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ABSTRACT

Accurate modeling of MOEMS mirrors is crucial for their design and fabrication, as well as for proper control
within its target applications. This paper proposes a novel identification method using a generalized nonlinear
SDOF model of an electrostatically actuated 1D resonant MOEMS mirror solely based on measured scanning
trajectories and the current generated by the movement of the comb-drive electrodes. The nonlinear stiffness and
damping are identified from a decay measurement while the comb-drive torque and the rotor inertia are derived
from an actuated decay measurement, where a constant voltage is applied. The simulation with the identified
parameters closely matches the measured frequency response including bifurcations and hysteresis. Furthermore
a period-based modified index of agreement is proposed for nonlinear systems showing values of over 0.995 at
each period along the decay.

Keywords: Micro-Opto-Electro-Mechanical System (MOEMS), Resonant scanning mirror, Data based identi-
fication, Generalized nonlinear SDOF model, Actuated decay, Comb-drive torque

1. INTRODUCTION

Resonant micro-opto-electro-mechanical system (MOEMS) mirrors receive much attention in high precision scan-
ning systems since they are cheap, easy to manufacture, allow small form factors, show high performance and low
power consumption.1 For characterization and closed loop control design of the MOEMS mirrors, an accurate
model parametrization and estimation is critical to understand and manipulate its most dominant behavior.
Although MOEMS designs can have multiple degree of freedom (DOF), the dominant behavior such as scan-
ning motions are usually well separated from other eigenmodes by design, which allows modeling of the device
considering only the desired DOFs. Typically the physical parameters of the MOEMS mirror are obtained by
finite element simulations as in Ref. 2–5. Model parameter estimation methods based on experimental data are
proposed in Ref. 6 and 7, where a given nonlinear analytical model is fitted to the frequency and amplitude
data of a ring-down measurement, also called decay. In a similar manner, based on a decay measurement, an
estimation method of the effective stiffness and damping ratio of a general nonlinear system is proposed in Ref. 8,
where the parameters are identified by assuming a piecewise linear response. The method in Ref. 8 uses the
terms of instantaneous amplitude and frequency to extract the nonlinear parameters of the system. However,
all those methods provide only a pure mathematical behavioral model describing the so called backbone curve
of the system but with no actual physical parameters. Furthermore single harmonic trajectories are assumed
while it is in general no exact solution of the equation of motion in the presence of nonlinearities, especially the
nonlinear stiffness. Therefore throughout this paper the frequencies are calculated from zero crossings and may
not represent a single harmonic oscillation. Additional non-linearity may be introduced by the actuation as in
the case of comb-drives, which are electrostatic actuators and show nonlinear voltage and position dependency.5,9

The comb-drive capacitance and torque curves are usually obtained by an overlap approximation of the comb
fingers5 or by FEM simulations.10 In case of quasi-static mirrors, the comb-drive torque can be estimated by
measuring the static deflection for different applied voltages as in Ref. 2. However the accuracy of this method
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relies on the accuracy of the estimated stiffness and the inertia.

This paper proposes a complete identification of a general nonlinear model of an electrostatically actuated
resonant MOEMS mirror solely based on measurement data. First a pure behavioral model including nonlinear
stiffness and damping is identified from a decay measurement, where the stiffness is estimated such that the
equation of motion is fulfilled by assuming damping to be low. The nonlinear damping is modeled as an ampli-
tude dependent damping coefficient and is identified by matching the dissipated energy to the loss in potential
energy in each period. Additionally a possible mathematical realization of the damping behavior in terms of a
damping function is given, describing the amplitude dependent damping. After the mechanical behavioral model
of the MOEMS mirror is obtained, the electrostatic actuator is analyzed. The nonlinear comb-drive torque is
identified by simultaneously measuring the mirror angle and the current through the comb-drive capacitance
by an actuated decay. Subsequently the rotor inertia is estimated by matching the dissipated and the injected
energy at a specific amplitude point. Finally a comparison of the simulated and the measured response of the
MOEMS mirror in time and frequency domain is given.

The proposed modeling and parameter identification technique is demonstrated by a case study on an electro-
statically actuated single degree of freedom (SDOF) resonant MOEMS mirror shown in Figure 1. The scanning
trajectories are optically measured using a position sensitive detector (PSD) in the test bench proposed in Ref. 11.
The frequency response shows a hysteresis between up- and down-sweep as well as bifurcations (jumps), which
are well known behavior of such resonators.12 Due to the characteristics of the comb-drive actuation, the driving
frequency is double the mirror frequency. The arrows in the frequency response indicate uni-directional tran-
sitions, which cannot be passed in the other direction in a frequency sweep and highly depend on the system
parameters.13 Furthermore this mirror exhibits a hardening behavior with increasing amplitude due to the four
leaf springs in addition to the torsional bars. Such structures are usually used to shape the modes of the MOEMS
mirror such that the undesired modes are well suppressed. The small angle oscillation frequency of the pure
mechanical system, i.e. unactuated mirror, is given by fsmall. The circuitry used for driving the MOEMS mirror
is shown in Figure 2. A MOSFET half-bridge connects the rotor of the MOEMS mirror to a DC high voltage
supply or to ground, generating a square wave signal controlled by a single digital input. An additional digital
input SEN enables the measurement of the current collected by the stator comb-drive electrodes.
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Figure 1. (left) Picture of resonant MOEMS mirror used in this case study. The aluminum coated mirror is of rectangular
shape and operated at atmospheric pressure. For safety the whole chip is protected by a glass cover. (right) Measured
frequency response, i.e. mechanical amplitude over mirror frequency, by applying a square wave voltage (60V, 50%
duty cycle) and backbone curve obtained by a decay measurement. The mirror shows hysteresis and jumps at specific
frequencies as well as a hardening behavior with increasing amplitude.
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Figure 2. (left) Used MOSFET half-bridge to drive the MOEMS mirror, which is electrically modeled as a variable
capacitance, with square wave signals controlled by a single digital input DHV act. The output voltage switches between
GND and HVSupply. The input SEN controls the analog switch (SW). The instrumentation amplifier (IA) provides a
voltage signal VI which is proportional to the current through the MOEMS capacitance if SEN is high. (right) Principle
signaling example for current sensing. The delayed turning on of SEN is to suppress the high transient current generated
by the fast switching of the MOSFETs and to avoid damage of the instrumentation amplifier (IA).

2. NONLINEAR MOEMS MIRROR MODEL IDENTIFICATION

A general model of a SDOF MOEMS mirror is a nonlinear extension of the simple harmonic oscillator (SHO)
considering nonlinear functions for the stiffness and the damping8 as well as for the driving torque. The equation
of motion of the MOEMS mirror can be written as

J θ̈m(t) + γ
(
θm(t), θ̇m(t)

)
θ̇m(t) + k

(
θm(t)

)
θm(t) = τcomb

(
t, θm(t)

)
, (1)

which allows arbitrary stiffness k
(
θm(t)

)
and damping coefficient functions γ

(
θm(t), θ̇m(t)

)
, while a constant

inertia J is assumed. The actuation torque τcomb of the comb-drive is a function of the mechanical mirror angle
θm(t) and the applied voltage V (t) as

τcomb

(
t, θm(t)

)
=

1

2

dC
(
θm(t)

)

dθm
V 2(t) , (2)

where C
(
θm(t)

)
is the angle dependent comb-drive capacitance.

2.1 MECHANICAL BEHAVIORAL MODEL

For the estimation of the mechanical parameters in the left side of Equation (1), the mirror is driven to a high
amplitude and the decay is measured by turning off the actuation as shown in Figure 3. The amplitude over
frequency behavior of the mirror trajectory θm(t) follows the backbone curve in the right side of Figure 1, rep-
resenting the pure mechanical behavior of the mirror.

Since the unactuated mirror model in Equation (1) is not explicit and can be scaled by the inertia J , it is
normalized by arbitrarily set J = 1 kgm2 and normalized parameters are marked with a prime. This leads to a
normalized mechanical equation of motion as

θ̈m(t) + γ′(θm(t), θ̇m(t)
)
θ̇m(t) + k′

(
θm(t)

)
θm(t) = 0 . (3)

The obtained backbone curve in Figure 1 clearly shows a nonlinear stiffening of the mirror and furthermore
the right side in Figure 3 indicates a nonlinear energy dissipation as also proposed in Ref. 7. The characteristics
of a SHO at a decay measurement are a constant oscillation frequency and an exponentially decreasing envelope
described by a single exponential term. However at the presence of any non-linearity this simplified model is no
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longer valid. For example a system with linear damping and nonlinear stiffness already leads to envelopes that
cannot be fitted by only one exponential term and therefore this criteria can only be used as an indicator for
nonlinear damping.

However at low amplitudes, the mirror response becomes almost linear, i.e. the frequency is rather con-
stant and the envelope can be fitted by a single exponential function, i.e. α1 e

−β1t. Therefore the linear
stiffness and damping coefficient can be estimated by analyzing the small angle response and are derived by
k′small = (2πfsmall)

2 and γ′
small = 2β1.

-1 0 1 2 3 4 5

time [s] 10 -3

-10

0

10

m
 [

°]

0

20

40

60

80

V
(t

) 
[V

]

0 0.05 0.1 0.15

time [s]

0

2

4

6

8

10

12

14

m
 [

°]

Dataset

1
 e -

1
 t

2
 e -

2
 t

1
 e -

1
 t+

2
 e -

2
 t

Figure 3. (left) Measured decay trajectory and driving signal. The decay is initiated by keeping the actuation voltage zero.
The black dots illustrate an exemplary dataset for the evaluation of Equation (4) at a mechanical angle of 7.5◦, given by
a dashed line. (right) Decay envelope over time and its exponential function fits. The sum of two exponential functions
is necessary to properly fit the envelope over the whole decay, indicating the presence of nonlinear energy dissipation.

Since typical MOEMS mirrors have high Q factors, the torque generated by the springs is much higher
than the damping torque except at low angles. Therefore, it can be assumed that the non-constant terms of
the damping coefficient do not contribute much to the local force balance at each angular deflection. So the
nonlinear stiffness function can theoretically be estimated by simply evaluating the equation of motion given
in Equation (3) at each point of the decay. In order to cope with measurement noise, while providing enough
bandwidth for accurate trajectory reconstruction, the signal of the decay measurement is filtered by a low pass
zero phase filter with bandwidth of 12 kHz. In addition, θ̈m and θ̇m are grouped for constant angle θm and the
corresponding equivalent stiffness k′ is estimated by solving the least square problem

min
k′

∥∥∥θ̈m + γ′
small θ̇m + k′ θm

∥∥∥
2

2
, (4)

where θ̈m, θ̇m and θm are n×1 vectors containing the dataset values where the mirror hits θm. Since the velocity
is shifted in phase regarding the deflection, while the acceleration has just inverse sign, the influence of damping
on Equation (4) is even further reduced by the use of positive and negative transitions of the evaluated angle
points as indicated in the left side of Figure 3. Noise sensitivity is further reduced by imposing that the stiffness
has to be symmetric in θm, i.e. k′(θm) = k′(−θm). The evaluation of Equation (4) provides an estimated k′ value
for each angular position, which is shown in Figure 4, where also the corresponding spring torque τ ′sp = k′ θm is
shown. Since the stiffness function is forced to be symmetric, the spring torque is consequently asymmetric in
θm. The obtained curves are fitted by polynomial functions, which are used in the following analysis.

Damping models of MOEMS mirrors are still content of extensive research7,14,15 and highly depend on the
geometry and the pressure range where they are operated. As the damping torque is very low, it is difficult to
estimate it at every time instance of the decay measurement. Therefore, the nonlinear damping is approximated
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Figure 4. Estimated normalized spring stiffness (left) and torque (right) function over the mirror mechanical angle obtained
by evaluating Equation (4). The estimated values are fitted by a polynomial function using polyfit in MATLAB.

by calculating an averaged damping coefficient γ′
i for each mirror period along the decay and assume it is a

function of the mirror amplitude Θm. This allows to model any non-linearity in the damping coefficient provided
that it is relatively small and a sufficiently smooth function of the mirror amplitude.

The averaged damping coefficient can be obtained by calculating the potential energy loss in the spring from
each amplitude to the next along the decay. This corresponds to the normalized dissipated energy per cycle E′

d

in Figure 5 and can be written as

E′
d(Θm,i) = γ′

i

∫ θm(ti+1)

θm(ti)

θ̇m(t) dθm , (5)

where i denotes the ith period. Figure 6 shows the calculated damping coefficient over the mirror amplitude.

The corresponding Q factor is then calculated by Q = 2π
E′

pot(Θm,i)

E′
d(Θm,i)

, where E′
pot(Θm,i) denotes the potential

energy stored in the spring at the beginning of the period and is shown at the right side in Figure 6. The limited
measurement SNR leads to noisy estimations at low mirror amplitudes. However the small amplitude values
γ′
small and Qsmall =

2πfsmall

γ′
small

are known from the previous analysis and have to be reached asymptotically.
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Figure 5. Normalized dissipated energy per mirror period over amplitude. This energy correspond to the potential energy
difference of adjacent amplitudes in the decay measurement.
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Figure 6. (left) Amplitude dependent normalized damping coefficient γ′ of the individual periods extracted from the decay
measurement using Equation (5). The estimation gets noisy at low amplitudes due to the limited measurement SNR.
(right) Corresponding Q factor dependency. It is shown that even in normal pressure condition the MOEMS mirror has
a high Q factor which generally depends on the operation amplitude.

2.2 REALIZATION OF DAMPING FUNCTION

In order to use the identified amplitude dependent normalized damping coefficient γ′
i in the mirror model, the

current amplitude has to be known at each time step. This can be implemented by introducing an arbitrary
function which unambiguously maps the amplitude to a value that can be calculated at each time from the
current states. In this study a function h is used, which represents the amplitude state by the low-pass filtered
angular velocity squared and is shown in the left side of Figure 7. By using the decay measurement data, the
amplitude dependent normalized damping coefficient γ′

i at each period can be substituted by the h-dependent
function γ′

h(h) as shown in the right side of Figure 7.
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Figure 7. (left) Angular velocity squared of decay measurement and ideal h-function obtained by using the filtfilt-function
in MATLAB. (right) Corresponding h dependent normalized damping coefficient where the amplitude of each period is
mapped into the function h.

The normalized mechanical model is then completed as

θ̈m(t) + γ′
h

(
h(t)

)
θ̇m(t) + k′

(
θm(t)

)
= 0 (6)

1

ω2
c

ḧ(t) +
2ξ

ωc
ḣ(t) + h(t) = θ̇2m , (7)

where a second order low-pass filter (ωc = 2π800 1
s and ξ = 1) is used to obtain the corresponding h value for

the damping coefficient selection. Since θ̇2m has doubled mirror frequency (i.e. > 3400Hz), a filter bandwidth of
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800Hz is a good tradeoff between high frequency suppression and fast tracking of the mirror amplitude, needed
at a decay simulation.

2.3 COMB-DRIVE TORQUE AND CAPACITANCE

As given in Equation (2) the comb-drive torque is proportional to the derivative of the comb-drive capacitance
with respect to the deflection angle θm. The capacitance derivative can be calculated by measuring the current
through the comb-drive and the mirror angle simultaneously. The proposed method is performing an actuated
decay, where the actuation is a constant voltage (i.e. dV

dt = 0 ) and integrates the measured current (I(θm) =

V dC(θm)
dt ) generated by the mirror movement over a full mirror period as can be seen in the left side of Figure 8.

Using the equation

C
(
θm(t)

)
=

∫ tend

tstart

C
(
θm(t)

)

dt
dt+ const. =

∫ tend

tstart

I
(
θm(t)

)

V
dt+ const. , (8)

the capacitance and subsequently the comb-drive torque curve are estimated as a function of the mirror angle.
Since only the relative changes and not the absolute values of the capacitance are of interest, the capacitance
function can be arbitrarily set to ∆C(θm) = C(θm)− C(0). The results are shown at the right side of Figure 8,
where the comb-drive torque is divided by the voltage squared to provide a voltage independent value. This
method extracts the actual capacitance variation and torque curve of the MOEMS mirror during operation
accounting for all parasitic effects such as the fringing fields with only one measurement.
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Figure 8. (left) Decay measurement with constant voltage (actuated decay) and data extraction window, i.e. tstart to
tend, shown in green dashed rectangle. (right) Extracted capacitance change and comb-drive torque over mirror angle.
The torque can be easily calculated by taking the derivative of the capacitance and is here normalized by the applied
voltage squared.

2.4 ROTOR INERTIA

To derive a full model of the MOEMS mirror, the normalized mechanical parameters derived in Sec. 2.1 have to
be rescaled in order to match the actual physical parameters. This scaling factor represented by the rotor inertia
J can be estimated by matching the injected energy to the dissipated energy within one period at a steady state
oscillation. Assuming a synchronized driving condition, i.e. the voltage V (t) is switched off at zero crossing of
the mirror and switched on at the amplitude point, the injected energy per driving period is

EC(Θm) =

∫ 0

Θm

1

2
V 2 dC(θm)

dθm
dθm =

1

2
V 2

(
0−∆C(Θm)

)
, (9)

where Θm is the obtained maximum deflection amplitude for a specific voltage V and ∆C is the capacitance
function obtained in the previous section.
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From the decay measurement in Sec. 2.1, the dissipated energy per mirror period for each amplitude is known
and given in Figure 5. Since EC is an unscaled energy and it is injected two times per mirror period, the inertia
J can be calculated by

J =
2EC(Θm)

E′
d(Θm)

= 4.868 · 10−13kgm2 . (10)

This assumes that the actuation does not significantly change the mirror trajectory and therefore the energy
dissipation, which usually holds for such high Q systems driven in resonance.

The identification of the full MOEMS mirror model including also the actuation term is now completed as

θ̈m(t) + γ′
h

(
h(t)

)
θ̇m(t) + k′

(
θm(t)

)
=

1

J
τcomb(t, θm) (11)

1

ω2
c

ḧ(t) +
2ξ

ωc
ḣ(t) + h(t) = θ̇2m . (12)

The actual physical stiffness and damping coefficients can be easily calculated by k(θm) = J k′(θm) and
γh(h) = J γ′

h(h) respectively, while the Q factor and the h function are not effected by the normalization.

3. MODEL VALIDATION

In this section the identified MOEMS mirror model is simulated in MATLAB Simulink and compared to the
measured data. Figure 9 shows a comparison of simulated and measured decay response of the mirror (i.e.
τcomb = 0). For model validation of linear systems in time domain, the modified index of agreement d1

16–18 can
be used, which allows a phase and amplitude error sensitive comparison of trajectories.19 However in contrast
to linear systems, the frequency varies along the decay and a small frequency error would accumulate to a large
phase error as the time passes, resulting in a low agreement value and misleading the performance of the identified
model. Therefore a period-based modified index of agreement is proposed as

d1(i) = 1−
∑N(i)

k |θi(k)− θ̂i(k)|∑N(i)
k |θi(k)− θ̄i|+ |θ̂i(k)− θ̄i|

(13)

where θi and θ̂i denote measurement and simulation of mechanical mirror angles during i-th period from the
start of decay, respectively. θ̄i is the average value of the measured mechanical mirror angle at i-th period. The
evaluation size N(i) consists of the zero-crossings at start and end of the i-th period as well as all measured
sample points in between. The simulation data of i-th period is shifted in time to match the corresponding start
zero-crossing of the measurement and is interpolated at the times corresponding to the measured sample points
to obtain θ̂i(k). The right side of Figure 9 illustrates the period-based modified index of agreement along the
decay measurement showing that the derived model fits the measured data with an modified index of agreement
of at least 0.995 at each period in this case study.

Figure 10 shows the simulation of the frequency response and a comparison to the measurements. The mis-
match at low amplitudes and high frequency is subject of further investigation. Besides the simulation results
closely match the measured amplitude over frequency behavior of the MOEMS mirror. The derived model also
shows hysteresis and bifurcations, which accurately match to the measurement even though the model parame-
ters are identified solely from a decay and an actuated decay measurement data.

The identified MOEMS mirror model shows a good agreement in time and frequency domain and provides
physical parameters of the system. This enables MOEMS designers to prove their simulations and also manufac-
turers to accurately detect variations in all system parameters separately. Furthermore the model can be easily
used for closed loop control design and stability analysis.
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Figure 9. (left) Decay trajectory comparison of simulation and measured data. Only about first four periods are shown
for clarity of the trajectories. (right) Index of agreement calculated for each individual period. The accumulated phase
error is compensated by shifting the trajectory of each period in time such that the first zero crossings match.
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Figure 10. Measured and simulated frequency response of MOEMS mirror. The derived model closely matches the
measured response and shows the same characteristic hysteresis and jumps at the same driving conditions (i.e. 60V, 50%
duty cycle).

4. CONCLUSION

An identification method for a generalized nonlinear SDOF model is proposed to characterize a SDOF resonant
MOEMS mirror, without need of prior knowledge on the used modeling parameters but solely measurement
data. Since even at atmospheric pressure, resonant MOEMS mirrors have Q factors in the range of several
hundreds, the nonlinear stiffness is estimated by neglecting the damping nonlinearities and solving a least square
problem at each mechanical mirror angle of a decay measurement. Subsequently the nonlinear damping is ap-
proximated by averaged damping coefficients for each period, which are assumed to be amplitude dependent.
As a realization of the identified damping behavior a function h is introduced, which represents the amplitude
state. The comb-drive capacitance and torque are estimated by a simultaneous measurement of the angle and
the current through the comb-drives by an actuated decay. This method provides an accurate identification of
the actuation torque without any additional knowledge of the system and represent real physical values. By a
synchronized driving of the mirror and matching of injected and dissipated energy, the rotor inertia is calculated
to J = 4.868 · 10−13kgm2, which enables a full response simulation of the mirror. The derived nonlinear model
is verified in time domain by introducing a period-based modified index of agreement which results in values of
over 0.995 at each period. The frequency response also shows a close match especially at the bifurcations, which
are never considered in the identification.

As next steps, the proposed identification method of the MOEMS mirror can be further optimized and more
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detailed analysis of the mirror behavior can be done. Furthermore the MOEMS mirror model can be used in order
to derive control strategies that enable stable and accurate scanning, even at harsh environmental conditions.

ACKNOWLEDGMENTS

This work has been supported in part by the Austrian Research Promotion Agency (FFG) under the scope of
the LiDcAR project (FFG project number 860819).

REFERENCES

[1] Thakur, R., “Scanning lidar in advanced driver assistance systems and beyond: Building a road map for
next-generation lidar technology,” IEEE Consumer Electronics Magazine 5(3), 48–54 (2016).

[2] Schroedter, R., Sandner, T., Janschek, K., Roth, M., and Hruschka, C., “Real-time closed-loop control for
micro mirrors with quasistatic comb drives,” Proc.SPIE 9760, 9760 – 9760 – 13 (2016).

[3] Chen, C., Zanette, D. H., Guest, J. R., Czaplewski, D. A., and López, D., “Self-sustained micromechanical
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