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Abstract

This note presents sufficient conditions for the property of strong metric subregularity
(SMSr) of the system of first order optimality conditions for a mathematical programming
problem in a Banach space (the Karush-Kuhn-Tucker conditions). The constraints of the
problem consist of equations in a Banach space setting and finite number of inequalities.
The conditions under which SMSr is proved involve Fréchet differentiability of the data,
strict Mangasarian-Fromovitz constraint qualification, and second-order sufficient optimal-
ity condition. The obtained result extends the one known for finite-dimensional problems.
Although the applicability of the result is limited in the truly Banach space setting (due to
the Fréchet differentiability assumptions and the finite number of inequality constraints), the
paper can be valuable due the self-contained exposition, and provides a ground for extensions
that are applicable in calculus of variations and optimal control.

Keywords: optimization, mathematical programming, Karush-Kuhn-Tucker conditions,
metric regularity

AMS Classification: 90C48
1 Introduction
Let X and Y be Banach spaces, and let the mappings
fo:r X—>R, fi: X—=>R@E=1...,k), g:X—=Y

be twice continuously Fréchet differentiable. Consider the optimization (mathematical program-
ming) problem

min fo(x) (1)
subject to  g(z) =0, fi(z) <0 (i=1,...,k). (2)
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The following system of equations and inequalities is known as Karush-Kuhn-Tucker (KKT)
system associated with problem (1)—(2):

where 2 € X, y* € Y* (Y* denotes the dual space to Y), and « := (az,...,ax) € R*. Moreover,
“primes” indicate Fréchet derivatives, and (¢'(z))* : Y* — X* is the adjoint of the continuous
linear operator ¢'(z) : X — Y.

Under additional conditions, usually referred to as (versions of) “Mangasarian-Fromovitz
constraint qualification”, the existence of a pair (y*,a) € Y* x R¥ such that the KKT system
is fulfilled is a necessary condition for x € X to be a local solution of problem (1)-(2). The
relations in the last two lines of the KKT system can be equivalently rewritten as

/() € Ny (),

where f = (f1,..., fx), Rﬁ is the set of all elements of R* with non-negative components, and
the normal cone to the set ]Rf“ir is defined as usual:

No (@) = {AeRF: (N B—a)<Oforall BeRE} ifaeRE,
BT e if o ¢ RE,

where (-, ) is the scalar product in R*. Consequently, one can reformulate the KKT system as

folx) + 38 aifi(x) + (¢ (@) y*
F(z,y",0) = g(z) —{0} % {0} x Nex (@) 30, (3)

Therefore, F : X x Y* x RF = Z := X* x Y x R* is called optimality mapping, while its inverse
is called (in the case of a finite-dimensional space X, see [4] and [6, p. 134]) KKT mapping.
Regularity properties of the mapping F' with respect to perturbations are of key importance
in the qualitative analysis of optimization problems as (1)—(2), including convergence of numer-
ical methods. In this paper we focus on the so-called Strong Metric sub-Regularity (SMSr) (see
e.g. [6, Chapter 3.9 | and the recent paper [2]).
We recall its definition in terms of the mapping F'.

Definition 1.1 The mapping F is strongly metric subregular at (Z,9* &) for zero if 0 €
F(z,y*, &) and there exist a number X\ and neighborhoods U of (&,35*,&) and V of 0 € Z such
that for every z € V and for every (z,y*, o) € U satisfying z € F(z,y*, a), it holds that

o =2 +lly" = 7" + [l = &ll < Al ]l.

The SMSr property was introduced under this name in [5], but has also been used under
several other names (see also [11, Chapter 1] for the related but stronger property of (strong)
upper regularity). A more detailed historical account can be found in [2, Section 1].



In the present paper, SMSr of the optimality mapping is proved under strict Mangasarian-
Fromovitz conditions together with second-order sufficient conditions (formulated in Section 3).
In the case of finite-dimensional spaces X and Y the result is known from [4, Theorem 2.6] and [2,
Section 7.1]. We mention that in the first of the quoted papers also local non-emptiness of F~!
is proved, as well as a number of related results that substantially use the finite dimensionality.
More about regularity properties of problem (1)—(2) in the finite-dimensional case can be found
in [11, Chapter 8] and [1, Chapter 5.2].

Various Lipschitz stability results related to problem (1)—(2) (in Banach spaces) and the
associated Lagrange multiplies are obtained in [1, Chapter 4], which, as far as we can see, do
not imply the result in the present note.

As stated in the abstract, the Fréchet differentiability assumption involved restricts the ap-
plicability of the result in truly infinite-dimensional problems. However, the purpose of this
research report is to present a detailed and self-contained proof of the SMSr property of the
optimality map. It will provide a basis for our further investigation of the strong metric subreg-
ularity of the optimality system associated with problems of calculus of variations and optimal
control.

The authors wish to express their gratitude to Asen Dontchev, who made numerous impor-
tant suggestions for improving the exposition of the paper.

2 Preliminaries

In order to make the exposition more enlightening, in this section we recall some basic facts,
mainly concerning systems of linear inequalities and equations.

Let X be a Banach space, X* its dual space. If €2 is a cone in X, then * denotes its dual
cone, consisting of all linear functionals * € X* nonnegative on ). The following theorem is a
simple consequence of the separation theorem (see [7], [3]).

Theorem 2.1 (Dubovitskii - Milyutin) Let Q; C X, i=1,...,k be nonempty open convex
cones, 2 C X a nonempty convexr cone. Then

(ﬁgi)m:@

if and only if there are functionals 7 € QF, i = 1,...,k and z* € Q, not all equal zero and
such that .

Z z; + 2" =0.

i=1

Let [ € X* be a nonzero functional, and Q = {x € X : (I,x) < 0} an open half-space. It is

easy to realize that «* € 0 if and only if * = —al with some o > 0.
Further, let [; € X*, ¢ = 1,...,k be nonzero linear functionals. Consider a system of linear
inequalities
(li,z) <0, i=1,...,k. (4)

The following lemma easily follows from the Dubovitskii - Milyutin theorem.



Lemma 2.1 System (4) is inconsistent if and only if there exist reals o, ..., ay such that

k k
>0, i=1,....k > a;>0, > ail;=0. (5)
i=1 i=1
We say that [;, i =1, ...,k are positively independent if
k
a; >0, i=1,..k Y ali=0 = ;=0 i=1,..Fk (6)
i=1

Lemma 2.1 implies the following proposition.

Proposition 2.1 The functionals l;, 1 = 1,...,k, are positively independent if and only if there
is an element T € X such that

U, 7) <0, i=1,....k. (7)

We will use the following important estimate which holds for positively independent func-
tionals.

Proposition 2.2 The functionalsl;, i = 1,...,k, are positively independent if and only if there
s a constant ¢ > 0 such that

k k
1Y " eilill 2 ¢> ai Ya=(an,...,a5) €RE. (8)
=1 i=1

Proof. If the functionals I; € X*, i = 1,...,k are positively dependent, then, obviously, there
is no ¢ > 0 such that estimate (8) holds.

Conversely, suppose that there is no ¢ > 0 such that estimate (8) holds. Then there is a
sequence o € Ri such that

k k
Y ap=1 and || oflif|l >0 as n— oo (9)
=1 =1

Without loss of generality we can assume that o™ — a € Rﬁ- as n — o0o. Passing to the limit

in (9), we get Zle o; = 1 and Zle a;l; = 0. The latter means that the system of functionals
l; € X*,1=1,...,k is positively dependent. O

In the future, we will use the same notation ¢ for various constants of this kind, hoping that
this will not lead to confusion. We will also need the following proposition.

Proposition 2.3 Let the functionals l; e X*, i=1,...,k, be positively independent and ¢ > 0
be the corresponding constant as in (8). Let the functionals l; € X*, i =1,...,k, satisfy

i =l <e, i=1,....,k, 0<e<e@

Then, for the functionals l; € X*, i =1,...,k, inequality (8) holds with c =¢ —¢.
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Proof. Let o € ]R’i. Then

k k k k k
1Y ol 2 11D ealill = 11 el =)l = &) i —e > au
i=1 i=1 i=1 i=1

i=1
O

Now, let Y be a Banach space, A : X — Y a surjective linear continuous operator, that is
AX =Y. In this case the adjoint operator A* : Y* — X™* is injective and has a closed image
A*Y* C X*. By the Banach open mapping theorem the inverse operator (A*)~!: A*Y* — Y*
is bounded, and hence there is a constant a > 0 such that

1A%y (| = ally™|[- (10)

Each functional of the form x* = A*y* vanishes on ker A. The opposite is also true: if z*
vanishes on ker A, that is z* € (ker A)*, then there exists a uniquely defined functional y* € Y*
such that z* = A*y*. (Hereafter, for a subspace L C X, we denote by L* the set of all linear
functionals vanishing on L).

Again, let [; € X*, i = 1,...,k be nonzero linear functionals and A : X — Y a surjective
linear continuous operator. Consider a system of linear inequalities and equality

(li,z) <0, i=1,...,k, Az=0. (11)
The Dubovitskii - Milyutin theorem easily implies the following lemma.

Lemma 2.2 System (11) is inconsistent if and only if there are reals o, . . ., o and a functional
y* € Y* such that

k k
a; >0, i=1...k > a;>0, Y oili+ Ay =0. (12)
=1 =1

For the system of functionals /; and the operator A consider the following condition

k
a€RE, Y eV, Y ol + ATy =0 = o;=0,i=1,....k y =0, (13)
i=1

It can be easily realized that condition (13) is equivalent to the following one: AX =Y and
the functionals [; : ker A — Y, i = 1,..., k (the restrictions of the functionals I; to the subspace
ker A) are positively independent. In this case we say that A is surjective and l;, i = 1,...,k
are positively independent on ker A; then there is & € ker A such that (I;,Z) < 0,i=1,... k.

The following lemma has the spirit of the so called Hoffman’s lemma originally proved in [8]
in the case when X is finite dimensional.

The following lemma has the spirit of the so called Hoffman’s lemma, originally proved in
[8] in the case when X is finite dimensional.

Lemma 2.3 Let A: X — Y be a surjective linear continuous operator and l; € X*, i =1,...,k,
be positively independent on ker A. Then there is a constant Cg > 0 such that, for any £ =
(€1,....&) ERF, n €Y and g € X satisfying

<l’i7 x0> S g’i? Awo =1, (14)



there is a solution x’ to the system
(li;xo +2') <0, A(zo+2") =0 (15)

such that
2’| < Cpr (max{&;,.... &+ lInll) (16)
where 5; = max{§;,0}.

Proof. Unlike the Hoffman lemma, which does not suppose the positive independence of [;, the
proof of this lemma is rather simple. It is enough to show that there exists a solution 2’ to the
system

L,y +& <0, i=1,...,k Az’ = —n, (17)

satisfying estimate (16). Then xo + 2’ satisfies (15).

Since AX =Y, then by the Banach theorem there is a constant a > 0 such that for any
y € Y there exists © € X such that Az = y and ||z|| < a||y|. Let x, be such that Az, = —n
and |lz,|| < al|n||. Let us find 2" € ker A such that

(liyzn+2")+ & <0, i=1,...,k. (18)
Then we can put ' = z,, + 2", because A(z,, + z") = Az, = —n.
Since I;, i = 1,...,k are positively independent on ker A, then, in view of Proposition 2.1,

there exists & € ker A such that (I;,Z) < —1,i=1,...,k. Set 2" = A% with
A = alln] max [|L;]| + max &

Then

(liyoy +2") + & < |lillalln|| = A+ & <0, i=1,...,k.
Moreover, ||| < |lzy|| + [|2"|] < alln]| + Al|Z||. Consequently, estimate (16) holds with Cy =
a+ amas |12 + 71| .

Now let us prove a proposition similar to Proposition 2.2.

Proposition 2.4 Suppose that AX =Y andl;, i =1,...,k are positively independent on ker A,
that is condition (13) is fulfilled. Then there exists a constant ¢ > 0 such that

k k
I Zaili + A%y*|| > C(Z a; +ly*) YaeRE, vyr ey (19)
i=1 i=1

Proof. Since the condition (19) is positively homogeneous, it suffices to prove it for pairs
(o, y*) € R’i x Y* such that Zle a;+ ||y*|| = 1. Suppose that the proposition is not true. Then
there is a sequence (o, y) € RX xY* such that S it llyil = 1and | S8 cinli+ A%yl —
0 (n — 0o). Without loss of generality we can assume that a;,, — o € RE. Then || Zle a;l; +
A*y*|l - 0 (n — o0). Consequently A*y’* strongly converges to some z* € (ker A)*. The latter
implies that * = A*y* with some y* € Y*. Then we have that ||[A*y} — A*y*|| — 0, whence
ly: — y*|| — 0 as n — oo. Consequently, 3% a;l; + A*y* = 0 and %y + [|y*]| = 1. We
came to a contradiction. O

The following proposition is similar to Proposition 2.3.



Proposition 2.5 Suppose that AX =Y and l}, t=1,...,k are positively independent on ker A.

~

Let ¢ > 0 be the constant for the system li,...,lx, A as in (19). Let the functionals l; € X*,
1=1,...,k and operator A: X —'Y satisfy

=Ll <e, i=1,....k, |JA—A|<e, O<e<eé
Then, for the system ly,...,lg, inequality (19) holds with ¢ = ¢ — €.
Proof. Let o € Rﬁ, y* € Y*. Then

k k k
1D aili+ AL = (1) aidi+ A% = 1D il = B)l| = [I(A" = A%y
1=1 i=1 1=1

v

k k
&> i+ [yl — (> ai + Iyl =
=1 =1

3 Statement of the problem

In this section we formulate the needed assumptions and some basic facts concerning problem
(1)—(2) as describes in the first lines of the Introduction.
Let & be an admissible point. Define the set of active indices

I={ie{l,....k}: fi(z) =0}
Assumption 3.1 (a) ¢’(2)X =Y. (b) There exists Z € X such that ¢’(Z)z = 0 and (f/(2),2) <
OvViel.
In the case where X and Y are finite dimensional, these conditions are often called the Mangasarian-

Fromowitz constraint qualification.
According to Lemma 2.2, Assumption 3.1 is equivalent to the condition:

a;>0Gel), y €Y, > afl(@)+(d(@)y =0 = a;=0(€l), y* =0.
el
We formulate the well-known first-order necessary optimality condition in problem (1)—(2)

under Assumption 3.1 (see e.g. Theorem 4 in Chapter 1, [10]).

Theorem 3.1 If Z is a local minimum in problem (1)-(2) such that Assumption 3.1 is fulfilled,
then there are multipliers o € R* and y* € Y* such that

a>0, afi(®)=0, i=1,...,k, (20)
k

fo@) +) " auf{(@) + (¢ (&) "y = 0. (21)
=1

Now fix an admissible point # and denote by A the set of pairs (a,y*) € RF x Y* such that
conditions (20) and (21) hold (& is not necessarily assumed to be a solution of (1)—(2)). Assume
that A # () and let us fix an element (&, 7*) € A. Define two sets of indices

IQ:{’L-EI:OA[Z'ZO}7 Ilz{i€fidi>0}.

Note that &; = 0 for any ¢ ¢ I. Now we make a stronger assumption than Assumption 3.1.



Assumption 3.2 The following implication holds for the fized triple (&,d&,35*) € X x A:

aceRF yeY*, w>0(3iel), Zazfnﬁ g @)y =0
el
= o;=0(3G€el), y" =0 (22)

We emphasize that in (22) the signs of o; for i € I are arbitrary. In the finite dimensional
case this condition is known as strict Mangasarian-Fromouvtz condition.

Condition (22) means that a) ¢'(£)X = Y, b) the functionals f/(Z), ¢ € I; are linearly
independent on ker ¢'(£), and c) the functionals f/(Z), ¢ € Iy are positively independent on the
subspace

{reX: fl@)z=0,i€el, ¢(&)z =0}

It is known that in the finite dimensional case the strict Mangasarian-Fromovtz condition is
equivalent to single-valuedness of A, see e.g. [12]. This fact is also valid in the Banach space
setting.

Lemma 3.1 Under Assumption 3.2, the set A is the singleton {(&,y*)}.

Proof. For (&,y*) € A, we have
k
fo@) + D aifi(@) + (g (@)75" = 0. (23)

Take any other pair (o, y*) € A. It satisfies conditions (20) and (21). Subtracting (23) from
(21) and taking into account the definitions of Iy and I;, we get

S aifl(@) + (o — a0 £1E) + (¢ (@) (" — %) = 0.
i€lp i€l

In view of (22), it follows that

a;=0, 1€ly, o—0a; =0, 1€l y*—y*:().

So, (&, ¢*) is the only element of the set A. Introduce the Lagrange function

L(z,a,y") +Zazfz ,9(z)).

We have L,(&,&,9*) = 0. Taking into account the definitions of Iy and I, define the critical
cone

K ={0we X: (fi(2),0x) <0, i€ ly; (fi(2),0z) =0, i € I1; ¢’(2)dx = 0}.

The following second-order sufficient condition for local optimality is well known, see [13,
Corollary 12.1].



Assumption 3.3 There exists co > 0 such that
Q(6x) := (Lo (&, &, §)0x, 02) > codz||* Vor € K. (24)

Theorem 3.2 Suppose that for an admissible point & the set A is nonempty and Assumption 3.2
is fulfilled (in this case, A is a singleton). Let also Assumption 3.3 be fulfilled. Then the following
quadratic growth condition for the cost function fy holds at T: there exist ¢ > 0 and € > 0 such
that fo(z) — fo(®) > c|lw — &||? for all admissible x such that ||x — %|| < e. Hence % is a strict
local minimizer in problem (1)-(2).

4 Strong Metric sub-Regularity

In this section we prove strong metric subregularity of the optimality mapping associated with
problem (1)—(2) under assumptions formulated below. For that we consider the perturbed system
of optimality conditions:

fl(I‘) Sfl, izl,...,kj, (25)
g(x) =, (26)
ozl(fl(x) —él) :0, 1= 1,...,](5, (27)
>0, i=1,...k (28)
k
fol@) + ) aifi(@) + (¢'(2))'y" = ¢, (29)
=1

where £ e RF, neY, ¢ e X*.

Theorem 4.1 Let (Z, &, §*) be a solution of the unperturbed optimality system (25)-(29) (that
is, with £ =0, n =0 and ( = 0) and let assumptions 3.1 =3.3 be fulfilled. Then there are reals
e>0,0>0and\ > 0 such that if |{] < e, ||In|| <e, and ||| < €, then for any solution (x, o, y*)
of the perturbed system (25)-(29) such that ||z — || < 6, the following estimates hold:

[l = &[] < ACE] =+ [l + [I<I),

o =&l + lly™ = g7l < AU+ lInll + NISID-

We shall reformulate the above theorem in terms or SMSr (Definition 1.1). To shorten the
notation, we denote = := X x Y* x R¥, § = (&, 9", &). We also remind that the definition of the
optimality mapping F' is given in (3).

Theorem 4.2 Let 0 € F(8), and let assumptions 3.1 =3.3 be fulfilled for 5. Then the mapping
F .= = Z is strongly metrically subregular at 5. Moreover, the neighborhood U in Definition 1.1
can be taken of the form Bx(;0) x Y* x R¥, where Bx (i;6) is the ball in X centered at & with
radius 6 > 0.



Remark 4.1 The optimality map F' defined in (3) is a sum of a Fréchet differentiable function
©(s) and a normal cone, call it N(s). According to Corollary 2.2 and Remark 2.4 in [2] the SMSr
of this mapping at a point § for zero is equivalent to the same property for the partially linearized
mapping, ©(8) + ¢'(8)(s — §). Notice that if assumptions 3.1-3.3 are fulfilled for the mapping
F', they also hold for the corresponding linearized functions. Dealing with linear functions only
makes the proof easier. However, we do not make use of this fact and present a direct proof
working with the possibly nonlinear functions, partly repeating in this way the argument behind
Corollary 2.2 in [2]. This allows to obtain the last claim of Theorem 4.2. Moreover, the proof
remains self-contained.

Proof. Let us analyze the perturbed system (25)-(29). Let x, o, y* be a solution to this system
for given &,n,(. Set Az = x — &. Since f(x) — f(&) as |[|[Az|| — 0, by complementary
slackness conditions (27) we have: there exists § > 0 such that a; = 0 for all + ¢ I, and hence
A :=a; —&; =0 for all i ¢ I, whenever |Azx| < 4.

Assumption 3.2 implies that the functionals f/(Z), ¢ € I, are positively independent on
ker ¢’(z). Then, according to Proposition 2.5 and the continuity of f/ and ¢/, there exists 6 > 0
and a constant ¢ > 0 such that for every z € X with ||z — 2| < 4§

| S ati) + @)y = e 3 ai+ 7))
el el

Hence, there exists a constant C' such that
lal+ [y < C (30)

whenever |Az| < ¢. This implies that Aa = o — & and Ay* = y* — §* are also bounded.
Subtracting (23) from (29) we obtain

k
fol@) = fo(@) + D _(aiff(w) — &if{(&) + (¢ (2))"y" = (¢'(&))*9* = C. (31)
=1
Here
folx) = fo(&) = (f5 (@), Az) + o([| Az]),
aifi(z) — 6 fi(2) = qi(fi(z) — £i(2)) + (Aew) f{(2) + (Aai) (fi(z) — fi(2))
— Guf!' () A0 + (i) fU(#) + (Do) f/(#)Ax + of || Az]).
Similarly,

(9'(@)"y" = (¢'(2)" 9" = (¢"(@)Az)"5" + (¢'(2))"(Ay") + (¢"(2) Az)" (Ay") + o(|| Az])).

Using these relations in (31), we get

k
Lya(&,6,57) Az + Y (Aa) f1(2) + (¢ ()" (Ay*)

i=1

k

+Y_(Day) f{(#)Az + (¢"(2)Az)*(Ay") + of | Az]]) = ¢. (32)
i=1
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If i ¢ I, then a; = &; = 0 and Acqy; = 0. Using that I = Iy U I, we represent this equation in
the form

D (A fi(@) + Y (Aai) f(&) + (9 ()" (Ay")

i€l el

k
= —Loo(#,6,57) Az = Y (Aay) f]'(#) Az — (¢" (&) Aw)" (Ay*) — o|Az|) + ¢ (33)

i=1
Let A be the operator which takes each x € X to the tuple

((f{(&),2),i € I, ¢ (#)z) € R x Y,

where |I1] is a number of elements of I;. Due to Assumption 3.2, this operator is surjective,
and the functionals l; = f/(Z), i € Iy are positively independent on its kernel. Applying
Proposition 2.4 to this system of functionals and operator and taking into account that all
Aq; and Ay* are bounded, we obtain from (33) that

k
D 1Aail + Ay < en(llaz] + <) (34)

=1

with some ¢; > 0.
Recall that (L"(Z, &, 7*) Az, Az) =: Q(Ax). Then, ‘multiplying’ (33) by Az, we get

k
QAz) + ) (A){fi(2), Az) + (¢ (2))"(Ay"), Az)
i=1
k
+_(Aa)(ff(#)Az, Az) + (Ay")g"(2) Az, Ax)
i=1

+o([|Az?) = (¢, Az). (35)

Now we use conditions (25) and (27). Let us show that if ¢ > 0 and § > 0 are small enough
and ||Azx| < 6, [[C]| < ¢, then
(Aa)(fi(x) = &) =0 (36)

for all i = 1,...,k. It is enough to prove this equalities for i € I = Iy U I, because for i ¢ I we
have Aq; = 0.

First let us show this for ¢ € I;. In view of (34) and the conditions ||Az|| < ¢ and ||| < &,
the vector A« can be regarded as arbitrary small. Then, for ¢ € I; we have: a; := &; + Aq; > 0
(because &; > 0 and Aq; is arbitrary small). Then the complementary slackness conditions (27)
implies

file) =& =0, i€l (37)
whenever € > 0 and § > 0 are small enough. Hence (36) follows for all ¢ € I; and for ¢ > 0 and
0 > 0 small enough.

For ¢ € Iy we have: &; = 0, consequently, o; = Acq; and then (27) implies (36). Thus, (36)

is proved for all ¢ = 1,...,k, provided that € > 0 and § > 0 are small enough.
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Consequently,

k

k
S (Aa) (@), 80) - &) = D (Aa)(file) ~ £i(2) ~ &) + [Aa]O(|Ax]?)

i=1 i=1
k
= ) (A fi(@) + |AclO(|Az]?) = |AclO(||Az]?),
i=1
hence,
k
D (D) (fi(#), Az) = (A, &) + [AalO(|| Az %) (38)

i=1

Using (38) in (35), we get

Q(Az) + (A, &) + |AalO(|Az]*) + ((¢'(2))"(Ay"), Az)

k
+_(Aa))(f](#)Az, Az) + ((Ay")g" () Az, Ax)

i=1
+o(||Az||*) = (¢, Az). (39)
Equalities (37), the inequalities f;(z) < &;, i € Iy, and equality (26) imply, respectively,
(fi(2), Ax) = & + O(|Az|?), i€ I,
(fi(2), Ax) < & +O(|Az|?), i€ I,
J(@)Ax =n+O(|Az?).

Then, by Lemma 2.3, there exist a constant Cy > 0 and a correction z’ such that

(fi(@), Az +2') =0, iel, (40)
(fi(@),Az +2a") <0, i€ Iy, (41)
g'(2)(Az +2') =0, (42)

and, moreover,

"Il < Ch (Zéﬁ +) &l + n) +0(||az]?)

i€l ich
< Cr(lgl + [Inl) + Ol Az]?). (43)
Relations (40)-(42) imply that
dz:= Az +1' € K, (44)

and then, by Assumption 3.3, Q(dz) > co||0z||?. Let us compare ||6z|? with [|Az|? and Q(6x)
with Q(Ax), respectively. We have

l6z* = ||Az]* + r, (45)
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where |r| < 2||Az||||2’|| + ||2’||*. According to (43),
| Az[[|l2’]] < ||A$H<CH(|5\ + [Imll) +0(HA$||2))

= Cr | Azl/(Ig] + [Inl) + o(| Az]®),
l2'1* < 205 (1€] + [nl)? + (|| Az |?)
(here we used: (a + b)? < 2a? + 2b?). Consequently, there is ¢, > 0 such that
| < er(l€] + ImD Az + €] + llnll) + o(| Az]). (46)
Similarly, there is c¢q > 0 such that
Q(ox) = Q(Az) + rq, (47)

where
ral < ca(€]+ D (1A + €] + In]]) + o([|[Az|?). (48)

Hence, the inequality col|0z(|? < Q(6z) implies
col[|Az|? + ) < Q(Az) + rq. (49)
Moreover, the relations ¢’(zZ)dx = 0 and dx = Az + 2’ imply
((g'(2))"(Ay"), Az) = —((¢'(2))"(Ay"),2"),

whence

(5 @) (Ay"), A2)| < g/ @) 18y" [ (Cr(le] + Inl) + O Az]?)) (50)
Using (49) and (50) in (39) and estimating from above the norm of each term, we obtain
collAc® < colr| + ol
+Aallg] + A0 A])
g/ @ 12y" | (Crllel + Il + O]

k
+|Aa|(z IIf{’(a?)H) 1AZ[1* + | Ay*[llg" (@) || A
i=1

+Cll Azl + o(l|Az]?), (51)
Using (34), (46) and (48) in this inequality, we get: there exists ¢, > 0 such that
collAz]|* < (€] + Il (| Az]| + | + [In]])

+(1AZ] + IS EN+ llnll + l[Az]®) + Il Az].

Set w = (&,1,C), |lw|| = [&|+|In]|+]|¢]|. From the previous inequality we easily obtain: there exist
e > 0,8 >0, and ¢ > 0 such that if [|w|| < € and ||Az| < J, then ¢f||Az|? < ||Az||||lw] + |lw||?
whence

clAz| <l (52)

with ¢é = % (« [de +1 — 1). Together with (34) this completes the proof of the theorem. O
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