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• Nonlinear kinetic model for the esti-
mation of carbon monoxide in bio-
mass combustion.

• Automatic partitioning and estimation
concept for carbon monoxide emissions.

• Fuzzy framework for the combination
of different black-box structures.

• Resulting model structure is applic-
able for controller and carbon mon-
oxide soft sensors.
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A B S T R A C T

Tighter legal emission limits require means to prevent releasing harmful substances into the atmosphere during
the combustion of biomass. Economic considerations suggest to meet these restrictions by improving the ability
to predict and therefore prevent emissions, which can be done by improved control algorithms. This work
presents different methods to obtain models for the prediction of carbon monoxide emissions in a small-scale
biomass combustion furnace for wooden pellets. The presented models are intended for an application in model
based control, either as part of the underlying model or for carbon monoxide soft sensing and fault detection.
The main focus is on simple structures which can be handled by the already existing hardware of the furnaces.
Different black-box models and a kinetic process model are introduced and compared. The black-box models are
based on the measured flue gas oxygen concentration and the combustion temperature, since these measure-
ments are typically available even for smaller plants. The obtained models are validated with measured data in
order to find the most suitable structures, of which combined fuzzy black-box models show the most promising
results. The presented methodology can be readily applied to the investigated furnace. However, the model
parameters have to be adapted for other plants.
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1. Introduction

The combustion of wooden biomass is a renewable and carbon di-
oxide (CO2) neutral source of energy. Alongside the formation of CO2

other harmful gaseous emissions like carbon monoxide (CO), nitrogen
oxides (NOx) and particulate matter are released into the atmosphere.
Legal restrictions and an environmental conscious combustion require
to minimize these emissions. Secondary measures for flue gas cleaning
can be expensive additions especially to small-scale furnaces, whereas
improving the existing combustion control can be more cost efficient.
This however requires capable and advanced control strategies, as well
as means to anticipate the formation of pollutants during the process.
This work therefore aims to provide and compare different data driven
model approaches and a kinetic model tailored for the application in
model based control for small-scale biomass combustion furnaces with
limited computational capacities. The provided models are intended to
be utilized either for soft-sensing and subsequent CO sensor fault de-
tection or as part of the underlying model for the controller. A modeling
framework is presented that is able to cover the considered range of
operation and dynamic load changes of the investigated furnace for the
combustion of wooden pellets.

Capturing the different thermo-chemical processes occurring during
the combustion of biomass is a difficult task and first principle models
often have to be designed anew for every specific furnace type [1].
Stoichiometric white-box descriptions behind the combustion of
wooden biomass, including the formation of carbon monoxide and
other gaseous emissions are described in literature. An overview is
given for example in the handbook of combustion [2]. Stoichiometric
approaches help to understand the physical phenomena behind the
combustion process, but their application requires permanent knowl-
edge of the fuel composition and the fuel flow entering the system [3],
which is rarely the case for small-scale furnaces. The same restrictions
apply to kinetic or non-stoichiometric approaches [4], if detailed mass
and energy balances are necessary. Models based on partial differential
equations as in [5], even if they are compactly formulated as in [6], can
yield satisfying results, but are often too complex for a direct applica-
tion in model based control [7]. A new kinetic model approach to es-
timate the CO emissions is therefore presented.

Black-box models on the other hand are based on measured input
and output data without default specifications for their internal struc-
ture. Hence, any available measurement or signal can directly be used
as input to describe a specific output. Measuring the CO concentration
in the flue gas reliably can be very expensive for small-scale furnaces
and is currently not standard, however it is required to meet the legal
restrictions. If no sensor is available, an emission estimation model can
be used to predict potential violations and to increase the performance
of the plants. In biomass combustion, the classification of measured
input–output data has resulted in characteristic CO concentration dia-
grams as presented in [8] for different furnaces and in [9] for different
fuels. These diagrams display the carbon monoxide levels over the ex-
cess air ratio and/or the combustion temperature. In [10] CO- dia-
grams are used to describe the effects to the CO formation when the fuel
composition changes. A rule based fuzzy control concept built on these
characteristics has been derived in [11] for example. Another rule
based control strategy for CO emission reduction is presented in [12].
These approaches do not rely on explicit emission models, but rather
directly formulate the control rules depending on the current CO-
combinations. The prediction of the CO concentration due to transient
processes however is not displayed by these diagrams. Black-box
models can be utilized to close the gap between these observations and
the requirements for advanced control algorithms.

Data driven models for the estimation of CO however have been
sparsely represented in literature compared to the extensive research
conducted for the estimation of NOx. In [1] for example, neuro-fuzzy
models with a distributed logic processor structure are introduced to
estimate the NOx concentration of a fluidized bed combustion plant.

The prediction of multiple emissions with regression based neural
networks is presented in [13] for a 600MW utility boiler. Machine
learning methods have been applied as well, like deep learning tech-
niques to model NOx based on flame radical image processing [14].
Exploratory surveys of different black-box structures again for the es-
timation of nitrogen oxides are presented in [15] and in [16]. While
[15] derived models for the NOx estimation in natural gas fired boilers
and [16] for a coal-based boiler, both provide prediction models for
controller or soft-sensor applications. In [17] a NARX-neural network is
used to estimate CO and NOx concentrations of a medium-scale coal
furnace. Although most of these approaches focus on nitrogen oxides,
they can act as a guideline for the deployment of data driven CO
models.

This work is concerned with different approaches for the estimation
of carbon monoxide emissions in a small-scale biomass combustion
furnace for wooden pellets. The derived models are intended for the
application as a CO soft sensor or as part of a model predictive con-
troller (MPC). Due to the considered furnace size and the intended
controller integration, a major requirement for the obtained models is
that they are computationally manageable. The introduced static and
dynamic structures are based on the insight gained from literature and
the available measured data of the investigated furnace. The main re-
sult is a self-tuning fuzzy framework which can consist of a composition
of local black-box models with different structures, including regres-
sion, transfer function or Hammerstein approaches. A neural network
serves as a benchmark, since its performance has been shown in various
publications [18]. For all of the local fuzzy models a global counterpart
is trained to highlight the benefits of splitting the partitioning space.
The presented analytical model is based on kinetic Arrhenius type
equations with a special focus on the reactions of carbon and oxygen.
This provides a tailored approach for the estimation of CO which is still
applicable to the limited available hardware. The results are validated
and compared with measured data.

This paper consists of the following sections: First, a short in-
troduction of the process is given that continues with the analytical
process model. Then, the black-box structures and fuzzy methods are
introduced. Next, the observations from the measured data and the
inferred parametrization of the models is presented. Finally, the models
are validated and the results are discussed.

2. Analytical approach

This section presents the basic furnace structure and an analytical
approach to estimate the carbon monoxide concentration of the flue
gas. Although data driven approaches are getting more attention re-
cently, kinetic models are capable to meet the requirements for model
based control as well. In [5] such an analytical approach is presented,
which is derived for the estimation of NOx in a coal-fired boiler. The
model presented in this section however is even simpler and not based
on distributed process descriptions. The nomenclature of this section is
given in Table 1.

2.1. Furnace structure

The considered plant is a small-scale biomass grate furnace with two
staged combustion. A schematic of the plant is given in Fig. 1. In the
first stage on the grate, the fuel and the primary air react in a sub-
stoichiometric combustion. The intermediate gaseous products and
volatiles are fully oxidized in the second stage in the freeboard above
the grate. Small-scale furnaces (up to 1MW) differ in their designs and
therefore their available measurements. The application of oxygen
sensors in the flue gas stream and temperature measurements in the
freeboard however are standard for automated furnaces. They provide
essential process feedback and are therefore important parameters for
control strategies considering emission reduction [19]. Controllable
inputs are the intake air fan, a secondary air valve for a more precise
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burnout control in the freeboard and the fuel conveyor speed. With
those inputs, the air and fuel volume inflows are calculated which are
necessary for the derivation of the analytical model presented in this
section. The mass flow of the water in the heating circuit is commonly
not available, in contrast to the return and supply temperatures, but is
also not required for the models in this work. Solely the flue gas volume
flow is often not measured, but can be estimated from the fuel stoi-
chiometry and the oxygen measurement, e.g. as in [20]. An alternative
approach to estimate the flue gas volume flow in steady state is to
simply sum up the inputs

= + + +V V V V Vfg fuel pa sa a,leakage (1)

or to use the suggested experimental relation

= +V V V( )k
fg pa sa fg (2)

for more dynamic load changes, with Vsa as the summarized secondary
air flow, Va,leakage as the air sucked into the furnace due to leakages and
kfg as a furnace specific factor, which is determined by measurements
assuming that the stoichiometric relation between Vfuel and +V Vpa sa1 is
approximately constant. The remaining indexes are as described in
Fig. 1. Eqs. (1) and (2) however are only correct if the density of the air
and the flue gas are constant within small limits, which is typically the
case for the investigated furnace.

2.2. Considered reactions

The combustion of biomass consists of a series of complex reactions
as presented in [2]. To derive a compact kinetic model, simplifying

some of these thermo-chemical relations is necessary. For wooden
pellets according to the EN Plus standard it is assumed that the water
mass fraction of the wet fuel and the elemental composition of the dry
fuel remain constant. Additionally, the amount of trace elements like
sulfur or potassium is neglected. For the kinetic approach only ele-
mental reactions of carbon (C), oxygen (O), hydrogen (H) and nitrogen
(N) are considered. The relevant reactions on the grate are.

+R1: 2 C O 2CO2

+R2: 2xC yH 2C H2 x y

+R3: N xO 2NO2 2 x

resulting in CO, hydrocarbons (CxHy) and NOx given the substoichio-
metric air to fuel ratio < 1grate . A more detailed separation into pyr-
olysis and char combustion on the grate as in [6] or [21] is not con-
sidered in this model. The formation ofNOx is divided according to [22]
into three different mechanisms for biomass combustion: thermal,
prompt and fuel NOx. The formation of thermal NOx is not considered,
because the necessary temperature of the hot gas mixture in the free-
board is not high enough (<1000 K) for this reaction. Prompt NOx
formation takes place, if hydrocarbons are present in fuel-rich regions,
but doesn’t need to be considered for biomass if the combustion tem-
peratures are beneath 1100 K either. The major part of the measured
NOx concentration in the flue gas therefore results from the fuel ni-
trogen. For the given furnace, the flue gas NOx can be described by a
linear relation with the amount of fuel fed into the furnace. The reac-
tion for water steam (H2O)

+R4: 2H O 2H O2 2 2

can take place either on the grate or in the freeboard. The remaining
reactions of the intermediate combustion products in the freeboard are

+R5: 2CO O 2CO2 2

+ +R6: C H zO xCO y/2H Ox y 2 2 2

with z= x+ y/4. Assuming a complete burnout due to sufficient
oxygen ( > 1), residence time, temperature and turbulence, the carbon
monoxide molecules in R5 and the hydrocarbons in R6 are fully oxi-
dized. The CO concentration in the flue gas however increases rapidly if
the furnace is not operated under ideal conditions and therefore in-
dicates an incomplete combustion.

2.3. Modeling of the combustion

Based on equations R1 to R6, a kinetic grey-box model is derived for
the estimation of CO. The model consists of individual ordinary first
order differential equations for each involved species. Eventually only
the carbon monoxide concentration is of interest, although the mea-
surable flue gas oxygen and carbon dioxide concentrations are outputs
of the model as well. The nitrogen of the fuel from R3 can be eliminated
from the set of equations if the reacting oxygen is accounted for.
Assuming that mostly nitrogen oxide (NO) is generated, the reduced
amount of available O2 molecules O2,red,NO for the formation of steam
and CO2 can be expressed as

=
+ +

O
n

n n n0.5
.2,red,NO

N

C H N

2

2 2

Similarly, the hydrogen is assumed to completely react to water,
which needs a significant amount of oxygen. The reduced amount of
oxygen O2,red,H O2 can be accounted for as

=
+ +

O
n

n n n
0.5
0.5

.2,red,H O
H

C H N
2

2

2 2 (3)

The remaining O2 molecules are then available for the formation of
CO and CO2. This has to be considered in the combustion air feed. The
volume flows Vpa of primary and Vsa of secondary air are then

Table 1
Nomenclature of the analytical equations for this section.

Symbol Description Unit

A frequency factor 1/s
c concentration of species C,O,H,N 1
E activation energy J/mol
m mass flow kg/s
n molar quantity mol

Rg universal gas constant J/(mol K)
T temperature K
V volume m3

V volume flow m3/s
x, y, z molecular ratios 1

Fig. 1. Basic structure of the investigated 100 kW grate combustion furnace
with the location of the measurements of flue gas oxygen O2, freeboard tem-
perature Tf , carbon monoxide CO and nitrogen oxide NOx concentrations.
Volume flows: primary air Vpa, secondary air 1 and 2 Vsa1,2, biomass fuel Vfuel,
flue gas Vfg and water mass flow mw of the heating circuit. Temperatures: flue
gas Tfg, supply water Tsup and return water Tret.
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=V V O O k0.21 [1 ]pa pa,in 2,red,NO 2,red,H O shift2

and

=V V O k0.21 [1 (1 )]sa sa,in 2,red,H O shift2

where Vpa,in and Vsa,in are the measured or calculated primary and sec-
ondary air volume flows into the furnace and kshift is a experimentally
determined factor between 0 and 1 that shifts the oxygen consumption
due to the formation of H2O from R4 and R6 between grate and free-
board. The concentration of oxygen on the grate cO2,g is

= +
dc

dt
V V V c V R

O
1 fuel,O pa O 0 1,kin

2,g
2 2,g (4)

with V1 as the virtual grate volume, Vfuel,O2 the volume flow of oxygen
contained in the fuel, V0 the volume flow from the grate into the free-
board and R1,kin as the kinetic reaction rate. The volume flowV0 is given
as

=V V V0 fg sa

and the kinetic reaction rate based on R1 as

=R A V c c E
R T

exp1,kin 1 1 O C
2 1

g
2,g

with the experimentally determined frequency factor A1 and activation
Energy E1. The carbon part is given by

=dc
dt

V V c V RC
1 fuel,C C 0 1,kin (5)

with Vfuel,C as the volume flow of carbon into the system. The con-
centration of carbon monoxide from the grate cCOg is obtained as

=
dc

dt
V R c V2 .

CO
1 1,kin CO 0

g
g (6)

Due to the simplified reaction kinetics an additional state is in-
troduced in the freeboard to account for the dynamic behavior of the
process. This state represents an all-pass denoted as Ra and is defined as

=dR
dt

t R Ra
a 2,kin a

with ta as an experimentally determined time constant and the kinetic
reaction rate R2,kin based on R5 as

=R A V c c E
R T

exp2,kin 2 2 O CO
2 2

g
2,f f

with the experimentally determined frequency factor A2 and activation
Energy E2. The oxygen concentration in the freeboard cO2,f is

= +
dc

dt
V c V V c V k R k R(1 )O

2 O 0 sa O fg a 2,kin a a
2,f

2,g 2,f (7)

with the volume V2 and ka as the experimentally determined all-pass
gain for the system. The concentration of carbon dioxide cCO2,f in the
freeboard is obtained from

=
dc

dt
V R c V k R R2 ( )CO

2 2,kin CO fg a 2,kin a
2,f

2,f (8)

and the concentration of carbon monoxide cCOf is

=
dc

dt
V c V c V R .CO

2 CO 0 CO fg 2,kin
f

g f (9)

The carbon monoxide in the flue gas originates from R1, but can
also be a product of the incomplete oxidation of hydrocarbons at any
stage. Modifying R6 to account for CO leads to

+ = + +R7: C H zO (xCO y/2H O) x(1 )COx y 2 2 2

with the virtual stoichiometric factor

=T O( , ) { |0 1}f 2

which shifts the reaction from CO2 to CO depending on the measured
temperature and oxygen concentration. For a complete burnout is 1.
Since no additional oxygen is required for H2O due to Eq. (3) and z
depending on now as well, R7 is reformulated to

+ = +R8: C z O x( CO (1 )CO)x 2 2

with =z 1/(2 ). This is the basis for the kinetic reaction describing
the hydrocarbon decomposition

=R A V c c E
R T

exp3,kin 3 2 C O
z 3

g
2,f

with the experimentally determined frequency factor A3 and activation
Energy E3. The concentration of O2, CO2 and CO measured in the flue
gas is then given by:

=
dc

dt
V c c V R( )O

2 O O fg 3,kin
2

2,f 2 (10)

= +
dc

dt
V c c V R( )CO

2 CO CO fg 3,kin
2

2,f 2 (11)

= +dc
dt

V c c V R( ) (1 )CO
2 CO CO fg 3,kinf (12)

These equations are basically extending Eqs. (7)–(9) with the ad-
ditional reaction for the hydrocarbons. The kinetic model now consists
of 10 differential and a varying number of algebraic equations, de-
pending on whether the measurements of the fuel and combustion air
are available or not. In any case, Eqs. (4)–(12) represent the introduced
analytical model. Some assumptions made in this section are based on
using wooden pellets as fuel, which is the limiting factor for the ap-
plicability of this model.

3. Data driven models

In this section the methods and the structures for the data driven
models are presented. The black-box models are based on the flue gas
oxygen concentration and the freeboard temperature, as suggested in
[19]. Other inputs have been considered as well, but have been dis-
carded after a cross-correlation analysis. This work focuses on a fuzzy
approach based on different local models (submodels), which means
that not the entire partitioning space is covered by one model alone. To
emphasize the fuzzy approach, additional global models are para-
metrized for comparison. A global model is therefore a single model
that covers the entire partitioning space on its own.

3.1. Overview

The considered black-box structures are a multivariate static regression
(SR) model, a dynamic ARX model, a feed forward neural network and a
Hammerstein model (HM). Additionally, a transfer function model which
uses the SR as input is introduced. This structure is in fact a Hammerstein
model as well, but with a different description of the input nonlinearity.
The regression models are linear in the parameters, but can be nonlinear in
the inputs. The parameters for the SR and the ARX are therefore estimated
with least squares techniques. Linear regression and ARXmodels have been
applied in comparable investigations for the estimation ofNOx emissions in
[15,16] respectively. The neural nets are multi-layer perceptron (MLP)
networks with one hidden layer and one output layer as suggested in [15]
for the estimation of NOx and trained with the Bayesian regularization
method [23]. Neural networks are powerful structures and have been ap-
plied various times in literature to model combustion processes [18] and
have to be considered, if different data driven models are compared.
Hammerstein approaches are not very common for emission estimation,
which is why the applicability of these structures is investigated in this
work as well.
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3.2. Fuzzy modeling

By splitting the data into local zones, different model structures and
types can be applied, e.g. mixing dynamic and static or linear and
nonlinear submodels. The partitioning space is determined by the
oxygen concentration =u O1 2 and the freeboard temperature =u T2 f .
An explanatory block diagram of how a fuzzy model can look like is
given in Fig. 2, where a SR, ARX and a NN model are mixed. The CO
concentration is therefore a weighted sum of the outputs of the local
models that depends on the inputs up with p=1,2 and is obtained
based on [24] as

=
=

y u y( )fm
m 1

3

m p m
(13)

where u( )m p are the validity functions and ym are the outputs of the m
submodels with m=1,2,3. The selected number of submodels will be
discussed in Section 4. The validity functions m are defined as

=

=

u
µ u

µ u
( )

( )

( )
m p

m p

q 1

3

q p
(14)

where µ u( )m p = µ u( )q p are the Gaussian membership functions µ de-
fined as

= +

+

µ u( ) exp
r

u cp

u cp r u cp u cp

p
1

2(1 )

( )

( ) 2 ( )( )

m
2

1 m,1
2

m,1
2

2 m,2 2

m,2
2

m 1 m,1 2 m,2
m,1 m,2 (15)

where cpm,p are the centerpoints, m,p the spreads and rm are the cor-
relation coefficients. The correlation coefficient rotates the local
membership function in the input space and is defined between −1 and
1. The locations of the centerpoints, the spreads and the correlation
coefficients are degrees of freedom for the parametrization of the fuzzy
model.

3.3. Model structures

The following structures are defined for the global and local models
alike, though for the global structures the index m can be omitted. The
multivariate static regression models are formulated as

= + + +…
+ +

y k x k x k
x k k

( ) ( 1) ( 1)
( 1) ( )

m,SR 0 1 1 2 2

j j (16)

where y k( )m,SR is the output of a model m at sampling time k and j are
the j parameters to be estimated. The j regressors x j have a fixed time
delay of one sample, which is also applied to the inputs for the neural
network. The x j can be any combination of the inputs
u k u k( 1), ( 1)1 2 or one of the two with exponents greater than 1.
The first regressor x k( 1)0 is always 1. The additive process noise k( )
is a stochastic variable assumed to have zero mean and variance

= E k{ ( )}2 2 . In compact form, Eq. (16) can be written as

= +y Xm,SR m,SR m,SR

where Xm,SR is the ×N j matrix of regressors with N as the considered
number of input–output data, m,SR the concatenated j × 1 vector of
parameters and the ×N 1 noise vector. The distinction into local and
global regression models is illustrated in Fig. 3. A typical formulation of
the ARX model [25] is

= +…+ +
+ +…+
+ +

y k a y k a y k n
b u k n
b u k n n

( ) ( 1) ( )
( )

( 1)

n

n

m,ARX m,1 m m, m a

m,1,p p k,p

m, ,p p k,p b,p

a

b,p (17)

where na is the number of considered past outputs and nb,p is the
number of parameters for each input with the according time delay nk,p.
Again in compact form, Eq. (17) can be rewritten as

= +y Xm,ARX m,ARX m,ARX

with the filtered additive process noise

=
A z

1
( )1

where z 1 is the backward shift operator and A the denominator
polynomial of the ARX model. The solution for the parameters in for
the SR and the ARX can be obtained by solving [26]

=
= =

X X X y
i

n

i i
i

n

i i
1

T
1

1

T

(18)

where i is the i-th separate data segment of the n considered mea-
surements for the parameter estimation of each of the m zones. The
Hammerstein structure consists of a memoryless nonlinear input block
and a dynamic linear transfer function block. The static input non-
linearity is described by a piecewise linear function. The configuration
in block form is presented in Fig. 4.

The output y k( )m of a Hammerstein model is obtained as

Fig. 2. Block representation of a potential fuzzy model with mixed static and
dynamic submodels of different structure. The index fm for the output y in-
dicates that yfm is the result of a fuzzy model. The weighting or validity func-
tions determine how much a local model contributes to the output.

Fig. 3. Block representation of a fuzzy model consisting only of static regression
models (top) compared to the global SR model (bottom). This block re-
presentation also applies to the ARX and NN models. The index g indicates the
output of the global model.

Fig. 4. Block representation of the Hammerstein models with a static nonlinear
input block, the inner inputs wm and a linear transfer function block consisting
of two transfer functions Gm,p for each of the inputs p= 1,2. The dashed rec-
tangle highlights the general structure of a Hammerstein model.
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= +y k G z w k G z w k( ) ( ) ( ) ( ) ( )m,HM m,1 1 m,2 2

with the inner inputs w k( )1 and w k( )2 and the discrete transfer func-
tions G z( )m,1 and G z( )m,2 . The parameter estimation is done with the
Levenberg–Marquardt algorithm.The regression and transfer function
(RTF) model is defined as

=y k G z y k n( ) ( ) ( )m,RTF m,RTF m,SR k

with the results of the static regression model ym,SR delayed by nk
samples as input for the discrete transfer function. The gain ofG z( )m,RTF
is constrained to be 1 in order to add dynamic properties only. The
structure is illustrated in Fig. 5.

4. Measurements and model parametrization

The acquired measurements available for model training and vali-
dation are obtained by the combustion of wooden pellets from the
furnace shown in Fig. 1. They are presented in this section together
with the resulting parameterization of the global and local models as
well as the partitioning space and the membership functions.

4.1. Available measurements

The oxygen concentrationO2 in the flue gas is obtained by a lambda
sensor and is given in %-volume/ (Nm3) of the wet flue gas. Together
with the measurement of the freeboard temperature Tf in K they are the

most important sources of process feedback. In model based combus-
tion control, these measurements are typically part of the underlying
systems, as in [27] for a predictive controller or as used in [28] for
input–output linearization. Especially in combination with a state ob-
server they provide a valuable basis for the application of emission
estimation models. A nondispersive infrared (NDIR) sensor is used to
measure the concentration of carbon monoxide in the flue gas. Addi-
tional measurements were made with a combined CO- sensor, but
have proven to be inconclusive due to high cross-sensitivities with other
trace gases. The obtained CO concentration is given in ppm/(Nm3) on
dry base. The different measurements on dry and wet base are com-
pensated by the parameters of the models [15].

To identify suitable black-box models, the data used for parameter
estimation should cover the intended range of operation and reflect the
process behavior. Therefore several independent open-loop measure-
ments were taken at the test furnace in the range of 30–100% of
nominal load (100 kW). The joined time series of the acquired training
and validation data is presented in Fig. 6. The amplitudes are cut off at
1000 ppm for better visibility, but the cut data exhibits sensor satura-
tion at 3400 ppm. In the bottom part of the figure the corresponding
input values of O2 and Tf are displayed. The data shows, that the input
steps are followed by instant responses of the CO concentration and that
the new setpoints are rather static than dynamic responses within the
given sampling time. This is especially true for steps of the oxygen
concentration, but does not change the fact that the combustion itself is
a highly nonlinear and complex process. The overall amount of mea-
sured data is however limited, since not all operating conditions are
represented equally well.

For the representation of carbon monoxide, the excess air ratio is
often chosen as independent variable [22], but the oxygen concentra-
tion can be used instead as shown in Fig. 7 without introducing fun-
damental distortions. Based on the CO-O2 characteristic, a furnace
specific optimal level for the oxygen concentration O2,opt can be found
for which the average CO concentration has a global minimum. If the
oxygen level falls below this threshold the CO emissions begin to rise
steeply. Alternatively, the CO values can be displayed over the free-
board temperature as shown in Fig. 8. This allows to find a furnace
specific temperature limit Tcrit, that once underrun is followed by a

Fig. 5. Block representation of the regression and transfer function model
where the input of the additional transfer function is a SR model.

Fig. 6. Top: Available CO data for model training and validation acquired from the combustion of wooden pellets by the test furnace. The independent measurements
cover the operating range and include dynamic step responses. The data used for training is separated by grey lines and the validation data by red lines. Bottom:
Corresponding oxygen concentration O2 of the flue gas and temperature of the freeboard Tf over the accumulated time.
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considerable rise in the carbon monoxide concentration. For higher
temperatures, significant changes are mainly influenced by a lack of
oxygen. The exact location of these limits however cannot be de-
termined exactly for the given measurements, but is obtained by non-
linear optimization as presented in the next section.

4.2. Partitioning

The CO-O2-Tf data suggests to map the partitioning space with three
zones, which is presented in Fig. 9. The first zone is called the oxygen
starvation zone, where the temperature is high but oxygen levels are
not sufficient for a complete burnout of the gaseous elements in the hot
flue gas. The applicability of this zone is indicated by the oxygen con-
centration for minimal CO emissions from Fig. 7. The second zone is
called operating zone, where the temperature is high enough for a
proper burnout and sufficient oxygen supply allows for low CO emis-
sions. The last zone is called the low temperature zone, where a com-
plete burnout of gaseous elements is limited by low temperature, al-
though sufficient oxygen is available, as in Fig. 8. Additionally, the data
in the O2-Tf plane of Fig. 9 are mainly aligned along a curve that reflects
the steady state operation of the furnace. This is approximated with a
spline of order two that either constrains O2 to Tf or vice versa. A po-
tential modeling approach based on this center spline is introduced in
Section 4.4. The structures of the local models are defined on the basis
of the split training data as presented in Fig. 9, but their final

parameters are defined after the parameterization of the membership
functions.

4.3. Parametrization of the membership functions

To find suitable parameters for the Gaussian membership functions
in Eq. (15) and to overcome dependencies on initial values, a genetic
algorithm (GA) is applied for nonlinear optimization. The available
degrees of freedom (DOF) are the centerpoints cpm,p, the spreads m,p
and the correlation coefficients rm of the Gaussians. The critical tem-
perature Tcrit and the optimal flue gas oxygen concentration O2,opt as
shown in Fig. 9 are made available for the optimization as well, since
their exact location cannot be determined on the basis of the available
measurements. The centerpoints cpm,p however are excluded from the
optimization and determined in every iteration by fuzzy c-means clus-
tering (FCM) [29] instead. This guarantees, that each resulting cen-
terpoint is physically achievable by furnace operation. The resulting
centerpoints can then be used for a consecutive controller design. Since
the optimization is able to move the locations of Tcrit and O2,opt, the data
assigned to the different zones varies in every iteration. Although some
data points will move into other zones, the characteristics of each zone
are maintained if the locations of Tcrit and O2,opt are not moved sig-
nificantly during the optimization. Therefore, the local model structures
can be defined based on the initial partitioning space and do not have to
be updated permanently. Alternatively, the model structures can be
modified and adapted within the loop as well as presented in [16] for
example. Because the optimization requires only a single scalar per-
formance measure and a lot of possible model combinations exist, local
SR models are selected as basis for the fuzzy model. Their application in
the optimization is favorable due to the almost static input response
behavior of the CO concentration as described in Section 4.1 and be-
cause static models are not affected by splitting time series data, which
can lead to problems for dynamic models and clustering [30]. This
results in a fast and relatively simple optimization procedure, which
updates the zone limits, retrains the SR models, merges them to a fuzzy
model which is evaluated on the entire training set, updates the
membership parameters and repeats these steps until the optimization
is finished. The applied self partitioning fuzzy work flow based on the
local SR models with predefined structures is presented in Algorithm 1.

Algorithm 1. optimize r T, ,m,p m crit and O2,opt

Fig. 7. Concentration of carbon monoxide over the measured oxygen con-
centration. The dashed line marks the furnace specific optimal O2 level for
minimal CO emissions in steady state at nominal load. The figure shows the
separation into training and validation data in the CO-O2 plane.

Fig. 8. Concentration of carbon monoxide over the measured freeboard tem-
perature. The dashed line marks the beginning of significantly rising CO con-
centrations due to low combustion temperatures. The figure shows the se-
paration into training and validation data in the CO-Tf plane.

Fig. 9. Initial partitioning space for the fuzzy models with the oxygen starva-
tion (red), operating (green) and low temperature zone (blue). The oxygen line
corresponds toO2,opt and the temperature line toTcrit . Due to reoccurring CO-O2-
Tf combinations, a spline can be defined that reflects the steady state operation
of the furnace.
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Requirey k u k( ), ( ), predefined local SR structures
1: initialize r T, ,m,p m crit and O2,opt and start GA
2: repeat
3: split data according to Tcrit and O2,opt
4: define centerpoints cpm,p of each zone with FCM
5: retrain the local SR models with Eq. (18) for every zone
6: merge the three local SR models with Eq. (13)
7: evaluate fuzzy SR model on entire training data error
8: update r T, ,m,p m crit and O2,opt

9: untill iter < max iter || error <
10: final r T, ,m,p m crit and O2,opt

The obtained membership functions are therefore the same for all
model combinations. It has to be noted, that this procedure may favor
the results of the regression model, but that it can be conducted with
other combinations of local models or additional model selection as
well. Compared to an expected improvement of the model performance
through additional measurements however, this can be neglected. The
resulting Gaussians are illustrated in the CO-O2-Tf space in Fig. 10,
together with the new limits for Tcrit and O2,opt and the center spline,
which is briefly addressed in the next section. The results show, that the
initial temperature and oxygen lines are shifted slightly by the opti-
mization and that the Gaussians are rotated in the partitioning space.
Additionally, centerpoints of two of the three membership functions are
located almost exactly on the center spline.

4.4. Center spline model

The spline from Fig. 10 can be utilized as a new reduced system with
the local coordinate l, the position along the spline. This is done by pro-
jecting the data points onto the curvature by their shortest Euclidean
distance. It appears straight forward to use this CO-l plane as a new
modeling space for simpler models. While the black-box structures in-
troduced in Section 3 are depending on the inputs u1 and u2, models lo-
cated on the spline only depend on l. The transformed and projected data
is presented in Fig. 11. The data samples connected by the dashed lines are
the projections of dynamic setpoint changes around nominal load and
steps conducted in the oxygen starvation zone. These measurements in-
dicate, that two very different CO levels have to be described by one value
of l. Given only one independent input, a proper distinction of the different
measurements is not entirely possible and is lost to some extent in the
projection. Models located on the spline however achieve good perfor-
mances for a stationary representation of the data with simple structures
and with one input, but this approach is not pursued further.

4.5. Black-box model parametrization

The presented data for parameter identification is sampled with
Ts= 10 s. The inputs for the ARX and HM are scaled to the interval
[−1 1] and the means are removed. The latter also applies to the RTF.
The output is scaled to [0 3.5] for all models. The unscaled interval for
the inputs O2 and Tf is [0 16]% vol. and [530 960] K respectively. The
resulting model orders are selected based on the normalized root mean
squared error (NRMSE) and an evaluation criterion. Common methods
are the coefficient of determination (R2), the Akaike information cri-
terion (AIC) or the Bayesian information criterion (BIC) [31], of which
the corrected AIC (AICc) was considered due to the small number of
samples in the oxygen zone. The number of neurons for the neural
networks are chosen based on the evaluations done in [15], which is a
similar application.

4.5.1. Oxygen starvation zone models
The CO concentration in this zone is not affected by the temperature

in such a way that it is high enough for the combustion process, but
rather depends on the lack of oxygen. Although this zone is favorably
not a part of steady state operation, it is close to the settings for nominal
load of the furnace. Therefore transient effects and dynamic setpoint
changes can have a huge impact on CO levels. The static regression
model for m=1 is obtained as

=y k u k u k( ) 9.61 0.72 ( 1) 7.1 ( 1)·10 .1,SR 1 2
3

The carbon monoxide emissions in this zone heavily depend on
oxygen, but the fuzzy model has a smoother transition between the
zones if the temperature is considered as well. The RTF model is ob-
tained as

=y k y k( ) ( )1,RTF 1,SR

which is the SR models without alterations. The ARX model structure
for the oxygen starvation zone is

=y k y k y k
u k u k

( ) 0.65 ( 1) 0.18 ( 2)
7.16 ( 1) 2.7 ( 1).

1,ARX 1,ARX 1,ARX

1 2

All the local Hammerstein models have piecewise linear input
nonlinearities with 3 breaking points, which are depicted in Fig. 12.
The accompanying transfer functions are

=

=

+

+ +

G z

G z

( )

( )

z z

z z

1,1
1

0.53 0.17

1,2
1

0.02 0.41

2

2

which yields the model output y k( )1,HM according to Fig. 4. The neural

Fig. 10. CO-O2-Tf partitioning space of the measured training data, the mem-
bership functions, the centerpoints, the center spline and the zones. The tem-
perature and oxygen lines, the spreads and the rotation of the Gaussians are the
result of the nonlinear parameter optimization, whereas the centerpoints have
been defined by clustering. This figure visualizes how the fuzzy model is con-
structed and how the training data is assigned to the zones.

Fig. 11. Concentration of carbon monoxide over the projected location on the
spline. The connected lines highlights data samples due to dynamic setpoint
changes around nominal load which are difficult to describe by one input.
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network has 2 neurons in the oxygen starvation zone.

4.5.2. Operating zone models
The static regression model for m=2 is

= + +
+

y k u k u k
u k u k

( ) 0.37 1.80 ( 1) 1.23 ( 1)
3.25 ( 1) 2.44 ( 1)

2,SR 1 1
2

2 2
2

and the regression transfer function model to

= + +
+

y k y k y k
y k

( ) 3.14 ( 1) 2.90 ( )
0.85 ( 1).

2,RTF 2,SR 2,SR

2,RTF

The ARX model is

= +y k y k y k
u k u k

( ) 0.56 ( 1) 0.25 ( 2)
0.019 ( 1) 0.0587 ( 1).

2,ARX 2,ARX 2,ARX

1 2

The nonlinearities of the global Hammerstein model again with 3
breaking points are presented in Fig. 12 in the row in the middle. The
transfer functions are

=

=

+
+

G z

G z

( )

( ) .

z z
z z

z
z

2,1
1.05 0.05
1.18 0.19

2,2
1

0.976

2
2

The global neural network for this zone has 5 neurons in the hidden
layer.

4.5.3. Low temperature zone models
The last zone has higher fluctuations of carbon monoxide than the

other zones and the quality of the CO estimation in this zone is limited
by the stochastic combustion conditions. The static regression model
m=3 is

= +
+

y k u k
u k u k

( ) 8.65 0.15 ( 1)
26.15 ( 1) 19.73 ( 1)

3,SR 1

2 2
2

and the accompanying RTF is

= + +
+

y k y k y k
y k

( ) 1.76 ( 1) 1.22 ( )
0.65 ( 1).

3,RTF 3,SR 3,SR

3,RTF

The ARX model is

= +
+

+

y k y k y k
u k
u k u k

( ) 1.33 ( 1) 0.35 ( 2)
0.92 ( 1)·10
0.02 ( 2)·10 0.001 ( 3).

3,ARX 3,ARX 3,ARX

1
3

2
3

2

The nonlinearities of the Hammerstein model are presented in
Fig. 12 in the bottom row and the transfer functions for this zone are

=

=

G z

G z

( )

( ) .

z
z

z
z

3,1
1

0.99

3,2
0.93
0.92

The neural network has 3 neurons in the hidden layer of the low
temperature zone.

4.5.4. Global models
The structures of the global models are in general similar to the

local models, but usually of higher order due to the wider range of data
that has to be modeled. The static regression model is obtained as

= +
+ +

+

y k u k u k
u k u k
u k u k

( ) 4.79 1.39 ( 1) 0.18 ( 1)
0.01 ( 1) 2.54 ( 1)·10
7.05 ( 1)·10 1.79 ( 1)·10

g,SR 1 1
2

1
3

1
4 4

2
4

2
2 6

and the RTF model is

= +
+

y k y k y k
y k

( ) 1.11 ( 1) 1.73 ( )
3.85 ( 1).

g,RTF g,SR g,SR

g,RTF

The global ARX structure is

=
+
+

y k y k y k
u k u k
u k u k

( ) 1.78 ( 1) 0.79 ( 2)
1.39 ( 1) 1.38 ( 2)
1.26 ( 1) 1.23 ( 2).

g,ARX g,ARX g,ARX

1 1

2 2

The input nonlinearities of the global Hammerstein model are pre-
sented in Fig. 13 and the transfer functions are obtained as

=

=

+

+

G z

G z

( )

( ) .

g z z

g z z

,1
1

0.66 0.08

,2
1

0.59 0.19

2

2

The neural network for this zone has 6 neurons in the hidden layer.

5. Results and validation

The obtained models are validated with the two highlighted data
sets of Fig. 6 which were not available for training. The validation data
covers the entire partitioning space and therefore the range of operation
to verify the performance of the models in each zone, although the
overall amount of data is relatively small for some zones. To provide an
absolute and a relative measure, the RMSE

=
=N

y yRMSE 1 ( )
i

N

i i
1

2

and the normalized root mean squared error (NRMSE)

Fig. 13. Input nonlinearities of the global Hammerstein model over the nor-
malized inputs =u O1 2 and =u T2 f .

Fig. 12. Input nonlinearities of the local Hammerstein models of the three
zones over the normalized inputs =u O1 2 and =u T2 f .
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( ¯ )
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N

i i

i

N

i i

1
ref,

2

1
ref, ref,

2

are introduced, where N is the number of samples, yref is the measured
reference data, y is the estimated output and ȳref is the reference mean.
Since the amplitudes in the different zones vary greatly in height, the
NRMSE is used instead of the RMSE for comparison.

5.1. Local model results

The obtained local models are parametrized to perform particularly
well in the assigned zone, which has to be considered in their evalua-
tion. This is done by weighting the measured CO data available for
validation as presented in Fig. 6 with the validity functions m instead
of splitting the validation data. The transition between the zones is then
already accounted for. The obtained validity functions for the inputs u
are presented in Fig. 14. The contribution of the submodels to the CO
concentration can now be evaluated properly. The results in Table 2
present the NRMSE of the different local model structures. In the
oxygen starvation zone (1) and the temperature zone (3) all structures
perform equally well. The parameters converge fast due to the distinct
process dynamics, which are particularly expressed by the oxygen
concentration. In the operating zone (2) the lowest performances are
located. This can be addressed for example by penalizing the model
performances in the different zones in the optimization. Typically the
SR and the ARX model are the best performers. Table 2 can now be used
to find the composition for the fuzzy model by selecting the best model
of each zone. This direct selection is possible, because the validation
data is weighted with the validity functions and therefore already

considers the effects of the fuzzification. The best fuzzy (BF) model is
obtained by combining an ARX for the first, a SR for the second and a
SR structure for the third zone, which is presented in Fig. 15 in block
form.

5.2. Global model results

For a fair comparison of the fuzzy and the global models it is ne-
cessary to consider how the validation data is distributed in the local
zones. If this is not considered, the validation can be distorted by the
selected data. This can be addressed by weighting or normalizing the
performance with the duration a zone is represented or by other mea-
sures, like rating the relevance of a zone for the plant operation for
example. The resulting NRMSE’s of the fuzzy and the global black-box
models have therefore been weighted by the duration a zone is active
and are presented in Table 3. For comparability, all fuzzy models only
contain local structures of the same type (e.g. all three are ARX), except
for the best fuzzy model. The results show, that the additional effort to
separate the operating range into distinct zones and to mix different
substructures is of advantage. The multivariate static regression model
is apparently a suitable structure, as was also concluded in [15].
However, the extension to the RTF is not associated with major im-
provements. The Hammerstein model is an effective approach as well,
especially for a global application with simple input nonlinearities. Of
the investigated black-box structures, the global ARX model is found to
be the most unfit for the estimation of carbon monoxide for the given
furnace data. Local ARX models can achieve good results however,
which is also shown in [32] for a radial basis function ARX structure for
the prediction of NOx emissions in thermal power plants.

The results of the best combined fuzzy model are visualized in
Fig. 16 together with the fuzzy ARX, the global neural network and the
global Hammerstein model in the upper plot. Due to the different am-
plitudes, the validation series is split. The middle plot shows the re-
siduals together with the RMSE, where unadressed process dynamics of
some models become visible. Although further inputs or more data may
solve this issue, a closer look at the accompanying temperature in Fig. 6
indicates that the combustion is close to being extinguished, which is an
operating condition that should be avoided. The model outputs in
Fig. 16 have been cut off according to the sensor saturations, although
the models are able to extrapolate the CO concentration.

The results of the analytical approach are shown in Fig. 17. The
kinetic model is capable to estimate the CO concentration with all the
introduced simplifications. However, compared to most black-box
models and the effort taken to obtain the modeling equations, the
performance is questionable. Some of the difficulties of this approach
are the Arrhenius coefficients which are hard to obtain. Given these
results, black-box modeling is the more efficient approach, which is also
reflected in literature by the various applications of data driven models
for the estimation of NOx, as addressed in the introduction.

6. Discussion

Of all the presented methods to find suitable models for the esti-
mation of CO emissions of a small-scale biomass combustion furnace a
fuzzy model shows the most promising results. It can provide the

Fig. 14. Validity functions of the fuzzy model indicating how much each zone is
activated during validation and how a local model contributes to the current CO
concentration.

Table 2
Overview of the local model performance on the weighted validation data
evaluated with the NRMSE in %.

Local model validation

Zone/ SR RTF NN ARX HM
1 74.8 74.8 67.9 81.1 74.1
2 45.8 45.6 21.9 26.4 27.5
3 73.5 73.6 53.7 60.3 57.3

Fig. 15. Structure of the best performing fuzzy model. The selection of the local
submodels is done according to the results presented in Table 2. The best
performance is achieved by an ARX in the first, a SR in the second and a SR
model in. the third zone.

Table 3
Results of the global model performances on the validation data compared to
fuzzy models with substructures of the same type, all evaluated with the
NRMSE in %.

Overall model validation

Type SR RTF NN ARX HM BF
Global 64.8 68.0 68.4 22.5 69.2 –
Fuzzy 70.1 69.1 58.0 65.8 63.5 74.1
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required simplicity which is necessary for an implementation in a
model based controller or as a soft sensor for the given limited com-
putational hardware of the plant. It is also able to cover the entire
operating range, although the performance for low freeboard tem-
peratures could be improved. The training framework can be extended
for example with a cross-validation for structure selection in the opti-
mization loop. The obtained models can be implemented into a pre-
dictive controller to consider the emission limitations as constraints for
example or for fault detection and isolation of unreliable CO sensors.

The following contains a listing of the advantages and dis-
advantages of the different model types introduced in this work.
Whenever the modeling effort is addressed, it is implicitly assumed that
the same amount of data preprocessing has to be done for all methods.

Fuzzy and data driven models:
A major advantage of the fuzzy model is that any structure can be

used for the different subsections which allows to select the best mix of
structures. This is however accompanied by the additional a priori

effort to define and parametrize the membership functions, as well as
potential problems caused by unfavorable splits of the zones. However,
the large differences in the CO amplitudes should be taken into account
and treated separately.

• SR: A big advantage of the static regression approach is the easy
handling and the training with a least squares algorithm. The best
overall results for the estimation of CO have been achieved with this
structure. For an implementation, pre-filtering the oxygen con-
centration with a low order filter can be considered to improve
steady state estimation.
• RTF: The results of the regression transfer function model show, that
no significant improvements compared to the SR have been
achieved. Although its a simple add-on to an existing regression
model, the added value is not really worth the effort.
• ARX: The global ARX model is found to be the most unfit structure
for the estimation of carbon monoxide for the investigated furnace.
However, the local ARX structures in combination with the fuzzy
framework are able to estimate the CO concentrations very well.
• HM: The application of Hammerstein models to estimate carbon
monoxide emissions is not common, at least the authors could not
find any references. The general applicability of the structure is
however very conceivable as demonstrated in this work. By
choosing a piecewise linear function for the static nonlinearity, the
overall effort can be kept small and the structure is simple.
• NN: The neural network is straightforward to estimate with the right
tools and can quickly result in models with a good performance.
This makes it the first choice, if fast and efficient results are re-
quired.

Kinetic model:
The kinetic reaction model is difficult to obtain, has a large number

of unknown parameters and due to the Arrhenius expressions, is nu-
merically stiff. Although it is possible to find sets of parameters after
several nonlinear optimization runs, other models yield better results
and are more efficient.

Fig. 16. Top: Comparison of the best combined fuzzy model, the fuzzy ARX, the global NN and the global HM compared to the validation data. The fit is depicted by
the weighted NRMSE presented in Table 3. Middle: Residuals of the models in ppm with the weighted RMSE. Bottom: Validity functions of the fuzzy model.

Fig. 17. Top: NRMSE of the analytical model. Bottom: Residual in ppm and
RMSE.
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7. Conclusion

Several different approaches are presented in this work to find
simple and capable structures for the estimation of carbon monoxide for
the investigated small-scale biomass combustion plant for wooden
pellets. The focus of this work was to obtain models which can be used
by furnaces with limited computational power, either for controller
design and/or fault detection of carbon monoxide sensors. Of the in-
vestigated approaches, a fuzzy model based on different local structures
is considered to be the most suitable regarding complexity and per-
formance. The best performing local structures are a multivariate re-
gression model and an autoregressive model with exogenous inputs.
The Hammerstein model presents itself as a capable approach as well,
especially for a global description. Without question, neural networks
have proven their capability to estimate the emissions released from
different kind of combustion processes and other applications. The ki-
netic process model however achieved inferior results compared to the
black-box models and is additionally more complex to obtain.

The presented fuzzy framework is based on the distinction between
three zones for the classification of the data in the introduced parti-
tioning space. Separating the data as presented is based on literature
and observations and can be reproduced for different furnaces. It may
seem that the effort to obtain the fuzzy models is high compared to
what little effort is needed for a global neural network given the right
tools. This is however compensated by the performance advantage and
the fact that a fuzzy regression model for example is simple enough for
the intended operation in small-scale furnaces, shows good overall re-
sults and is efficiently parametrized in the introduced training algo-
rithm, which yields a fully parametrized fuzzy model.

The next steps are to investigate the performance of the fuzzy model
in combination with a controller or as a soft sensor, potentially ex-
tended with adaptive parameter estimation and a state observer.
Further improvements for all structures may be achieved by restricting
the carbon monoxide levels to the governmental limitations of the ap-
plied country or to use methods like deep learning for parameter esti-
mation.
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Glossary

AIC: Akaike Information Criterion.
AICc: corrected Akaike Information Criterion.
ARX: AutoRegressive model with eXogenous inputs.
BF: Best Fuzzy.
BIC: Bayesian Information Criterion.
DOF: Degree of Freedom.
FCM: Fuzzy C-Means.
GA: Genetic Algorithm.
HM: Hammerstein Model.
MLP: Multi-Layer Perceptron.
MPC: Model Predictive Controller.
NARX: Nonlinear ARX.
NDIR: NonDispersive InfraRed (Sensor).
NN: Neural Network.
NRMSE: Normalized Root Mean Squared Error.
ppm: parts per million.
RMSE: Root Mean Squared Error.
RTF: Regression and Transfer Function.
SR: Static Regression.
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