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Abstract. The classical Gomory-Hu algorithm aims for ﬁnding, for
given input ﬂows, a network topology for data transmission and bandwidth of its channels which are optimized subject to minimal bandwidth
criteria. In practice, it may occur that some channels between nodes of
the network are not active. Ignoring such channels using the topology
obtained be the Gomory-Hu algorithm will not lead to an optimal ﬂowrate.
In this paper the focus is on a modiﬁed algorithm taking into account
deﬁcient channels. While the classical algorithm generates a sequence
of ring subnets, in our modiﬁed version the use of deﬁcient channels
is checked at intermediate stages in each cycle of the algorithm. When
forming ring subnets, the availability of new channels to be introduced
into the ring subnet is checked and in the case of unavailability another
ring closest to the optimal one is selected. The network optimized by this
modiﬁed algorithm guarantees the transmission of the maximum input
stream.
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Preamble

From a historical point of view, networking, data transmission and distributed
processing developed as a result of scientiﬁc and technological progress. Modern
networks connect a huge amount of computers and other devices via communication channels. In view of their growing complexity the problem of optimizing
their performance has become more and more important.
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In mathematical terms, a network corresponds to a (weighted) graph, directional or non-directional. Network servers, routers, etc. are vertices, and communication lines (channels) are the edges of such a graph.
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Introduction: Problems of Network Performance
Optimization

A computer network is a complex combination of data terminal equipments, different data communication equipments such as routers, physical environment,
channels, application processes, data ﬂows, communication and routing protocols, etc. Therefore, optimization of network performance is a complicated task
requiring from developers to assess the expected performance.
For studying such problems it is advisable not to create a real physical network1 but to use a mathematical model, on the basis of which it will be possible
to judge the eﬃciency of future networks and to decide whether to realize them
or how to improve their topology.
A mathematical description of a network is typically based on a graphtheoretical model, where the set of vertices represents the nodes of the network,
and the set of edges represents the channels connecting them. Network topologies are traditionally described as undirected graphs without loops or multiple
edges. In Fig. 1 we visualize typical topologies.

Fig. 1. Typical network topologies
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Even for smaller networks, physical modeling requires large eﬀort, time and considerable material costs. Thus, the possibilities of physical modeling are rather limited.
It only allows to investigate special settings where a small number of combinations
of the relevant system parameters are taken into account.
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The major criteria aﬀecting eﬃciency are
– performance,
– reliability,
– security.
The performance of a network is aﬀected by the number of users, transmission
media, hardware and software limitations. It is measured in terms of
–
–
–
–

transit time,
response time,
throughput,
delay.

Finding an optimal topology for a designed network taking the above criteria into account, requires a multi-criteria analysis which is not easy to formalize.
This is due to the fact that these criteria have diﬀerent (often contradictory)
eﬀects on the analyzed object. For example, increasing reliability leads to redundant components, connections require better equipment, etc.
Many works were devoted to the design of diﬀerent types of network topologies, examples of which can e.g. be found in [4,6], where methods and algorithms
for optimization are systematized and analyzed. The principles underlying the
Gomory-Hu topological design are described in [2,3,6]. Gomory and Hu proposed
an algorithm providing a synthesis of network topology and choice of channel
capacities. The network designed according to this algorithm enables transmission of a maximum given input ﬂow with a minimum required total capacity
over the channels. In [7] a simulation model based on the Gomory-Hu algorithm
(besides some other algorithms) was implemented. In [8], devoted to the embedding of virtual topologies in network clouds, the algorithmic steps proposed start
with building the Gomory-Hu tree.
Optimization via the classical algorithm results in channel capacities which
do not take into account particular transmission technologies in the diﬀerent
channels. But the capacity of the separate channels should be selected in accordance with the requirements of their transfer technology. An appropriately modiﬁed algorithm taking into account the requirements of the Dense Wavelength
Division Multiplexing (DWDM) technology is presented in [1].
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The aim of the present paper is to design a network topology with minimum
excess capacity by modifying the Gomory-Hu algorithm for cases when a physical
realization for some of the channels is not available or needs to be avoided.2

3

The Classical Gomory-Hu Algorithm Aiming
for Optimizing the Network Topology and Selecting
the Bandwidth of Its Channels

The input data is a set of nodes, together with the requirement of exchange of
information and the intensity of ﬂows that need to be provided between them.
The algorithm assumes that this data are represented by a non-oriented weighted
graph, The weights of the edges (=channels) correspond to the ﬂows to be transmitted. The result of the optimization procedure is a weighted graph representing
the topology of the network after optimization. The weights of channels represent
the channel capacities.
Applying the classical Gomory-Hu algorithm one can ﬁnd a network topology
and the capacity of its channels for which transmission with maximum ﬂow is
ensured, and at the same time the weights of all edges (the required capacity of
the communication channels) will be minimal. Let us discussed the application
of the Gomory-Hu algorithm for network topology optimization and choosing
capacity of its channels. The algorithm assumes that, according to certain rules,
the input graph is divided into a set of graphs, of which represents some subnet.
All subnets, with the exception of the last one, which can be a segment connecting two nodes, are ring subnets with the same weight value of each edge of
the uniform ring. By superposition of all the resulting subnets one obtains an
optimized network that will feature minimum total capacities of the channels
(edges), while providing transmission of maximum ﬂow. Found in the process of
optimization the weights of the edges are equal to the required bandwidth of the
channels. For better understanding the Gomory-Hu algorithm can be divided
into two major stages:
(i) decomposition,
(ii) superposition.
2

Nowadays there is a high risk of intentional damage caused by truncating communication lines. This problem is particularly relevant for backbone lines providers.
For example, in 2017, there was the massive attack on Ukrtelecom’s backbone lines
serving eastern Ukraine. In two places a long-distance line was cut and cables were
damaged [9].
According to the new General Data Protection Regulation (GDPR) [10] adopted
in EU in 2018 it is prescribed to implement appropriate technical and organizational
measures to ensure a level of security appropriate to the risk. In case of a physical
or technical incident one should be able to recover all personal data in a timely
manner. From our point of view, the best solution to provide these requirements
when developing a backbone network topology is to exclude dangerous lines in the
network, for example from the military area. Our modiﬁed algorithm will help to do
this, although at the cost of slightly exceeding bandwidth.
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(i) Decomposition can be described in following way:
1. Speciﬁcation of a weighted non-directed graph Gin , in which vertices
of graph represent network nodes, and edges represent ﬂows where the
weights of the edges represent the required intensities of ﬂows.
2. Construction of the graph A := Gin .
3. Decomposition of the graph A into
– a ring graph SNi which includes all vertices of the graph A, which
have edges and assigning to each edge of the ring the weight Wmin /2;
where i is the cycle number and Wmin is the minimal weight of the
edges of the graph A;
– a graph B which is obtained by subtracting the value Wmin from the
weight of each edge of graph A whose weight is positive.
4. If the number of edges in the graph B is larger than one, we accept A = B
and go back to step 3; otherwise the decomposition is completed.
(ii) Superposition means constructing the output graph by integration of all
graphs to which the input graph was decomposed in step 1. Let us illustrate
the work of the algorithm on the example of a network topology optimization, network includes 7 nodes, among which should be transmitted streams
described below in Example 1.
Example 1. The input data are the intensities of ﬂows aij between the i-th and
j-th nodes:
a12 ⇒ 100 Tb/s,
a14 ⇒ 50 Tb/s,
a15 ⇒ 20 Tb/s,
a23 ⇒ 6 Tb/s,
a25 ⇒ 10 Tb/s,
a46 ⇒ 4 Tb/s,
a67 ⇒ 10 Tb/s.
Figure 2 shows the process and result of optimization based on the classical
Gomory-Hu algorithm.
Let us discuss these results. The veriﬁcation is performed for maximum ﬂow,
in our case it is a12 = 100 Tb/s. In the resulting network, this ﬂow can be
transmitted simultaneously in the following way:
a12 ⇒ 75 Tb/s,
a1765432 ⇒ 3 Tb/s,
a176542 ⇒ 2 Tb/s,
a1542 ⇒ 5 Tb/s,
a142 ⇒ 15 Tb/s.
Here, a1765432 denotes the path from node 1 to node 2 across nodes 7, 6, 5, 4
and 3, etc. The sum of these ﬂows is 100 Tb/s. Thus, since the maximum input
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Fig. 2. (Example 1:) Results obtained by the classical Gomory-Hu algorithm.
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stream is 100 Tb/s the network is able to transmit the maximum ﬂow without
any excess resources. i.e., all network resources are busy for transmission of
maximum ﬂow. The total capacity of all channels is 148 Tb/s.
Consider the case where for some reason it is not possible to provide some
channel, or channels connecting the nodes of the outer ring. In this case it will not
be possible to transmit the maximum input stream. The reason for this is that
the algorithm provides an optimal solution which eliminates any redundancy.
Therefore, rejecting any channel or reducing its bandwidth will not permit to
achieve the desired goal.

4

A Modified Gomory-Hu Algorithm for Optimizing
the Network Topology and Selecting the Bandwidth of
Its Channels

Now we propose a modiﬁcation of the classical algorithm in order to select the
network topology and bandwidths of its channels according to the criteria of
minimum bandwidth, in case of possible restrictions on the existence of certain
channels. Additional input is a ‘black list’ of unavailable channels between the
nodes of the outer ring. In the classical algorithm, ring subnets are iteratively
constructed in course of the decomposition. In the modiﬁed algorithm, in each
cycle it is checked whether a channel from the black list of unavailable channels
is included in the ring subnet. If such a channel is not contained in the black
list, the algorithm proceeds in the same way as the classical one.
Otherwise, we propose to use at this step of the algorithm the topology of
the previous ring. Obviously, there will be some redundancy, but it will oﬀer a
solution that can be implemented. The modiﬁed algorithm can be described as
follows.
1. Speciﬁcation of a weighted non-directed graph Gin , in which vertices of
graph is network nodes and edges are ﬂows, weights of the edges represent
the required intensities of ﬂows.
2. Construction of graph A := Gin .
3. Find the minimal weight of the edges of the graph A − Wmin .
4. Decomposition of graph A into:
– a ring graph SN1 which includes all the nodes of graph A, and assigning
to each edge of the ring the weight Wmin /2;
– a graph B, which is obtained by subtracting the value Wmin from all edges
of graph A whose weight is positive.
5. If the number of edges in graph B is equal one, then go to step 11, else we
accept A = B.
6. Construction a ring graph SN k which includes all the nodes of graph A,
where k is the cycle number, which started from 2.
7. Comparing ring graphs SN k = SN k−1 to detect new edge. If the new edge
does not appear go to 8. Otherwise check if the new edge is forbidden according to the list of forbidden channels. In this case, set SN k = SN k−1 .
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8. Find the minimal weight of the edges of the graph A − Wmin .
9. Decomposition of graph A into:
– a ring graph SN k and assigning to each edge of this ring the weight
Wmin /2;
– a graph B which is obtained by subtracting the value Wmin from all edges
of graph A whose weight is positive.
10. If the number of edges in graph B is larger than one, then we accept A = B
and go back to step 6.
11. Integration of all graphs of SN k and graph B.
Example 2 (based on Example 1:). An illustration of the proposed approach is
shown in the example of the implementation of the modiﬁed algorithm for the
same input data as before for the classical version. Figure 3 shows the process
and result of optimization based on our modiﬁed algorithm.
The veriﬁcation is performed for maximum ﬂow, in our case it is a12 =
100 Tb/s. In the resulting network, this ﬂow can be transmitted simultaneously
in the following way:
a12 ⇒ 75 Tb/s,
a1765432 ⇒ 3 Tb/s,
a176542 ⇒ 7 Tb/s,
a142 ⇒ 15 Tb/s.
The sum of these ﬂows is 100 Tb/s. Thus, this network also is able to transmit
the maximum ﬂow. The connection between nodes 1 and 5 is not involved,
which cannot be physically implemented due to input conditions. The price for
this is increasing the total capacity of all channels. In this example it equals
158 Tb/s. When optimizing according to the classical Gomory-Hu algorithm the
total capacity of all channels was 148 Tb/s, but the classical algorithm does not
take into account the constraints caused by unavailability of some channels.
For automated veriﬁcation of results, the Gomory-Hu algorithm was used
to determine the maximum ﬂow in the network. The following are fragments
from an implementation of the program for ﬁnding the maximum streams for
the examples discussed above. The results for Examples 1 and 2 are shown in
Fig. 4 and 5, respectively.
In the input data for the classical and modiﬁed algorithms, the maximum
ﬂow value to be transmitted between nodes 1 and 2 is 100 Tb/s. As can be seen
from Figs. 4 and 5, the optimized topologies provide exactly this value.
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Fig. 3. (Example 2:) Results obtained by the modiﬁed Gomory-Hu algorithm.
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Step 1: Vt = [ {{0},{1},{2},{3},{4},{5},{6}} ]
---------------------------------------------Step 2: X = [ {0}, {1}, {2}, {3}, {4}, {5}, {6} ]
Step 3: G = [ {{0}}, {{1}}, {{2}}, {{3}}, {{4}}, {{5}}, {{6}} ]
0 75 0 15
5 0 5
75
0 3 22
0 0 0
0
3 0
3
0 0 0
15 22 3
0 10 0 0
5
0 0 10
0 5 0
0
0 0
0
5 0 5
5
0 0
0
0 5 0
Step 4: s-t
= {{0}}-{{1}}
max_f = 100
A
= [ {0}, {2}, {3}, {4}, {5}, {6} ]
B
= [ {1} ]
Step 5: Vt = [ {{0}}, {{2}}, {{3}}, {{4}}, {{5}}, {{6}}, {{1}} ]
0 100
100
0

Fig. 4. (Example 1:) Veriﬁcation of the maximum ﬂow for the classical algorithm.
Step 1: Vt = [ {{0},{1},{2},{3},{4},{5},{6}} ]
---------------------------------------------Step 2: X = [ {0}, {1}, {2}, {3}, {4}, {5}, {6} ]
Step 3: G = [ {{0}}, {{1}}, {{2}}, {{3}}, {{4}}, {{5}}, {{6}} ]
0 75 0 15
0
0 10
75
0 3 22
0
0
0
0
3 0
3
0
0
0
15 22 3
0 10
0
0
5
0 0 10
0 10
0
0
0 0
0 10
0 10
10
0 0
0
0 10
0
Step 4: s-t
= {{0}}-{{1}}
max_f = 100
A
= [ {0}, {2}, {3}, {4}, {5}, {6} ]
B
= [ {1} ]
Step 5: Vt = [ {{0}}, {{2}}, {{3}}, {{4}}, {{5}}, {{6}}, {{1}} ]
0 100
100
0

Fig. 5. (Example 2:) Veriﬁcation of the maximum ﬂow for the modiﬁed algorithm.
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Conclusion and Outlook

The proposed modiﬁed Gomory-Hu algorithm oﬀers a solution for ﬁnding the
network topology and bandwidth of its channels, when for some reasons certain
channels are not available. A network optimized in this way still guarantees the
transmission of the maximum input stream.
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Further work on this topic (see [5] and Acknowledgement below) will include a
study of complexity issues, also based on a systematic implementation, preferably
using the graph-theoretical features available in the computer algebra system
Maple.
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