally maximizing the result-
ing SNR experienced by user 2:

SNR2 = max
g̃2

∥∥gH2 H22v22,1
∥∥2
2

No ‖g2‖22

=
σ 2
22,1

No
max
g̃2

g̃H2 B
H
1 u22,1u

H
22,1B1g̃2

g̃H2 g̃2
,

2This solution is up to a scaling factor also an MMSE solution under
the condition that the interference behaves as white noise, g1,II−MMSE =
H11f1 ∝ u11,1, g2,II−MMSE = H22f2 ∝ u22,1. The performance is
identical in both cases.

⇒ g̃2,OF ∝ BH1 u22,1,

⇒ g2,OF = B1BH1 u22,1 =

[
INR −

x1xH1
xH1 x1

]
u22,1, (18)

i.e., the optimal receive filter vector is obtained by projecting
the left singular vector corresponding to largest singular value
onto the orthogonal complement of the effective interference
channel. Proceeding similarly to determine the filter g1, we
obtain with x2 = H12v22,1:

g1,OF =

[
INR −

x2xH2
xH2 x2

]
u11,1. (19)

C. ORTHOGONAL PRECODING
An analog approach to orthogonal filtering as considered
above is to select the receive filters to support maximum gain,
g1 = u11,1, g2 = u22,1, while the precoding vectors are
chosen to complete an orthogonal vector product, resulting
in zero interference. Obviously, there is also a multitude of
solutions to this problem formulation. The algorithm can be
viewed as dual to orthogonal filtering. Surprisingly, it shows
a different performance as demonstrated in Section III. With
x1 = HH

12u11,1, x2 = HH
21u22,1, the precoders are:

f1,OP =

[
INT −

x2xH2
xH2 x2

]
v11,1,

f2,OP =

[
INT −

x1xH1
xH1 x1

]
v22,1. (20)

In contrast to orthogonal filtering, orthogonal precoding
requires coordination of the eNodeBs for CSI exchange and
it is hence more difficult to achieve than orthogonal filtering.
Still, when the users are equipped with only one antenna
NR = 1, orthogonal precoding is the only possibility to elim-
inate interference. It is also worth mentioning that orthogonal
precoding does not include the power distribution αP at all.
Hence, it requires less information exchange to facilitate
coordination than, for example, the leakage based scheme
reviewed further down.
Relating this method to the necessary condition for Pareto-

optimal linear beamforming design [25], it corresponds to
the extreme case that the specific beamformer is selected as
a pure ZF vector; hence, compared to the pure MF strategy
of Section II-A, this solution represents the ‘‘opposite’’
convex combination of MF and ZF. However, also this
solution is in general (at finite SNR) known to be
suboptimal [54].

D. INTERFERENCE AWARE MMSE
Given a fixed set of precoding vectors f1, f2, the interference-
aware SINR optimal pair of filter vectors g1, g2 can be com-
puted in closed-form [39], [55], [56].
Theorem 2.1: Given precoding vectors f1, f2 and the

power distribution α, the SINR optimal filter vectors g1, g2
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are:

g1,IA−MMSE = [H12f2f H2 H
H
12(1− α)P+ NoINR ]

−1H11f1,

g2,IA−MMSE = [H21f1f H1 H
H
21αP+ NoINR ]

−1H22f2. (21)

Their corresponding SINRs are obtained as:

SINR1 = f H1 H
H
11[H12f2fH2 H

H
12(1− α)P+ NoI]

−1H11f1αP,

=
αP
No

(
‖H11f1‖22 −

(1−α)P
∣∣fH1 HH

11H12f2
∣∣2

No + (1−α)P ‖H12f2‖22

)
, (22)

SINR2 = f H2 H
H
22[H21f1f H1 H

H
21αP+ NoI]

−1H22f2(1− α)P,

=
(1−α)P
No

(
‖H22f2‖22 −

αP
∣∣fH2 HH

22H21f1
∣∣2

No + αP ‖H21f1‖22

)
. (23)

For the single eNodeB setup simply substituteH12 = H11 and
H22 = H21, respectively.

In contrast to the interference-ignorant algorithm above,
this method requires perfect knowledge of the interfering
channel and precoder at the user, similar to orthogonal filter-
ing. Hence it requires estimation not only of the own channel
matrix but also of the interference, thus substantially increas-
ing the receiver complexity. Nonetheless, such interference-
aware algorithms are currently in the focus of standardization,
owing to their good performance [57].

The alternative forms (22) and (23) provide an equiva-
lent but simplified problem formulation in which the issue
of finding the receiver filters g1, g2 has been removed.
Here, the complicated problem in terms of the precoding
vectors f1, f2 is showing: one can maximize the first terms
‖H11f1‖22 , ‖H22f2‖22 which relates to the mentioned MET
solution just as in Equation (13). However, the so found
solutions appear as penalty in the second term. Alternatively,
one can try minimizing the second term. A solution of this
is to satisfy the orthogonality relations fH1 H

H
11H12f2 = 0 and

fH2 H
H
22H21f1 = 0, just as in orthogonal precoding. However,

this solution may reduce the first term severely. Maximizing
(22), (23) thus provides a starting point for many different
strategies.

Furthermore, the formulation in (22) and (23) allows to
derive upper bounds for all MMSE based algorithms.
Lemma 2.1: The upper performance of the two-user beam-

forming scenario is obtained if the interference terms are zero
and the transmission path obtains highest gain (MET), that is
at σ 2

11,1 and σ
2
22,1, respectively. The so obtained achievable

rate curve is given by:

{R1,R2}

=

{
log2

(
1+

σ 2
11,1αP

No

)
, log2

(
1+

σ 2
22,1(1−α)P

No

)}
,

(24)

for the double eNodeB scenario; for the single eNodeB we
have to replace σ 2

22,1 by σ
2
21,1.

Proof: We can maximally select gi = uii,1 and fi =
vii,1; i = 1, 2 to select the largest transmission gain on

each path. Assuming the interference is zero, we obtain the
upper bound. We do not expect to truly achieve such upper
bound as selecting gi and fi in such a way, will result in
nonzero interference. �
In contrast to this algorithm, we can randomly choose

the precoding vectors and then compute the optimal receive
filters. This method will further be referred to as Random-
MMSEor RMMSE algorithm and provide lower performance
bounds for MMSE based techniques.

E. MAXIMUM INTERFERENCE PRECODING ALGORITHM
In the following algorithm we assume uncoordinated trans-
mission and consider the lack of coordination between the
eNodeBs with an appropriate robust receiver design. The
receivers are supposed to be aware of the interference by
observing the interfering channels, but have no informa-
tion about the precoding vectors applied at the interfering
eNodeBs. Relating this assumption to LTE, it means that a UE
is able to estimate the interfering channel matrix from the CSI
reference symbols (RS) applied at the interfering base station,
but the user is not capable of exploiting the interfering UE-RS
to determine the interfering precoder as well.
The goal of this receiver design is to maximize the SINR

of a user under a worst case assumption on the interfering
precoder, thus the acronymMAximizing interference Precod-
ing algorithm (MAP).3 Considering, e.g., user 1 in the two
user interference channel, the optimization problem for the
robust receiver g1,MAP is then:

g1,MAP = argmax
g1

SINR1,MAP = argmax
g1

min
f2,‖f2‖2=1

gH1 H11f1fH1 H
H
11g1αP

gH1 [NoINR +H12f2fH2 H
H
12(1− α)P]g1

. (25)

The worst case is given if the interference channel H12
is excited by the precoding vector that matches its largest
singular vector: f2 = v12,1. We again assume that the eNodeB
serves the intended user along the maximal eigenmode, i.e.,
it performs MET beamforming according to Equation (13).
Based on such worst case interference behavior, the receive
filter is selected following the MMSE principle Theorem 2.1.
The receive filter of user 2 is obtained similarly. As the
interfering eNodeB typically does not select such a worst case
precoder, the performance is much better on average.4

F. LEAKAGE BASED PRECODING
The question now rises if better precoding performance than
with MET is possible, by letting the eNodeBs cooperate in
certain ways. One idea in this direction is to maximize the
so called signal to leakage and noise ratio (SLNR), that is,
the ratio of what is sent to the intended user relative to the

3This form of minmax optimization is also referred to as robust filter
design.

4In fact, the probability of selecting this precoder when the interfering
eNodeB applies MET beamforming to its own user is equal to zero.
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interference caused to the other user [58]:

SLNR1 = max
f1,‖f1‖2=1

fH1 H
H
11H11f1αP

fH1
[
HH

21H21αP+ NRNoINT
]
f1
, (26)

SLNR2 = max
f2,‖f2‖2=1

fH2 H
H
22H22f2(1− α)P

fH2
[
HH

12H12(1− α)P+ NRNoINT
]
f2
.

(27)

Our formulation including the precoding vectors is indeed
equivalent to the original one. Furthermore, we have taken
advantage of the fact that precoding vectors are normalized,
which allows to embrace also the noise power No. Note that
we have adapted the original method [58] to account for the
power allocation applied by the eNodeBs as power allocation
was not excluded in the original formulation. Both terms
(26) and (27) are now Rayleigh quotients for the precoding
vectors and can thus be solved for5:

f1,L = max eig
[
HH

21H21αP+ NRNoINT
]−1

HH
11H11,

f2,L = max eig
[
HH

12H12(1− α)P+ NRNoINT
]−1

HH
22H22.

(28)

with max eig denoting the eigenvector corresponding to
the maximum eigenvalue. Once the precoding vectors are
fixed, the receiver filters are obtained via Theorem 2.1. The
presented solution is valid for the double eNodeB setup; for
the single eNodeB, H22 = H21 and H12 = H11. Note,
in order to calculate the SLNR beamformers, the eNodeBs
require knowledge of the interfering channels H21 and H12,
respectively. In current mobile network standards, such as
LTE, UEs can only feedback CSI to their own serving
base station. Hence, cooperation in form of CSI information
exchange between the eNodeBs is required to enable this kind
of precoding. This comment also applies to the remaining
transceiver architectures considered below.

We also consider a so called weighted leakage based
precoding scheme (WSLNR) in which we reformulate (26)

max
f1

fH1 H
H
11H11f1αP

fH1
[
HH

21H21αP+ NRNoINT
]
f1

= max
f̃1

f̃H1 L
−
H
2 HH

11H11L−
1
2 f̃1αP

f̃H1 f̃1
,

L = HH
21H21αP+ NRNoINT , (29)

with the relation f̃1 =
[
HH

21H21αP+ NRNoINT
] 1
2 f1. Instead

of taking f1, we take a normalized version of f̃1 as pre-
coder. To obtain f2 we perform a similar weighting. In our
simulations in Section III-C (see Figure 3) this WSLNR
method exhibits superior behavior in the single eNodeB
setup.

Leakage based precoding schemes are very popular in
literature for optimizing the performance of interference
channels [59]–[61]. Instead of considering the SLNR directly,

5This is equivalent to the solution of [58].

most proposals optimize the SINR of a user subject to
an upper bound on the interference leakage caused to the
other users. Selecting appropriate upper bounds, it turns
out that this optimization problem results in Pareto-optimal
beamforming vectors [60]. However, finding the right upper
bounds is another complicated and non-trivial issue, typically
requiring large amounts of iterations.

G. MINIMAL INTERFERENCE PRECODING
Another interference-aware precoding method is to select the
precoding vectors in such a way that the interference must be
sufficiently small but not necessarily zero in order to provide
more freedom in selecting optimal filter pairs. A possible
strategy for this is achieved by selecting:

f1,MIP = v21,N∗ , f2,MIP = v12,N∗ , (30)

Now the precoding ensures that only a transmission via the
smallest singular value causes interference. In case NR < NT ,
we can even select a precoding vector in the null space of
the matrix and interference is avoided altogether, amounting
to ZF beamforming [9]. Otherwise, the remaining interfer-
ence after applying an optimal receiver vector will be small.
In fact, one can view this scheme as the opposite of the MAP
scheme (25), assuming the best rather than the worst case
interference. The selection of the receiver filters g1,MIP and
g2,MIP simply applies the solutions (21), just for different
precoding vectors.

H. ITERATIVE SCHEME
Setting the harsh condition of requiring the interference to
completely vanish, as with orthogonal filtering and pre-
coding, may not result in the best performance; this is
similar to the performance degradation of a single-user
MIMO-ZF equalizer when compared to a MIMO-MMSE
equalizer [62]. In order to derive an optimal solution we refor-
mulate our previous approach in terms of MMSE. It is well
known that maximizing SINR is equivalent to minimizing the
MSE [36]–[39].

min
f1,g1

E
[∣∣∣gH1 y1 − s1∣∣∣2] , s.t. ‖f1‖22 = 1,

⇒ min
f1,g1

∣∣∣√αPgH1 H11f1 − 1
∣∣∣2 + No ‖g1‖22

+ (1− α)P
∣∣∣gH1 H12f2

∣∣∣2 + λ1 (‖f1‖22 − 1
)
, (31)

min
f2,g2

E
[∣∣∣gH2 y2 − s2∣∣∣2] , s.t. ‖f2‖22 = 1,

⇒ min
f2,g2

∣∣∣√(1− α)PgH2 H22f2 − 1
∣∣∣2 + No ‖g2‖22

+αP
∣∣∣gH2 H21f1

∣∣∣2 + λ2 (‖f2‖22 − 1
)
. (32)

Here, we follow the approach in [63] and consider the explicit
unit power precoder constraint in the Lagrangians (31), (32)
using the Lagrange multipliers λ1, λ2. An explicit solution
for this problem is known only for a single user system [63]
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but not for the two-user coupled system under consideration.
We can, however, conclude the following result:
Theorem 2.2: The constrained per-user minimization

problem (31), (32) results in the following maximization
problem containing only the receiver filters:

g1,con=max
g1

gH1 H11HH
11g1

gH1

[
NoI+ (1− α)PH12

HH
22g2g

H
2 H22

gH2 H22HH
22g2

HH
12

]
g1

,

g2,con=max
g2

gH2 H22HH
22g2

gH2

[
NoI+ αPH21

HH
11g1g

H
1 H11

gH1 H11HH
11g1

HH
21

]
g2

. (33)

Once the receive filters are found, the precoding vectors
are given by f1 = HH

11g1/‖H
H
11g1‖2 and f2 = HH

22g2/
‖HH

22g2‖2.
Proof: The details including an iterative algorithm are

provided in Appendix A.
A closed-form solution to this coupled optimization problem
is not available; however, fixing the receive filter of one
user, the optimal receiver of the other user can be found in
closed-form as it is obtained from a generalized Rayleigh
quotient. Hence, we solve the problem by iterating between
the two users. Similar iterative approaches have been consid-
ered in literature, e.g., in the context of weighted sum-rate
maximization for the MIMO broadcast channel [64], [65].
Notice that the precoders correspond to MF vectors; similar
to Section II-A, the obtained solution hence only achieves an
uncoordinated Nash-equilibrium and in general not a Pareto-
optimal beamforming solution. This is because each transmit-
ter obtains the precoder by maximizing only the SINR of its
own user, not accounting for the interference caused to the
other user(s). Similar to [60], we could consider additional
upper bounds on the interference leakage caused to the other
user in Equations (31) and (32). However, we do not apply this
method here as we observed that it substantially increases the
complexity and reduces the convergence speed of the iterative
algorithm, which in its original form (45)-(48) converges very
rapidly.

III. PREDICTED ERGODIC RATES
As interesting and inspiring the algorithmic designs may be,
what counts in the end is their performance. Here, SINRs
may be of interest as we intend to maximize them, but even
more of importance are achievable transmission rates as they
relate to the expected throughput. To compare the various
algorithms, we thus compute approximate ergodic means of
the SINR and the achievable rate, and set them into relation
to their lower and upper bounds. We evaluate their precision
on MC runs, and compare the performance of the different
algorithms. We furthermore investigate particular solutions
of the power distribution α for which we have equal SINR
(α = α=), that is, fair transmission, and for which we achieve
maximum sum rate (α = αmaxrate).

A. PITFALLS
Once nonlinear mappings are included, ergodic mean values
can be hard to obtain. For example, calculating the ergodic
SINR = E{SINR} requires to compute E{1/x} terms in
which x contains the interference power. As this mapping is
convex, replacing the term by the much simpler term 1/E{x}
results in too large values according to Jensen’s inequality.
Fortunately, such terms disappear for algorithms that favor
zero interference; even more, if the interference power PIl
at user l is below the noise power PIl � No, as is the case
for most of the considered algorithms, accurate predictions
are still obtained as shown below. Similarly, the ergodic rate
R = E{R} maps the SINR by log(1+ x), which is a concave
function causing a systematic error in the other direction
when approximating E{log(1+ x)} ≈ log(1 + E{x}). Both
operations partially compensate each other but we should not
be surprised if for some algorithms SINR prediction works
perfectly, but capacity shows a remaining error when such
approximations are applied. Given the pdf, we can compute
how large our prediction error becomes. Let us consider two
extreme cases for signal. In the first case the signal is deter-
ministic and we obtain the classic Shannon formula. If the
amplitudes of the signal, however, are random variables, we
obtain a different result. Let us consider an other extremewith
signal amplitudes described by a random variable x with pdf
fX (x) = exp(−x); x ≥ 0. We obtain then

EX
{
log2

(
1+

S
No
x
)}
= log2(e)Q

(
No
S

)
exp

(
No
S

)
with Q(x) denoting the Gaussian complementary error func-
tion. This function lies roughly 2.5dB below log2(1 +

S
No
).

In such a case we thus predict too high values. This is the
typical source of prediction error in most of the algorithms
that successfully suppress the interference. With increasing
number of antennas the error becomes smaller and asymptot-
ically vanishes.
A second source of error is the noise in case the algorithm

is not suppressing the interference terms. In such interference
dominant situations we take the interference power and con-
sider it to be Gaussian, underestimating the rates. Following
the same argument as before, we can maximally be 2dB off
the true rate. The consequence of the investigation is that
our estimations are rather precise in most cases, and in case
we over- or underestimate, we can provide simple lower and
upper bounds quantifying maximal deviations.
The performance of the considered two user transmis-

sion systems can be plotted in parametric form for 0 ≤
α ≤ 1 in either SINR or transmission rate

{
R1(α),R2(α)

}
as depicted in Figure 2. The two corner points in
Figure 2 correspond to the SINR-pairs

{PS1
No
, 0
}
and

{
0, PS2No

}
,

or equivalently to the rate-pairs
{
log2

(
1 + PS1

No

)
, 0
}
and{

0, log2
(
1 + PS2

No

)}
, with PS1, PS2 denoting the maximal

signal power of user 1 and 2, respectively. The parametric
curve

{
R1(α),R2(α)

}
=

{
α log2

(
1 + PS1

No

)
, (1 − α) log2
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FIGURE 2. Two user rate region for low interference (continuous blue
line) and high interference (continuous red line).

(
1 + PS2

No

)}
, represented by the dashed line in Figure 2,

demonstrates the performance achieved with time-sharing of
the channel between the two users. The rates obtained with
simultaneous transmission, i.e., including multiuser interfer-
ence, pass along the lines

{
log2

(
1+ S1αP

I1(1−α)P+No

)
, log2

(
1+

S2(1−α)P
I2αP+No

)}
. For sufficiently small interference power, the

curves are concave, (continuous blue line in Figure 2) but for
high interference power, they can also be convex (continuous
red line in Figure 2). The following lemma provides a simple
test which of the two cases is present.
Lemma 3.1: Given a parametric transmission rate

description that connects the two corner points
{
log2

(
1 +

PS1
No

)
, 0
}

and
{
0, log2

(
1 + PS2

No

)}
along the curve

parametrized by the power distribution factor α
{
log2

(
1 +

PS1α
I1(1−α)+No

)
, log2

(
1+ PS2(1−α)

I2α+No

)}
, with PS1 and PS2 denoting

the maximal desired signal power of the first and second
user, respectively, and PI1 and PI2 being the corresponding
maximal interference powers, then necessary (but not suffi-
cient) conditions to have a convex curve are:

γLB < γ < γUB, γ = −
ln(1+ PS2/No)
ln(1+ PS1/No)

,

γLB = −
S2
S1

(PI1 + No)(PI2 + No)
(PS2 + No)

,

γUB = −
S2
S1

(PS1 + No)No
(PI1 + No)(PI2 + No)

. (34)

The proof of this result is provided in Appendix B.
In particular for zero interference schemes (i.e., I1 = I2 = 0)
and/or low receiver noise the conditions are easy to check.

We are particularly interested in fair transmissions
(α = α=), that is when both partners obtain the same
SINR and in the case where the sum rate is at maximum
(α = αmaxrate) as we could transmit most bits per resource.
Computing such α values relates to either two SINR terms
{

S1αP
I1(1−α)P+No

,
S2(1−α)P
I2αP+No

} or their corresponding achievable
rates. Finding the desired values of α requires solving

a polynomial of second order. However, for most algorithms
the quadratic term is either exactly zero (orthogonal schemes)
or sufficiently close to zero, so that we only compute the
explicit solution of the linear problem in α.
Lemma 3.1: Given a parametric interference model and

the corresponding transmission rate description
{
log2

(
1 +

αPS1
No+(1−α)PI1

)
, log2

(
1+ (1−α)PS2

No+αPI2

)}
the power distribution for

equal SINR is given by

α= ≈


1/SNR1

1/SNR1+1/SNR2
, I1, I2 � No

√
1/SIR1√

1/SIR1+
√
1/SIR2

I1, I2 � No,

SNR1 =
PS1
No

, SNR2 =
PS2
No

, SIR1 =
S1
I1
, SIR2 =

S2
I2
.

(35)

In case of a concave behavior, the maximum sum rate solution
is found at:

αmaxrate =
1
2
+
No
2P

S1 − S2
S1S2

, (36)

while in a convex curve it turns out to be αmaxrate =

argmaxα{αPS1, (1 − α)PS2} which is simply one of the
corners.

Proof: The details are provided in Appendix C.
Note that lemma 3.1 simply offers a harmonic mean solu-

tion providing a balancing between the different channel
paths, while lemma 3.1 claims that identical power is the
best as long as the SNR is sufficiently large. In these latter
scenarios, no feedback about the power distribution needs to
be provided. Our MC results show very good agreement with
such predictions (see Sec.III-C) further ahead.

B. SOME MATHS TERMS
As we will encounter many complex terms in the follow-
ing, it simplifies the derivations a lot by first investigat-
ing typical expressions. We denote n-th order moments of
a random variable σ by σ (n) and arithmetic means over
an ensemble of n random variables σi by σ , correspond-
ingly σ 2 for mean squared values. Take, for example two
statistically independent and isotropically distributed
vectors u, v ∈ CN , e.g., obtained by normalizing statisti-
cally independent vectors ũ, ṽ ∈ CN with i.i.d. Gaussian
entries, i.e., u = ũ/

∥∥ũ∥∥2 , v = ṽ/
∥∥ṽ∥∥2 . Then their inner

product energy is E
{
|uHv|2

}
= 1/N . If a random matrix

H ∈ CN×N for which vi; i = 1, 2, ...,N is a right singular
vector, then E

{
|uHHvi|2

}
= σ

(2)
i /N . Finally, if a random

matrix H ∈ CN×N is not related to the two vectors, we
find E

{
|uHHv|2

}
= 1/N 2∑N

i=1 σ
(2)
i = σ

2/N . Likewise we
obtain E

{
vHHHHv

}
= σ 2.

C. COMPARISON OF VARIOUS SETUPS
We will demonstrate the accuracy of our derivations by
selected numerical examples in the following. For both cases,
the single eNodeB and the double eNodeB setup, we use
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NR × NT = 4 × 4 MIMO channels, modeled as uncor-
related i.i.d. complex Gaussian with Frobenius norm four
for the first user and one for the second user, thus 6dB
difference between both. For the single eNodeB transmissions
we select tr

(
E
{
HH

11H11
})
= 4 and tr

(
E
{
HH

21H21
})
= 1,

while in the double eNodeB setup we additionally employ
tr
(
E
{
HH

12H12
})
= 4 and tr

(
E
{
HH

22H22
})
= 1. We will

focus on results for both scenarios only if they differ. In both
scenarios we set the noise power No = 0.01.6

In the following figures we depict mostly ergodic achiev-
able rates of both users with 0 ≤ α ≤ 1 as parameter.
The dashed lines depict the results of 4 000 MC runs and
are compared to the continuous lines of our analytic predic-
tions. The predicted power distributions are marked by ‘◦’
for fair transmissions α = α= and ‘×’ for maximal sum rate
α = αsumrate.

Below we present the theoretical findings, predicting the
algorithmic behavior of all presented algorithms of Section II.
As we are interested in the algorithms general behavior
we compute ergodic rate results based on Eqs. (8), (10)
or in case we have MMSE based algorithms (22), (23).
As an example we show the procedure for the Interference
Ignorant MET Algorithm (II-MET). In (8) we need to com-
pute |gH1 H11f1|2 = σ 2

11,1 and |g
H
1 H12f2|2 = |uH11,1H12v22,1|2.

Taking expectations, the first term reads E[σ 2
11,1] = σ

(2)
11,1

while the second becomes E[|uH11,1H12v22,1|2] = σ 2
12/NR

resulting in:

SINR1,II =
σ
(2)
11,1αP

σ 2
12(1− α)P/NR + No

,

SINR2,II =
σ
(2)
22,1(1− α)P

σ 2
21αP/NR + No

. (37)

for the double eNodeB scenario. For the single eNodeB
scenario we cannot simply replace σ 2

12 by σ (2)
11,1 and σ 2

21 by

σ
(2)
21,1 but instead we obtain now:

SINR1,II =
σ
(2)
11,1αP

σ
(2)
11,1(1− α)P/NR + No

,

SINR2,II =
σ
(2)
21,1(1− α)P

σ
(2)
21,1αP/NR + No

. (38)

The power distribution for fair transmission in the noise
dominant case is obtained as:

α= =
1/σ (2)

11,1

1/σ (2)
11,1 + 1/σ (2)

22,1

, (39)

6Note that we performed a lot more examples to ensure our assumptions
are valid in a wide range of operations. The limited size of such an article
does not allow to demonstrate more but the reader is invited to download
the simulation code under http://www.nt.tuwien.ac.at and evaluate more
examples.

while the maximal sum rate is found at:

αmaxrate =
1
2
+
No
2P

σ
(2)
11,1 − σ

(2)
22,1

σ
(2)
11,1σ

(2)
22,1

. (40)

Both, Equations (39) and (40) are provided for the double
eNodeB setup; in case of a single eNodeB, σ (2)

22,1 needs to

be replaced by σ (2)
21,1. In the following Table 2 we list the

ergodic SINR terms of the various algorithms for NR = NT ,
out of which we derive the achievable rates. As the single
eNodeB case is obtained when replacing H22 = H12 and
H21 = H11 in the double eNodeB scenario, in some cases the
ensemble averages are obtained by replacing the correspond-
ing moments. If this is the case we did not explicitly provide
the result; only in case they differ, we list them in the table.
Most expressions are relatively straightforward to obtain as
the corresponding vectors are –at least from one side– either
eigenvectors to the matrices or simply treated as isotropic ran-
dom vectors. Only for the leakage algorithm, the correspond-
ing expressions were too difficult to analytically compute
and simply obtained by comparing with terms when random
vectors for precoding are applied, explaining the factors 6

5 ,
3
5 .

We used here abbreviations for σ (2)
ab /NR = E

{
uHHH

11H12v
}

and σ (2)
cd /NR = E

{
uHHH

22H21v
}
with u and v being isotropic

randomly selected normalized vectors. In the particular case
of SLNR for a single eNodeB, the penalty terms are propor-
tional to N 2

o and thus so small that we simply neglected them.
In the following plots we depict in red lines the ergodic

results obtained by MC runs. The blue lines show our
predicted curves. In green we depict the upper bounds from
Lemma 2.1 to provide a common reference line.
Power distribution: In all but the interference

ignorant (II) MET algorithm, the interference becomes suf-
ficiently reduced so that the simple noise dominant scenario
is obtained and we find the equal mode of transmission for
α= = 0.2. Only in the II-MET algorithm the interference is
dominant and here our theory predicts α= = 0.5which is well
achieved in this case. All power distributions for maximum
rate are achieved at αmaxrate = 0.5 which are in excellent
agreement with the theory.
Prediction accuracy: Our predictions are fairly accurate

as the following Figures 3 and 4 demonstrate. In most cases
we have a noise dominant situation as most, if not all, of the
interference has been removed. However the signal ampli-
tudes are not exactly Gaussian distributed and thus our esti-
mates are a bit too high (upper bounds). Our predictions are
less accurate only in the II algorithm, which is not surprising
as it is an interference dominant scenario. As the interference
is dominant and not Gaussian distributed our prediction must
be too low in this case. If we lift the curve by 2.5dB as
indicated in Section III-A, we recognize that we indeed have
obtained now an upper bound. Note also that even for the less
accurate prediction of the II algorithm, the particular points
for fair transmission mode (‘◦’) and for maximum sum rate
(‘×’) are always correctly estimated.
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FIGURE 3. Achievable rates for the single (left) and double (right) eNodeB scenario. top row: II & MAP, middle row: IA-MMSE,
bottom row: LSNR-MMSE.

Asymptotic behavior:All algorithms in Table 2 show that
their penalty term goes with 1/NR, except for orthogonal
precoding where it goes with 1/NT . Thus, for all these
algorithms the penalty term vanishes with increasing
number of receive antennas, respectively transmit antennas
for orthogonal precoding. This is particularly interesting
for advocating massive MIMO transmission for 5G cellular
networks. With such massive antenna numbers even simple
low complex algorithms will perform superbly. MC runs
with larger values of NR nicely support this. In fact not only
the penalty term becomes smaller and the curves approach

the upper bounds but also the accuracy increases as with
decreasing interference only Gaussian noise remains. These
conclusions, however, hold only true if the number of
transmitter-receiver pairs stays constant and does not grow
linearly with the number of antennas.
Further observations: In the top-right plot of Fig. 3 we

compare the performance of the II-MET algorithm with the
results obtained with the MAP algorithm. Remember that
II-MET selects the precoder and receive filter to achieve
maximal channel gain, without accounting for the inter-
ference. MAP, on the other hand, applies MET precoding
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FIGURE 4. Achievable rates for the single (left) and double (right) eNodeB scenario. Top row: OP, middle row: OF, bottom row:
MIP-MMSE & IT-MMSE.

at the transmitter, while the receive filters are selected to
provide robustness against worst case interference. Although
not optimal, the MAP algorithm shows better performance
than II-MET. The IA-MMSE algorithm, which combines
MET beamforming with interference-aware MMSE filtering,
substantially outperforms R-MMSE with randomly selected
precoders, due to the improved channel gain provided by
MET beamforming. The SLNR algorithm outperforms the
simple R-MMSE algorithm only insubstantially, especially
in the double eNodeB scenario. This is because the receivers

are equipped with enough antennas to be able to cancel
the interference; hence, the interference-aware MMSE filter
recovers some of the loss caused by the worse random
precoder. The WSLNR algorithm shows even better
performance then SLNR beamforming in the double eNodeB
scenario. We believe that this is because SLNR beamform-
ing puts too much weight on the interference, which is
not really necessary as the MMSE receiver can tolerate
more interference. If we do not apply the MMSE receiver,
but receive over the maximum eigenmode of the channel,
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TABLE 2. Overview of the predicted ergodic SINR values for NR = NT .

FIGURE 5. Remaining interference power for the single eNodeB (left) and the double eNodeB (right) setup at No = −20dBW.

we can still obtain very good performance by orthogonal
precoding, as shown in the top plots of Fig. 4. Orthogonal
precoding keeps the maximum eigenmodes of the users free
of interference an thus enables both, high intended signal
power and zero interference. Although they both appear
very similar, the orthogonal filtering algorithm performs
significantly worse than orthogonal precoding in the single

eNodeB scenario. This is because in this scenario both, signal
and interference, are received over the same channel matrix.
Thus, not only the intended signal experiences the maximum
eigenmode of the channel matrix, but in general also the
interference and thus the receiver has to reject part of
the intended signal energy to get rid of the interfer-
ence. Orthogonal filtering should also be compared to the
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TABLE 3. Maximum sum rate, left: single eNodeB setup, right: double eNodeB; in the left columns are the experimental results (MC), in the right the
predictions (P) for NT = NR = 4 antenna MIMO.

IA-MMSE approach. Both methods employ the same MET
precoders; however, the MMSE receiver clearly outperforms
the orthogonal receive filter. The iterative algorithm, shown in
the bottom plots of Fig. 4, was run for five iterations, keeping
it comparable in complexity to the other algorithms. It did
not substantially improve when running longer. Nevertheless
it outperforms all other algorithms in all considered scenarios.

An open question is the importance of forcing the interfer-
ence terms to zero. The OP and OF algorithms have made this
a design constraint. But as indicated by the results in [60], this
constraint is mostly too harsh and a looser leakage constraint
allows for higher achievable rate. In Figure 5 we depict an
(I1, I2) plot of the remaining interference terms after the
receive filter when running the power distribution α from zero
to one. The circles denote the α = 0 point. The iterative
algorithm obviously performs best by reducing the remaining
interference terms to a minimum, avoiding however to reduce
them to zero. The MIP algorithm behaves excellent if the
remaining resultant error is small (single eNodeB) but poor
if not (double eNodeB). The weighted leakage method and
the IA algorithms show roughly the same behavior.

In Table 3 we list comparisons of predicted values versus
observed results for the two setups, facilitating further the
interpretation of the presented plots. The relative errors
1 − C

(P)
maxrate/C

(MC)
maxrate show that our predictions for the

maximal achievable sum rate are very accurate. For the
iterative algorithm we do not have a predicted value but
instead compared to the theoretical upper bound, showing that
we are not far off any more.

IV. CONCLUSIONS
We have provided a thorough overview about existing
algorithms for transmit coordination and interference can-
cellation in the context of cellular wireless systems. Such
algorithms serve as important enablers for 5G cellular, as
they facilitate network densification by avoiding or even
exploiting the interference between multiple transmission
points. Here we studied broadcasting scenarios, with a single

eNodeB transmitting to multiple users, and interference
scenarios, where two eNodeBs compete for the same
resources. Although most algorithms behave similar in terms
of performance, especially with increasing number of anten-
nas, our analysis shows that distinctly different results
may be obtained in the broadcasting and the interference
scenario. In particular the much favored algorithms based
on orthogonal designs (such as interference alignment, zero-
forcing beamforming and block-diagonalization precoding),
suppressing interference entirely, are not necessarily the best
performers. An iterative algorithm that solves an MMSE cost
function with side constraints on the precoding vectors turned
out to outperform all other methods in every investigated
scenario. However, these conclusions depend also on the
availability of sufficient receive antennas and interference
channel state information at the users. In case user do not
have the capability to reduce the impact of interference them-
selves, sophisticated transmit beamforming becomes more
important.

APPENDIX
A. PROOF OF THEOREM 2.2
The proof relates to the derivation of an iterative method as
such is known to converge rapidly to the desired solution [66].
Applying this technique, we find the following iterative
algorithm for our setup:

g1 =
[
NoINR + (1− α)PH12f2fH2 H

H
12

]−1
H11f1, (41)

g2 =
[
NoINR + αPH21f1fH1 H

H
21

]−1
H22f2, (42)

f1 =
[
λ1INT + (1− α)PHH

11g1g
H
1 H11

]−1
HH

11g1, (43)

f2 =
[
λ2INT + αPH

H
22g2g

H
2 H22

]−1
HH

22g2. (44)

The algorithms requires the application of the correct
Lagrangians λ1, λ2 which can be difficult to obtain. Fortu-
nately, Eqs. (43) and (44) simply state that f1 ∼ HH

11g1 and
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f2 ∼ HH
22g2.

7 Since both vectors are also unitary, they are now
defined and the iterative algorithm simplifies to:

g1=

[
NoI+(1−α)PH12

HH
22g2g

H
2 H22

gH2 H22HH
22g2

HH
12

]−1
H11f1, (45)

g2 =

[
NoI+ αPH21

HH
11g1g

H
1 H11

gH1 H11HH
11g1

HH
21

]−1
H22f2, (46)

f1 =
HH

11g1
‖HH

11g1‖2
, (47)

f2 =
HH

22g2
‖HH

22g2‖2
. (48)

Now only (45) and (46) need to be iterated, the last
two lines are simply computed once at the end of the
iteration. Practically, the algorithm converges in a few
(say 10) iterations. �

B. PROOF OF LEMMA 3.1
We connect the two corner points

{
log2

(
1 + S1P

No

)
, 0
}
and{

0, log2
(
1 + S2P

No

)}
via the straight line parametrized by

β ∈ [0, 1], that is,
{
β log2

(
1 + S1P

No

)
, (1 − β) log2

(
1 +

S2P
No

)}
. The derivative along such line is given by the con-

stant γ = − ln(1+S2P/No)
ln(1+S1P/No)

. This slope is to compare with the

derivative along the lines of
{
log2

(
1+ S1αP

I1(1−α)P+No

)
, log2

(
1+

S2(1−α)P
I2αP+No

)}
. The corner point on the x-axis describes the case

that α = 1; here the derivative needs to be below γ to obtain
a convex curve. At the corner point on the y-axis we have
α = 0; here the derivative needs to be above γ . Evaluating the
derivative at these two corner points we find two conditions
on γ :

γ < −
S2
S1

(S1P+ No)No
(I1P+ No)(I2P+ No)

, (49)

γ > −
S2
S1

(I1P+ No)(I2P+ No)
(S2P+ No)

. (50)

C. DERIVATION OF POWER DISTRIBUTION FACTORS
Setting SINR1 = SINR2 leads to a quadratic equation in
α which does not reveal much of the dependencies due to
its many terms. If we on the other hand restrict ourselves
to the two most important cases, i.e., low and high SNR or
more precisely interference dominance I � No and noise
dominance No � I , then we obtain simple relations.

Noise dominance:We find

α=PS1
No

=
(1− α=)PS2

No
(51)

and thus the harmonic mean of the two SNR values is
obtained.

7Computing the inverse of λ1INT +(1−α)PH
H
11g1g

H
1 H11 andmultiplying

with H11f1, we find f1 = HH
11g1λ1/[λ1 + gH1 H11HH

11g1] ∼ HH
11g1 and

for f2 correspondingly.

Interference dominance: We find

α=PS1
(1− α=)PI1

=
(1− α=)PS2
α=PI2

(52)

Solving with respect to α and we find the second part of (35).
Finally we are interested in the power distribution for

highest data rate. This we find by differentiating

∂

∂α
ln
(
1+

αPS1
(1− α)PI1 + No

)
+ ln

(
1+

(1− α)PS2
αPI2 + No

)
= 0.

In general this relates to a relative complex expression
ending into a ratio of two polynomials, a polynomial of order
two in the numerator and a polynomial of order four in the
denominator. In case that interference is small against noise,
the quadratic term collapses to the linear term in α with

αsumrate =
1
2
+
No
2P

S1 − S2
S1S2

. (53)

In case that interference is dominating the noise, we typically
have a convex rate plot and we have to pick the user with
strongest SINR, thus either αsumrate = 0 or αsumrate = 1.
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Abstract—In this paper, we consider a network architecture
that supports dynamic allocation of remote radio heads (RRHs)
amongst macro base stations, e.g., over dynamically established
wireless fronthaul links or a reconfigurable wired fronthaul
network. This architecture is similar to cloud radio access
networks, yet with the difference that we rely on existing macro
base stations rather than outsourcing them to the cloud. We
propose a mixed-integer second order cone program (MISOCP)
for RRH assignment amongst base stations and joint coordinated
beamforming within the dynamically formed distributed antenna
systems (DASs); we denote this network architecture as dynamic
distributed antenna system (dDAS). Our optimization focuses on
minimizing the number of users that are in outage. We propose
several relaxations of our optimization problem to determine
suboptimal solutions with much reduced computational com-
plexity. We compare the performance of the dDASs to classical
heterogeneous networks that employ coordinated beamforming
of independent small cells rather than RRHs, demonstrating
substantial improvements in terms of outage probability.

Index Terms—Distributed antenna system, mixed-integer and
second-order cone programming, relaxation, cloud RAN

I. INTRODUCTION

Distributed antenna systems (DASs) are wireless communi-
cation architectures that utilize multiple spatially (geographi-
cally) distributed transmission/reception points to serve users
in a wireless cellular network [1]. DASs make use of infrastruc-
ture such as remote radio heads (RRHs), with minimal intelli-
gence of their own, to extend the base stations’ antenna ports.
RRHs are connected to the base station by high-bandwidth
low-latency dedicated connections that are non-interfering
with the primary radio resource, e.g., dedicated micro-wave
links or fiber links using radio-over-fiber technology [2]. Orig-
inally, the motivation for DASs was to improve the coverage
and reduce the outage probability of the network [3], [4],
especially in indoor locations, but they are also effective for
enhancing the network capacity and area spectral efficiency
(ASE), utilizing coherent single-user and multi-user multiple-
input multiple-output (MIMO) transmission [5], [6], [7], [8].
Recently, the application of DASs in cognitive radio has been
investigated as a promising technology to further enhance
spectrum utilization [9]. Also, in [10] the combination of
DAS and simultaneous wireless and power transfer (SWIPT) is
considered in a single-cell downlink situation, demonstrating
simultaneously large energy and information transfer. In [11],
the authors investigate the co-channel interference in DASs
with virtual cells, where a few surrounding remote antenna
ports of each user form a virtual cell and serve the user.

macro BS

RRH
user

unused
RRH

 macroscopic user assignment region boundary

BS-RRH fronthaul link

unused
RRH

Fig. 1. Illustration of a dDAS; colors and lines illustrate association of users
(circles) and RRHs (crosses) amongst BSs (triangles). RRHs can also not be
assigned to BSs at all (black crosses), in which case they are deactivated.

In this paper, our focus is on enhancing the coverage and
reducing the outage probability of wireless networks, through
RRHs that are randomly distributed within the geographic
network area. We assume that each RRH can freely be
associated to any single one base station (BS) of the network,
by dynamically establishing a wireless/wired fronthaul link
between them, as illustrated in Fig. 1. This fronthaul link is
non-interfering with the primary radio resources. In this way,
DASs can be dynamically established within the network; we,
hence, denote this architecture as dynamic distributed antenna
system (dDAS). This architecture is in principle similar to a
cloud radio access network (CRAN) [12], [13], [14]; however,
we still rely on conventional macro BSs in the cellular network
rather than virtualizing them entirely as base band units
on cloud servers. Our architecture can, hence, be seen as
an intermediate step between current cellular networks and
CRANs, where we add freely assignable RRHs on top of
existing macro BSs. It can be realized within the network
function virtualization (NFV) framework of fifth generation
(5G) mobile networks [15]. We apply a user-plane/control-
plane splitting approach in which the signaling information
of the control-plane is only radiated from the macro BSs
to achieve large-are coverage and efficient support of high
mobility, whereas the data transmission over the user-plane is
jointly performed from macro BSs and RRHs on the same
channel [16], [17]. This implies that the user assignment
amongst BSs is determined by the macroscopic signal to
interference and noise ratio (SINR) w.r.t. the BSs only, without
being affected by the RRHs. Hence, the coverage area of
each BS, determining the user association, is independent of
the RRH positions and assignment. Only after users have
been associated to BSs, we consider the assignment of RRHs
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amongst BSs, with the goal of minimizing the number of users
that are in outage. A related architecture has been considered
in [18] in the context of SWIPT-DAS; yet, in [18] each user
could potentially be served by any RRH, whereas in our case
a user can only be served by the RRHs assigned to the user-
associated BS, that is, by the dDAS corresponding to the
user-associated BS. Also related is the work of Ghauch et
al. [19] who consider dynamic formation of antenna domains
in CRAN systems; in this work, however, users are a priori
associated to RRHs and these RRHs are then assigned to so-
called aggregation nodes such that the inter-antenna-domain
interference is minimized. When we compare this approach
to our work, we can identify our macro BSs with Ghauch’s
aggregation nodes; in our case, however, users are a priori
assigned to macro BSs and RRHs are then assigned amongst
BSs to minimize the number of users in outage. We propose
a mixed-integer second order cone program (MISOCP) for
joint RRH assignment and coordinated beamforming, and
provide several relaxations to obtain suboptimal solutions with
manageable computational complexity [20]. We compare the
outage performance of the proposed dDAS architecture to
heterogeneous networks that employ small cells instead of
RRHs as independent but coordinated transmission points.

Notation: We denote vectors and matrices by boldface lower-
and upper-case letters x and X. We address the entry in the
𝑖th row and 𝑗th column of matrix X by [X]𝑖𝑗 . We denote the
indicator function as 𝛿(𝑐), i.e., 𝛿(𝑐) = 1 if the condition 𝑐 is
satisfied and 𝛿(𝑐) = 0 else. The expected value of random
variable 𝑟 is 𝔼 (𝑟), and the real and imaginary parts of a
complex variable 𝑧 are ℜ(𝑧) and ℑ(𝑧), respectively.

II. SYSTEM MODEL

We consider downlink transmission in a mobile wireless
communication network that consists of 𝑁𝑏 BSs that serve
𝑁𝑢 users. We assume that the BSs broadcast the signaling
information of the mobile network and that, based on these
signals, each user is attached to the BS that provides the
strongest signal; we assume that the association of users
amongst BSs is based on the macroscopic signal strength (not
accounting for microscopic fading of the channel).

In addition to BSs, we assume that the mobile network also
contains 𝑁𝑟 RRHs that can be freely associated to any BS, as
illustrated in Fig. 1. Each RRH can be assigned to at most one
single BS; however, a RRH might also not be assigned to any
BS at all, in which case the RRH is switched off. This might
be achieved, e.g., by wirelessly connecting RRHs to BSs over
millimeter wave (mmWave) fronthaul links, or by providing
a wired fronthaul that supports dynamic reconfiguration of
the network architecture. Either way, we do not account for
the quality (capacity, latency) of the dynamically established
fronthaul links between BSs and RRHs in this work, i.e.,
we assume bandwidth-unlimited zero-latency fronthaul con-
nections that enable coherent beamforming over a BS and
its associated RRHs. We denote such a system as a dDAS.
Notice, we assume that the signaling information of the mobile
network is not transmitted from the RRHs; hence, to point it

out again, user association amongst BSs is only based on the
macroscopic path loss w.r.t. BSs (though load-balancing could
also be applied).

Considering BS 𝑖, we denote the index set of users assigned
to BS 𝑖 as 𝒰𝑖 ⊆ {1, . . . , 𝑁𝑢}, such that 𝒰𝑖 ∩ 𝒰𝑗 = Ø, ∀𝑖 ∕= 𝑗

and
∪𝑁𝑏

𝑖=1 𝒰𝑖 = {1, . . . , 𝑁𝑢}. To specify the association of
RRHs amongst BSs, we use binary indicator variables

𝑏𝑘𝑖 ∈ {0, 1}, 1 ≤ 𝑘 ≤ 𝑁𝑟, 1 ≤ 𝑖 ≤ 𝑁𝑏, (1)

such that 𝑏𝑘𝑖 = 1 if RRH 𝑘 is assigned to BS 𝑖 and 𝑏𝑘𝑖 = 0
otherwise. Notice, we have

∑𝑁𝑏

𝑖=1 𝑏𝑘𝑖 ≤ 1 due to mutually
exclusive assignment of RRHs. We assume that each BS
is equipped with 𝑀𝑏 transmit antennas and has a power
constraint of 𝑃𝑏. Similarly, each RRH is equipped with 𝑀𝑟

transmit antennas and has a power constraint of 𝑃𝑟. Users are
equipped with only a single antenna. If an RRH is activated,
i.e., associated to a BS, we assume that it consumes a certain
fixed circuit power 𝑃𝑐 irrespective of the actual transmit power.

For this system, the input-output relationship of user 𝑢 is:

𝑦𝑢 =

𝑁𝑏∑
𝑖=1

hH
𝑢𝑖

∑
𝑛∈𝒰𝑖

f𝑛𝑖𝑥𝑛 +

𝑁𝑟∑
𝑘=1

𝜼H
𝑢𝑘

𝑁𝑏∑
𝑖=1

∑
𝑛∈𝒰𝑖

𝝋𝑛𝑘𝑥𝑛 + 𝑛𝑢,

(2)∑
𝑛∈𝒰𝑖

∥f𝑛𝑖∥2 ≤ 𝑃𝑏, ∀𝑖, (3)

∑
𝑛∈𝒰𝑖

∥𝝋𝑛𝑘∥2 ≤ 𝑏2𝑘𝑖𝑃𝑟, ∀𝑖, 𝑘, (4)

where 𝑥𝑛, 𝔼
(∣𝑥𝑛∣2

)
= 1, denotes the transmit symbol intended

for user 𝑛, f𝑛𝑖 ∈ ℂ
𝑀𝑏×1 is the beamformer applied at BS 𝑖

for transmission to user 𝑛, and h𝑢𝑖 ∈ ℂ
𝑀𝑏×1 is the channel

of user 𝑢 w.r.t. BS 𝑖. Similarly, 𝝋𝑛𝑘 ∈ ℂ
𝑀𝑟×1 represents the

beamformer applied at RRH 𝑘 for transmission to user 𝑛, and
𝜼𝑢𝑘 ∈ ℂ

𝑀𝑟×1 is the channel of user 𝑢 w.r.t. RRH 𝑘. The
scalar 𝑛𝑢 denotes zero-mean unit-variance complex-Gaussian
receiver noise. Notice, we employ some redundant notation
in (2), because we define beamformers at each RRH for all
users, i.e., also for users that are not served by the correspond-
ing dDAS. We apply this approach to simplify the formulation
of the proposed optimization problem below; notice, though,
that only the beamformers of the users associated to the dDAS
are not equal to zero since the power-constraint (4) involves
the binary RRH assignment variables 𝑏𝑘𝑖; i.e., beamformers
of users not associated to the dDAS are set equal to zero.

The channel vectors h𝑢𝑖 can be decomposed as h𝑢𝑖 =
𝑔𝑢𝑖h̃𝑢𝑖, where h̃𝑢𝑖 represents the microscopic fading com-
ponent and satisfies 𝔼

(∥∥h̃𝑢𝑖

∥∥2) = 𝑀𝑏 and 𝑔𝑢𝑖 is the
macroscopic fading; similarly, 𝜼𝑢𝑘 can be decomposed as
𝜼𝑢𝑘 = 𝛾𝑢𝑘�̃�𝑢𝑘. The user association 𝒰𝑖, ∀𝑖 is based purely
on 𝑔𝑢𝑖. Assuming 𝑢 ∈ 𝒰𝑖, the achieved SINR 𝛽𝑢 is:

𝛽𝑢=

∣∣∣hH
𝑢𝑖f𝑢𝑖 +

∑𝑁𝑟

𝑘=1 𝜼
H
𝑢𝑘𝝋𝑢𝑘

∣∣∣2∑𝑁𝑏

𝑗=1

∑
𝑛∈𝒰𝑗

𝑛∕=𝑢

∣∣∣hH
𝑢𝑗f𝑛𝑗 +

∑𝑁𝑟

𝑘=1 𝜼
H
𝑢𝑘𝝋𝑛𝑘

∣∣∣2 + 1
=

∣𝑠𝑢∣2
∥i𝑢∥2

,

(5)



𝑠𝑢 = hH
𝑢𝑖f𝑢𝑖 +

𝑁𝑟∑
𝑘=1

𝜼H
𝑢𝑘𝝋𝑢𝑘,

i𝑢 =

⎡
⎢⎣
[
hH
𝑢𝑗f𝑛𝑗 +

𝑁𝑟∑
𝑘=1

𝜼H
𝑢𝑘𝝋𝑛𝑘

]
𝑛∈𝒰𝑗 ,𝑛∕=𝑢
𝑗∈{1,...𝑁𝑏}

, 1

⎤
⎥⎦
T

,

where, the vector i𝑢 ∈ ℂ
𝑁𝑢×1 gathers all the sum-terms

in the denominator of 𝛽𝑢, i.e., the interference caused by
the transmissions to other users, as well as, the noise of
unit variance. The scalar 𝑠𝑢 denotes the effective channel
(including beamforming) of user 𝑢. Notice, the signals of a
user radiated from all antenna arrays within a dDAS add up
coherently. Again, in 𝑠𝑢 and i𝑢 only beamformers 𝝋𝑢𝑘 of
RRHs with 𝑏𝑘𝑖 = 1 are not equal to zero. We assume that
user 𝑢 is in outage if its SINR 𝛽𝑢 falls below the user-specific
associated threshold value 𝛼𝑢.

III. JOINT RRH ASSIGNMENT AND BEAMFORMER

OPTIMIZATION

We formulate in the following an optimization problem
for joint RRH assignment and beamforming with the goal of
minimizing the number of users in the mobile network that are
in outage. That is, our optimization variables are the binary
selection variables 𝑏𝑘𝑖, ∀𝑖, 𝑘 and the BS and RRH beamformers
f𝑢𝑖 and 𝝋𝑢𝑘, respectively. If we are able to satisfactorily serve
all the users, such that 𝛽𝑢 ≥ 𝛼𝑢, ∀𝑢, we additionally attempt
to minimize the power consumption of the mobile network,
where we account for the transmit power of BSs and RRHs, as
well as, the constant circuit power of RRHs that is consumed
as soon as an RRH is active; notice, we do not consider the
circuit power of BSs since they always need to be active in
order to provide the signaling information.

Our proposed optimization problem for joint RRH assign-
ment and beamforming is:

minimize 𝐴tot + 𝑐out ∥uout∥0 (6a)

w.r.t. uout ∈ {0, 1}𝑁𝑢 , 𝑏𝑘𝑖 ∈ {0, 1}, 𝐴tot ∈ ℝ+,

f𝑢𝑖 ∈ ℂ
𝑀𝑏×1, 𝝋𝑢𝑘 ∈ ℂ

𝑀𝑟×1,

∀𝑢 ∈ {1, . . . , 𝑁𝑢}, ∀𝑖 ∈ {1, . . . , 𝑁𝑏}, ∀𝑘 ∈ {1, . . . , 𝑁𝑟}

s.t. [uout]𝑢 = 𝛿(𝛽𝑢 < 𝛼𝑢), (6b)
𝑁𝑏∑
𝑖=1

∑
𝑛∈𝒰𝑖

(
∥f𝑛𝑖∥2 +

𝑁𝑟∑
𝑘=1

∥𝝋𝑛𝑘∥2
)

+ . . .

. . .+

𝑁𝑏∑
𝑖=1

𝑁𝑟∑
𝑘=1

𝑏2𝑘𝑖𝑃𝑐 ≤ 𝐴2
tot, (6c)

𝑁𝑏∑
𝑖=1

𝑏2𝑘𝑖 ≤ 1, (6d)

∑
𝑛∈𝒰𝑖

∥f𝑛𝑖∥2 ≤ 𝑃𝑏, (6e)

∑
𝑛∈𝒰𝑖

∥𝝋𝑛𝑘∥2 ≤ 𝑏2𝑘𝑖𝑃𝑟, (6f)

∀𝑢 ∈ {1, . . . , 𝑁𝑢}, ∀𝑖 ∈ {1, . . . , 𝑁𝑏}, ∀𝑘 ∈ {1, . . . , 𝑁𝑟}

with 𝛽𝑢 as specified in Eq. (5). Constraint (6b) indicates an
outage event of user 𝑢. If a user is in outage, it adds a
factor 𝑐out to the objective function; by setting 𝑐out larger than
the square-root of the maximal total power consumption, i.e.,
𝑐out ≥

√
(𝑃𝑐 + 𝑃𝑟)𝑁𝑟 + 𝑃𝑏𝑁𝑏 ≥ 𝐴tot, we ensure that mini-

mizing the number of users that are in outage has priority over
minimizing the power consumption 𝑃tot = 𝐴2

tot. Constraint (6c)
represents the total power consumption of the system; if no
user is in outage, we attempt to minimize this total power
consumption. Inclusion of the circuit powers in (6c) favors
solutions with small number of activated RRHs (depending
on the magnitude of 𝑃𝑐). Constraint (6d) ensures that each
RRH is assigned to at most one BS and (6e), (6f) represent
the individual power constraints of BSs and RRHs.

Problem (6) is non-convex, even if we apply an integer
relaxation to the binary variables and an ℓ1-relaxation to the
ℓ0-norm in the objective function. Yet, the problem can be
reformulated to a MISOCP that can be solved by state-of-the-
art solvers such as MOSEK [21], e.g., with a combination
of branch-and-bound and second-order cone programming. To
see this, we first of all reformulate constraint (6b). Notice that
problem (6) is invariant w.r.t. the absolute phase of the set
of beamformers {f𝑢𝑖,𝝋𝑢𝑘} that are applied to serve user 𝑢;
that is, we can multiply these beamformers of user 𝑢 with
a common phase-factor 𝑒𝑗𝜙𝑢 without changing the signal or
interference powers. This allows us to apply the well-know
approach of restricting the effective channel 𝑠𝑢 of each user
to be purely real-valued [22]. With this, we can bring (6b) into
convex form:

𝑖max
𝑢 [uout]𝑢 ≥ max

(
∥i𝑢∥ − ℜ (𝑠𝑢)√

𝛼𝑢
, 0

)
, ℑ (𝑠𝑢) = 0. (7)

Here, the constant 𝑖max
𝑢 must be chosen to ensure that the left-

hand side of (7) is larger than the right-hand side irrespective
of the choice of beamformers as soon as [uout]𝑢 is set equal to
one. This can be achieved by applying a worst-case estimate on
∥i𝑢∥. The following upper bound can be derived by applying
the triangle inequality and assuming worst-case interfering
beamformers that are aligned with the respective interference
channels:

𝑖max
𝑢 =

√√√√⎷ 𝑁𝑏∑
𝑗=1

(√
𝑃𝑏 ∥h𝑢𝑗∥+

𝑁𝑟∑
𝑘=1

√
𝑃𝑟 ∥𝜼𝑢𝑘∥

)2

+ 1 ≥ ∥i𝑢∥ .

(8)

The total power constraint (6c) can be written in con-
vex form by stacking all beamforming vectors of BSs
and RRHs into one single large beamforming vector f ∈
ℂ

(𝑁𝑢𝑀𝑏+𝑁𝑢𝑁𝑟𝑀𝑟)×1, which is further augmented by the cir-
cuit powers:

ffull =

[
fT,
√

𝑃𝑐

𝑁𝑏∑
𝑖=1

𝑏1𝑖, . . . ,
√

𝑃𝑐

𝑁𝑏∑
𝑖=1

𝑏𝑁𝑟𝑖

]T
. (9)



Vector ffull is of length 𝑁𝑢𝑀𝑏+𝑁𝑢𝑁𝑟𝑀𝑟+𝑁𝑟; notice, that at
most one single term in the sums

∑𝑁𝑏

𝑖=1 𝑏𝑘𝑖 is not equal to zero,
allowing us to pull in (6c) the square out of the summation∑𝑁𝑏

𝑖=1 𝑏
2
𝑘𝑖 =

(∑𝑁𝑏

𝑖=1 𝑏𝑘𝑖

)2
and, thus, to replace (6c) with:

∥ffull∥2 ≤ 𝐴2
tot. (10)

The remaining power constraints (6e), (6f) are anyway convex.
The objective function becomes convex by replacing the ℓ0-
norm with the ℓ1-norm; notice, this does not impact the
optimal solution, since the variables uout are restricted to be
binary. Hence, by replacing (6b) with (7) and (6c) with (10),
we obtain an equivalent representation of problem (6) as a
MISOCP. We denote this problem as the full binary joint RRH
assignment and beamforming problem.

IV. RELAXATIONS AND SUBOPTIMAL SOLUTIONS

The full binary optimization problem is computationally
demanding, since it requires branch-and-bound optimization
over two-sets of binary variables, i.e., the RRH assignment
variables 𝑏𝑘𝑖 and the outage-indicator variables uout. For
problems with a number of RRHs and users that exceeds a few
tens, solution of the full binary problem becomes practically
infeasible. We, hence, consider below several relaxations of
reduced complexity to find a suboptimal solution.

A. L1 Relaxation of Objective Function and Integer Relaxation
of Outage Indicators

In problem (6), we can replace the ℓ0-norm in the objec-
tive function with the ℓ1-norm without changing the optimal
solution, since uout is a vector of binary random variables.
Alternatively, however, we can also apply an integer relaxation
to uout with the additional vector-valued inequality constraints
0 ≤ uout ≤ 1 and keep the ℓ0-norm in the objective function
without changing the optimal value of problem (6). Yet, both
approaches are computationally demanding.

We, hence, propose to jointly apply both relaxations, the ℓ1-
norm relaxation of the objective function and the binary integer
relaxation of the outage indicator variables uout, even though
this will lead to a suboptimal solution. The solution of this
relaxed problem is still feasible for the original problem (6);
thus, there is no need to post-process the solution. We denote
the corresponding optimization problem as L1 relaxed joint
RRH assignment and beamforming problem.

B. Integer Relaxation of RRH Assignment

Keeping the relaxations from the previous subsection, we
additionally consider now an integer relaxation of the RRH as-
signment variables 𝑏𝑘𝑖 with the additional constraints 𝑏𝑘𝑖 ≥ 0;
notice, we do not need the upper-bound 𝑏𝑘𝑖 ≤ 1 since (6d)
is more strict. With an integer relaxation of 𝑏𝑘𝑖, however,
(
∑𝑁𝑏

𝑖=1 𝑏𝑘𝑖)
2 is not any longer equivalent to

∑𝑁𝑏

𝑖=1 𝑏
2
𝑘𝑖 and we

therefore have to extend (9) and (10) to:

f
(2)
full =

[
fT,
√

𝑃𝑐𝑏11, . . . ,
√

𝑃𝑐𝑏1𝑁𝑏
,

. . . ,
√

𝑃𝑐𝑏𝑁𝑟1, . . . ,
√

𝑃𝑐𝑏𝑁𝑟𝑁𝑏

]T
, (11)

∥∥∥f (2)full

∥∥∥2 ≤ 𝐴2
tot, (12)

with f
(2)
full of length 𝑁𝑢𝑀𝑏 +𝑁𝑢𝑁𝑟𝑀𝑟 +𝑁𝑟𝑁𝑏.

The solution of this problem is in general not feasible for
the original problem any longer, because RRHs might be
assigned to multiple BSs due to the integer relaxation of the
selection variables. One approach to obtain a feasible solution
is to apply a simple randomized rounding strategy [23] to
the selector variables with a corresponding renormalization
of the RRH beamformers. This approach, however, performs
poorly because the beamforming solution is not optimized for
the RRH allocation after randomized rounding. We therefore
propose to utilize only the RRH allocation after randomized
rounding (discarding the beamformer solution) and to re-
optimize the beamformers with this fixed RRH allocation.
This is easily possible by following the optimization approach
in Section IV-A while fixing the RRH allocation. We denote
the corresponding optimization problem as integer relaxed
joint RRH assignment and beamforming problem. Since with
this approach it is necessary to solve two optimization prob-
lems the complexity is increased; yet, both problems are
second order cone programs (SOCPs) and thus efficiently
solvable.

C. Macro Optimization of RRH Assignment

The joint RRH assignment and beamforming problems de-
scribed above require perfect knowledge of the channels w.r.t.
all transmitters (BSs and RRHs). In practice, this requirement
might not be feasible, especially as long as RRHs are not
assigned to BSs. We therefore consider next an assignment
of RRHs that is based purely on macroscopic channel state
information (CSI), i.e., the macroscopic pathloss values 𝑔𝑢𝑖
and 𝛾𝑢𝑘. This allows for RRH assignment with minimal CSI
requirements, whereas for beamforming we still demand full
CSI. The corresponding assignment of RRHs is based on the
macroscopic SINR:

𝐵𝑢 =
𝑔𝑢𝑖𝑝𝑢𝑖 +

∑𝑁𝑟

𝑘=1 𝛾𝑢𝑘𝜋𝑢𝑘∑𝑁𝑏

𝑗=1

∑
𝑛∈𝒰𝑗

𝑛 ∕=𝑢

(
𝑔𝑢𝑗𝑝𝑛𝑗 +

∑𝑁𝑟

𝑘=1 𝛾𝑢𝑘𝜋𝑛𝑘

)
+ 1

, (13)

where 𝑝𝑢𝑖 and 𝜋𝑢𝑘 denote power allocation variables. We can
now formulate an optimization problem similar to (6), where
we employ the power allocation variables instead of the beam-
formers as optimization variables. The corresponding power
constraints are

∑
𝑛∈𝒰𝑖

𝑝𝑛𝑖 ≤ 𝑃𝑏 and
∑

𝑛∈𝒰𝑖
𝜋𝑛𝑘 ≤ 𝑏2𝑘𝑖𝑃𝑟.

Adopting the approach of Section IV-A we can efficiently
determine a suboptimal macroscopic RRH assignment. Given
this assignment we can then find a beamforming solution,
following the same approach as described in Section IV-B.

D. Small Cell Optimization

Rather than employing RRHs, we can place independent
small cells at the same positions to serve the users; the total
number of small cells hence is 𝑁𝑠 = 𝑁𝑟. In this case,
we associate users to the strongest macro BS or small cell,
accounting for the difference in transmit power between the
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Fig. 2. Outage probability (left) and optimizer runtime (right) with three BSs, four RRHs/small cells and varying number of users.

two device types; we assume that small cells support the same
transmit power and number of transmit antennas as RRHs, i.e.,
𝑃𝑠 = 𝑃𝑟 and 𝑀𝑠 = 𝑀𝑟. The total number of independent
BSs thus is 𝑁𝑏 + 𝑁𝑠 and the corresponding input-output
relationship is:

𝑦𝑢 =

𝑁𝑏+𝑁𝑠∑
𝑖=1

hH
𝑢𝑖

∑
𝑛∈𝒰𝑖

f𝑛𝑖𝑥𝑛 + 𝑛𝑢. (14)

Notice, we have the power constraint
∑

𝑛∈𝒰𝑖
∥f𝑛𝑖∥2 ≤

𝑃𝑠, ∀𝑖 > 𝑁𝑏. We can formulate an optimization problem
similar to (6) (without RRH assignment variables) to jointly
optimize the beamformers of all small cells. An efficient sub-
optimal solution, denoted as small cell optimization problem,
is possible by applying the same strategy as in Section IV-A.

V. SIMULATIONS

In this section, we present numerical evaluations of the
outage probability achieved by the different RRH assignment
and beamformer optimization approaches, as well as, the
required runtime of the optimizer (MOSEK). We consider a
network that consists of three macro BSs that are placed
on an isosceles triangle with an edge length of 500 m, as
illustrated in Fig. 1. Users and RRHs/small cells are randomly
placed within a circle of radius equal to four-thirds times the
circumradius of the triangle. We simulate 100 random realiza-
tions of user and RRH/small cell positions. To determine the
signal to noise ratio (SNR) of a user, we assume a geometric
pathloss model with pathloss exponent equal to four and we
set the noise variance such that in the center of the triangle
a user experiences an average macroscopic SNR of 0 dB (not
accounting for beamforming gains).

In our first simulation, we consider a fixed number of 𝑁𝑟 =
𝑁𝑠 = 4 RRHs/small cells and we vary the number of users 𝑁𝑢.
We employ two antennas on each antenna array, i.e., 𝑀𝑏 =
𝑀𝑟 = 𝑀𝑠 = 2, we assume that the transmit power of BSs is
ten times larger than that of RRHs/small cells, that is, 𝑃𝑏 =
10𝑃𝑟 = 10𝑃𝑠 = 46 dBm, and we set the circuit power equal

to the transmit power 𝑃𝑐 = 𝑃𝑟. Furthermore, we set the SINR
threshold of each user equal to 𝛼𝑢 = 3 dB, ∀𝑢.

In Fig. 2 (left), we show the empirical cumulative distri-
bution function (ecdf) of the outage probability achieved by
the different approaches as a function of the number of users
𝑁𝑢 served by the network. As expected, the best performance
is achieved by the full binary joint RRH assignment and
beamforming problem. Close to that comes the L1 relaxed
problem, which applies an integer relaxation to the outage
indicators and an ℓ1-norm relaxation to the objective function.
The integer relaxed optimization problem, which additionally
applies an integer relaxation to the RRH assignment variables,
exhibits similar performance to the macroscopic SINR based
assignment. The worst performance is achieved by replacing
RRHs with small cells, even though the beamformers of all
small cells and BSs are still jointly optimized.

In terms of average optimizer runtime, as shown in Fig. 2
(right), the behaviour is exactly reversed. The full binary
optimization is practically only feasible for a small number
of users; its runtime grows exponentially with the number of
users. The other relaxed problems exhibit much more benign
runtime scaling with the number of users. The fastest problem
is the small cell optimization, since it does not require any
assignment of small cells amongst BSs.

In our second simulation, we consider a fixed number of
users and we vary the number of RRHs/small cells; we assume
𝑁𝑢 = 40 users. The remaining parameters are set as before.
In this case, the full binary optimization is not feasible any
longer in terms of computational complexity; we therefore
only investigate the other relaxed approaches. In Fig. 3, we
show the corresponding outage performances and optimizer
runtimes. We observe that even the L1 relaxed problem is only
feasible for a small number of RRHs in terms of computational
complexity, since it still requires a binary search over the RRH
assignment possibilities. The order of the outage and runtime
performances of the different optimization problems is the
same as in the previous simulation. Notice that adding small
cells hardly improves the outage probability, whereas adding
RRHs can give a significant gain, especially when applying
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Fig. 3. Outage probability (left) and optimizer runtime (right) with three BSs, forty users and varying number of RRHs/small cells.

only few relaxations/approximations to the full binary joint
RRH assignment and beamforming problem.

VI. CONCLUSION

Dynamic association of RRHs amongst BSs, i.e., dynami-
cally forming DASs, has the potential to significantly reduce
the outage probability of wireless cellular networks. The
corresponding proposed joint RRH assignment and beamform-
ing optimization problem, however, involves binary variables
and thus requires complex binary optimization procedures.
Such binary optimization is practically feasible only for small
number of RRHs and users. We propose several relaxations
of reduced complexity; however, these relaxations cause non-
negligible performance degradation. Hence, one main future
challenge is to find better approximations/relaxations of the
full binary optimization problem, which achieve close-to-
optimal performance at significantly reduced computational
complexity. Furthermore, the impact of the quality of the
fronthaul connection between BSs and RRHs must be taken
into account to better understand the capabilities of dDASs.
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Transmit Optimization for the MISO Multicast
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Abstract—In this paper, we consider multiple-input single-
output (MISO) physical layer multicasting, where several mul-
tiantenna transmitters each simultaneously multicast a common
message to a distinct set of single-antenna receivers, causing
interference between different multicast messages. To optimize
the achievable rate of this MISO multicast interference chan-
nel, we propose iterative distributed transmit optimization algo-
rithms that are based on interference leakage control, requiring
local channel state information at each transmitter and leakage
information exchange among transmitters. We, furthermore, pro-
pose extensions of existing coordinated multipoint transmission
schemes that have been developed for unicast interference chan-
nels, such as signal to leakage and noise ratio beamforming, to the
considered multicast system. Such methods are of importance, e.g.,
for future releases of LTE that will support multiantenna mul-
ticasting using MBMS/MBSFN. Numerical simulations confirm
the potential of the proposed distributed transmit optimization
algorithm.

Index Terms—Physical layer multicasting, leakage based pre-
coding, distributed optimization, semi-definite relaxation, CoMP.

I. INTRODUCTION

T HE multiple-input single-output (MISO) multicast
interference channel (MC-IC) consists of several multi-

antenna transmitters that each simultaneously multicast a
common message to several different single-antenna receivers,
causing interference among the multicast messages as illus-
trated in Figure 1. It can be considered as a generalization of
the MISO unicast interference channel (UC-IC) in which each
transmitter serves only a single user. In wireless communica-
tions, the MISO MC-IC has received significant attention in
the context of physical layer multicasting. Third generation
partnership project (3GPP) universal mobile telecommu-
nications system (UMTS), for instance, supports physical
layer multicasting already since 2006 with Release 6 of the
standard [1]. This feature, denoted multimedia broadcast
multicast service (MBMS), is mainly intended for mobile
video broadcasting but, to the best of our knowledge, no real
commercial deployments are available to date. Still, MBMS
was inherited by the long term evolution (LTE) standard,
where it is known as evolved MBMS (eMBMS). Interest in
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the technology in the context of venue casting [2], that is,
multicasting/broadcasting at local events, is confirmed by
recent technology trials conducted by several operators and
equipment manufacturers [3]–[5]. Other application scenarios
envisioned include road safety information broadcasting [6]
and software/firmware/operating-system updates for mobile
Internet of Things devices [7]. Notice, however, that the consid-
ered scenario does not represent multimedia broadcast single
frequency network (MBSFN) transmission, because each
transmitter multicasts a different message. Yet, the proposed
methods can also be applied for joint precoding within an
MBSFN area.

In this article, we consider transmit optimization for the
MISO MC-IC with perfect local channel state information at
the transmitter (CSIT); that is, each transmitter knows perfectly
the channel with respect to all receivers in the region of inter-
est. We furthermore consider single-user detection, i.e., each
receiver treats interference as additional noise and does not
attempt to decode it. This approach is not optimal, especially in
case of very strong interference where successive interference
cancellation is potentially capable of subtracting interfering
signals before decoding the desired signal [8], [9]. Yet, for
reasons of complexity, most mobile devices in the foreseeable
future will not implement such complex receive processing,
thus justifying our approach of treating interference as noise.
This situation has been thoroughly investigated in the con-
text of unicast transmission in the MISO UC-IC, where it is
known that beamforming is the optimal transmit strategy and
for which the Pareto-boundary is completely characterized in
[10]–[13]. Yet, finding specific points on the Pareto-boundary
of the MISO UC-IC, such as, the maximum weighted sum-rate
point, is know to be NP-hard [14], which holds true for the more
general MISO MC-IC as well. Still, algorithms for local and
even global optimization of the weighted sum-rate of the MISO
UC-IC are proposed in [15]–[17]. The MISO (and MIMO)
UC-IC has also received attention in the context of coordi-
nated multipoint transmission (CoMP) in the standardization
of LTE, where interest has mostly focused on low-complexity
transmission schemes, such as, signal to leakage and noise ratio
(SLNR) beamforming [18] and multi-cell block diagonalization
(BD) precoding [19]; see [20] for an overview of various spatial
interference-mitigation techniques.

Transmit optimization for single transmitter (neglect-
ing interference) multi-antenna physical-layer multicasting is
investigated in [21], where beamforming solutions for quality-
of-service constrained multicasting as well as max-min sig-
nal to interference and noise ratio (SINR) transmission are
proposed. It is shown in [21] that these problems are NP-hard

0090-6778 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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Fig. 1. Illustration of the MISO multicast interference channel with J base
stations and K users per base station.

but can be approximately solved employing semi-definite relax-
ation [22], [23]. From this result it also follows that beam-
forming is in general not optimal for MISO multicasting.
The authors of [21] also investigated the related problem of
maximizing the minimum user throughput, while restricting
the available transmit power. Considering multiple co-channel
multicast groups, this formulation is extended in [24] to not
only guaranteeing a minimum SNR to the served users but
also upper-bounding the interference caused to other multi-
cast groups. Furthermore, [25] additionally considered transmit
antenna selection to reduce the number of radio frequency
chains required at the transmitter. In [26], a stochastic transmit
beamforming method is proposed to alleviate the performance
loss caused by the rank-one beamforming approximation of
semi-definite relaxation and a rank-two approximation based
on the Alamouti space-time coding scheme is derived.

In contrast to the UC-IC, the MISO MC-IC has received
comparatively little attention in literature. In [27], multi-cell
beamforming is proposed based on statistical (long-term) CSIT.
The minimum long-term SINR of all users of the network
is maximized through joint optimization over all transmitters.
This work is extended in [28] by deriving an equivalent quasi-
convex form that can be solved efficiently. In contrast, in this
paper we consider instantaneous CSIT in combination with dis-
tributed transmit optimization. A similar setup as in our article
is considered in [29], where the authors propose decentralized
algorithms for quality-of-service constrained beamforming as
well as global max-min SINR beamforming in the MISO MC-
IC. Similar to [11], the authors of [29] apply a sub-gradient
projection optimization method to determine optimal solutions
of the considered optimization problems. In contrast, in this
paper we consider direct rate maximization applying weighted
sum-rate optimization as well as Pareto-improvement opti-
mization, providing the possibility to numerically determine
rate regions of the MISO MC-IC and to calculate the input
covariances to obtain any rate-tuple on the boundary of this
region. In [30] multicast transmit and receive beamforming for
the multiple-input multiple-output MC-IC with single-stream
transmission is considered. The authors propose heuristic dis-
tributed algorithms to iteratively optimize transmit and receive
filters. Another important issue related to physical layer mul-
ticasting is grouping and scheduling of multicast users. Since

in wireless communications different users can experience
strongly varying channel conditions, optimized grouping and
scheduling of multicast users with similar channel quality can
improve transmission efficiency [31], [32]. In this article we
do not consider user grouping and scheduling. The proposed
method is based on interference leakage control; similar opti-
mization problems as considered here also appear in cognitive
radio systems, where the interference leakage from secondary
users to primary users has to obey specific leakage masks [33],
[34]. In cognitive radio, however, leakage parameters are fixed
in contrast to our work.

Contribution: We propose distributed transmit optimiza-
tion for weighted sum-rate maximization as well as Pareto-
improvement optimization in the MISO MC-IC. Since these
problems are non-convex, we consider local optimization
employing gradient-ascent algorithms. Our method is inspired
by the interference leakage-based distributed optimization pro-
posed in [11] for the MISO UC-IC. We formulate local leakage-
based optimization problems for the MISO MC-IC that can
be solved by each transmitter individually and hence facili-
tate distributed optimization; we prove that these problems are
equivalent to joint weighted sum-rate maximization, provided
the leakage parameters are appropriately chosen. Applying a
gradient-ascent algorithm on the dual of the leakage-based
optimization problems with respect to the leakage parameters
similar to [29], we arrive at a distributed method that converges
to a local optimum of weighted sum-rate maximization. We
formulate and solve a similar optimization problem for Pareto-
improvement of the achievable rate-tuple, reducing complexity
and improving convergence compared to weighted sum-rate
optimization. Furthermore, we enhance two established unicast
CoMP transmission schemes to the multicast scenario, that is,
multi-cell BD and SLNR beamforming.

Organization: In Section II, we introduce our system model
and define the notion of achievable multicast transmission rate.
We present problem formulations for Pareto-optimal transmis-
sion in the MISO MC-IC in Section III and discuss difficulties
associated with finding solutions for these optimization prob-
lems; specifically, the presented problems are non-convex and
we did not succeed finding equivalent convex forms. This
motivates the application of local optimization techniques in
Section IV, where we propose iterative distributed transmit
optimization. To obtain this algorithm, we first derive the inter-
ference leakage-based local optimization problem that must
be solved by each transmitter in each iteration of the algo-
rithm with fixed leakage parameters. Then, in Section IV-A we
present our dual gradient-based coordinated leakage parameter
control to optimize the operating point of the network. Iterating
between local optimization and coordinated leakage parameter
control ultimately terminates in a locally Pareto-optimal solu-
tion as we show in Section IV-B. In Section V, we extend
existing CoMP schemes that have been proposed for the UC-IC
to the MC-IC. Finally, in Section VI we evaluate the perfor-
mance of the proposed schemes by means of simulations. We
provide concluding remarks in Section VII.

Notation: We denote the set of non-negative and positive
reals as R≥0 and R+, respectively. We use bold lower-case let-
ters x to represent vectors and bold upper-case letters X for
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matrices. The transpose and conjugate transpose of matrix X
are XT and XH, respectively. With [X]:,a:b we select columns
a to b of matrix X. The notation X � 0 identifies matrix X as
positive semi-definite. We write element-wise vector inequal-
ities as x ≤ y. The operator [x]+ sets negative elements of x
equal to zero. The expected value of random variable x is E (x).
The circularly-symmetric complex Gaussian distribution with
mean vector μ and covariance matrix C is NC (μ, C). The
Kronecker-delta is δab, that is, δab = 1 if a = b and δab = 0
otherwise.

II. SYSTEM MODEL

We consider J wireless transmitters, e.g., base stations (BSs),
that each multicast a common message to K user equipments
(UEs) exploiting the broadcast nature of the physical layer of
the wireless medium. The BSs are equipped with Nt antennas
each (to simplify notation), whereas the UEs have only sin-
gle antennas. Such a MISO MC-IC is illustrated in Figure 1.
We denote user k attached to BS j as UEk j . The input-output
relationship of UEk j is

yk j = hH
k j j x j +

J∑
�=1
� �= j

hH
k j�x� + nkj . (1)

Here, hk j j ∈ C
Nt ×1 denotes the MISO channel between UEk j

and its serving BS j , whereas hk j� ∈ C
Nt ×1 represents the inter-

fering channel with respect to BS�. We assume the additive
noise to be complex Gaussian distributed: nkj ∼ NC

(
0, σ 2

n

)
.

The multicast transmit signal x j ∈ C
Nt ×1 of BS j is intended

for all K users UE1 j , . . . , UEK j attached to base station j .
Assuming that the users apply single-user detection, i.e.,

interfering signals are treated as additional noise, the achievable
rate of UEk j with proper Gaussian signalling is

Rkj = log2

⎛
⎜⎝1 + hH

k j j C j hk j j

σ 2
n +∑J

�=1
� �= j

hH
k j�C�hk j�

⎞
⎟⎠, (2)

with C j = E
(
x j x j

H
) ∈ C

Nt ×Nt representing the covariance
matrix of the input signal of BS j .1 As we consider multicas-
ting of a common message to K users, the maximum multicast
transmission rate R j of BS j is upper bounded by the minimum
achievable rate of the attached users UE1 j , . . . , UEK j to ensure
successful reception even by the weakest user

R j = min
k∈{1,...,K } Rkj . (3)

For the special case of a single transmitter J = 1 single-user
detection is optimal and the capacity of the interference-free
multicast channel is obtained as [36]

C j = max
C j

min
k∈{1,...,K } log2

(
1 + 1

σ 2
n

hH
k j j C j hk j j

)
,

subject to: C j ∈ C
Nt ×Nt , C j � 0, tr

(
C j
) ≤ Pj , (4)

1Notice that the achievable rate with improper Gaussian signalling reads dif-
ferently [35]. The extension of the presented results to improper Gaussian input
distributions is considered as promising future research direction.

with Pj denoting the transmit power of BS j . This convex
optimization problem can be solved efficiently and hence the
capacity-achieving input covariance matrix can be calculated.
We denote the corresponding solution as max-min precod-
ing. Notice that Equation (4) also represents a semi-definite
relaxation of the optimization problem for rate-maximizing
multicast transmit beamforming [21]. For the general case J >

1 the capacity of the MISO MC-IC is unknown.

III. PARETO-OPTIMAL PROBLEM FORMULATIONS

To maximize the efficiency of J parallel multicast trans-
missions, the J corresponding BSs have to jointly determine
optimal input covariance matrices

max
{C1,...,CJ }

[R1, . . . , RJ ]T

= max
{C1,...,CJ }

[
min

k∈{1,...,K } Rk1, . . . , min
k∈{1,...,K } Rk J

]T

,

subject to: C j � 0, tr
(
C j
) ≤ Pj , ∀ j ∈ {1, . . . , J }. (5)

Since these BSs are mutually interfering, in general there
does not exist a single optimum achievable rate tuple[
R∗

1 , . . . , R∗
J

]T ≥ [R1, . . . , RJ ]T that simultaneously maxi-
mizes the achievable multicast rates of all BSs (the inequality
≥ is component-wise). We rather have to resort to the concept
of Pareto-optimality to specify optimal solutions of this multi-
objective optimization problem. For the readers convenience we
repeat the definition of Pareto-optimality [10]:

Definition III.1 (Pareto-optimal rate-tuples): A rate-tuple
[R1, . . . , RJ ]T is Pareto-optimal if there exists no other rate-
tuple

[
R′

1, . . . , R′
J

]T ≥ [R1, . . . , RJ ]T and R′
i > Ri for at least

one i .
If the condition in Definition III.1 holds only in an

ε-neighbourhood of [R1, . . . , RJ ]T, then the rate-tuple is called
locally Pareto-optimal.

Pareto-optimal solutions of multi-objective optimization
problems are commonly determined by means of scalarization
techniques [37]. One widely-adopted scalarization approach
in wireless communications is weighted sum-rate optimization
[11], [17], [38], [39]

max
{C1,...,CJ }

J∑
j=1

w j R j = max
{C1,...,CJ }

J∑
j=1

min
k∈{1,...,K } w j Rk j ,

subject to: C j � 0, tr
(
C j
) ≤ Pj , ∀ j ∈ {1, . . . , J }. (6)

Here, the weights w j ≥ 0 determine the point achieved on
the Pareto-boundary of the optimization problem. This prob-
lem, however, can be shown to be non-convex due to the
mutual interference in-between base stations. In [12], weighted
sum-rate optimization for the MISO UC-IC was successfully
reformulated to an equivalent family of convex optimization
problems, rendering beamforming as the optimal transmit strat-
egy. Yet, an extension of this approach to the MISO MC-IC
does not appear feasible, due to the additional minimization
over the achievable rates of the multicast users and because
beamforming is not optimal in the multicast case [36].
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Another approach for determining Pareto-optimal rate-tuples
is the rate profile method [40]. The formulation of this opti-
mization problem for the MISO MC-IC reads as

max
{C1,...,CJ }

Rsum,

subject to:

C j � 0, tr
(
C j
) ≤ Pj , ∀ j ∈ {1, . . . , J },

R j = min
k∈{1,...,K } Rkj ≥ α j Rsum, ∀ j ∈ {1, . . . , J }, (7)

with α j ≥ 0,
∑J

j=1 α j = 1. Again, this problem is non-convex
due to mutual interference between base stations. In case of the
MISO UC-IC, a successful transformation of the non-convex
rate profile problem to a convex second-order cone program
is possible, exploiting the proven fact that beamforming is
optimal in the unicast scenario [11], [17]. Unfortunately, this
does not hold true for the MISO MC-IC, hindering a similar
reformulation in the multicast setup.

Since convex optimization is not directly applicable to prob-
lems (6) and (7), determining Pareto-optimal input covariance
matrices for the MISO MC-IC calls for a global optimization
approach. An efficient framework for global optimization of the
weighted sum-rate in the context of the MISO UC-IC is pro-
posed in [17] based on monotonic optimization applying the
outer polyblock approximation algorithm [41]. However, not
even this framework is applicable to the MISO MC-IC, as it
requires the solution of the rate profile (7) in each iteration
of the algorithm. Furthermore, the cost function of (6) is not
monotonic in the individual user rates Rkj ; hence, monotonic
optimization may not be applicable. Since we did not succeed
in convexifying (6) or (7) we thus resort to local solution, which
enables efficient distributed implementations as described in the
following section.

IV. DISTRIBUTED TRANSMIT OPTIMIZATION

In this section, we propose a distributed optimization algo-
rithm to attain locally Pareto-optimal input covariance matrices,
requiring minimal communication overhead in-between BSs to
achieve coordination of the interfering multicast transmissions.
We consider weighted sum-rate maximization below for finding
locally Pareto-optimal solutions, although the same approach
is also applicable to the rate profile method. The development
of the algorithm follows ideas of [11], [29]. We first derive
a set of local optimization problems that can be solved by
each BS individually, by maximizing the achievable multicast
rate of the BS while restricting the interference leakage caused
to users of other BSs. We show that this set of problems is
equivalent to weighted sum-rate maximization provided inter-
ference leakage parameters are appropriately chosen. We then
propose coordinated interference leakage control for finding
leakage parameters that optimize the performance of the sys-
tem. Iterating between local optimization and coordinated leak-
age control ultimately terminates in a locally Pareto-optimal
solution.

Due to the mutual interference terms in the denominator of
the achievable user rate Rkj defined in (2), weighted sum-rate

maximization according to (6) requires joint optimization over
the set of input covariance matrices C = {C1, . . . , CJ }

C(p) = arg max
C,z

J∑
j=1

z j ,

subject to:

z j ≤ w j Rk j , ∀k ∈ {1, . . . , K }, ∀ j ∈ {1, . . . , J },
C j � 0, tr

(
C j
) ≤ Pj , ∀ j ∈ {1, . . . , J }, (8)

where we introduced slack-variables z = [z1, . . . , z J ]T. We
next introduce upper bounds for the interference leakage terms

�k j� ≥ tr
(

C�hk j�hH
k j�

)
≥ 0, (9)

∀k ∈ {1, . . . , K },∀ j ∈ {1, . . . , J }, ∀� ∈ {1, . . . , J } \ j,

� = [
�112, . . . , �11J , �211, . . . , �21J , . . . ,

�K J1, . . . , �K J (J−1)

]T ∈ R
(J−1)K J
≥0 , (10)

leading to corresponding achievable rate and SINR lower
bounds

Rkj ≥ R̄k j = log2
(
1 + SINRk j

)
, (11)

SINRk j =
tr
(

C j hk j j hH
k j j

)
σ 2

n +∑J
�=1
� �= j

tr
(

C�hk j�hH
k j�

)

≥ SINRk j =
tr
(

C j hk j j hH
k j j

)
σ 2

n +∑J
�=1
� �= j

�k j�
. (12)

Utilizing these bounds, we define the relaxed weighted sum-
rate optimization problem as

C(r) = arg max
C,�,z

J∑
j=1

z j ,

subject to:

z j ≤ w j R̄k j , ∀k ∈ {1, . . . , K }, ∀ j ∈ {1, . . . , J },
tr
(

C�hk j�hH
k j�

)
≤ �k j�, ∀�k j� ∈ �,

C j � 0, tr
(
C j
) ≤ Pj , ∀ j ∈ {1, . . . , J }. (13)

Notice that problem (13) reduces to problem (8) in case the
interference leakage constraints (9) are fulfilled with equality.

Joint optimization of (13) with respect to the input covari-
ance matrices C and the leakage parameters � is non-convex.
However, for fixed leakage parameters �, optimization with
respect to C decomposes into J independent problems that can
be solved by each BS j individually{

C∗
j (�), z∗

j (�)
}

= arg max
C j ∈CNt ×Nt ,z j

z j ,

subject to:

z j ≤ w j R̄k j , ∀k ∈ {1, . . . , K },
C j � 0, tr

(
C j
) ≤ Pj ,

tr
(

C j hi�j hH
i�j

)
≤ �i�j ,

∀i ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J } \ j. (14)
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Notice that BS j is only impacted by the subset of 2K (J − 1)

leakage parameters �k j�, ∀k ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J } \
j and �i�j , ∀i ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J } \ j . The set of
leakage-based multicast transmit optimization problems (14) is
convex and thus provides an efficient distributed way to solve
problem (13) with fixed leakage parameters. We can establish
the following theorem relating the distributed solution of (14)
with the optimal point of (8):

Theorem IV.1: Consider the set C(p) = {C(p)

1 , . . . , C(p)
J } of

weighted sum-rate optimal input covariance matrices solving
(8) and their corresponding interference leakage powers

�
(p)
i�j = tr

(
C(p)

j hi�j hH
i�j

)
, (15)

∀i ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J }, ∀ j ∈ {1, . . . , J } \ �.

The distributed solution of the J problems (14) with leak-
age parameters �i�j set equal to the corresponding interference

powers �
(p)
i�j results in the weighted sum-rate optimal solution

C∗ (�(p)
)

=
{

C∗
1

(
�(p)

)
, . . . , C∗

J

(
�(p)

)}
= C(p). (16)

We provide the proof of this result in Appendix A.
Given the optimal solution C∗ (�) of problem set (14) for

fixed leakage parameters �, optimizing (13) with respect to
the leakage parameters while the input covariances are fixed to
C∗ (�) is still non-convex. We thus cannot expect to efficiently
achieve global optimality of (13). Instead, we propose an itera-
tive gradient-type algorithm in the following section to attain a
local optimum of (13) with respect to �.

A. Gradient-Based Leakage Parameter Control

The J leakage-based multicast transmit optimization prob-
lems (14) are convex semi-definite programs. Provided the
parameters Pj and �i�j ,∀i ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J } \ j
in (14) are strictly positive, problem (14) is strictly feasible and
thus has zero duality gap [37]. In case �i�j = 0 for at least
Nt leakage parameters, the only feasible solution is C j = 0,
in which case strong duality cannot be guaranteed to hold. This
situation, however, is not of interest for us, as it implies that BS j

cannot transmit at all. To improve the efficiency of the multi-
cast network, we follow a similar gradient-based approach as
proposed in [11], [29] to vary the leakage parameters smoothly
along the gradients of the Lagrangian duals of problem set (14)
with respect to �. We provide details to this approach and derive
the gradient of (14) in Appendix B.

a) Weighted sum-rate leakage update: Given the optimal

solution
{

C∗
j (�), z∗

j (�)
}

of (14) for fixed leakage parameters

�, we denote the gradient of the Lagrangian of (14) with respect
to � at this optimal point as g j

g j = ∇� L j (λ
∗
j (�), C∗

j (�), z∗
j (�),�) ∈ R

(J−1)K J . (17)

Here, L j (λ
∗
j (�), C∗

j (�), z∗
j (�),�) represents the Lagrangian

of problem (14) as a function of the leakage parameter vector

�, the optimal solutions
{

C∗
j (�), z∗

j (�)
}

as well as the corre-

sponding dual variables λ∗
j (�). The detailed definition of the

Algorithm 1. Distributed algorithm for relaxed weighted sum-
rate optimization.

Input: Initial leakage parameter vector �[0] ≥ 0; see
Section IV-C for suggestions.
Weights {w1, . . . , wJ } for weighted sum-rate calculation.
Result: Local optimum of the relaxed weighted sum-rate opti-
mization problem (13).
Initialization: Distribute �[0] among BSs; notice each BS only
requires a subset of 2K (J − 1) parameters.
Distribute weights {w1, . . . , wJ } among BSs.
Set the loop counter n = 0.
repeat

Increase the loop counter: n = n + 1.
Solve the leakage-based multicast transmit optimization
problem (14) at each BS.
Calculate the local gradient g j according to (53) at each
BS.
Exchange gradient vectors g j among base stations; notice
each BS only requires a subset of 2K (J − 1) values
impacting the corresponding active leakage parameters of
the respective BS.
while valid step size μ[n] not found do

Apply a step size search algorithm (e.g., line-search)
among the BSs to determine a valid step size μ[n] for
(19).
Notice, each iteration of the search requires local
solution of (14) with current step size and exchange
of weighted sum-rates to evaluate the stopping
criterion.

end
Update the leakage parameter vector �[n] according to
(19) applying the valid step size μ[n]

�[n] = [
�[n − 1] + μ[n] gWSR

]+
,

with gWSR according to (18).
until convergence; see Section IV-B;

Lagrangian is provided in Equation (46) of Appendix B and
the calculation of g j can be found in (53). The local gradi-
ent g j specifies the direction of largest local improvement of
the multicast rate of BS j ; however, a step in this direction will
in general decrease the rate of other BSs. Hence, we have to
find a global ascent direction that leads to improvement of the
weighted sum-rate of all base stations. Since problem (13) with
fixed � is a linear combination of problem set (14), the gradi-
ent of the relaxed weighted sum-rate optimization problem with
respect to � is

gWSR =
J∑

j=1

g j . (18)

To improve the weighted sum-rate, we propose to update the
leakage parameter vector � as

�̃ = [
� + μ gWSR

]+
, μ ≥ 0. (19)
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Here, step size μ must be selected sufficiently small to ensure
that the weighted sum-rate increases, e.g., by applying a line-
search method [42], [43]. In (19) gWSR can alternatively be
replaced with any other ascent direction g such that gT

WSRg > 0;
clever selection of g can improve convergence [42]. Iterating
between the solution of problem set (14) and the update of
the leakage parameter vector (19) provides a gradient-ascent
method that is guaranteed to converge to a local optimum of
(13), since the weighted sum-rate increases in each iteration and
is ultimately upper bounded by the solution of (8). We present
an algorithmic description of the proposed distributed local
optimization of the relaxed weighted sum-rate problem (13)
in Algorithm 1. The algorithm ultimately terminates in a local
optimum of the relaxed weighted sum-rate optimization prob-
lem, which is also a local Pareto-optimum. The method requires
exchange of the local gradients g j at each iteration among BSs.
Notice, as for each BS only a subset of leakage parameters is
relevant, it is sufficient to exchange only a subset of the entries
of g j ; specifically, BS j and BSi have to exchange 2K val-
ues corresponding to leakage parameters �k j�, ∀k ∈ {1, . . . , K }
and �i�j , ∀i ∈ {1, . . . , K }. During the step search the BSs have
to exchange their weighted rates to determine if a valid step size
has been found.

b) Pareto-improvement leakage update: The leakage
parameter update can be further simplified in terms of com-
putational complexity as well as signalling overhead, if we
consider finding any locally Pareto-optimal rate-tuple instead
of the specific weighted sum-rate optimal tuple. To understand
this, first of all notice that Pareto-optimality can be determined
equivalently from the SINRs instead of the achievable rates,
since the two are related monotonically. Hence, we can replace
rate optimization as considered in problem (14) with SINR
optimization, eliminating the complex log-expression from the
optimization problem{

C∗
j (�), z∗

j (�)
}

= arg max
C j ∈CNt ×Nt ,z j

z j ,

subject to:

z j ≤ SINRk j , ∀k ∈ {1, . . . , K },
C j � 0, tr

(
C j
) ≤ Pj ,

tr
(

C j hi�j hH
i�j

)
≤ �i�j ,

∀i ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J } \ j. (20)

We derive the corresponding local gradient γ j of the
Lagrangian dual of (20) in Appendix C. To improve the SINR
of each BS, we have to find a valid ascent direction γ Par for
the leakage parameters that results in positive inner product
with each of the local gradients γ j , hence leading to local
Pareto-improvement of the multicast rates. In the numerical
experiment in Section VI, we pick a valid ascent direction by
solving

max
γ Par∈R(J−1)K J

J∑
j=1

r j
γ T

j γ Par∥∥γ j

∥∥ ,

subject to:
∥∥γ Par

∥∥2 ≤ 1, γ T
j γ Par ≥ 0, ∀ j (21)

with arbitrary weights 0 ≤ r j ≤ 1. These weights can be uti-
lized to impact the outcome of the distributed optimization in
favour of specific BSs; i.e., a larger weight r j for BS j puts
more emphasize on the rate gain achieved by this BS, whereas
r j = 0 means that the amount of rate gain achieved by BS j is
irrelevant. Notice, however, that it cannot happen that the rate
of a BS decreases due to the constraint γ T

j γ Par ≥ 0. Given the
ascent direction γ Par, each BS j then independently applies a
step search algorithm to determine its optimal step size μ j [n]
for the leakage parameter update, that is, the step size that leads
to largest improvement of the rate of BS j . Finally, the BSs
exchange their optimal step sizes and employ the minimum step
size of all BSs to ensure SINR enhancement for each BS

�[n] =
[
�[n − 1] + min

j∈{1,...,J } μ j [n] γ Par

]+
, (22)

thus resulting in Pareto-improvement. The signalling overhead
during step search is reduced compared to Algorithm 1, since
information exchange in-between BSs is required only once.
Notice that infeasibility of (21) implies local Pareto-optimality
of the solution of (20), since then it is not possible to find a
valid ascent direction that simultaneously improves the rate of
all BSs; hence, if this occurs the iteration can be stopped.

B. Convergence Criteria

Both iterative gradient-based leakage parameter updates
described in Section IV-A are guaranteed to convergence to
locally Pareto-optimal rate-tuples, since they improve in every
step (provided the step size is appropriately chosen) and their
optima are upper bounded. To assess convergence of the
weighted sum-rate leakage update, the norm of the weighted
sum-rate gradient (18) can be examined; at a local optimum of
(13) the weighted sum-rate gradient (18) vanishes. Practically,
the iteration can be stopped as soon as the norm of (18) falls
below a small threshold.

Convergence of the Pareto-improvement leakage update is
achieved as soon as no valid ascent direction can be found, i.e.,
in case it is not possible to improve the rate of all BSs at the
same time. Hence, convergence can be determined from the
feasibility problem

max
γ∈R(J−1)K J

1, subject to: γ T
j γ ≥ 0. (23)

This criterion, however, is prone to numerical inaccuracies.
Consider for example the case with J = 2 base stations. Here,
local Pareto-optimality implies that the local gradients γ j , j ∈
{1, 2} are antipodal; already slightest deviations, e.g., due to
rounding errors, result in feasibility of (23). A numerically
more robust practical criterion is obtained by solving

max
γ∈R(J−1)K J

∑
γ T

j γ , subject to: ‖γ ‖2 ≤ 1, γ T
j γ ≥ 0.

(24)

The iteration can be stopped as soon as the optimal value of
(24) falls below a small threshold.
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C. Initialization of Leakage Parameters

In the numerical experiment in Section VI, we demonstrate
that convergence of the leakage parameter update can be very
slow in case the number of users is large. A smart initializa-
tion of the leakage parameters that brings the initial solution of
problem set (14) close to the border of the rate region achiev-
able with iterative leakage parameter update is thus advanta-
geous. We propose a heuristically optimized leakage parameter
initialization below.

Initially, the input covariance matrices of all BSs are
unknown. Assuming isotropic input covariances, that is, C j =
Pj/Nt INt , the expected SINR of UEk j is

E
(
SINRk j

) =
Pj
Nt

hH
k j j hk j j

σ 2
n + ∑

� �= j

P�

Nt
hH

k j�hk j�
≥

Pj
Nt

hH
k j j hk j j

σ 2
n + ∑

� �= j
�k j�

. (25)

Since the performance of the multicast transmission is deter-
mined by the weakest of the K UEs attached to BS j , we
propose to initialize the leakage parameters of this UE such that
the total interference incurred is proportional to the noise

J∑
�=1
� �= j

�k∗ j� = α j σ 2
n , k∗ = arg min

k∈{1,...,K }
hH

k j j hk j j . (26)

To distribute the interference among leakage parameters �k∗ j�,
we choose each parameter proportional to the respective chan-
nel gain

�k∗ j� = c hH
k∗ j�hk∗ j�

⇒ �k∗ j� = α jσ
2
n

hH
k∗ j�hk∗ j�∑

n �= j hH
k∗ jnhk∗ jn

, ∀� ∈ {1, . . . , J } \ j.

(27)

Furthermore, we calculate the leakage parameters of the
remaining users such that the same expected SINR lower bound
is obtained

Pj
Nt

hH
k j j hk j j

σ 2
n + ∑

� �= j
�k j�

!=
Pj
Nt

hH
k∗ j j hk∗ j j

σ 2
n (1 + α j )

⇒
∑
� �= j

�k j� = hH
k j j hk j j

hH
k∗ j j hk∗ j j

σ 2
n (1 + α j ) − σ 2

n , (28)

which is non-negative since hH
k j j hk j j ≥ hH

k∗ j j hk∗ j j . Setting
leakage parameters proportional to channel gains, we obtain

�k j� = hH
k j�hk j�∑

n �= j hH
k jnhk jn

(
hH

k j j hk j j

hH
k∗ j j hk∗ j j

σ 2
n (1 + α j ) − σ 2

n

)
,

(29)

∀k �= k∗, ∀� ∈ {1, . . . , J } \ j.

D. Comments on Channel State Information

The proposed transmission methods require instantaneous
CSIT to determine the input covariance matrices at the
BSs according to (14), respectively (20). More specifically,
each BS j has to know the local channel vectors hi�j , ∀i ∈
{1, . . . , K }, ∀� ∈ {1, . . . , J }. In currently prevailing frequency
division duplex wireless communications, CSIT is commonly
acquired over limited capacity feedback links from the UEs.
In this case, efficient CSI quantization is decisive for obtaining
accurate CSIT with minimal feedback overhead. For the con-
sidered optimization problems a gain-shape vector quantization
approach similar to [44] lends itself, independently quantizing
magnitude mi�j ∈ R+ and direction di�j ,

∥∥di�j
∥∥ = 1 of each

channel vector

hi�j = ∥∥hi�j
∥∥ hi�j∥∥hi�j

∥∥ = mi�j di�j . (30)

Notice, since channel vectors always appear in the form hi�j hH
i�j

in (14) and (20), the absolute phase of di�j is irrelevant and
hence Grassmannian quantization is applicable [45], [46].

V. EXTENSION OF EXISTING TRANSMISSION SCHEMES

In this section, we extend two spatial inter-cell interference
mitigation and coordination schemes that have been proposed
for the UC-IC to the MISO MC-IC. These methods serve as
performance benchmarks for comparison with the proposed
distributed algorithm in Section VI.

A. Block Diagonal Multicasting

We first propose a simple multicast enhancement of the
multi-cell BD technique, which has been introduced for unicast
traffic in [19]. Linear BD precoding enables perfect inter-cell
interference mitigation [47], provided the feasibility condition
Nt > K (J − 1) is satisfied. This feasibility condition ensures
that each BS can cancel the interference to all UEs not attached
to that BS, while leaving at least one degree of freedom for
serving the UEs attached to the BS. Specifically, the precoding
matrix F j employed at BS j has to satisfy

hH
i�j F j

!= 0, ∀i ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J } \ j. (31)

The precoder F j is related to the transmit signal x j via x j =
F j s j , with s j representing the information symbols; hence,
C j = F j FH

j . The requirement in Equation (31) can be satis-
fied by restricting F j to the left null-space of the concatenated
interference channels

F j ∈ null
(
H̄ j
) ⇐⇒ H̄H

j F j = 0, (32)

H̄ j = [
h11 j , . . . , hK 1 j , h12 j , . . . , hK 2 j , . . . , hK ( j−1) j ,

h1( j+1) j , . . . , hK ( j+1) j , . . . , h1J j , . . . , hK J j
] ∈ C

Nt ×K (J−1).

(33)
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By applying a singular value decomposition to matrix H̄ j we
obtain

F̃ j = [U]:,Nt −K (J−1)+1:Nt , H̄ j = U�VH. (34)

with F̃ j representing an orthonormal basis for the
left null-space of H̄ j . Defining F j = F̃ j Q j , Q j ∈
C

Nt −K (J−1)×Nt −K (J−1) assures that the zero interference
requirement is fulfilled. Assuming that all BSs apply such a
strategy, interference-free operation of the network is achieved.
Matrix Q j can then be selected to optimize the interference-free
achievable multicast transmission rate

Q∗
j = arg max

Q j

min
k∈{1,...,K } R(if)

k j ,

subject to:

tr
(

Q j QH
j

)
≤ Pj ,

R(if)
k j = log2

(
1 + 1

σ 2
n

hH
k j j F̃ j Q j QH

j F̃H
j hk j j

)
. (35)

This convex optimization problem can be solved efficiently.

B. Max-Min SLNR Precoding

A popular beamforming strategy for the MISO UC-IC,
requiring only local CSIT, maximizes the so-called SLNR [18]
or equivalently the virtual SINR [48]. These methods have been
shown to achieve Pareto-optimality in the case of two unicast
links (J = 2, K = 1) [48]. In [29], SLNR beamforming has
been extended to the multicast channel as

f∗j = arg max
f j ∈CNt ×1,‖f j‖2=Pj

K∑
k=1

SLNRk j ,

SLNRk j = fH
j hk j j hH

k j j f j

σ 2
n +∑J

�=1
� �= j

∑K
i=1 fH

j hi�j hH
i�j f j

, (36)

that is, maximizing the sum SLNR of all multicast users. We
hence denote this method sum SLNR beamforming. As demon-
strated in the simulations in Section VI, a better but also more
computationally complex approach is derived from maximizing
the minimum SLNR

f∗j = arg max
f j ∈CNt ×1,‖f j‖2=Pj

min
k∈{1,...,K } SLNRk j . (37)

This optimization problem, however, is non-convex. Let us
introduce the substitution

f̃ j = L
1
2
j f j , L j = σ 2

n

Pj
+

J∑
�=1
� �= j

K∑
i=1

hi�j hH
i�j , (38)

leading to the equivalent problem formulation

f̃∗j = arg max
f̃ j ∈CNt ×1

min
k∈{1,...,K }

tr

(
f̃ j f̃H

j L
− H

2
j hk j j hH

k j j L
− 1

2
j

)
f̃H

j f̃ j
,

subject to: tr
(

f̃ j f̃H
j L−1

j

)
= Pj , (39)

which is still non-convex due to the transmit power constraint
and the restriction to beamforming. To obtain a convex opti-
mization problem, we thus allow for precoding, i.e., we apply
the semi-definite relaxation C̃ j = f̃ j f̃H

j without imposing a rank

constraint on C̃ j

C̃∗
j = arg max

C̃ j ∈CNt ×Nt

min
k∈{1,...,K }

tr

(
C̃ j L

− H
2

j hk j j hH
k j j L

− 1
2

j

)
tr
(

C̃ j

) , (40)

subject to: tr
(

C̃ j L
−1
j

)
= Pj .

Relaxing the non-convex power constraint leads to the convex
optimization problem

C̄∗
j = arg max

C̄ j ∈CNt ×Nt

min
k∈{1,...,K }

tr

(
C̄ j L

− H
2

j hk j j hH
k j j L

− 1
2

j

)
tr
(
C̄ j
) , (41)

which can be solved efficiently. As shown in Appendix D, with
the post-normalization

C̃∗
j = Pj

C̄∗
j

tr
(

C̄∗
j L

−1
j

) , (42)

C̃∗
j solves (40). Back-substituting according to (38), we obtain

the max-min SLNR solution

C j = L
− H

2
j C̃∗

j L
− 1

2
j . (43)

VI. NUMERICAL EXAMPLES

In this section, we conduct Monte-Carlo simulations to eval-
uate the performance of the physical layer multicast transmis-
sion schemes proposed in Sections IV and V. We consider J =
2 BSs, each equipped with Nt = 8 transmit antennas and multi-
casting a common message to K ∈ {4, 6, 7} UEs. Channels are
i.i.d. Rayleigh fading hk j� ∈ NC

(
0, INt

)
, ∀k, j, �

E
(
hk j�hH

inm

) = δkiδ jnδ�mINt ,

∀k, i ∈ {1, . . . , K },∀ j, �, n, m ∈ {1, . . . , J },
with δab denoting the Kronecker-delta. Hence, without precod-
ing each UE receives the signals from all BSs equally strong
on average. The average SNR is Pj/σ

2
n = 10 dB. For reasons

of complexity, we simulate only a single randomly drawn set of
channel realizations.2

We present the rate region achieved (without time-sharing)
with the proposed leakage-based multicast transmit optimiza-
tion with iterative gradient-ascent leakage parameter con-
trol according to Section IV-A. The achieved rate region is
obtained by iterating until convergence between (20) and the
Pareto-improvement leakage update (21); different points on
the boundary of the achieved rate region are attained by varying

2We have simulated several independent channel realizations during our
investigations showing very similar trends as presented here. To simplify
reproduction of the results, we provide our MATLAB code online at [49].
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the weights r j in (21). We furthermore determine the sum-
rate optimal transmission point of the achieved rate region
by applying the weighted sum-rate leakage update described
in Algorithm 1 with equal weights w j = 1. The optimal step
size is obtained with a simple backtracking line-search apply-
ing the Armijo termination criterion [50]. We compare the
performance of these iterative algorithms to the methods pre-
sented in Section V, to interference unaware max-min precod-
ing according to (4) as well as to leakage-based multicasting
(14) with fixed leakage parameters calculated as proposed in
Section IV-C setting α j = 1; notice that each of these methods
realizes one specific point in the rate region, i.e., they do not
enable varying the operating point of the network.

Figure 2 shows the results when K = 4, K = 6 and K = 7
UEs are served per BS. Notice that different channel realiza-
tions are effective for different number of UEs; hence, the
results should only be cross-compared qualitatively and not
quantitatively among Figures 2a–2c. In the figure, markers rep-
resent actual simulation outcomes, whereas dashed lines are
linear interpolations. We summarize our observations:

• If only one BS transmits at a time, max-min precod-
ing according to (4) is optimal; this situation corre-
sponds to the achievable rates obtained on the axes of
Figs. 2a, 2b, 2c. However, as soon as both BSs trans-
mit at the same time with equal power, max-min pre-
coding (magenta-diamonds) performs much worse than
time-sharing (black-dashed).

• Leakage-based multicasting (LBM) with iterative leak-
age update (red-dashed) achieves a rate region that is
substantially larger than time-sharing and that coin-
cides with max-min precoding if only a single BS
transmits. With growing number of multicast users the
achieved rate region shrinks, since more and more leak-
age constraints must be satisfied, leaving less degrees
of freedom to maximize the signal power of intended
users.

• Sum SLNR beamforming (36) (green-squares) as pro-
posed in [29] provides a gain over time-sharing only
with a small number of multicast users. As soon as the
total number of users K · J is larger than the number
of antennas per BS Nt , the method is outperformed by
time-sharing.

• Block diagonal multicasting (blue-circles) as presented in
Section V-A outperforms sum SLNR beamforming and
operates close to the achieved rate region of our iterative
schemes when K is small. Yet, for large number of multi-
cast users it performs worse than time-sharing. Notice in
all considered cases the BSs have enough transmit anten-
nas to eliminate the interference caused to all other UEs,
that is, block diagonalization is feasible. However, with
growing number of UEs the power of the intended signal
diminishes.

• Max-min SLNR precoding (black-pluses) as proposed in
Section V-B provides a gain over block diagonal multicas-
ting for K ∈ {6, 7}; yet with K = 4, block diagonaliza-
tion is slightly better. Since the method is less restrictive
in terms of interference than block diagonalization, it can

Fig. 2. Achievable multicast rates of J = 2 base stations each equipped with
Nt = 8 antennas serving K ∈ {4, 6, 7} users.
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obtain a favourable trade-off between minimization of
interference leakage and maximization of intended sig-
nal power. Also, max-min SLNR precoding can be utilized
for efficient initialization of iterative LBM, enabling fast
convergence of the algorithm.

• Even better performance than with max-min SLNR pre-
coding is achieved by leakage based multicasting with
fixed leakage parameters that are set as proposed in
Section IV-C (blue-crosses). This method operates not
too far from the rate boundary achieved with the itera-
tive scheme even when K = 7, while requiring leakage
parameter exchange among BSs only once after initial-
ization.

• To demonstrate the convergence behaviour of the iterative
schemes, we plot example rate traces of the weighted sum-
rate (green-dashed) and the Pareto-improvement (orange-
dashed) leakage updates. Notice that the algorithms have
been initialized with all leakage parameters set equal to
one; the rate achieved with this initialization is denoted by
initialization. It falls below time-sharing in all cases, since
interference is very high. The Pareto-improvement update
rule converges uniformly in the sum-rate and the rate of
each BS. It converges very quickly when K is small in
comparison to Nt (with K = 4 virtually within 1 step);
however, with growing number of users it becomes more
and more difficult to find an ascent direction that signifi-
cantly improves the rate of all UEs at the same time and
thus convergence gets very slow. The weighted sum-rate
method exhibits worse convergence behaviour when K is
small, since it has to find the specific weighted sum-rate
optimal point on the boundary of the rate region and not
just any point as Pareto-improvement.

Since we did not succeed in reformulating problem (13) to
a convex optimization problem, we cannot ascertain that the
achieved rate regions shown in Figure 2 coincide with the
global Pareto-optimal front of the multi-objective optimization
(5); we can only claim local Pareto-optimality. Still, multi-
ple iterative solutions with different random initial leakage
parameters always terminated in the same region; also, both
leakage-update rules proposed in Section IV-A terminated on
the same boundary, thus indicating global Pareto-optimality.

As soon as the number of users is increased to K ≥ Nt = 8,
it is not possible to keep interference leakage low while at the
same time providing good signal quality to the intended users.
More generally, when all BSs are received equally strong, per-
formance of the presented multicasting schemes falls below
time-sharing when the number of leakage constraints per BS
K (J − 1) is larger than the number of transmit antennas Nt .
This is because the number of nulls that can be formed with
a given transmit antenna array is limited by the number of
antenna elements Nt ; hence, if there are more than Nt users at
other BSs we cannot minimize the interference to all of them at
the same time. The condition Nt > K (J − 1) is necessary for
block diagonalization precoding to exist. For all other methods,
we can still obtain precoders even if this condition is violated;
however, performance degrades quickly with growing number
of interference leakage constraints. In practice, the intended BS
will in most situations be received stronger than the interfering

Fig. 3. Convergence behaviour of iterative LBM with J = 3 BSs each serving
K = 11 UEs over Nt = 24 transmit antennas.

BSs due to pathloss differences; then it does not matter so much
if a UE is hit by the transmit beam of an interfering BS, since
the power is anyway low. We consider such situations in the
following simulation below. We, furthermore, plan system level
simulations as future work to investigate the performance of the
proposed algorithms in realistic cellular networks. Also, in case
UEs are equipped with multiple receive antennas, it is possible
to further increase the number of users while still outperform-
ing time-sharing, since UEs can eliminate interference partly.
We have investigated this situation in [30], though with fixed
leakage parameters. In this case, additional iterations between
transmitter and receiver filters are required to achieve alignment
of the interference from multiple interfering BSs.

We next investigate the convergence behaviour of leakage-
based multicasting with Pareto-improvement leakage update
with J = 3 BSs each serving K = 11 UEs over Nt = 24
transmit antennas. Thus, the total number of interference
leakage constraints per BS is K (J − 1) = 22, leaving two
degrees of freedom to optimize the intended signal power. We
assume a signal to interference ratio (SIR) without precod-
ing of {0, 10, 20} dB; that is, the intended BS is received on

average with unit power E

(
hk j j hH

k j j

)
= INt , ∀k, j , whereas

the interfering BSs are received correspondingly weaker

E

(
hk j�hH

k j�

)
= 1

J−1 10−SIR INt ,∀k, j, � �= j . For reasons of

complexity, we cannot simulate the full three-dimensional rate
region for this case. We average results over 10 statistically
independent Monte Carlo runs.

In Figure 3, we demonstrate the convergence behaviour of
the Pareto-improvement leakage update for this situation and
compare with block diagonal multicasting, max-min precod-
ing, as well as max-min SLNR precoding. We initialize the
leakage parameters of iterative LBM according to the interfer-
ence leakage obtained with max-min SLNR precoding, which
hence determines the performance after the first iteration. We
observe that iterative LBM practically converges within five
iterations in the considered scenario and that it is able to out-
perform the other methods irrespective of the SIR; the gain
compared to the other methods, however, is largest at low SIR.
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The rate of block diagonalization is independent of the SIR,
since the applied precoder perfectly eliminates the interference
in all cases. As expected, max-min precoding, which does not
account for interference, performs well only if the SIR is high;
more specifically, with SIR → ∞, max-min precoding becomes
optimal. This also explains why iterative LBM cannot improve
much at SIR = 20 dB, because max-min precoding is already
close to optimal. Hence, in such circumstances coordination of
the BSs does not pay off.

VII. CONCLUSION

In this paper, we have proposed two gradient-based dis-
tributed transmit optimization algorithms for the multiple-input
single-output multicast interference channel. Both algorithms
can achieve locally Pareto-optimal transmission rate-tuples, yet
global optimality cannot be guaranteed. We have provided
heuristic initialization methods for the proposed iterative algo-
rithms, enabling fast convergence or, alternatively, close-to-
optimal operation without any iterations. We have investigated
rate regions that can be achieved by the proposed methods
in numerical experiments and demonstrated the superiority
of the proposed methods compared to multicast enhance-
ments of existing coordinated multipoint transmission schemes.
Future work includes the extension of the proposed methods
to multiple-input multiple-output transmission, the investiga-
tion of the robustness with respect to channel state information
imperfections at the transmitters as well as the evaluation under
more realistic conditions by means of large-scale system level
simulations. The proposed physical layer multicasting tech-
niques will become of interest for future releases of LTE, as
soon as MBMS is extended to support multiple antennas. In this
context, another topic for future work is joint precoding over
multiple base stations to enhance multi-antenna multicasting in
LTE MBSFN.
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APPENDIX A
PROOF OF THEOREM IV.1

It can be shown that the distributed solution of the set
of J optimization problems (14) is optimal for the weighted
sum-rate problem (8), provided the leakage parameters are
set correctly, and hence the distributed solution results in a
Pareto-optimal solution of problem (5).

For the proof, we consider the optimal rate-tuple
[R(p)

1 , . . . , R(p)
J ]T of the weighted sum-rate optimization

problem (8) with corresponding input covariance matrices
C(p) = {C(p)

1 , . . . , C(p)
J } and interference leakage powers

�
(p)
i�j = tr

(
C(p)

j hi�j hH
i�j

)
,

∀i ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J }, ∀ j ∈ {1, . . . , J } \ �.

Provided the leakage parameters in (14) satisfy �i�j ≥ �
(p)
i�j , the

optimal solution C(p)
j is feasible for (14). Next, assume that

all leakage parameters �i�j are set equal to the corresponding

optimal interference leakage powers �
(p)
i�j and suppose, how-

ever, that the multicast rate R∗
j obtained with the solution C∗

j

from (14) is larger than R(p)
j : R∗

j > R(p)
j . The achievable rate

of any other BS� when all BSs apply weighted sum-rate optimal
precoders is

R(p)
� = min

i∈{1,...,K } log2

(
1 + SINR(p)

i�

)
, (44)

SINR(p)
i� =

tr
(

C(p)
� hi��hH

i��

)
σ 2

n + ∑
n �={�, j}

tr
(

C(p)
n hi�nhH

i�n

)
+ tr

(
C(p)

j hi�j hH
i�j

)
︸ ︷︷ ︸

�
(p)
i�j

.

Since we have tr
(

C∗
j hi�j hH

i�j

)
≤ �

(p)
i�j , due to the interference

leakage constraint imposed in (14), the achievable rate of BS�

when BS j employs C∗
j is at least as good as R(p)

�

R∗
� = min

i∈{1,...,K } log2
(
1 + SINR∗

i�

) ≥ R(p)
� , (45)

SINR∗
i� =

tr
(

C(p)
� hi��hH

i��

)
σ 2

n + ∑
n �={�, j}

tr
(

C(p)
n hi�nhH

i�n

)
+ tr

(
C∗

j hi�j hH
i�j

)
︸ ︷︷ ︸

≤�
(p)
i�j

.

As this relation holds true for all � �= j , we have a contradic-
tion to the assumption that [R(p)

1 , . . . , R(p)
J ]T solves (8) and is

Pareto-optimal. Consequently, the solution of (14) with interfer-
ence leakage parameters set according to the optimal solution
of (8) cannot result in a larger rate than the weighted sum-
rate optimal value, even though the leakage constraints have
been relaxed to inequality constraints in (9). Conversely, set-
ting the leakage parameters in problem (13) equal to �

(p)
i�j ,

the optimization with respect to C and z results in a solution
that is at least as good as the weighted sum-rate optimal rate-
tuple, since the leakage equality constraints have been relaxed
to inequality constraints. Furthermore, as problem set (14) is
equivalent to problem (13) when the leakage parameters are
fixed, it follows that the solution of (14) with leakage parame-
ters set according to the optimal solution of (8) is also at least as
good as the weighted sum-rate optimal rate-tuple. Combining
both arguments establishes the proof.

APPENDIX B
GRADIENT FOR WEIGHTED SUM-RATE OPTIMIZATION

We formulate the Lagrangian function of problem (14)

L j (λ j , C j , z j ,�) = z j +
K∑

k=1

λk j
(
w j R̄k j − z j

)

+
J∑

�=1
� �= j

K∑
i=1

λi�j

(
�i�j − tr

(
C j hi�j hH

i�j

))
+ λ j

(
Pj − tr

(
C j
))
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=
K∑

k=1

λk jw j R̄k j +
J∑

�=1
� �= j

K∑
i=1

λi�j�i�j + f j (λ j , z j , C j ), (46)

λ j = [
λ j , λ1 j , . . . , λK j , λ11 j , . . . , λK 1 j , λ12 j ,

. . . , λK ( j−1) j , λ1( j+1) j , . . . , λK J j
]T ∈ R

K J+1. (47)

with R̄k j as defined in (11), � as specified in (10) and
f j (λ j , z j , C j ) containing those parts of the Lagrangian that are
independent of the leakage parameters. The Lagrangian dual
function is

d j (λ j ,�) = sup
C j ,z j

L j (λ j , C j , z j ,�). (48)

Since strong duality holds under the assumptions mentioned in
Section IV-A, we have

z∗
j (�) = min

λ j ≥0
d j (λ j ,�) = min

λ j ≥0
sup

C j ,z j

L j (λ j , C j , z j ,�), (49)

with z∗
j (�) denoting the optimal value of (14) for given leak-

age parameters �. We denote the corresponding optimal dual
variables as λ∗

j (�). We next apply a first order Taylor approxi-
mation of the Lagrangian around �

L j (λ j , C j , z j , �̃) ≈ L̂ j (λ j , C j , z j , �̃)

= L j (λ j , C j , z j ,�) + ∇� L j (λ j , C j , z j ,�)
(
�̃ − �

)
,

(50)

with ∇� L j (λ j , C j , z j ,�) denoting the gradient of the
Lagrangian with respect to the leakage parameters. In the
regime around L j (λ j , C j , z j ,�) where this first order Taylor
approximation holds or underestimates the actual behaviour,
i.e., L j (λ j , C j , z j , �̃) ≥ L̂ j (λ j , C j , z j , �̃), selecting

�̃ = � + μ∇� L j (λ j , C j , z j ,�), μ > 0 (51)

strictly improves the Lagrangian. Provided the step size μ is
selected sufficiently small to validate the first order approxima-
tion, it thus follows

min
λ j ≥0

sup
C j ,z j

L̂ j (λ j , C j , z j , �̃) ≥ min
λ j ≥0

sup
C j ,z j

L j (λ j , C j , z j ,�).

(52)

A valid ascent direction of problem (14) at {λ∗
j (�), C∗

j (�),

z∗
j (�),�} with respect to � is

g j = ∇� L j (λ
∗
j (�), C∗

j (�), z∗
j (�),�), (53)

∂

∂�k j�
L j (λ

∗
j (�), C∗

j (�), z∗
j (�),�)

= −λ∗
k jw j

tr
(

C∗
j (�)hk j j hH

k j j

)
/

(
σ 2

n +∑J
�=1
� �= j

�k j�

)
σ 2

n +∑J
�=1
� �= j

�k j� + tr
(

C∗
j (�)hk j j hH

k j j

) ,

∀k ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J } \ j, (54)

∂

∂�i�j
L j (λ

∗
j (�), C∗

j (�), z∗
j (�),�) = λ∗

i�j ,

∀i ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J } \ j. (55)

The partial derivatives with respect to the remaining leakage
parameters are zero. Alternatively, as considered in [29], one
can employ any sub-gradient of the Lagrangian instead of the
gradient. Due to the strong non-linearity of L j (λ j , C j , z j , �̃) a
sub-gradient, however, is difficult to find.

APPENDIX C
GRADIENT FOR PARETO-IMPROVEMENT

The local gradient of problem (20) is obtained analogously to
the derivation in Appendix B. Denoting the Lagrangian of (20)
as 
 j (λ j , C j , z j ,�), the result is

γ j = ∇�
 j (λ
∗
j (�), C∗

j (�), z∗
j (�),�), (56)

∂

∂�k j�

 j (λ

∗
j (�), C∗

j (�), z∗
j (�),�)

= −λ∗
k j

tr
(

C∗
j (�)hk j j hH

k j j

)
(

σ 2
n +∑J

�=1
� �= j

�k j�

)2
,

∀k ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J } \ j, (57)

∂

∂�i�j

 j (λ

∗
j (�), C∗

j (�), z∗
j (�),�) = λ∗

i�j ,

∀i ∈ {1, . . . , K }, ∀� ∈ {1, . . . , J } \ j. (58)

APPENDIX D
MAX-MIN SLNR PRECODING

The input covariance matrix C̄∗
j solves the convex optimiza-

tion problem

C̄∗
j = arg max

C̄ j ∈CNt ×Nt

min
k∈{1,...,K } tr

(
C̄ j L

− H
2

j hk j j hH
k j j L

− 1
2

j

)
,

subject to: tr
(
C̄ j
) = 1. (59)

Plugging the post-normalized solution C̃∗
j as defined in

Equation (42) into one of the terms of problem (40), we obtain

Pj

tr
(

C̄∗
j L−1

j

) tr

(
C̄∗

j L
− H

2
j hk j j hH

k j j L
− 1

2
j

)
Pj

tr
(

C̄∗
j L−1

j

) tr
(

C̄∗
j

) ,

subject to:
Pj

tr
(

C̄∗
j L

−1
j

) tr
(

C̄∗
j L

−1
j

)
= Pj . (60)

Thus, C̃∗
j satisfies the power constraint and, since C̄∗

j max-

imizes the minimum over k ∈ {1, . . . , K } of (60), C̃∗
j solves

problem (40).
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Probabilistic Analysis of Semidefinite Relaxation
for Leakage-Based Multicasting

Stefan Schwarz, Member, IEEE

Abstract—In this letter, we derive worst-case approximation
results for rank one and rank two leakage-based multicasting
(LBM) as recently proposed by Schwarz and Rupp [“Transmit
optimization for the MISO multicast interference channel,” IEEE
Trans. Commun., vol. 63, no. 12, pp. 4936–4949, Dec. 2015].
Specifically, we provide worst-case lower bounds on the approxi-
mation ratios achieved with rank one/two Gaussian randomization
of the optimal solution as obtained from a semidefinite relaxation
(SDR). We demonstrate the validity of the derived bounds through
Monte Carlo simulations and we show that good approximation
ratios are achieved even for very large number of multicast users
and leakage constraints.

Index Terms—Alamouti coding, approximation bound, beam-
forming (BF), multicast, semidefinite relaxation (SDR).

I. INTRODUCTION

P HYSICAL-LAYER multicasting in wireless networks has
received significant attention over the past decade, e.g.,

[2]–[4], since it enables efficient transmission of common infor-
mation to many users in parallel. The 3GPP introduced physical
layer multicasting with Release 6 of UMTS [5] and extended
the technology within LTE to enhanced multimedia broad-
cast/multicast service (eMBMS) [6]. Envisioned use cases
include amongst others venue casting at local events [7], support
of road safety information broadcasting [8], [9], and software
updates for mobile Internet of Things devices [10].

In [1] and [11], we proposed leakage-based multicasting
(LBM) as an efficient interference-aware transmission scheme
for the multicast interference channel (MC-IC). LBM aims
at maximizing the achievable multicast transmission rate of a
base station, while restricting the interference leakage caused
to users of other base stations. Combined with coordinated
leakage parameter control among base stations, the method
significantly extends the achievable rate region of the net-
work. Attaining points on the boundary of the LBM rate
region in general requires transmit signals that are distributed
according to a multivariate Gaussian distribution with high-rank
covariance matrix. In practice, however, simple transmit beam-
forming (BF) schemes are often preferred over high-rank
transmission; then, LBM can be interpreted as the semidefinite
relaxation (SDR) of rank-constrained transmit optimization and
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randomization can provide suboptimal low-rank BF solutions
[12], [13]. Notice that multicasting in cognitive radio trans-
mission has a very similar system model to LBM, with the
difference that leakage constraints cannot be optimized in cog-
nitive radio but are prescribed by the primary system [14]–[17].
SDR has been successfully adopted in many diverse applications,
e.g., multiple-input multiple-output (MIMO) detection [18] and
localization in sensor networks [19].

In this letter, we analyze the approximation performance of
rank one/two BF obtained through randomization of the LBM
solution, demonstrating good performance even for large num-
bers of multicast users. Specifically, we derive bounds on the
approximation ratio, extending existing results [17], [20]–[22] to
MIMO transmission.

Notation: The trace of matrix A is tr (A), the conjugate-
transpose is AH, the Frobenius norm is ‖A‖F , and the vector
obtained by stacking the columns is vec (A). The expected
value of random variable x is E {x}. The vector-valued com-
plex Gaussian distribution with mean μ and covariance C is
NC (μ,C). The probability of random event A is P {A}.

II. SYSTEM MODEL

We consider a transmitter (e.g., base station), equipped with
Nt transmit antennas, that multicasts a common message to
K users, each having Nr receive antennas. The input–output
relationship of user k over r consecutive time instants is

Yk = HkX+ Zk ∈ C
Nr×r, k ∈ {1, . . . ,K} (1)

with Hk ∈ C
Nr×Nt denoting the channel matrix of user k and

Zk representing noise and interference. We assume that the
channel stays constant during the transmission of one space-
time/frequency code block X ∈ C

Nt×r of length r. We consider
low-complexity receivers that are not able to cancel interfer-
ence, i.e., we assume that users treat interference as additional
noise. We assume that the effective noise Zk is independent and
identically distributed (i.i.d) of power σ2

k.
We consider two transmit strategies; that is, rank one BF and

rank two transmit beamformed Alamouti space-time/frequency
coding (ABF) [17], [22], [23]. In case of BF, the transmit signal
is x = f1s1 ∈ C

Nt×1 with f1 denoting the applied beamformer.
For ABF, the transmit signal is

X = [f2,g2]

[
s1 −s∗2
s2 s∗1

]
∈ C

Nt×2 (2)

with si ∈ C, E
{|si|2} = 1 denoting the information symbols.

Assuming that user k applies in both cases a (space-time)
matched filter, the obtained signal-to-noise ratios (SNRs) can be
calculated from a simple extension of [24, Sec.III.B]

SNRk (f1) =
1

σ2
k

‖Hkf1‖2F ,

SNRk (f2,g2) =
1

σ2
k

‖Hk [f2,g2]‖2F . (3)

1070-9908 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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III. LEAKAGE-BASED MULTICASTING

To optimize the achievable rate of the multicast transmission,
while restricting the amount of interference caused to N unin-
tended users of other base stations, we consider the following
LBM optimization problem [1], which maximizes the worst-user
SNR under interference-leakage constraints

v∗rmax
= max

C�0,C∈CNt×Nt

min
k∈{1,...,K}

tr (CRk) (4)

s.t. tr (CSn) ≤ 1 ∀n ∈ {1, . . . , N + 1}
rank (C) ≤ rmax.

Here, the rank-constrained optimization variable C represents
the transmit covariance matrix and, thus, tr (CRk) is the SNR
of user k. The optimal value v∗rmax

denotes the achieved worst-
user SNR under rank constraint rmax; e.g., v∗1 is the optimal
value with rmax = 1. In (4), we employ the abbreviations

Rk =
1

σ2
k

Hk
HHk ∈ C

Nt×Nt (5)

Sn =
1

NrΓn
Gn

HGn ∈ C
Nt×Nt ∀n ≤ N, SN+1 =

1

P
INt

(6)

with Gn ∈ C
Nr×Nt being the channel matrix with respect to

unintended user n and Γn denoting its interference leakage con-

straint per receive antenna, so that tr
(
CGn

HGn

)
≤ NrΓn.

Since the unintended user n does not apply the matched filter
corresponding to the interference channel Gn, but rather some
optimal receive filter with respect to its own transmitter, the total
interference collected grows linearly with the number of receive
antennas. This is reflected by the factor Nr in the denominator
of Sn. The matrix SN+1 accounts for the power constraint P
of the transmitter, such that tr (C) ≤ P . To obtain the optimal
beamformers for BF or ABF, we set rmax equal to one or two,
respectively, and decompose the optimal C∗

rmax
as

C∗
1 = f1f1

H, C∗
2 = [f2,g2] [f2,g2]

H
. (7)

The LBM solution of [1] corresponds to the SDR rmax = Nt.
Notice that problem (4) is nonconvex whenever rmax < Nt.
Furthermore, employing an extra slack variable in (4), we can
reformulate the minimization of the SNR over k as K additional
linear inequality constraints on tr (CRk).

Following [25] and [26], it can easily be verified that the rank
of the optimal solution C∗

Nt
of the SDR is upper bounded as

r∗ = rank
(
C∗

Nt

) ≤ √
K +N + 1 = r(ub). (8)

Hence, as long as K +N ≤ 2 or K +N ≤ 7, the optimal
C∗

Nt
is equal to C∗

1 or C∗
2, respectively. Furthermore, whenever

r∗ > {1, 2}, feasible beamformers for rmax = 1 and rmax = 2
can be obtained from the two Gaussian randomizations

f̂
(�)
1 =

ϕ√
maxn tr (ϕϕHSn)

, (9)

[
f̂
(�)
2 , ĝ

(�)
2

]
=

Θ√
maxn tr (ΘΘHSn)

,

v̂
(�)
1 = SNRk

(
f̂
(�)
1

)
, v̂

(�)
2 = SNRk

(
f̂
(�)
2 , ĝ

(�)
2

)
(10)

Θ=
1√
2
[ϕ,γ] , ϕ,γ ∼ NC

(
0,C∗

Nt

)
, � ∈ L = {1, . . . , L}

where the normalization in the denominator assures that the
tightest leakage or power constraint is fulfilled with equality and
� denotes the randomization index. To obtain good performance,
we select the applied beamformers f̂1 resp. [f̂2, ĝ2] as the best
solutions from L independent randomizations; we denote the
corresponding worst-user SNRs as v̂(L)

1 and v̂
(L)
2

f̂1 = max
�∈{1...L}

min
k

SNRk

(
f̂
(�)
1

)
, (11)

[f̂2, ĝ2] = max
�∈{1...L}

min
k

SNRk

(
f̂
(�)
2 , ĝ

(�)
2

)
,

v̂
(L)
1 = SNRk

(
f̂1
)
, v̂

(L)
2 = SNRk

(
f̂2, ĝ2

)
. (12)

Alternatively, feasible solutions can be obtained from the
rmax eigenvectors of C∗

Nt
corresponding to the largest eigenval-

ues. Yet, this method in general performs worse than Gaussian
randomization, provided L is sufficiently large.

IV. PROBABILISTIC ANALYSIS

In this section, we provide worst-case approximation bounds
for the randomizations (9), (10) with respect to the performance
achieved with C∗

Nt
. Specifically, the goal is to derive worst case

lower bounds on the approximation ratios

ρ1 =
v̂
(L)
1

v∗Nt

, ρ2 =
v̂
(L)
2

v∗Nt

(13)

in the sense that a single randomization achieves a value larger
than the lower bound with positive probability. Hence, with L
independent randomizations, the probability of achieving a value
above the lower bound tends to one exponentially in L. Similar to
[17], [20]–[22], such bounds are in general not tight, since they
are valid for arbitrary positive semidefinite Gramian matrices
Rk, Sn. The important information conveyed by such worst-case
bounds, however, is the scaling of the approximation ratio with
the number of served users K and interfering users N , represent-
ing the performance degradation of randomization with growing
problem dimensions. Below, we provide derivations for ABF and
only state final results for BF, since the calculation procedure is
very similar for both.

We start our derivation with the following valid inequalities:

v∗Nt
≥ v∗2 ≥ v̂

(L)
2 ≥ v̂

(�)
2 =

mink tr
(
ΘΘHRk

)
maxn tr (ΘΘHSn)

=
mink Pk

maxn Ln

(14)

where the SDR v∗Nt
is better than the rank constrained solution

v∗2 ; further, v∗2 outperforms the randomized solution v̂
(L)
2 , which

in turn is better than the solution of the �th randomization v̂
(�)
2 .

We target finding constants μ2, γ2 ∈ R+ satisfying

v̂
(�)
2 ≥ μ2

γ2
v∗Nt

⇒ ρ2 ≥ v̂
(�)
2

v∗Nt

≥ μ2

γ2
(15)

with positive probability. We thus require

P2 = P

{
min
k

Pk ≥ μ2v
∗
Nt

∩ max
n

Ln ≤ γ2

}
> 0. (16)

Consider the following chain of inequalities:

P2 = 1− P
{
Pk < μ2v

∗
Nt

for some k ∪ Ln > γ2 for some n
}

≥ 1−
∑
k

P
{
Pk < μ2v

∗
Nt

}−
∑
n

P {Ln > γ2}

≥ 1−
∑
k

P
{
tr
(
ΘΘHRk

)
< μ2tr

(
C∗

Nt
Rk

)}
−

∑
n

P
{
tr
(
ΘΘHSn

)
> γ2 tr

(
C∗

Nt
Sn

)}
(17)

where the first two steps follow from basic probability cal-
culus and the last step is due to v∗Nt

≤ tr
(
C∗

Nt
Rk

)
and

tr
(
C∗

Nt
Sn

) ≤ 1. We thus have to find bounds on the terms
within the summations. Notice, for BF, such bounds are derived
in [20, Lemmas 3 and 5].



744 IEEE SIGNAL PROCESSING LETTERS, VOL. 23, NO. 5, MAY 2016

We first consider P
{
tr
(
ΘΘHSn

)
> γ2 tr

(
C∗

Nt
Sn

)}
and

apply a square-root decomposition to symmetric positive
semidefinite matrix C∗

Nt
= SS, with S denoting the sym-

metric positive semidefinite square root. We next apply
an eigen-decomposition SSnS = QHΛQ, with unitary Q ∈
C

Nt×Nt , r̃n = rank (Λ) = min (r∗, rank (Sn)), and obtain

tr
(
C∗

Nt
Sn

)
= tr

(
QHΛQ

)
=

r̃n∑
i=1

λi. (18)

Here, λi denotes the ith strictly positive eigenvalue of SSnS
and we assume λ1 ≥ λ2 ≥ · · · ≥ λr̃n . Next, we construct vec-
tors ϕ,γ ∼ NC

(
0,C∗

Nt

)
, constituting matrix Θ, as

[ϕ,γ] = SQH[x,y] (19)
with x,y ∼ NC (0, INt

), where the multiplication with Q leaves
the distribution of [x,y] unchanged and S causes the intended
correlation. With this, we obtain the probability as

P
{
tr
(
ΘΘHSn

)
> γ2 tr

(
C∗

Nt
Sn

)}
= P

{
tr

(
1

2

[
xH

yH

]
Λ[x,y]

)
> γ2

r̃n∑
i=1

λi

}

= P

{
r̃n∑
i=1

λ̄i

2
(|xi|2 + |yi|2) > γ2

}

λ̄i =
λi∑r̃n
j=1 λj

,
r̃n∑
i=1

λ̄i = 1 (20)

with xi, yi denoting the ith element of x, y, respectively. With
these decompositions, we find the following upper bound:
P
{
tr
(
ΘΘHSn

)
> γ2 tr

(
C∗

Nt
Sn

)}
≤ P

{|x1|2 + |y1|2 > 2γ2 ∪ . . . ∪ |xr̃n |2 + |yr̃n |2 > 2γ2
}

≤
r̃n∑
i=1

P
{|xi|2 + |yi|2 > 2γ2

}
= r̃n(2γ2 + 1)e−2γ2

≤
r̃n∑
i=1

P
{|xi|2 > γ2

}
+ P

{|yi|2 > γ2
}
= 2r̃ne

−γ2 (21)

where the first inequality follows since at least one term |xi|2 +
|yi|2 must be larger than 2γ2 for the convex combination∑r̃n

i=1 λ̄i(|xi|2 + |yi|2) to be larger than 2γ2; similar argumen-
tation applies to the last inequality. The equalities are valid since
2|xi|2, 2|yi|2 are both chi-squared random variables with two
degrees of freedom; see [20, eq. (14)].

We next consider P
{
tr
(
ΘΘHRk

)
< μ2tr

(
C∗

Nt
Rk

)}
and

apply the same strategy as above, i.e., eigen-decomposition of
SRkS = QHΛQ, with unitary Q ∈ C

Nt×Nt , r̄k = rank (Λ)
= min (r∗, rank (Rk)) and square root S of C∗

Nt
, to obtain

P
{
tr
(
ΘΘHRk

)
< μ2tr

(
C∗

Nt
Rk

)}
= P

{
r̄k∑
i=1

λ̄i

2
(|xi|2 + |yi|2) < μ2

}
(22)

with λ̄i now representing the strictly positive normalized eigen-
values of SRkS. Consider an arbitrary α in the open interval
(0, 1) and assume λ̄1 ≥ α; this is definitely the case if r̄k = 1
since then λ̄1 = 1. For such λ̄1 ≥ α, we obtain

P

{
r̄k∑
i=1

λ̄i(|xi|2 + |yi|2) < 2μ2

}

≤ P
{
λ̄1(|x1|2 + |y1|2) < 2μ2

}
≤ P

{
2(|x1|2 + |y1|2) < 4μ2

α

}
= 1−

(
2μ2

α
+ 1

)
e−

2μ2
α

Fig. 1. Illustration of the two upper bounds B1(α), B2(α).

≤ 2
(μ2

α

)2

= B1(α), λ̄1 ≥ α (23)

where the last two steps follow because 2(|x1|2 + |y1|2) is chi-
squared distributed with four degrees-of-freedom. If, on the other
hand, λ̄1 < α we have

(r̄k − 1)λ̄2 ≥
r̄k∑
i=2

λ̄i = 1− λ̄1 > 1− α

⇒ λ̄1 ≥ λ̄2 >
1− α

r̄k − 1
. (24)

This delivers the upper bound

P

{
r̄k∑
i=1

λ̄i(|xi|2 + |yi|2) < 2μ2

}

≤ P
{
λ̄1(|x1|2 + |y1|2) < 2μ2 ∩ λ̄2(|x2|2 + |y2|2) < 2μ2

}
= P

{
λ̄1(|x1|2 + |y1|2) < 2μ2

}
P
{
λ̄2(|x2|2 + |y2|2) < 2μ2

}
≤ 4

(
μ2

λ̄1

)2 (
μ2

λ̄2

)2

≤ 4μ4
2

(
r̄k − 1

1− α

)2

= B2(α), λ̄1 < α.

(25)

The two bounds B1(α), B2(α) are illustrated in Fig. 1; notice
that B1(α) is strictly monotonically decreasing in α and B2(α)
is strictly monotonically increasing. If λ̄1 is known, we find the
tightest bound as min

(
B1(λ̄1), B2(λ̄1 + ε)

)
, with vanishingly

small ε. Since we are, however, interested in a general upper
bound that is independent of the actual value of λ̄1, we have to
take the maximum of (23) and (25); the tightest upper bound
valid ∀λ̄1 is then obtained as

P
{
tr
(
ΘΘHRk

)
< μ2tr

(
C∗

Nt
Rk

)} ≤ B(α) ∀λ̄1 (26)

B(α) = min
α∈(0,1)

max (B1(α), B2(α)) . (27)

Notice that the minimum with respect to α depends on r̄k
and, thus, implicitly on Nt, Nr, N , and K. To obtain a closed-
form solution, we can fix any α = ᾱ and take the maximum of
B1(ᾱ), B2(ᾱ) as less tight upper bound, yet still conserving the
scaling laws of interest; e.g., with ᾱ = 1/2 we get

P
{
tr
(
ΘΘHRk

)
< μ2tr

(
C∗

Nt
Rk

)}
≤ max

(
8μ2

2, 16 (r̄k − 1)
2
μ4
2

)
. (28)

With these intermediate results, we now turn our atten-
tion back to P2 of (16). Substituting (21) and (26) into
(16) and assuming for simplicity of notation rank (Rk) =
rank (Sn) ∀k ∀n ≤ N ,1 implying r̄k = r̃n = r̄ ∀k ∀n ≤ N ,
and r̄N+1 = min (r∗, Nt), corresponding to SN+1, we get

1This is fulfilled when channels are not rank deficient.
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Fig. 2. Approximation ratio of rank one (left) and rank two (right) BF versus number of multicast users K shown for three different SVRs.

P2 ≥ 1−KB(α)− 2 (Nr̄ + r̄N+1) e
−γ2 = U(μ2, γ2, α). (29)

The largest lower bound on ρ2 achievable with positive prob-
ability can be found by maximizing the ratio μ2/γ2, while
constraining 1 ≥ U(μ2, γ2, α) > 0. This, however, leads to a
nonconvex optimization problem, for which we were not able
to find an efficient solution. Yet, in our simulations, we applied
an exhaustive search to determine this optimized lower bound.

We can still obtain a less tight unoptimized closed-form lower
bound by utilizing (28)

P2 ≥ 1−Kmax
(
8μ2

2, 16(r̄ − 1)2μ4
2

)− 2(Nr̄ + r̄N+1)e
−γ2

= P (lb)
2 . (30)

Consider first Kmax
(
8μ2

2, 16(r̄ − 1)2μ4
2

)
and assume r̄ as

fixed. If the first factor in the maximization is active, μ2 must
scale with K−1/2 to obtain a bound that is independent of K,
whereas scaling with K−1/4 is sufficient if the second factor
is active. However, it can easily be seen that with growing K
for both choices of μ2 the first factor in the maximization is
active, since the second factor decreases faster with K. With the
following choice of μ2, the factor 8μ2

2 is active for all K

μ2 =
1

3
√
2(r̄ − 1)

√
K

, r̄ > 1. (31)

Moreover, Kmax
(
8μ2

2, 16(r̄ − 1)2μ4
2

) ≤ 4
9 . If Nt, Nr scale

with the number of users K,N (as in massive MIMO) such that
r̄ = r∗ < min (Nt, Nr), r̄ can at worst grow proportionally to
the square-root of the problem dimensions according to (8); then
(31) would actually scale inversely with K. Yet in this case, we
can insert r(ub) into (30) to obtain an even looser lower bound on
P2; then the choice

μ2 =
1

3
√
2
√
K +N + 1

(32)

activates the first factor 8μ2
2 for all K and N ; hence, scaling

inversely proportional to
√
K is still retained. Both factors (31)

and (32) deliver positive probability P2, which one is favourable
(delivers the larger μ2) depends on K,N, r̄.

Consider next the term 2(Nr̄ + r̄N+1)e
−γ2 ; with

γ2 = log (2(Nr̄ + r̄N+1)cγ) (33)

the term gets independent of N, r̄, r̄N+1. Furthermore, with the
choice cγ = 9/4 we have

P2 ≥ P (lb)
2 ≥ 1

9
(34)

and hence achieve positive probability irrespective of
N,K, r̄, r̄N+1. Thus, using (31), (32), and (33), the approxima-
tion ratio μ2/γ2 is achieved with probability at least 1− (8/9)L

when L independent Gaussian randomizations are evaluated.
In case of BF, we can follow a very similar derivation to arrive

at the lower bound

P1 ≥ 1−Kmax

(
4

3
μ1, 16(r̄ − 1)2μ2

1

)
− (Nr̄ + r̄N+1)e

−γ1

= P (lb)
1 . (35)

To achieve positive probability ∀K, μ1 must scale inversely
proportional to K and γ1 must scale logarithmically with N ,
similar to (33). Thus, we expect that performance degradation
with K is more severe in case of BF than with ABF.

V. NUMERICAL EXPERIMENTS AND CONCLUSION

In this section, we evaluate the proposed worst-case bounds
through Monte Carlo simulations. We consider a transmitter with
Nt = 8 transmit antennas and users with Nr = 4 receive anten-
nas. We evaluate the approximation ratio with varying number of
multicast users K, fixing the number of other users to N = 10,
their leakage constraints to Γn = 10−2 ∀n, and the noise power
to σ2

k = 10−2 ∀k.
As channel model, we consider Kronecker correlated

Gaussian channels [27] with

E

{
vec (Hk) vec (Hk)

H
}
= E

{
vec (Gn) vec (Gn)

H
}

= Kr ⊗Kt, [Kr]i,j = β
|i−j|
Nr−1 , [Kt]i,j = β

|i−j|
Nt−1 . (36)

We select the parameter β such that we achieve on average a
specific ratio of largest to smallest singular value of the channel
matrices, denoted singular value ratio (SVR).

In Fig. 2, we show the achieved approximation ratios with L =
1000 randomizations and the corresponding worst-case bounds.
We evaluate the approximation ratio for BF and ABF only when
r∗ > {1, 2}, respectively, as otherwise C∗

Nt
= {C∗

1,C
∗
2} ren-

dering randomization unnecessary. We show the performance
attained with the best of L randomizations as well as their
median value. Our proposed worst-case bounds scale with K−1

and K−1/2 for BF and ABF. The actual achieved approximation
ratio strongly depends on the SVR. For small SVR, scaling fol-
lows the predictions of our bounds. Yet, if the SVR lies in the
order of one much better scaling is obtained; we conjecture from
further ample simulations that the scaling with SVR ∼ O(1)
is proportional to K−1/Nr and K−1/(2Nr) for BF and ABF,
respectively. Our worst-case approximation bounds, however,
are valid for any positive semidefinite channel matrices; thus,
they have to cover the case SVR → 0 as well.
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6. Conclusions

The Society in Motion poses challenging requirements on mobile wireless communication
systems: It demands large network capacity and dependable wireless connectivity not only
for quasi-static situations, but even when large numbers of users (humans and machines)
are moving through the network coverage area at potentially very high velocity. In this
thesis, I addressed these demands by developing accurate and rate-distortion efficient CSIT
acquisition techniques and by utilizing this CSIT for spectrally efficient and reliable multi-
user, multi-antenna and multi-point transceiver optimization.

Within the context of CSIT acquisition, I concentrated mainly on CSI quantization for
limited feedback systems. I succeeded in devising quantization methods that enable efficient
CSIT acquisition by relying on the following three fundamental principles:

• Dimensionality reduction by projection onto a topological manifold that captures the
essential algebraic structure underlying the considered transmission strategy.

• Predictive quantization to exploit the temporal channel correlation.

• Parametric channel decomposition to enable an accurate sparse approximation with a
small number of expansion terms.

Building on top of these CSI feedback algorithms, I developed robust multi-antenna
transceivers that are able to cope with the unavoidable CSIT imperfections that are caused,
e.g., by estimation/quantization errors and channel aging. I obtained the following main
insights concerning robust transceiver designs:

• It is essential to tailor the channel quality feedback to the applied precoding strategy
and the achieved CSIT quality, to support reliable transmission rate adaptation and
effective multi-user scheduling.

• Interference leakage-bounded angular-domain precoding is a potent solution for spec-
trally efficient and robust multi-user MIMO operation even at very high mobility.
The method, however, requires relatively large antenna arrays with sufficient angular
resolution to effectively separate different users, as well as, operation in a limited
scattering propagation environment.
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• In non-static scenarios in particular at higher carrier frequencies (e.g., in the mmWave
band), it is reasonable to conservatively assume that the relative phases of the scattering
components of the channel vary randomly; cf. TWDP fading for the special case of
two scattering components. For the general case, my results showed that it is possible
to reduce the outage probability by suitable beamforming, even with unknown relative
phases of the scattering components; however, determining a globally outage-optimal
beamforming solution is in general computationally hard.

In multi-cell systems, controlling the inter-cell-interference is vital to support large network
capacities and dependable operation, especially at the cell edge. Convex optimization and
relaxation tools are indispensable for multi-point transmission coordination and cooperation.
I successfully applied such techniques to weighted sum-rate optimization for the MISO
MCIC and to joint RRH assignment and coordinated beamforming in dDASs. Both problem
are non-convex initially, but can be approximately solved by applying suitable relaxations:

• The weighted sum-rate optimization for the MISO MCIC can be locally solved by
employing a dual gradient descent based on a Lagrangian relaxation.

• The joint RRH assignment and coordinated beamforming MISOCP can be approxi-
mately solved by applying an integer relaxation combined with randomized rounding.

The multicasting technology has applications in cellular-assisted vehicular communications,
where it can provide a spectrally efficient solution for ITS. My investigations showed that,
compared to unicasting, substantial transmission latency reductions can be achieved, which
is a fundamental requirement when supporting road safety-relevant information exchange.

The combination of multi-point transmissions with dynamic network reconfiguration, as
supported by dDASs and CRANs, exhibits great potential for improving the scalability of
mobile networks and exploiting macroscopic diversity. My analysis of dDASs demonstrated
that a dynamic RRH assignment can significantly reduce outage probabilities as compared
to static DASs, thus supporting enhanced dependability.

In conclusion, the scientific results achieved within this thesis pave the way towards mobile
communication systems that are capable of providing high performance dependable wireless
connectivity for the envisioned Society in Motion. To gauge the practical value of the
developed techniques, I benchmarked them against standardized techniques within link and
system level simulation environments, substantiating their potential. Nevertheless, some
open research questions remain, in particular regarding the practical feasibility of the more
computationally demanding methods. In this respect, further work is required to devise
(sub-optimal) low complexity methods that draw on the insights obtained in this thesis to
achieve a sensible performance-complexity trade-off.
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A. List of Abbreviations

3GPP Third Generation Partnership Project
2D two dimensional
3D three dimensional
4G fourth generation
5G fifth generation
ACK acknowledgment
ADC analog to digital converter
AMC adaptive modulation and coding
ARQ automatic repeat request
ASE area spectral efficiency
AWGN additive white Gaussian noise
BBU base band unit
BC broadcast channel
BD block diagonalization
BEP bit error probability
BLER block error ratio
BICM bit-interleaved coded modulation
BS base station
CoMP coordinated multi-point transmission
CP cyclic prefix
CRAN cloud radio access network
CQI channel quality indicator
CRC cyclic redundancy check
CS compressed sensing
CSI channel state information
CSIT CSI at the transmitter
DAC digital to analog converter
DAS distributed antenna system
dDAS dynamic distributed antenna system
DCT discrete cosine transform
DFT discrete Fourier transform
DoF degrees of freedom
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DPS dynamic point selection
ESM effective SINR mapping
FBMC filter bank multi-carrier
FD-MIMO full-dimension MIMO
FDD frequency division duplex
FEC forward error correction
FFR fractional frequency reuse
FFT fast Fourier transform
HARQ hybrid automatic repeat request
IA interference alignment
IC interference channel
ICI inter-carrier interference
ICIC inter-cell interference coordination
eICIC inter-cell interference coordination
IEEE Institute of Electrical and Electronic Engineers
iid independent and identically distributed
ISI inter-symbol interference
ITS intelligent transportation systems
JT joint transmission
KLT Karhunen Loeve transform
LOS line of sight
LP linear program
LTE long term evolution
LTE-A LTE-Advanced
MBMS multimedia broadcast multicast service
MBSFN multimedia broadcast single frequency network
MCIC multicast interference channel
MCS modulation and coding scheme
MEC maximum eigen-mode combining
MIMO multiple-input multiple-output
MIESM mutual information ESM
MISO multiple-input single-output
MISOCP mixed-integer second order cone program
MERC maximum expected achievable rate combining
MSE mean squared error
MMSE minimum mean squared error
mmWave millimeter wave
NLOS non line of sight
NACK not ACK
NOMA non-orthogonal multiple access
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NP non-deterministic polynomial-time
NR new radio
OFDM orthogonal frequency division multiplexing
CP-OFDM cyclic prefix orthogonal frequency division multiplexing
OFDMA orthogonal frequency division multiple access
OOB out-of-band
OMP orthogonal matching pursuit
PAPR peak to average power ratio
PDCCH physical downlink control channel
PDP power delay profile
PF proportional fair
PMI precoding matrix indicator
PSN phase shifting network
PHY physical layer
PWS public warning system
QAM quadrature amplitude modulation
QBC quantization based combining
QCI QoS class identifier
QCQP quadratically constrained quadratic program
QoS quality of service
RAB robust adaptive beamforming
RBD regularized block diagonalization
RE resource element
RF radio frequency
RI rank indicator
RRH remote radio head
RRU remote radio unit
SCFDMA single carrier frequency division multiple access
SCM spatial channel model
SDMA space division multiple access
SDP semi-definite programming
SDR semi-definite relaxation
SIC successive interference cancellation
SINR signal to interference and noise ratio
SISO single-input single-output
SLNR signal to leakage and noise ratio
SNR signal to noise ratio
SQBC subspace quantization-based combining
SVD singular value decomposition
SWIPT simultaneous wireless information and power transfer
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TDD time division duplex
TTI transmission time interval
TWDP two wave with diffuse power
UCIC unicast interference channel
UE user equipment
UFMC universal filtered multi-carrier
V2V vehicle to vehicle
V2X vehicle to everything
VCCS Vienna Cellular Communications Simulators
WINNER Wireless World Initiative New Radio
ZF zero forcing
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B. Notation

The following notation is employed throughout this thesis:

Table B.1.: Definition of the employed mathematical notation.

Symbol Meaning
a,A ∈ C (R) complex-valued (real-valued) scalars

a ∈ Cn×1 (Rn×1) length n complex-valued (real-valued) column vector
A ∈ Cn×m (Rn×m) complex-valued (real-valued) matrix with n rows and m columns

A set of numbers or other elements
In n× n dimensional identity matrix
‖a‖ l2 norm of a vector
‖A‖ Frobenius norm of a matrix
|A| size of a set
AT transpose of a matrix
AH conjugate-transpose of a matrix

A1/2 square root of a matrix
A−1 inverse of a matrix
E (a) expected value of a

tr (A) trace of a matrix
det (A) determinant of a matrix
logb (a) base b logarithm of a

span (A) space spanned by the columns of A
[A]i:j selects the i-th to j-th column of A
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