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AN EXPANSIVE SINGULARITY IN A JUST DETACHED DEVELOPED LIQUID LAYER
AND THE TEAPOT EFFECT
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Summary We present a rigorous explanation of the celebrated teapot effect via asymptotic analysis of a developed liquid layer passing
the trailing edge of a flat plate. Its slenderness, i.e. the reciprocal Reynolds number, represents the primary perturbation parameter.
The passage of the flow over the edge is governed by the characteristic “jet-type” viscous–inviscid interaction mechanism, implying a
myriad of different phenomena, such as the onset of standing capillary waves, under variation of the appropriately defined Froude and
Weber numbers of O(1). Interestingly, for a certain range of these parameters, the fully detached interacting flow hits an expansive
singularity whose regularisation on an Euler stage enforces the layer to reattach at the downstream continuation of the plate, guiding
the oncoming layer, so as to stay stationary—like poured tea sticking to the underside of a spout.

MOTIVATION AND ESSENCE
Consider the steady, planar flow of a slender Newtonian (liquid) film of uniform properties passing the sharp trailing

edge of a horizontal, perfectly smooth and impervious rigid plate in a quiescent (gaseous) environment of constant pressure
as gravity acts towards the flow against the vertical direction. We scrutinise the flow in the vicinity of the plate edge,
i.e. by taking the vertical height H̃ of the incident unperturbed film at the edge as the reference length scale. This
flow configuration, of fundamental concern as ubiquitous in real-world situations, is essentially governed by a complex
interplay of inertia with viscosity, gravity, and surface tension and hence controlled by the inverse local Reynolds, Froude
and Weber numbers ε, g and τ respectively, with ε taken as asymptotically small. How a developed, very supercritical
free-surface film anticipates the plate edge in terms of viscous–inviscid short-scale interaction was addressed first in [1].
Specifically, there G := gε−4/7 = O(1) and T := τ/J0 = O(1), J0 is the dimensionless undisturbed momentum flux,
parametrise the least-degenerate flow description. In the following, we refer to the sketch in figure 1 (a) throughout.

As a start, it is expedient to outline most concisely the basic “jet” interaction law underlying this asymptotic theory
and its current extension. To this end, let some viscous flow, initially firmly attached to the plate, undergo an interaction
process in order to negotiate locally an upstream influence. Hence, we let all lengths and flow components and the local
pressure variation ∆p be non-dimensional with its vertical depth, here identified with H̃ , the according reference flow
speed, and the (locally) uniform fluid density. With interaction at play over some horizontal (streamwise) distance δx
(� 1), significant viscous action and plate irregularities remain confined to a sublayer of some vertical depth δy (� 1).
Therein, the streamwise flow speed of O(δy) exhibits some perturbation ∆u about its base state so that the streamwise
component of the Navier–Stokes equations implies the order-of-magnitude balances ∆u δy/δx ∼ ∆p/δx ∼ ε∆u/δ2y . The
sought interaction law relating the pressure disturbance ∆p, predominantly varying in streamwise direction, to ∆u pro-
vides a third one finally recovers the well-known dependencies of δx and δy on ε. If we consider a genuine boundary
layer, the potential flow induced on its top exerts ∆p (triple-deck structure). Otherwise, the pressure vanishes there as for
a wall jet or developed free-surface layer (present double-layer structure) so that ∆p is typically governed by streamline
curvature, i.e. the inviscid lateral momentum transfer, when we first ignore the effect of body/surface forces (hydrostatic
pressure and capillarity). Since continuity induces a lateral flow speed in the core layer of O(∆u δy/δx), the respec-
tive momentum balance entails the missing estimate ∆u/δ2x ∼ ∆p, thus δy = δ−2x = ε2/7 and the parametrisation of the
arising interaction law by G and T , measuring the impact of those forces. In leading order, we describe the flow in the
sublayer in terms of horizontal and vertical coordinates X and Z directed respectively from the trailing edge and the
lower free streamline, its X-component U(X,Z), the pressure disturbance P (X), and the Z-displacements H±(X) of
the lower, detaching (−) and the upper (+) free streamline; all quantities are scaled to O(1) by δy , δy , δy/δ2x and δy
respectively. In turn, U ∼ Z +A(X) as Z →∞, and for the detached portion of the flow (X > 0) and T � ε12/7
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Here in the first interaction or P /A-law closing the interactive feedback loop capillarity counteracts streamline curvature
to cancel it if T = 1. We currently investigate this degenerate and the case T = 1/2 (capillary waves at vanishing speed).

Compressive interactive branching from the unperturbed wall-bounded flow has proven central in the rational descrip-
tion of the susceptibility of the latter to local corrugations of and separation from the wall: originally established for jet
flows [2], it was later applied to gravity-driven free-surface layers [3, 4]; see also the references therein. In contrast, the
much less appreciated expansive branching has the numerical marching solution of the interaction problem inevitably
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Figure 1: (a) Configuration (not to scale); (b) blow-up past detachment, log-log plot of interpolated numerical data (solid, terminate at
A ' 2747, G = 1, T = 0.51, I = 25.5) and asymptote (dashed); (c) strengths of interaction I and blow-up B in detached flow.

terminate in a finite-X singularity of generic type [2]. Its physical interpretation was not clarified earlier as in [1] in the
context of the attached film anticipating the plate edge. However, we demonstrate that a close counterpart of this blow-up
is also met in the detached layer at some X = Xs(G,T ) by virtue of the P /A-law for 1/2 < T < T ∗(G) < 1 with Xs

increasing towards infinity as T approaches some threshold T ∗. Most importantly, this blow-up is regularised over a
streamwise extent of relative O(1) by a full Euler stage. Given the smallness of g, this is solely driven by capillarity
active on both free surfaces. Moreover, in any physically admissible stationary solution of the elliptic Euler problem
initiated by the blow-up, the oncoming flow must turn through some overall angle α (−π ≤ α ≤ π) before it recovers as
the unperturbed parallel one. However, its vertical linear momentum associated with a non-trivial solution (α 6= 0) must
be compensated by a pressure net force. In the current setting, this requires the flow to impinge onto a rigid wall. If
this represents a continuation of the plate and forms a convex corner (downturn, α < 0), we arrive at an unprecedented
and exciting rational explanation of the so-called teapot effect, corroborating the original heuristic one [5]: for a suffi-
ciently weak momentum flux J0, the blow-up prevents the “tea” jet achieving the gravity-driven parabolic downfall, see
(1), as it clings to the “spout” due to a local interplay of inertia with capillarity. For a larger one (T < 1/2), the inter-
action mechanism predicts a free jet exhibiting a capillary wave crest; for a smaller one (T > 1) and strikingly different
capillarity-dominated flow picture, the onset of the waves already above the plate approaches the plate edge as T → 1+.

The existing rigorous model of the teapot effect resorts to a capillarity-free ideal-fluid flow [6]. It describes this
phenomenon qualitatively correctly, without the need of pre-separation. However, the assumption of a developed incident
layer surmounts a deficient and intrinsic parametric non-uniqueness that originates in the artificial neglect of viscosity.

BLOW-UP AND REGULARISING EULER STAGE
Our numerical solutions of the interaction problem confirm excellently the predominantly inviscid nature of the expan-

sive singularity; see figure 1 (b): −P ∼ A2/2, H− ∼ (1− I)A as A→∞ and I := T/(2T − 1) measures the strength
of the P /A-law, cf. (1). Denote x and y coordinates, non-dimensional with H̃ and aligned with X and Y respectively and
originating in (X,Y ) = (Xs, 0), and q the streamwise flow component in the core layer, assuming its unperturbed state
q0 above the plate edge, we find q ∼ q0(y) +Bq′0(y)/x2 where B := (12/J0)T 2(1− T )/(2T − 1)2; see figure 1 (c).

A novel and numerically appealing representation of the free-surface Euler problem regularising the blow-up reads
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Herein, q is considered as a function of a pseudo-potential φ and the streamfunction ψ (0 ≤ ψ ≤ 1), ψ = 0 denotes the
lower and ψ = 1 the upper free streamline, ω(ψ) the vorticity impressed by q0, and θ the Heaviside step function. We
discuss the numerical solutions to (2) supplemented with a matching condition reflecting the bifurcation from q = q0 due
to the blow-up as φ→ −∞. It is seen that we force the streamline ψ = 0 to reattach in the origin of the (φ, ψ)-plane at
a flat plate, thus modelling the “spout of the teapot” in a first and most simple manner. Hence, a wedge-flow singularity
emerges in the origin, parametrised by the plate angle equal to α. Prescribing α then selects a unique solution for q.

We finally envisage the interesting long-wave limit γ := T − 1→ 0, stretching the Euler regime in streamwise direc-
tion to O(γ−1/2). When γ is reduced to O(δ−2x ), i.e. O(ε2/7), it collapses with the encompassing interactive stage such
that the teapot effect sets in already at the original trailing edge without pre-separation in the accordingly extended theory.
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