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Grassmannian Product Codebooks for Limited
Feedback Massive MIMO with Two-Tier Precoding
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Abstract—In frequency-division duplex full-dimension massive
MIMO systems, one of the main challenges is to obtain sufficiently
accurate channel state information (CSI) at the transmitter to
enable efficient multi-user MIMO transmission. In this paper, we
propose a novel dual stage Grassmannian product quantization
approach that is suitable for high-dimensional CSI quantization
and feedback. We apply the proposed method for outer-tier
CSI feedback in two-tier precoding architectures, which employ
channel-subspace based outer-tier precoding strategies, such as,
maximum eigenmode transmission. The proposed method is
especially effective if the channel can be decomposed in the
angular domain, such that DFT codebooks enable an efficient
CSI compression. Our dual stage product codebook quantization
approach mitigates the well-known inefficiency of oversampled
DFT codebooks for growing codebook sizes, by varying the
intermediate quantization dimension of the proposed quantizer.

Index Terms—limited feedback, Grassmannian quantization,
massive MIMO, product codebook, FDD, FD-MIMO

I. INTRODUCTION

Full-dimension massive multiple-input multiple-output
(MIMO) is a key fifth generation (5G) technology [1]. When
considered in time division duplex (TDD) systems, massive
MIMO exploits the channel reciprocity to directly estimate
the channel state information at the transmitter (CSIT) [2]. In
this paper, however, our focus is on frequency division duplex
(FDD) systems, where we assume that the system does not
leverage any form of reciprocity for CSIT estimation, i.e., not
even reciprocity of the angular scattering function [3]. That
is, CSIT can only be obtained by dedicated feedback from the
users over signaling channels of limited capacity.

Efficient limited channel state information (CSI) feedback
methods that are suitable for small scale MIMO systems, with
a number of antennas in the order of ten, have been inves-
tigated extensively over the last decade. Efficient codebook
designs and quantization metrics for single-user MIMO have
been proposed, e.g., in [4], the impact of imperfect CSIT
on the achievable transmission rate has been investigated,
e.g., in [5–8], and efficient differential/predictive manifold
quantizers have been developed in [9–12]. These differen-
tial/predictive quantizers exploit temporal channel correlation
to enable efficient multi-user MIMO transmission with a
minimal feedback overhead. Even though these methods are
highly efficient in terms of rate-distortion performance, they
are hardly applicable in massive MIMO, because their com-
putational complexity for large-dimensional MIMO systems
is currently not feasible in practice. In [13–15] correlated
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codebook constructions are proposed that exploit spatial corre-
lation of the MIMO channel to enhance the efficiency of CSI
quantization. These methods allow to reduce the CSI feedback
overhead whenever the MIMO channel exhibits spatial corre-
lation. The approach is so effective that it was included in the
dual codebook framework of LTE-Advanced [16, 17].

To reduce the complexity of CSI quantization in massive
MIMO, a number of authors have successfully proposed
codebook constructions that facilitate computationally efficient
CSI quantization. In [18], the authors propose a trellis coded
quantization approach for multiple-input single-output systems
that achieves a performance close to random vector quanti-
zation and allows for efficient quantization by means of the
Viterbi algorithm. In [19], the authors propose a compressed
sensing based CSI feedback algorithm, that utilizes a K
singular value decomposition (SVD) dictionary that enables
effective CSI compression of spatially correlated channels.
In [20], the authors propose a deep learning based CSI sensing
and recovery approach that improves the tradeoff between the
achieved compression ratio and the complexity, by directly
learning spatial structures combined with time correlation of
the channel from training samples of time-varying massive
MIMO channels. In [21], the authors exploit the reciprocity
of long-term channel parameters, such as, the signal angles of
arrival in multi-scattering channels, to substantially reduce the
required amount of CSI feedback.

In this paper, we propose a novel approach for reducing the
complexity of CSI quantization, by introducing a dual stage
Grassmannian product codebook quantization approach. This
method allows to split up a high-dimensional Grassmannian
quantization problem into two lower-dimensional problems,
enabling a significant complexity reduction. The two quantiza-
tion stages can in principle apply any Grassmannian codebook
constructions In our work, we exploit random subspace quan-
tization (RSQ) codebooks to obtain analytic rate-distortion
results, as well as, discrete Fourier transform (DFT) code-
books, which are known for their favorable CSI compression
capabilities for limited scattering directional channels [22].

In order to limit the required quantization resolution of
the high-dimensional Grassmannian quantization problem, we
apply a two-tier precoding approach [23, 24]. Specifically, we
apply a common user-group-specific outer-tier precoding that
maximizes the received signal power of the served users and
an inner-tier precoder that mitigates the residual multi-user
interference. As we show in this paper, the outer-tier precoder
can be based on relatively coarse CSIT without loosing too
much signal power, whereas the inner-tier precoder requires
highly accurate CSIT to avoid residual multi-user interference
caused by CSIT imperfections. However, since inner-tier pre-
coding is based on CSIT about the effective low-dimensional
(outer-precoded) channel matrices, inner-tier CSI feedback can
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employ the above mentioned well-known efficient CSI feed-
back methods for small-scale MIMO systems. We therefore
focus in this paper on the design of rate-distortion, as well as,
computationally efficient CSI quantization methods to provide
the required CSIT for outer-tier precoding.

This paper reveals the underlying Grassmannian manifold
structure of the quantization problem, which was not utilized
in [25], and provides an analytic performance investigation of
our product codebook when combined with two-tier precoding.

Contributions: The following main contributions are devel-
oped throughout this paper:

1) We propose a novel dual stage Grassmannian product
codebook quantization approach that enables computation-
ally efficient limited feedback in FDD massive MIMO.

2) We provide an analytic performance investigation of the
rate-distortion performance of the dual stage quantization
approach, assuming RSQ codebooks are employed within
the two quantization stages. The analysis exhibits a small
distortion loss of dual stage quantization compared to
single stage quantization, while providing a significant
reduction of complexity.

3) The proposed dual stage quantization approach does per se
not restrict which Grassmannian codebook constructions
are utilized in the two quantization stages. For multi-
scattering directional channels, we specialize the dual stage
quantization approach to employ a DFT codebook in
the first quantization stage. This allows to further reduce
implementation complexity by a fast Fourier transform
(FFT) realization of the DFT codebook.

4) We propose an analytic asymptotic approximation of the
achievable transmission rate of two-tier precoding with
imperfect outer-tier CSIT for massive MIMO scenarios.

5) We benchmark the proposed product codebook design on
real-world channel measurement data, in order to demon-
strate its value under realistic channel conditions.

Organization: Our paper is organized as follows:

1) In Sec. II, we introduce the considered single-cell downlink
multi-user massive MIMO system model, the employed
multi-scattering directional channel model, as well as, the
applied two-tier precoding architecture.

2) In Sec. III, we provide an overview of the implemented
two-tier limited CSI feedback approach, which is suitable
for the considered two-tier precoding architecture. We also
discuss the relationship to 3GPP 5G feedback methods.

3) In Sec. IV, we consider the outer-tier CSI feedback and
propose our novel dual stage Grassmannian quantiza-
tion approach. We furthermore provide an analytic rate-
distortion performance characterization, assuming RSQ
codebooks are applied within the two quantization stages.

4) In Sec. V, we propose quantization codebooks for the
two quantization stages that enable even further complex-
ity reduction. Specifically, we consider a DFT codebook
for the first quantization stage, which can be efficiently
implemented by an FFT. For the second quantization
stage we consider RSQ, as well as, scalar quantization.
We numerically exhibit the rate-distortion performance of
these codebooks for multi-scattering directional channels.

5) In Sec. VI, we provide an asymptotic performance inves-
tigation of the considered two-tier precoding architecture
with perfect inner-tier CSIT and imperfect outer-tier CSIT.

6) In Sec. VII, we apply the proposed methods on real-world
channel measurement data for single-cell downlink multi-
user MIMO transmission.

We would like to emphasize that our proposed dual stage
quantization approach should not be viewed as an alterna-
tive/competitor to existing Grassmannian codebook construc-
tions. It is rather a general concept for splitting a high-
dimensional Grassmannian quantization problem into two
lower-dimensional problems, without sacrificing too much per-
formance while gaining significantly in terms of complexity.
The actual quantization codebooks that are applied in the two
quantization stages are not restricted; i.e., any of the existing
Grassmannian codebook constructions can be employed within
these two individual stages.

Notation:: We denote vectors and matrices by boldface
lower- and upper-case letters x and X. The transpose and
conjugate-transpose of matrix X are XT and XH, the Frobe-
nius norm is ‖X‖ and the subspace spanned by vector x is
span (x). We employ the notation [X]k,` to access the element
in row k and column `. We denote the complex Gaussian
distribution with mean µ and covariance C as CN (µ,C),
and the expected value of random variable r as E (r). We
utilize the symbol !

=, e.g., a !
= b, to highlight that the equality

is enforced by construction.

II. SYSTEM MODEL

In this section, we describe the considered input-output rela-
tionship in Sec. II-A, the employed channel model in Sec. II-B
and the applied two-tier precoding architecture in Sec. II-C.

A. Single-Cell Downlink Multi-User MIMO Transmission
We consider downlink transmission from a single trans-

mitter to U receivers (users). The transmitter is equipped
with Nt transmit antennas and the users are equipped with
Nr � Nt receive antennas. We assume that the transmitter
sends Ns ≤ Nr data streams in parallel to each user, such that
a total of UNs ≤ Nt data streams is spatially multiplexed.

We consider linear multi-user precoding; thus, the input-
output relationship of user u is

yu = HH
uFuxu + HH

u

U∑
j=1,j 6=u

Fjxj + zu. (1)

Here, Hu ∈ CNt×Nr and zu ∈ CNr×1 denote the channel
matrix and the noise of user u. Fj ∈ CNt×Ns is the precoding
matrix and xj ∈ CNs×1 are the transmit symbols of user j. We
assume that E

(
xjx

H
j

)
= 1/Ns INs and zu ∼ CN

(
0, σ2

zINr
)
.

We will frequently utilize the compact form SVD of the
channel matrix

Hu = UuΣuV
H
u , (2)

UH
uUu = INr , VH

uVu = INr ,

Σu = Diag
(
σ(1)
u , . . . , σ(Nr)

u

)
,

where we assume that the singular values σ(i)
u on the main

diagonal of Σu are sorted in decreasing order.
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Fig. 1. Considered two-tier precoding and CSI feedback architecture.

B. Channel Modeling

We consider a narrow-band multi-scattering directional
channel model contributing with Np paths to obtain the
channel matrices [26]

Hu =

√
NtNr
Np

Np∑
p=1

αp,uat,u

(
φ(t,u)
p , θ(t,u)

p

)
ar,u

(
φ(r,u)
p , θ(r,u)

p

)T

,

(3)

where αp,u ∈ C denotes the complex-valued amplitude of
path p and at,u

(
φ

(t,u)
p , θ

(t,u)
p

)
, ar,u

(
φ

(r,u)
p , θ

(r,u)
p

)
are the

antenna array response vectors evaluated at the respective
transmit, receive azimuth and elevation angles φ(t,u)

p , φ
(r,u)
p

and θ(t,u)
p , θ

(r,u)
p . We consider statistically independent prop-

agation paths E
(
αp,uα

∗
`,u

)
= ρp,uδp,` with power normaliza-

tion
∑Np
p=1 ρp,u = 1. In massive MIMO scenarios, the number

of paths Np is often much smaller than the number of transmit
antennas Nt, especially at higher carrier frequencies [27, 28];
yet, the considered clustered channel model can also represent
Rayleigh fading situations when the number of paths grows
large. The rank of the channel matrix obtained from the multi-
scattering channel model, and thus the number of streams Ns,
is upper-bounded by the minimum of Np, Nt and Nr.

When employing the multi-scattering directional channel
model in our numerical simulations, we assume equally strong
paths ρp,u = 1

Np
. We furthermore consider a two-dimensional

scenario employing a horizontally aligned uniform linear an-
tenna array (ULA) with array response/manifold vector[

aULA
x,u (φ)

]
k

=
ge(φ)√
Nx

exp (j2πdh(k − 1) sin(φ)) , (4)

with x ∈ {r, t}, dh denoting the inter antenna-element spacing
in multiples of the wavelength λ, and ge(φ) representing the
complex-valued antenna-element gain pattern. In our simu-
lations we assume ge(φ) = 1,∀φ, dh = λ/2 and consider
uniformly distributed angles φ ∈ [−π, π].

C. Two-Tier Precoding

We assume that the transmitter applies a two-tier precoding
approach, as illustrated in Fig. 1, consisting of:

1) A user-group-specific common outer-tier precoder Fo ∈
CNt×UNs .

2) An inner-tier precoder Fi,u ∈ CUNs×Ns for each user.
The total precoder of a user u is then

Fu = γuFoFi,u. (5)

Here, the power normalization factor γu can be set such that
either an instantaneous power constraint ‖Fu‖2 = Pu or an
average power constraint E

(
‖Fu‖2

)
= Pu is satisfied.

1) Outer-tier precoding:
The task of this precoder is to maximize the received signal

strength of the users and to reduce the dimensions of the
effective channel matrix, in order to simplify the channel esti-
mation, CSI feedback and symbol detection. To maximize the
instantaneous received signal power of each user, we assume
that the transmitter applies multi-user maximum eigenmode
transmission (MET) as outer-tier precoder

Fo =
[
U

(Ns)
1 ,U

(Ns)
2 , . . . ,U

(Ns)
U

]
. (6)

Here, U
(Ns)
j ∈ CNt×Ns denotes the matrix consisting of the

Ns left singular vectors u
(i)
j of Uj that correspond to the

largest singular values

U
(Ns)
j =

[
u

(1)
j , . . . ,u

(Ns)
j

]
. (7)

Alternatively, the MET precoder can also be calculated from
statistical CSIT to maximize the long-term average received
power. In this case, the matrices U

(Ns)
j are obtained from

an eigendecomposition of an estimate of the channel corre-
lation matrix E

(
HuH

H
u

)
. For both cases, the CSI feedback

approaches developed in Sec. IV are applicable.
We denote the product of the outer precoder and the

channel matrix of user u as the outer precoded channel
Ho,u = FH

o Hu ∈ CUNs×Nr .
In a mobile communications system, the scheduler would

select a user group to ensure that the matrices U
(Ns)
i of

different users are close to orthogonal. In this paper, we do,
however, not consider user grouping and scheduling.

2) Inner-tier precoding:
In general, there will be residual multi-user interference

after multi-user MET outer-tier precoding; the goal of the
inner-tier precoders is to deal with this residual multi-user
interference. For this purpose different precoding strategies
can be applied, such as zero forcing (ZF) beamforming, block
diagonalization (BD) and regularized block diagonalization
(RBD) precoding [29, 30]. Our main focus in this paper is
on ZF beamforming when transmitting a single stream per
user Ns = 1, and BD precoding when Ns > 1.

The goal of the ZF/BD filters is to keep the Ns-dimensional
subspace of Ho,j corresponding to its maximum singular
values free of interference. To achieve this goal, we apply
an SVD Ho,j = Uo,jΣo,jV

H
o,j and define, similar to (7),

the matrix U
(Ns)
o,j ∈ CUNs×Ns , which consist of the Ns left

singular vectors u
(i)
o,j of Uo,j ∈ CUNs×Nr that correspond to

the largest singular values. With this, the set of ZF/BD inner
beamformers/precoders can be obtained from the following
well-known conditions(

U
(Ns)
o,j

)H
Fi,u

!
= 0, ∀j 6= u, (8)

rank

((
U(Ns)
o,u

)H
Fi,u

)
= Ns, ‖Fi,u‖2 = 1, ∀u. (9)
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III. TWO-TIER LIMITED FEEDBACK

In this section, we describe the basic concepts of two-tier
limited feedback in combination with two-tier precoding. In
general, there are a number of possibilities for providing the
necessary CSIT for two-tier precoding. The users can, for
example, directly quantize and feed back their full channel
matrices Hu, which enables calculation of the outer- and inner-
tier precoders at the transmitter. This approach, however, is not
efficient and implies excessive feedback overhead in massive
MIMO systems, due to the large first dimension Nt of Hu.

A. Outer- and Inner-Tier CSI Feedback

To reduce the required CSI feedback overhead, we utilize
the structure of the applied two-tier precoding strategy to
facilitate a more efficient limited feedback implementation.
Specifically, we consider a two-tier limited feedback approach
consisting of an outer- and inner-tier, as illustrated in Fig. 1:

1) Outer-tier CSI feedback about the Ns maximum eigen-
modes U

(Ns)
j of the channel matrix Hj : The accuracy of

this information determines the achievable signal power
gain of the system. As we show further below, it is
possible to apply relatively low rate and low resolution
quantization on this tier without sacrificing too much
signal to noise ratio (SNR).

2) Inner-tier CSI feedback about the Ns maximum eigen-
modes U

(Ns)
o,j of the outer precoded channel matrix

Ho,j : This information is critical for mitigating multi-
user interference. Its accuracy determines the achievable
multiplexing gain and it therefore requires much higher
quantization resolution than the outer-tier. However, the
dimensions of the quantization problem are much smaller
than for the outer-tier CSI feedback and thus the feedback
overhead stays manageable.

In this paper, we put the scope on efficient outer-tier CSI
feedback design, to deal with the large dimensionality of this
quantization problem, as well as, on the impact of the outer-
tier CSI feedback accuracy on the achievable transmission rate
of the multi-user system.

We do not specifically consider the inner-tier CSI feedback
in this paper, since efficient quantization methods for this
low-dimensional quantization problem are well known; see
for example [4, 9–12, 31–34]. Furthermore, the impact of the
CSI feedback accuracy on ZF/BD precoding strategies is well
investigated [5–8, 35] and these results are directly applicable
to inner-tier precoding. In our related conference paper [36],
we demonstrate that the proposed outer-tier precoding can be
combined with predictive inner-tier CSI feedback.

B. Relationship to 3GPP 4G/5G Feedback Approaches

Two-tier precoding is currently also within the scope of
3GPP 4G/5G standardization of full-dimension and massive
MIMO systems. In Rel. 13, beamformed CSI reference sym-
bols (RS) (class B) have been introduced to reduce the pilot
signaling overhead [37]. In this approach, a vendor specific
beamset, a so-called grid-of-beams codebook, is utilized as
outer-tier precoder to achieve a beamforming gain and to

reduce the dimension of the effective MIMO channel [38].
Essentially, beamformed RS are sent consecutively over all
beams of the codebook and the user selects the beam that
maximizes the gain of the effective channel.

The grid-of-beams approach is in principle similar to the
DFT-based codebook that we consider below for our first
quantization stage of the outer-tier feedback; see Sec. V.
However, as we show below, such a grid-of-beams is not
efficient for the quantization of multiple eigenmodes U

(Ns)
j ,

due to the unit-modulus structure imposed on the individual
elements of the codebook. To mitigate this issue, we propose
to add a second quantization stage that improves the resolution
of the codebook and mitigates the unit-modulus structure.

Within 3GPP Rel. 14, hybrid CSI RS have been intro-
duced, which combine non-beamformed and beamformed RS
to enable effective two-tier precoding with limited reference
symbol and feedback overhead [39]. In this approach, non-
beamformed CSI RS are provided with a relatively low resolu-
tion in time and frequency (to keep the overhead low), in order
to enable CSI feedback for outer-tier precoding. Additionally,
beamformed RS are provided to estimate the effective outer-
precoded MIMO channel and to support inner-tier CSI feed-
back with comparatively high resolution in time and frequency.
Until Rel. 15, inner-tier CSI feedback is restricted to Ns ≤ 2
eigenmodes per user; yet it will be extended to Ns ≤ 4
within Rel. 16. 3GPP also proposes to apply time-frequency
domain compression to the eigenmodes U

(Ns)
o,j , by applying

feedback clustering over multiple physical resource blocks.
These methods are compatible to our outer-tier CSI feedback.

IV. OUTER-TIER CSI FEEDBACK DESIGN

In this section, we describe the propose outer-tier CSI
feedback approach in detail. In Sec. IV-A, we first of all show
that Grassmannian quantization is applicable for providing
outer-tier CSI feedback in the considered two-tier precoding
architecture. We then review well-known results from single
stage quantization in Sec. IV-B as a basis for the development
of dual stage quantization in Sec. IV-C. Finally, in Sec. IV-D,
we provide a rate-distortion performance comparison of single
and dual stage quantization.

A. Applicability of Grassmannian Quantization
The calculation of the outer-tier precoders according

to Eq. (6) requires CSIT about the maximum eigenmodes of
the users’ channel matrices and thus calls for feed back of the
matrices U

(Ns)
j by the users.

However, the achievable rate of our two-tier precoding
approach is invariant w.r.t. right multiplication of Fo by any
unitary matrix Q. To see this, consider the outer precoded
channel obtained after multiplying Fo by an arbitrary unitary
matrix Q, F̃o = FoQ

H̃o,j = F̃H
o Hj = (FoQ)

H
Hj

= QHUo,jΣo,jV
H
o,j = Ũo,jΣo,jV

H
o,j . (10)

For this modified outer-precoded channel H̃o,j , the block-
diagonalization conditions of the inner precoder F̃i,u are(

Ũ
(Ns)
o,j

)H
F̃i,u =

(
U

(Ns)
o,j

)H
QF̃i,u

!
= 0, (11)
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=⇒ F̃i,u
!
= QHFi,u, (12)

where Fi,u is the BD precoder of (8), corresponding to Fo.
The resulting inner precoder thus compensates for the unitary
transformation of Fo by Q and thus the achievable rates of
both systems (employing Fo and F̃o, resp.) are the same.

This observation holds specifically also for any block-
diagonal unitary matrix Q = Blkdiag (Q1, . . . ,QU ) ,Qj ∈
CNs×Ns . In terms of CSI quantization, this implies that
each user can feed back an arbitrarily rotated version of the
maximum eigenmodes Ũ

(Ns)
j = U

(Ns)
j Qj . In fact, each user

can actually feed back an arbitrary matrix that spans the same
subspace as U

(Ns)
j and the transmitter can determine an ap-

propriate orthogonal basis for outer-tier precoding by applying
an SVD. This renders well known Grassmannian quantization
principles as applicable for CSI feedback calculation. We
therefore put the scope on Grassmannian CSI quantization in
the following.

B. Single Stage Quantization

As shown above, MET outer-tier precoding steers the
transmit signal into the subspace spanned by the maximum
eigenmodes span

(
U

(Ns)
j

)
. This subspace information can

efficiently be conveyed by an orthogonal basis that spans
the subspace. With single stage Grassmannian quantization, a
quantization codebook of orthogonal bases of Ns-dimensional
subspaces of the Nt-dimensional complex Euclidean space

Q(Nt)
Ns

=
{
W` ∈ CNt×Ns |WH

` W` = INs ,∀`
}

(13)

is utilized to quantize U
(Ns)
j ; see, for example, [4] for efficient

codebook designs.
A suitable quantization metric, to measure the subspace

distance between span
(
U

(Ns)
j

)
and the subspaces spanned by

the elements of the quantization codebook, is the Grassman-
nian chordal distance. We therefore apply minimum chordal
distance quantization to select the CSI feedback from the given
codebook

Û
(Ns)
j,single = arg min

W`∈Q
(Nt)
Ns

d2
c

(
U

(Ns)
j ,W`

)
= arg min

W`∈Q
(Nt)
Ns

Ns − tr

((
U

(Ns)
j

)H
W`W

H
` U

(Ns)
j

)
. (14)

As we show in Sec. VI, the achievable rate of our two-
tier precoding approach with imperfect outer-tier CSIT is
determined by the average chordal distance quantization error;
hence, minimizing the chordal distance quantization error is
equivalent to maximizing the achievable transmission rate.

Upper and lower bounds for the distortion-rate function
of this kind of quantization problem are provided in [40].
The upper bound of [40] is achieved by RSQ, i.e., quantiza-
tion codebooks consisting of matrices W` that span random
isotropically distributed Ns-dimensional subspaces.

From the distortion-rate bounds of [40] it is known that the
average chordal distance distortion scales as:

d̄2
c,single = E

(
d2
c

(
U

(Ns)
j , Û

(Ns)
j,single

))

≈ kNt,Ns,NsK−1/(Ns(Nt−Ns)) (15)

where K =
∣∣∣Q(Nt)

Ns

∣∣∣ = 2b is the size of the quantization
codebook and b is the corresponding number of required CSI
feedback bits. The dimension-dependent constant kNt,Ns,Ns is
provided in [40].1

Since in massive MIMO Nt is very large and Ns � Nt,
the exponent 1/(Ns(Nt−Ns)) in (15) is very small and, thus,
huge quantization codebooks are required to achieve a small
quantization error. Yet, performing the quantization procedure
in (14) is computationally feasible only for relatively small
codebook sizes. Hence, the single stage quantization approach
is practically not applicable in massive MIMO systems.

C. Dual Stage Product Codebook Quantization

In order to reduce the computational complexity of the
outer-tier CSI quantization problem, we propose to utilize a
product codebook construction in the following. Specifically,
we utilize two codebooks

Q(Nt)
1,S = Q(Nt)

S , Q(S)
2,Ns

= Q(S)
Ns

, (16)

where S ≥ Ns denotes the intermediate subspace dimension
of the first stage quantization codebook and both codebooks
follow the structure of (13) with proper matrix dimensions.

1) First stage quantizer:
In the first quantization stage, we apply minimum chordal

distance quantization to U
(Ns)
j utilizing the codebook Q(Nt)

1,S

as defined in (16)

Û
(S)
j = arg min

W`∈Q
(Nt)
1,S

d2
c

(
U

(Ns)
j ,W`

)
=

= arg min
W`∈Q

(Nt)
1,S

Ns − tr

((
U

(Ns)
j

)H
W`W

H
` U

(Ns)
j

)
. (17)

Notice that Û
(S)
j is of size Nt × S; it therefore represents

the S-dimensional subspace of the quantization codebook
Q(Nt)

1,S that is closest to the Ns-dimensional subspace spanned
by U

(Ns)
j . In general, for a given quantization codebook

size, quantizing into a higher-dimensional subspace gives a
lower quantization error. However, for outer-tier precoding we
require an Ns-dimensional subspace. We determine this Ns-
dimensional subspace by applying our subspace quantization
based combining (SQBC) method proposed in [8, 41].

Given the quantized S-dimensional subspace span
(
Û

(S)
j

)
,

the goal of SQBC is to determine the Ns-dimensional subspace
of span

(
Û

(S)
j

)
that achieves the same chordal distance to

U
(Ns)
j as Û

(S)
j . The defining equation for the semi-unitary

SQBC matrix Bj ∈ CS×Ns , BH
j Bj = INs thus is

d2
c

(
Û

(S)
j ,U

(Ns)
j

)
!
= d2

c

(
Û

(S)
j Bj ,U

(Ns)
j

)
. (18)

1We combine the multiple separately provided constants of [40] into
the single constant kn,p,q ; here n denotes the dimension of the complex
Euclidean embedding space, p is the dimension of the source subspace and
q is the dimension of the subspaces spanned by the codebook entries.
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As shown in [8], this condition can be satisfied by the
following construction

Bj =
(
Û

(S)
j

)H
U

(Ns)
j

((
U

(Ns)
j

)H
Û

(S)
j

(
Û

(S)
j

)H
U

(Ns)
j

)− 1
2

.

(19)

The matrix product Û
(S)
j Bj spans the Ns-dimensional sub-

space that corresponds to the projection of U
(Ns)
j onto Û

(S)
j .

Notice, any other matrix BjQ with Q unitary achieves the
same result, establishing a Grassmannian equivalence relation-
ship that can be exploited for the quantization of Bj .

2) Second stage quantizer:
In the second quantization stage, we apply minimum chordal

distance quantization to Bj utilizing the codebook Q(S)
2,Ns

B̂j = arg min
W`∈Q(S)

2,Ns

d2
c (Bj ,W`) . (20)

The quantized CSI is then obtained as the following product

Û
(Ns)
j,dual = Û

(S)
j B̂j . (21)

3) Performance of the dual stage quantizer:
The average quantization distortion of such a dual stage

product codebook construction is governed by the following
theorem:

Theorem 1. The average chordal distance quantization dis-
tortion of the dual stage product codebook of Sec. IV-C,
considering RSQ codebooks Q(Nt)

1,S ,Q(S)
2,Ns

and/or isotropically
distributed quantization source samples U

(Ns)
j ∈ CNt×Ns , is

given by

d̄2
c,dual = E

(
d2
c

(
U

(Ns)
j , Û

(Ns)
j,dual

))
= Ns −

1

Ns

(
Ns − d̄2

c,1

) (
Ns − d̄2

c,2

)
, (22)

d̄2
c,1 = E

(
d2
c

(
U

(Ns)
j , Û

(S)
j

))
, (23)

d̄2
c,2 = E

(
d2
c

(
Bj , B̂j

))
. (24)

The proof of Th. 1 is provided in App. A.
When employing RSQ, the matrix Bj spans an isotropically

distributed Ns-dimensional subspace in the S-dimensional
complex Euclidean space. This implies that the two average
distortions d̄2

c,1, d̄
2
c,2 are both governed by the distortion-rate

bounds provided in [40]. Specifically, we have

d̄2
c,1 ≈ kNt,Ns,S K

− 1
Ns(Nt−S)

1 , (25)

d̄2
c,2 ≈ kS,Ns,Ns K

− 1
Ns(S−Ns)

2 , (26)

where K1 =
∣∣∣Q(Nt)

1,S

∣∣∣ = 2b1 ,K2 =
∣∣∣Q(S)

2,Ns

∣∣∣ = 2b2 and the
dimension-dependent constants kn,p,q are defined in [40] (see
footnote1).

Naturally, d̄2
c,dual is lower bounded by the average quantiza-

tion distortion of the single stage codebook d̄2
c,single for a given

total CSI feedback overhead b = b1 + b2. The advantage of
the dual stage codebook is that the search over a single huge
codebook is replaced by two searches over smaller codebooks
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Fig. 2. Comparison of the single and dual stage quantization codebooks as
a function of the bit budget and the bit-partitioning.

since 2b1 + 2b2 ≤ 2b1+b2 = 2b, thus providing a reduction of
computational complexity.

The achieved distortion of the dual stage quantization code-
book depends on the bit allocation b1, b2 between the two
stages, as well as, on the selection of the intermediate subspace
dimensions S. Minimizing d̄2

c,dual over the bit allocation and
the subspace dimension leads to the trivial result that all bits
are allocated to either the first or the second stage and S is set
equal to Ns or Nt, respectively; that is, the dual stage quantizer
is effectively reduced to single stage quantization. Hence, in
order to exploit the complexity reduction promised by dual
stage quantization, we either have to fix the bit allocation, for
example to b1 = b2 = b/2 to achieve minimum codebook
sizes, and optimize d̄2

c,dual w.r.t. S; or we fix S and optimize
d̄2
c,dual w.r.t. the bit allocation. Our numerical experiments

below demonstrate such optimizations.

D. Comparison of Single and Dual Stage Quantization

a) Scaling of the quantization distortion with fixed S and
growing b: The behavior of the quantization distortion of the
single stage codebook and the dual stage product codebook
as a function of b and the bit-partitioning between b1 and
b2 = b − b1 is shown in Fig. 2 for Nt = 6, Ns = Nr = 2,
S = 4 and Rayleigh fading. Notice, we consider here a small-
scale MIMO system, since for the single stage codebook it is
hardly feasible to simulate codebook sizes larger than 216 in
terms of computational complexity. We observe in Fig. 2 that
the optimal bit-partitioning between b1 and b2 depends on the
bit budget b; the various dashed lines show the performance
with fixed b1. The black-solid line shows the performance with
optimized bit-partitioning, where we calculated the optimal
bit allocation by minimizing Eq. (22) employing the approx-
imations (25), (26). With this optimized bit allocation, the
performance of the dual stage codebook is reasonably close to
the single stage codebook; the loss lies in the order of 1.5 bit.

b) Impact of the bit allocation on the optimal intermedi-
ate subspace dimension S: The dual stage quantization distor-
tion d̄2

c,dual is lower bounded by the maximum of d̄2
c,1 and d̄2

c,2,
with equality if d̄2

c,2 = 0 or d̄2
c,1 = 0, respectively. This implies

that for given b1, b2, the choice of the subspace dimension S
governs the achievable quantization distortion. This behavior
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is investigated in Fig. 3, where we consider Nt = 6, Ns =
Nr = 1 and vary S ∈ {Ns + 1, . . . , Nt − 1} for the fixed bit-
partitioning [b1, b2] ∈ {[4, 12], [6, 10], [8, 8], [10, 6]} bits. In the
figure, we show the performance of single stage quantization,
the simulated performance of the dual stage product codebook
and the approximate performance according to Eq. (22) em-
ploying the approximations (25), (26). We observe that the
approximation is not perfect and it leads to a wrong selection
S = 4 rather than the optimal S = 5 for [b1, b2] = [4, 12];
yet, the performance degradation is minimal.2 We furthermore
observe that the optimal subspace dimension S gets smaller
with growing b1: this means that optimal selection effectively
shifts the larger quantization burden to the quantization stage
that provides better resolution. Finally, we observe that the
minimal distortion over S for different [b1, b2] does not vary
significantly. Thus, with an appropriate selection of S, we can
reasonably employ an equal bit-partitioning which provides the
lowest computational complexity. In our example, we achieve
the lowest complexity with S = 3 and [b1, b2] = [8, 8],
which requires two searches over codebooks of size 256. For
comparison, to achieve the same distortion of approximately
0.12, single stage quantization requires a single search over a
codebook of size about 27 000 ≈ 214.72.

c) Scaling of the required number of quantization bits
with growing Nt: We next investigate how the required
number of quantization bits scales as a function of the number
of transmit antennas Nt, when the achieved quantization
distortion is fixed. Specifically, we consider Nt ∈ [4, 16],
Nr = Ns = 1 and d̄2

c,single = d̄2
c,dual = 0.125 in our example,

and we partition the total quantization bits of the dual stage
quantizer equally amongst the two stages b1 = b2 = b/2.
We can determine the number of required feedback bits from
the analytic bounds (15), respectively, (22), (25) and (26).
Furthermore, we utilize the bounds to determine the optimal
intermediate quantization subspace dimension S for a given
Nt. The corresponding results are shown in Fig. 4. We observe
that the dual stage quantizer with adapted S achieves the same
scaling behavior as the single stage quantizer, but it exhibits
a small offset of approximately 1.5 bits. With fixed S, the

2To obtain an even better approximation, one might have to consider the
o(1)-terms provided in [40, Theorem 4] which we neglected here.
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scaling behavior is worse due to the equal bit partitioning
b1 = b2 = b/2. Notice, the results shown in Fig. 4 are
obtained from the quantization bounds; however, we verified
by Monte-Carlo simulations that the intended distortion of
d̄2
c,single = d̄2

c,dual = 0.125 is achieved up to Nt ≤ 7
(b ≤ 17.4 bits) for single stage quantization and up to Nt ≤ 11
(b1 = b2 = 30.6/2 bits) for dual stage quantization; for
larger values of b, b1, b2 the computational complexity (and
thus the simulation time) of Monte-Carlo simulations becomes
unreasonable.

V. LOW COMPLEXITY DUAL STAGE QUANTIZATION

The dual stage quantization approach described above al-
ready provides substantial complexity gains compared to sin-
gle stage quantization. Yet, for massive MIMO, the neces-
sary codebook sizes of the first and second stage quantizers
Q(Nt)

1,S ,Q(S)
2,Ns

to achieve a sufficiently small quantization error
are still very large and hardly feasible when employing an
exhaustive search according to (17), (20) utilizing unstructured
codebooks, such as RSQ. To further reduce the complexity, it
is therefore necessary to employ quantization codebooks and
metrics that can be computed efficiently.

In this section, we thus propose low-complexity quantizers
for the first and second quantization stages of our dual stage
construction. In Sec. V-A, we propose to utilize a DFT
codebook for the first quantization stage. It is known that
DFT codebooks can perform well for the structure imposed on
U

(Ns)
j by multi-scattering directional channels, thus rendering

them useful for the first quantization stage. However, this
structure is not preserved by the SQBC matrix Bj and hence
DFT codebooks are not effective for the second quantization
stage. We therefore propose to utilize a scalar quantization
for the second stage in Sec. V-B, which generally requires
S to be small to keep the quantization overhead reasonable.
In Sec. V-C, we provide a numerical performance investigation
of the low complexity implementation for multi-scattering
directional channels.
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A. DFT-based first stage quantizer

To realize the first quantization stage with low compu-
tational complexity, we consider (oversampled) DFT-based
quantization codebooks [42]

Q(Nt,NDFT)
S,DFT =

{
1√
Nt

[DNDFT ]1:Nt,Sq

∣∣∣∀Sq ∈ C(S)

}
, (27)

C(S) =

{
Sq ⊆ {1, . . . , NDFT}, |Sq| = S,

Sq[i] 6= Sq[j] ∀i 6= j, q ∈
{

1, . . . ,

(
NDFT

S

)}}
, (28)

[DNDFT ]`,k = e
−j 2π(`−1)(k−1)

NDFT .

Here, [DNDFT ]1:Nt,Sq denotes the matrix consisting of the first
Nt rows of the DFT matrix DNDFT of size NDFT and the
columns indexed by the set Sq . Valid sets Sq are taken from
the collection of sets C(S); they contain S unique indices
k ∈ {1, . . . , NDFT}. Since our proposed quantizer only con-
veys subspace information, the order of the columns indexed
by Sq is irrelevant; w.l.o.g., we can assume that the indices
in Sq are sorted in increasing order. This implies that the
number of feasible unordered sets Sq and, hence, the size of
the collection C(S) is

(
NDFT
S

)
. Correspondingly, the size of the

DFT quantization codebook Q(Nt,NDFT)
S,DFT in bits, representing

the CSI feedback overhead, is b1 = log2

((
NDFT
S

))
.

It is well-known that DFT-based quantization codebooks
perform well for multi-scattering directional channels, as de-
scribed in Sec. II-B, and small oversampling NDFT ' Nt.
Yet, these DFT-based codebooks fail to achieve the distortion
scaling performance of RSQ (25) with growing codebook
size; in fact, the unit-modulus constraint of the elements of
DNDFT leads to a saturation of the achieved chordal distance
quantization error with growing codebook size and fixed
dimensions Nt, S [43]. This is the main limiting factor when
utilizing DFT-based codebooks in single stage quantization
structures as described in Sec. IV-B. However, this is not
a significant problem in the proposed dual stage product
codebook quantization structure, since it allows to reduce the
quantization error floor of the DFT codebook by increasing
the subspace dimension S of the first quantization stage, as
we demonstrate further below.

1) FFT implementation of the first stage for NDFT = Nt:
If NDFT = Nt, i.e., no oversampling is employed, the

chordal distance quantization according to (18) for DFT code-
books can efficiently be realized by means of an inverse FFT

Ũ
(Ns)
j = IFFTNDFT

(
U

(Ns)
j

)
∈ CNDFT×Ns , (29)

S(S)
j = arg max

Sq∈C(S)

∥∥∥∥[Ũ(Ns)
j

]
Sq,:

∥∥∥∥2

, (30)

Û
(S)
j = [DNDFT ]

1:Nt,S(S)
j

, (31)

where the index set Sq satisfies the conditions specified in (28).
Notice, implementing (30) does not require an exhaustive
search over all feasible sets Sq; one can simply select the S

rows of Ũ
(Ns)
j that have the largest norm. The corresponding

CSI feedback of the first stage quantizer is the index of the
set S(S)

j within the collection C(S).
2) FFT implementation of the first stage for NDFT > Nt:
For NDFT > Nt, one could apply the same approach to the

zero-padded matrix

U
(Ns)
j,pad =

[
U

(Ns)
j

0NDFT−Nt,Ns

]
(32)

to realize an oversampled FFT. However, in this case maxi-
mizing the norm as in (30) is not equivalent to minimizing
the chordal distance, as the columns of [DNDFT ]

1:Nt,S(S)
j

are
in general not orthogonal for NDFT > Nt. A chordal distance
minimization utilizing an oversampled DFT codebook would
therefore require an exhaustive search over all feasible index
sets Sq in the collection C(S). This search over

(
NDFT
S

)
possi-

bilities is computationally not feasible for large NDFT.
To mitigate this issue, we propose a low-complexity greedy

quantization method employing a variant of the orthogonal
matching pursuit (OMP) algorithm; the pseudo-code of the
algorithm is provided in Alg. 1.

The algorithm iteratively selects columns of the DFT-matrix
to quantize U

(Ns)
j ; the index-set of selected columns up to

iteration s is denoted by S(s)
j . The variables Û

(s)
j in (38)

and B
(s)
j in (39) denote intermediate quantization results of

iteration s. Given the intermediate results from the previous
iteration s − 1, the algorithm first calculates a null-space
projection of U

(Ns)
j onto the null-space of Û

(s−1)
j B

(s−1)
j

in (34), in order to determine the part of U
(Ns)
j that is

not yet well-represented by Û
(s−1)
j B

(s−1)
j . This null-space

projection Unull is then utilized to determine the next column
index k∗ of the DFT matrix to be added to the quantization
index set S(s)

j in (37). This is achieved by maximizing the
inner-product with the columns of the DFT matrix that have
not yet been selected in prior iterations, i.e. are not part of
S(s−1)
j . This can be efficiently realized by the inverse FFT.

Since the order of the selected columns is irrelevant for a
subspace representation, we sort them in increasing order.
As we consider an oversampled DFT with NDFT > Nt, the
matrix [DNDFT ]

1:Nt,S(s)
j

does in general not contain orthogonal
columns and we therefore orthogonalize it by applying an SVD
in (38). The algorithm terminates with an index-set S(S)

j of the
DFT-matrix that attempts to minimize the subspace distance
to U

(Ns)
j . However, since this is a greedy algorithm, it cannot

be guaranteed to provide the globally optimal index-set.
Regarding computational complexity, the main complexity

comes form the SVDs required in (34) and (38), as well as,
for the calculation of the inverse matrix square-root in (39);
hence, the complexity is mainly dictated by three SVDs per
iteration, i.e. a total of 3S SVDs. The quantization itself is
efficiently achieved by the inverse FFT operation in (35). In
contrast, the exhaustive search over the collection C(S) requires
in each iteration an SVD of [DNDFT ]

1:Nt,S(S)
j

for the calculation
of the subspace chordal distance. This is necessary since the
calculation of the chordal distance requires an orthogonal basis
for the subspace spanned by the (generally non-orthogonal)
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columns index by S(S)
j . It therefore requires a total of

(
NDFT
S

)
SVDs, which is substantially larger than 3S for large NDFT.

Algorithm 1 First stage quantization based on OMP.

1: Initialize the quantization index set S(0)
j = { }

2: for s = 1 to S do
3: if s 6= 1 then
4: Apply a null-space projection to calculate the FFT input

Û = Û
(s−1)
j B

(s−1)
j , (33)

UnullΣVH =
(
INt − ÛÛH

)
U

(Ns)
j (34)

5: else
6: Set the FFT input Unull =

[
U

(Ns)
j

]
:,1

7: end if
8: Initialize the quantization metric vector m = 0NDFT

9: Calculate the oversampled inverse FFT of Unull

Ũnull = IFFTNDFT

([
Unull

0NDFT−Nt,Ns

])
(35)

10: Calculate the quantization metric
11: for k ∈ {1, . . . , NDFT}, k /∈ S(s−1)

j do

m[k] =

∥∥∥∥[Ũnull

]
k,:

∥∥∥∥ (36)

12: end for
13: Find the best quantization index k∗ = arg maxk m[k]
14: Update the quantization index set

S(s)
j = sort

({
S(s−1)
j , k∗

}
, increasing

)
(37)

15: Update the quantized subspace by applying an SVD

Û
(s)
j ΣVH = [DNDFT ]

1:Nt,S
(s)
j

(38)

16: Calculate the temporary SQBC matrix

B
(s)
j =

(
Û

(s)
j

)H
Ut

(
UH

t Û
(s)
j

(
Û

(s)
j

)H
Ut

)− 1
2

, (39)

Ut =
[
U

(Ns)
j

]
:,1:min(s,Ns)

17: end for
18: Output Û

(S)
j , B

(S)
j and S(S)

j .

B. Scalar Second Stage Quantizer

To realize the second stage quantizer in low-complexity,
we propose to employ a scalar quantization of the individual
elements of Bj

b̂n,m = arg min
bi∈B(S)

∣∣∣[Bj ]n,m − bi
∣∣∣2 , (40)

∀n ∈ {1, . . . , S}, m ∈ {1, . . . , Ns},

where B(S),
∣∣B(S)

∣∣ = 2bs with bs = b2/(NsS), denotes
the scalar complex-valued quantization codebook. The scalars
b̂n,m are individually fed back to the transmitter. The recon-
structed CSIT is obtained by an SVD

B̂jΣVH =

 · · ·
... b̂n,m

...
· · ·

 , (41)
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Fig. 5. Distribution of the normalized real/imaginary parts of the coefficients
of Bj for isotropically distributed full rank channel matrices (Nt = 64,
Ns = Nr = 2) with varying subspace dimension S ∈ {2, 8, 32, 64}.

where the right-hand side is the matrix reconstructed from the
scalars b̂n,m ∀n,m and the left-hand side is a compact-size
SVD of this matrix (the matrices Σ and V are discarded).

The quantization codebook B(S) can, e.g., be optimized by
means of the Lloyd-Max algorithm [44]. As mentioned above,
for isotropically distributed channel matrices, matrix Bj is also
isotropically distributed and satisfies tr

(
BH
j Bj

)
= Ns. As-

suming that the elements of Bj are thus identically distributed,
we conclude

E
(
tr
(
BH
j Bj

))
=

S∑
n=1

Ns∑
m=1

E
(∣∣∣[Bj ]n,m

∣∣∣2)
= E

(∣∣∣[Bj ]n,m

∣∣∣2)NsS ⇒ E
(∣∣∣[Bj ]n,m

∣∣∣2) =
1

S
. (42)

This condition can be satisfied, e.g., if we assume that the
elements [Bj ]n,m are uniformly distributed in the complex
Euclidean space within a disc of radius R = 2/S. It then
follows that the real and imaginary part of [Bj ]n,m are
distributed according to a Wigner semicircle distribution of
radius R. Notice, for S = Ns = 2, Bj is a random unitary
matrix and its elements follow exactly the Wigner semicircle
distribution.

In Fig. 5, we investigate the empirical cumulative distri-
bution function of the real/imaginary parts of Bj for full
rank isotropically distributed channel matrices (e.g., Rayleigh
fading or a multi-scattering environment where the number of
multipath scatterers Np is at least Nr) and varying subspace
dimension S. The simulation result is shown for Nt = 64,
Ns = Nr = 2; yet, we observed that the empirical distribution
of the real and imaginary part of [Bj ]n,m is independent of
Nt, Nr and Ns, as long as the channel matrices are full rank
and isotropically distributed, implying an isotropic distribution
of Bj . In Fig. 5, the real/imaginary parts are normalized w.r.t.
R. As expected, for S = Ns = 2, the real and imaginary part
of the elements of Bj follow exactly the Wigner semicircle
distribution. With growing S > Ns, the empirical distributions
deviate increasingly from the Wigner semicircle distribution.
Yet, the agreement is still good enough, such that we employ
in all our remaining simulations a quantization codebook



10

1501401301201101009080706050403020

0.932

0.612

0.379

0.261

0.201

0.163
0.139
0.122
0.107

Quantization bits b

Q
ua

nt
iz

at
io

n 
di

st
or

tio
n

S = 2

S = 3

S = 4

S = 5

S = 6

S = 7
S = 8
S = 9
S = 10 FFT + RSQFFT + RSQ

FFT + scalarFFT + scalar

Fig. 6. Detailed performance investigation of dual stage quantization
considering Nt = 64, Nr = 2, Ns = 2, a multi-scattering channel with
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B(S) that is optimized for complex-valued elements [Bj ]n,m
uniformly distributed within a disc of radius R = 2/S.

If the channel matrix is not full rank, Bj contains elements
of small magnitude and the empirical distribution deviates
more strongly from the Wigner semicircle distribution.

C. Investigation of Low Complexity Dual Stage Quantization

a) Impact of the subspace dimension S on the quanti-
zation performance: In Fig. 6, we provide a detailed per-
formance investigation of the proposed dual stage product
codebook as a function of the subspace dimension S and the
total number of quantization bits b. We consider a system
with Nt = 64, Nr = 2, Ns = 2, a multi-scattering channel
with Np = 4 equally strong multipath components and
a first stage quantizer employing a DFT codebook of size
NDFT = Nt = 64. The feedback overhead of the first stage
quantizer ranges from b1 = log2

((
NDFT
S

))
≈ 11 bits for S = 2

to b1 ≈ 37 bits for S = 10; the corresponding number of
bits of the second stage quantizer follows from b2 = b − b1.
The horizontal lines Fig. 6 show the error floor achieved
with perfect second stage quantization, which ranges from
d̄2
c,dual = 0.932 for S = 2 to d̄2

c,dual = 0.107 for S = 10.
This error-floor is caused by the unit-modulus constraint of
the elements of the DFT codebook. Hence, to achieve a
diminishing quantization distortion with growing number of
bits b, the subspace dimension S has to increase with b.

With imperfect second stage quantization, we can observe
how the optimal subspace dimension S increases with growing
number of quantization bits b. The thin dashed and dotted
lines show the performance for fixed S, whereas the solid
thick lines represent the minimum quantization error achieved
by adapting S. In the figure, we compare the performance of
scalar second stage quantization to the performance utilizing
RSQ as second stage quantizer.3 The scalar quantization
exhibits a significant loss w.r.t. to RSQ. However, RSQ is in
practice computationally not feasible for b2 ≥ 16.

Even though not shown in the figure, we also investigated
the performance of single stage quantization utilizing an

3The RSQ results are obtained from the approximation (26); yet, we verified
their accuracy up to b2 ≤ 12 bits by means of simulations.
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oversampled DFT codebook of size NDFT ∈ 2{6,...,16}, which
achieves d̄2

c,single = 0.932 for NDFT = 26 and exhibits an error-
floor of d̄2

c,single ≈ 0.7 for NDFT ≥ 29. Hence, when employing
the low-complexity DFT codebook, the dual stage quantization
can strictly outperform single stage quantization, because it
can omit the error-floor of the DFT codebook by increasing
the intermediate subspace dimension S, which offloads the
quantization burden to the second quantization stage.

b) Performance of DFT based quantization for multi-
scattering channels with varying number of paths: We next
investigate the performance for different multi-scattering chan-
nels with varying number of equally strong multipath com-
ponents Np ∈ {2, 4, 8, 16}, as well as, for Rayleigh fading
in Fig. 7. Notice, the results for Np = 4 denoted as “multi-
scattering 4” in Fig. 7 coincide with those of Fig. 6. For
Rayleigh fading, the dual stage codebook performs worse than
single stage quantization, whose performance follows closely
the “single stage RSQ bound” shown in the figure. Yet, for the
multi-scattering channels, the dual stage quantization utilizing
the DFT codebook outperforms single stage quantization with
the RSQ codebook substantially.4 As mentioned already above
in the discussion of Fig. 6, single stage quantization can also
gain from the more efficient subspace representation of the
DFT codebook for multi-scattering channels; yet, it exhibits
an error floor that lies significantly above the performance
achievable by the dual stage quantizer.

VI. ASYMPTOTIC RATE APPROXIMATION OF TWO-TIER
PRECODING WITH IMPERFECT CSIT

In this section, we restrict ourselves to single-antenna users
Nr = 1 and, correspondingly, single stream transmission per
user Ns = 1 employing ZF beamforming. For this situation,
we approximately calculate the achievable transmission rate
of massive MIMO systems assuming perfect inner-tier CSIT
and imperfect outer-tier CSIT. In Sec. VI-A, we specialize
our system model to single-stream transmission per user and
particularize the employed power constraint. In Sec. VI-B, we
provide our analytic approximation of the achievable rate of

4Notice, the single stage RSQ bound is valid for all considered channel
models; it only requires the channels to be isotropically distributed.
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the considered system and we investigate the SNR loss caused
by imperfect outer-tier CSIT. We evaluate our analysis by
means of Monte-Carlo simulations in Sec. VI-C.

A. Outer-Tier MET and Inner-Tier ZF Beamforming

With ZF beamforming and single-antenna users, the input-
output relationship (1) reduces to

yu = σuγuu
H
uFo

fi,uxu +

U∑
j=1,j 6=u

fi,jxj

+ zu, (43)

where we omit the superscript (1) as used in (2), since the
channel reduces to just a single singular value σu and its
corresponding left singular vector uu. The ZF precoder of
user u can be obtained from

fi,u = HH
o

(
HoH

H
o

)−1
eu, (44)

Ho = [u1, . . . ,uU ]
H

Fo ∈ CU×U , (45)

where eu ∈ CU×1 denotes the u-th canonical basis vector.
There are several meaningful ways for the selection of the

power normalization factor γu. If we consider an instantaneous
power constraint, we would select γu according to

γ2
u=

Pu

‖Fofi,u‖2
=

Pu

eH
u (HoHH

o )
−1

HoFH
o FoHH

o (HoHH
o )
−1

eu
.

(46)

For this expression, however, we were not able to calculate
a good closed-form approximation of the average SNR βu =
E((σuγu)2)

σ2
z

. If we consider a hybrid precoding architecture,
where fi,u is implemented in base band and Fo is realized
by passive/active radio frequency (RF) components after the
power amplifier (PA), we would rather consider a power
constraint on the PA-output leading to

γ2
u =

Pu

‖fi,u‖2
=

Pu

eH
u (HoHH

o )
−1

eu
. (47)

We consider this power constraint in our analysis below.
Notice, in the massive MIMO limit of Nt → ∞, Eq. (46)

reduces to (47), since FH
o Fo → IU due to asymptotic

orthogonality. However, this limiting case becomes relevant
only slowly, as we show in Fig. 8, where we plot the per-
user transmit power for Pu = 1 and U = 10, when using
the power constraint (47), as a function of the number of
transmit antennas Nt. We observe that the transmit power
for large Nt converges to one, corresponding to the power
constraint (46); yet, for small Nt the transmit power is far
below one. The reason for this behavior is that with small
number of antennas the inner product between the channel
vectors of different users is generally not small and, therefore,
the orthogonalization by the ZF beamformer effectively causes
a power reduction of the intended signal. Nevertheless, Fig. 8
also shows that the average transmit power with perfect
and imperfect outer-tier CSIT is very similar, even when
considering a large chordal distance error of d̄2

c = 0.5, not
only in the massive MIMO limit but also for relatively small
numbers of antennas. Hence, the statement obtained below
for the SNR loss caused by imperfect outer-tier CSIT is
approximately valid for both power constraints, since the SNR
loss only depends on the relative receive power with perfect
and imperfect CSIT for equal transmit power, irrespective of
whether the transmit power is one or below one.

B. Asymptotic Achievable Rate and SNR Loss

The achievable transmission rate of the considered scenario
is in the massive MIMO limit governed by the following
theorem for perfect and imperfect outer-tier CSIT:

Theorem 2. With perfect inner-tier CSIT and imperfect outer-
tier CSIT with average chordal distance error d̄2

c , the per-user
achievable transmission rate of (imperfect) outer MET precod-
ing and inner ZF beamforming, with the power constraint (47),
Nt →∞ and isotropically distributed channel vectors, is well
approximated by

E

log2

1 +
Puσ

2
u

σ2
z

[
(HoHH

o )
−1
]
u,u


→ log2

(
1 +

PuNt

σ2
zH
−1
d̄2
c

)
,

(48)

H−1
d̄2
c

=
1

4md̄2
c

(
λ−

d̄2
c

λ+
d̄2
c

+
λ+

d̄2
c

λ−
d̄2
c

+ 2

)
, (49)

λ+
d̄2
c

= md̄2
c

+ sd̄2
c
, λ−

d̄2
c

= md̄2
c
− sd̄2

c
, (50)

md̄2
c

= (1− d̄2
c) +

U − 1

Nt
, (51)

s2
d̄2
c

=
U − 1

Nt

(
4 (1− d̄2

c)
2 + 2 (1− d̄2

c) d̄2
c+

4 (1− d̄2
c)
U − 2

Nt
+
U − 2

Nt

)
, (52)

Ho = [u1, . . . ,uU ]
H

Fo, Fo = [û1, . . . , ûU ] . (53)

Here, ûi denotes the imperfect estimate of ui available at the
transmitter, such that E

(∣∣uH
i ûi

∣∣2) = 1 − d̄2
c . The factor md̄2

c

denotes the expected value of the mean of the eigenvalues
of the matrix HoH

H
o and similarly sd̄2

c
denotes the expected

value of their standard-deviation. Correspondingly, λ+
d̄2
c
, λ−

d̄2
c

denote “typical” eigenvalues that lie one standard deviation
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above and below the mean. The proof of Th. 2 is provided in
App. B. It utilizes the bounds for the trace of the inverse of
symmetric positive definite matrices developed in [45].

From Th. 2 we immediately deduce the following corollary:

Corollary 2.1. The SNR loss in [dB] of outer-tier MET
precoding with imperfect CSIT combined with inner-tier ZF
beamforming with perfect CSIT, with respect to outer-tier MET
precoding and inner-tier ZF beamforming with perfect outer-
and inner-tier CSIT, is in the massive MIMO limit Nt → ∞
for isotropically distributed channel vectors and either power
constraint (46) or (47) well approximated by

∆SNRd̄2
c

= 10 log10

(
H−1

d̄2
c

H−1
0

)
, (54)

where H−1
0 is obtained from (49) for d̄2

c = 0.

The receive SNR with perfect and imperfect CSIT is de-
termined by two factors: 1) the inner-product between the
normalized channel vector ui and the ZF beamformer of user
i; 2) the transmit power with perfect and imperfect CSIT.
The first factor is independent of the power normalization
and is thus the same for both power constraints (46), (47).
The transmit power, however, is different. For the power
constraint (46) it is equal to Pu with perfect and imperfect
CSIT by construction. For the power constraint (47), the
transmit power depends on Nt as shown in Fig. 8, but tends
to the same value for perfect and imperfect CSIT. Hence, the
SNR loss of both power constraints tends to the same value,
as it only depends on the receive power ratio with perfect and
imperfect CSIT for equal transmit power.

C. Evaluation of the Approximations

In Fig. 9, we evaluate the asymptotic rate approximation
of Th. 2 for Nt = 100, U = 10, Pu = 1 and d̄2

c ∈
{0, 0.1, 0.25, 0.5, 0.75} assuming Rayleigh fading channels.
We observe that the rate approximation (48) provides a tight
fit to the simulated rate. As expected, with growing CSIT
error, the SNR loss w.r.t. perfect CSIT increases. In Tab. I,
we provide a comparison between the simulated SNR loss

TABLE I
COMPARISON OF SNR LOSS VALUES OBTAINED FROM SIMULATIONS AND

FROM (54) FOR THE SCENARIO SHOWN IN FIG. 9.

CSIT error d̄2
c Simulated SNR loss SNR loss (54)

0.1 0.51 dB 0.51 dB
0.25 1.40 dB 1.41 dB
0.5 3.45 dB 3.5 dB

0.75 7.38 dB 7.40 dB

(measured at high SNR) and the approximation provided
in Cor. 2.1. Again, we obtain a tight fit between the simulated
values and the approximation; hence, Eq. (54) can be utilized
to determine the necessary CSIT accuracy to achieve a certain
SNR loss, which in turn can be employed to determine the
required codebook sizes using, e.g., Eqs (22), (25), and (26)
in case of RSQ and dual-stage CSI quantization.

VII. APPLICATION EXAMPLE

In this section, we apply the proposed two-tier CSI feedback
and precoding methods on real-world measured channel traces.
The channel traces have been measured on the Nokia Bell Labs
campus in Stuttgart, Germany, as reported in [46]. In Sec-
tions VII-A and VII-B, we briefly describe the measurement
and simulation setup, resp., and in Sec. VII-C we provide the
simulation results based on measured channel traces.

A. Measurement Setup

The base station was equipped with a uniform planar
antenna array (UPA) of size Nt = Nv × Nh = 4 × 16 = 64
patch antenna elements, where Nv = 4, Nh = 16 are the
number of rows and columns of the UPA, and was mounted
on a roof top at a height of 20 m with a mechanical down-tilt
of 10◦. The vertical distance of the patch antenna elements
was dv = λ and the horizontal distance was dh = λ/2, where
λ is the wavelength at the carrier frequency of fc = 2.18 GHz.

At the user side, two monopole receive antennas were
mounted on the roof of a car with a distance of 15 cm. The
channel was measured along two different routes in line of
sight (LOS) and non line of sight (NLOS) conditions. The
car was driving with a speed between 15 km/h and 25 km/h.
The channel has been estimated once per LTE resource block
(RB), i.e. once every 0.5 ms and 180 kHz. The measurement
data covers a total bandwidth of 10 MHz. For our simulations,
we utilized six measured channel traces, each with a length
of 250 ms. We normalized the channel traces to an average
power of Nt · Nr = 64 · 2, in order to be able to vary the
SNR of the users. A few more details to the measurement
setup can be found in [36], where we already utilized the same
measurement data for ZF beamforming with Nr = Ns = 1.

B. Simulation Setup

We utilize the measured channel traces for the simulation
of multi-user MIMO transmission to U = 6 users with
Ns = 2 streams per user, including explicit CSI feedback
from the users. The measured channel traces provide the
time-frequency selective channel transfer functions of an LTE
compliant OFDM system. In our system model in Sec. II-A,
we assume a frequency-flat channel corresponding to a single
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OFDM subcarrier. However, providing CSI feedback for each
OFDM subcarrier imposes too much overhead. We therefore
consider wideband CSI feedback in this section, calculating the
channel eigenmodes U

(Ns)
j from an eigendecomposition of the

channel correlation matrix, which is estimated by averaging
over a time-window of 15 transmission time intervals (TTIs),
i.e., 15 · 0.5 ms = 7.5 ms, and a frequency window of 2 MHz.
We thus provide outer-tier CSI feedback with a feedback rate
in time and frequency of Rt = 1

7.5 ms and Rf = 1
2 MHz . These

feedback intervals correspond approximately to the 92.5 %
coherence time and bandwidth of the measured LOS channel
traces, whereas for the NLOS traces the coherence already
drops to approximately 85 %. As we will see below, the chosen
time-frequency feedback granularity causes an SNR loss of
3.3 dB compared to perfect CSIT. We apply dual-stage CSI
quantization as described in Sec. V, utilizing a DFT codebook
for the first stage and scalar quantization as the second stage.

C. Simulation Results

In our first simulation, we investigate the impact of the
individual quantization parameters on the SNR loss w.r.t.
unquantized CSIT. In Fig. 10, we exhibit the SNR loss
w.r.t. unquantized CSIT as a function of different quantization
parameters. Let us first consider the impact of the subspace
dimension S of the first quantization stage (the dotted line),
assuming unquantized second stage CSIT and a very large
oversampled FFT codebook for the first stage. The SNR loss is
here caused by the error floor exhibited by the FFT codebook;
as explained in Sec. V-C, this error floor can be reduced by
increasing the intermediate subspace dimension S. We observe
that the SNR loss drops very fast at the beginning for small
S, but the gain then starts to diminish. Since we will apply
the comparatively inefficient scalar quantization as the second
quantization stage, it is preferable to select a relatively small S,
to keep the quantization overhead of the second quantization
stage within reasonable limits. For our remaining simulations
we set S = 6, providing an SNR loss of approximately 2.4 dB.

With this fixed S = 6, we next vary the codebook size
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of the first quantization stage, as determined by the FFT size
(the dashed line). We observe that there is a significant gain
when going from the critically sampled FFT size of 64 to the
oversampled FFT size of 128; however, beyond that value we
hardly gain in SNR. We therefore fix the FFT size to 128 for
the remaining simulations, giving an additional SNR loss of
approximately 0.34 dB.

Finally, we investigate the impact of the scalar quantization
bits bs (the solid line). As expected, the SNR loss diminishes
with growing number of bits. For our remaining simulations,
we employ bs = 4, causing an additional SNR loss of
approximately 0.56 dB and thus a total SNR loss of 3.3 dB
w.r.t. unquantized CSIT.

With these parameter choices, we end up with a total
feedback overhead of(

log2

((
NDFT

S

))
+ S Ns bs

)
RfRt ≈ 5.36 bit/ms/MHz.

for the outer-tier CSI feedback. In Fig. 11, we show the actual
achievable rate performance of the system as a function of
the transmit SNR Ptot/σ

2
z . We apply inner-tier BD precoding

with equal power allocation Pu = Ptot/U (solid) as well as
RBD precoding with water-filling power allocation amongst
users and streams (dashed). We compare the performance
with perfect CSIT, unquantized CSIT with the feedback rates
Rt, Rf as before, and imperfect CSIT with the quantization
parameters as determined in our previous simulation. At high
SNR, we observe the respective SNR losses according to our
choices of feedback rates and quantization parameters. Since
RBD and BD provide the same performance at high SNR,
they both also exhibit the same SNR loss. Of course, to apply
the inner-tier BD and RBD precoders, the system additionally
has to supply inner-tier CSI feedback. As we demonstrate
in our related conference paper [36], already established
feedback methods, such as the differential manifold quantizers
in [11, 12], can be utilized for this purpose.

VIII. CONCLUSION

We proposed a novel dual stage Grassmannian quantization
approach that enables efficient CSI quantization in massive
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MIMO scenarios with low computational complexity. We
provided an analytic characterization of the proposed dual
stage product codebook design and evaluated its performance,
revealing a relatively small degradation compared to single
stage quantization. We furthermore applied the proposed prod-
uct codebook for CSI quantization in a two-tier precoding ar-
chitecture and calculated closed-form analytic expressions for
the achievable transmission rate with imperfect outer-tier CSIT
in the asymptotic regime Nt →∞. These results facilitate the
selection of the quantization parameters to achieve a certain
SNR loss compared to perfect CSIT. Our prospective future
work includes the combination of the proposed methods with
some form of frequency-independent channel reciprocity, such
as, the reciprocity of the angular scattering function, to further
reduce the required feedback overhead.
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APPENDIX A
PROOF OF THEOREM 1

To prove Th. 1, we first consider the following decomposi-
tion of B̂j defined in (20)

B̂j = BjB
H
j B̂j +

(
IS −BjB

H
j

)
B̂j ,

= BjB
H
j B̂j + B⊥j

(
B⊥j
)H

B̂j , (55)

where B⊥j denotes a basis for the orthogonal complement of
span (Bj). Due to the construction of Bj , we have

tr

((
U

(Ns)
j

)H
Û

(S)
j

(
Û

(S)
j

)H
U

(Ns)
j

)
=

tr

((
U

(Ns)
j

)H
Û

(S)
j

(
BjB

H
j + B⊥j

(
B⊥j
)H)(

Û
(S)
j

)H
U

(Ns)
j

)
= tr

((
U

(Ns)
j

)H
Û

(S)
j BjB

H
j

(
Û

(S)
j

)H
U

(Ns)
j

)
, (56)

where the second equality follows from (18). We conclude∥∥∥∥(U(Ns)
j

)H
Û

(S)
j B⊥j

∥∥∥∥ = 0⇔
(
U

(Ns)
j

)H
Û

(S)
j B⊥j = 0. (57)

Now consider the distortion of the dual stage codebook

Ns − d2
c

(
U

(Ns)
j , Û

(Ns)
j,dual

)
=

tr

((
U

(Ns)
j

)H
Û

(S)
j B̂jB̂

H
j

(
Û

(S)
j

)H
U

(Ns)
j

)
=

tr

((
U

(Ns)
j

)H
Û

(S)
j (BjB

H
j B̂j)(B̂

H
j BjB

H
j )
(
Û

(S)
j

)H
U

(Ns)
j

)
,

(58)

where we utilized the decomposition (55) and exploited (57) to
eliminate the terms involving B⊥j . Next, consider the product
of the four matrices in the center

E
(

tr
(
BH
j B̂jB̂

H
j Bj

))
=

Ns − E
(
d2
c

(
Bj , B̂j

))
= Ns − d̄2

c,2 (59)

For isotropically distributed B̂j , i.e. RSQ, and/or Bj it fur-
thermore holds that

E
(
BH
j B̂jB̂

H
j Bj

)
=

(
1−

d̄2
c,2

Ns

)
INs . (60)

Plugging (60) into (58) and taking the expectation, we get

Ns − d̄2
c,dual =

(
1−

d̄2
c,2

Ns

)
·

E
(

tr

((
U

(Ns)
j

)H
Û

(S)
j BjB

H
j

(
Û

(S)
j

)H
U

(Ns)
j

))
(61)

⇒ d̄2
c,dual = Ns −

(
1−

d̄2
c,2

Ns

)(
Ns − d̄2

c,1

)
. (62)

APPENDIX B
PROOF OF THEOREM 2

Consider the achievable transmission rate of the considered
ZF transmission (44) with the power constraint (47)

Ru = E

log2

1 +
Puσ

2
u

σ2
z

[
(HoHH

o )
−1
]
u,u


 . (63)

For massive MIMO with Nt → ∞, the values inside the
logarithm tend towards their expected values and, hence, the
rate is determined by the average output SNR

Pu E
(
σ2
u

)
σ2
z E
(
[(HoHH

o )−1]u,u

) . (64)

For massive MIMO and the channel normalization considered
in (3), the squared-singular value σ2

u goes to one, due to
channel hardening [47]

E
(
σ2
u

) Nt→∞−→ σ2
u
Nt→∞−→ 1. (65)

The SNR is thus determined by the u-th diagonal element of
the positive-definite matrix (HoH

H
o )−1.

When considering the limiting case Nt → ∞, it is com-
mon to invoke a mutual orthogonality condition, such as,
|uH
i ûj |2 → 0, and to simply assume that HoH

H
o → IU and,

hence,
(
HoH

H
o

)−1 → IU . This approach is valid if the number
of users U is a constant; yet, this assumption does not provide
an accurate result if U scales linearly with Nt and thus the
dimensions of HoH

H
o also grow unbounded. In this case, it is

still true that the off-diagonal elements of HoH
H
o go to zero;

however, since their number goes to infinity at the same rate,
the off-diagonal elements of

(
HoH

H
o

)−1
are not negligible.

According to [45],
[
(HoH

H
o )−1

]
u,u

can be upper bounded
as follows[

(HoH
H
o )−1

]
u,u
≤ 1

4 [HoHH
o ]u,u

(
α

β
+
β

α
+ 2

)
, (66)

where α denotes a lower bound on the smallest eigenvalue of
(HoH

H
o ) and β is an upper bound on the largest eigenvalue.

Such upper and lower bounds on the smallest and largest
eigenvalues have been published in [48]

λmin
(
HoH

H
o

)
≥ m− s

√
U − 1, (67)
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λmax
(
HoH

H
o

)
≤ m+ s

√
U − 1, (68)

m =
tr
(
HoH

H
o

)
U

, s2 =
tr
(
(HoH

H
o )2
)

U
−m2, (69)

where m is the mean of the eigenvalues and s2 is their vari-
ance. To calculate these bounds for massive MIMO, we have
to determine the diagonal elements of HoH

H
o and (HoH

H
o )2

for Nt → ∞, which we perform further below. However, it
turns out that these bounds are far from tight in our situation;
in fact, depending on d̄2

c , (67) can equate to a negative lower
bound for the strictly positive eigenvalues of HoH

H
o .

We thus propose to evaluate (66) employing ”typical“
eigenvalues to acquire an estimate of

[
(HoH

H
o )−1

]
u,u[

(HoH
H
o )−1

]
u,u
≈ 1

4 [HoHH
o ]u,u

(
λ−

λ+
+
λ+

λ−
+ 2

)
, (70)

where λ+, λ− denote eigenvalues that lie one standard devia-
tion above and below the mean5, i.e.

λ+ = m+ s, λ− = m− s. (71)

We now proceed with the calculation of the elements[
HoH

H
o

]
k,`

for k 6= `

[
HoH

H
o

]
k,`

=

U∑
i=1

uH
k ûiû

H
i u` =

uH
k ûkû

H
k u` + uH

k û`û
H
` u` +

∑
i 6={k,`}

uH
k ûiû

H
i u`. (72)

For Nt → ∞, we have d2
c (uk, ûk) → d̄2

c . With this, we de-
compose the CSIT estimate according to: ûk = uk

√
1− d̄2

c+
u⊥k d̄c, where uH

k u⊥k = 0. This leads to

uH
k ûkû

H
k u` = (1− d̄2

c)u
H
k u` +

√
1− d̄2

c d̄c
(
u⊥k
)H

u`.

Applying a similar decomposition to û`, we can further
develop (72) as

[
HoH

H
o

]
k,`
→ uH

k

2(1− d̄2
c) +

∑
i 6={k,`}

ûiû
H
i

u`+√
1− d̄2

c d̄c

((
u⊥k
)H

u` + uH
k u⊥`

)
. (73)

For the diagonal elements
[
HoH

H
o

]
k,k

, with k = `, the
calculation is very similar, with the only difference that in (72)
there is then only one term in front of the summation[

HoH
H
o

]
k,k
→ (1− d̄2

c) +
U − 1

Nt
, (74)

where the terms uH
k ûiû

H
i uk,∀i 6= k follow a beta-distribution

β (1, Nt − 1) and thus tend towards 1/Nt. From this result and
the mean of the eigenvalues according to (69), we get (51).

The diagonal elements
[
(HoH

H
o )2
]
k,k

are obtained from

[
(HoH

H
o )2
]
k,k

=

U∑
`=1

[
HoH

H
o

]
k,`

[
HoH

H
o

]
`,k

5Notice, if we assume λ+ ≈ m and λ− ≈ m we again end-up with the
inaccurate result

(
HoHH

o

)−1 → IU .

=

U∑
`=1

∣∣∣[HoH
H
o

]
k,`

∣∣∣2 . (75)

since
[
HoH

H
o

]
`,k

is the complex-conjugate of
[
HoH

H
o

]
k,`

.
When evaluating the squared absolute value of (73), the mix-
terms involving uk,u

⊥
k and u`,u

⊥
` are negligible in the

massive MIMO limit. Only the square-terms are relevant∣∣∣∣∣∣uH
k

2(1− d̄2
c) +

∑
i 6={k,`}

ûiû
H
i

u`

∣∣∣∣∣∣
2

−→

1

Nt

(
4(1− d̄2

c)
2 + 4(1− d̄2

c)
U − 2

Nt
+
U − 2

Nt

)
,∣∣∣∣√1− d̄2

c d̄c

((
u⊥k
)H

u` + uH
k u⊥`

)∣∣∣∣2 → 2

Nt
(1− d̄2

c)d̄
2
c , ` 6= k.

(76)

Plugging (74) and (76) into (75), we get[
(HoH

H
o )2
]
k,k
→
(

(1− d̄2
c) +

U − 1

Nt

)2

+
U − 1

Nt
·(

4(1− d̄2
c)

2 + 2(1− d̄2
c)d̄

2
c + 4(1− d̄2

c)
U − 2

Nt
+
U − 2

Nt

)
.

(77)

With this, we can finally calculate the variance of the eigen-
values (69) as given in (52).
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