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Analyzing Different Parameterization Methods in
GNSS Tomography Using the COST
Benchmark Dataset
Zohreh Adavi , Witold Rohm , and Robert Weber

Abstract—GNSS tomography is an emerging remote sensing
technique in the field of meteorology that is gaining increased
attention in recent years. This method is used as a tool for atmospheric (particularly tropospheric) sensing and then applied in
nowcasting and forecasting research. The tomographic approach
can be used to determine the distribution of water vapor (WV),
the most active component of the atmosphere. WV is one of the
most important drivers of convection and precipitation. In this
method, numerous line-of-sight integral observations at different
locations and directions are used to derive a 3-D distribution of a
WV structure. One of the challenges in GNSS tomography is that
different parameterization methods are used for computing the
design matrix. Here, the effect of the straight-line method versus
the ray-tracing method is investigated for computing the length of
a ray which passes through the model element. In addition, the
effect of considering the topography of the area in the tomography
model is analyzed. The accuracy of the developed model is verified
using radiosonde measurements in the COST benchmark dataset.
Results show that the Eikonal ray-tracing method is superior to
other schemes whether used with topography or not. The mean
values of RMSE of estimated wet refractivity with respect to the
radiosonde profiles for these schemes are about 1.313 and 1.766
ppm, respectively. This work is conducted within COST Action
ES1206 on “Advanced global navigation satellite systems tropospheric products for monitoring severe weather events and climate
(GNSS4SWEC) (2013–2017)” and IAG Working Group “GNSS
tomography.”
Index Terms—Global navigation satellite systems (GNSS), raytracing, tomography, topography.

I. INTRODUCTION
ESPITE its small contribution to the volume of the Earth’s
atmosphere, water vapor (WV) plays a significant role in
the formation of clouds, rain, and snow; air pollution; and acid
rain [1], [2]. Hence, improved WV monitoring results in more
accurate predictions of precipitation and severe weather conditions, and it helps to ameliorate the understanding of climate
change by meteorologists [3]–[7].
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Various techniques like lidar [8]–[10], radiosonde, WV radiometer [11], [12], and ground sensors [1], [4], [13] have been
used to measure the spatiotemporal variations of this parameter.
However, these methods have limitations such as high unit costs
and low spatiotemporal resolution. Instead, the determination
of WV using the global navigation satellite systems (GNSS)
is a low cost and effective technique with reasonable precision
and more spatiotemporal resolution than was provided by the
previous techniques. Over the past two decades, the potential
of using GNSS to determine the 4-D wet refractivity and WV
fields using tomography has been evaluated in various studies
[14]–[26].
GNSS tomography is an all-weather condition remote sensing technique that can be used to reconstruct the WV or the
wet refractivity in the Earth’s atmosphere. In this method, the
atmosphere is modeled through a finite number of 3-D elements
(voxels). As recent studies show, the tomography solution [16] is
very sensitive to the a priori data and much less dependent on the
number of observations used in a single epoch. One of the clear
limitations of a few models (e.g., TOMO2) tested by Brenot et al.
[16] was a simplification of the parameterization: the signal path
was parameterized as a straight line and no topography model
has been considered. Therefore, the signal path in the model
is, on average, shorter than in reality, which introduces biases
[27]. Moreover, a lack of topography modeling results in an
unrealistically high value of refractivity, especially over rough
topography. One of the solutions is to use a precise ray-tracing
method to account for the bending effects.
In recent years, different ray-tracing methods have been developed in the GNSS or VLBI community to calculate different
parameters such as slant tropospheric delay (STD) [28]–[30]. In
the GNSS tomography field, pioneering research by Aghajany
and Amerian [31] applied 2-D and 3-D Eikonal ray-tracing
methods in WV tomography with initial testing of its impact on
the reconstructed field. Möller and Landskron [27] developed
a mixed linear ray-tracing method to reconstruct the bent path
which can be used for near-real-time applications. However, in
these studies, the effect of the different coordinates types used
in the straight-line strategy compared to the ray-tracing method
was not investigated. In addition, the impact of the topography
of the area of interest to design a tomography model was not
evaluated.
Therefore, in this article, we have analyzed the effect of a
straight-line (in ENU and UTM coordinate systems) ray-tracing
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method versus a 2-D Eikonal method. In addition, the effect
of the topography of the area in tomographic modeling was
studied. As a fact, tomography quality is a complex function
of geometry (observations distribution, model resolution, time
interval), inversion, regularization algorithms, and initial conditions used in the model [16]. Hence, all the research efforts
that try to establish an understanding of these complex problems
are of interest to the GNSS tomography community. Section II
discusses the tomographic reconstruction of the wet refractivity
parameters. In that section, straight-line geometry, the Eikonal
ray-tracing method, and voxel design using the topography
effect are described. Section III introduces the study area. The
numerical results are discussed in Section IV. In that section, the
topography impact on the tomography modeling using different
ray-tracing schemes is compared to radiosonde data in the COST
benchmark dataset. Finally, Section V presents conclusions.
II. METHODOLOGY
In this section, the tomographic reconstruction problem of wet
refractivity is introduced. Then, the Eikonal ray-tracing method
and straight-line geometry utilized for populating the design
matrix are described. Finally, the voxel design for accounting
for the topography effect is defined.
A. Tomographic Modeling
The spatiotemporal structure of tropospheric wet refractivity (Nw ) can be reconstructed using the GNSS tomography
technique. In this method, the troposphere is discretized into a
number of elements. Then, using the GNSS signals, which cross
voxels, the spatial and temporal behaviors of the wet refractivity
field in this part of the atmosphere were estimated. This kind of
inversion problem is formulated by the following equation:
SWD = A Nw

(1)

where SWD is the vector of the slant wet delays and Nw is the
vector of unknown parameters containing the wet refractivity
of each element. The wet refractivity is measured in [mm/km],
and it is normally a unit-less quantity. A is the design matrix
that links the observation space to the space of unknowns.
The dimensions of A are m × n where m is the number of
measurements and n is the number of voxels. The parameter
m depends on the selected time resolution, the number of GPS
stations, and the number of visible satellites. The general form
of this matrix is as follows [23]:
⎤
⎡
d11 0 0 0 . . . d1n
⎢ d21 d22 d23 0 . . . d2n ⎥
⎥
⎢
(2)
A=⎢ .
. ⎥.
..
..
.. . .
⎣ ..
. .. ⎦
.
.
.
dm1 dm2 0 dm4 . . . dmn
In this equation dij is the length of the ith ray, which passes
through the jth voxel. The structure matrix A depends on the
geometry of the model (size of voxels) as well as the geometry
of the measurements [15]. Therefore, the system of observation
equations is a mixed-determined, because the model elements
are either over- or under-determined during the time span within

TABLE I
APPLIED DATA SET AND TIME PERIOD IN TOMOGRAPHY MODELING

the area of interest [32]. Because of the limited number of
simultaneously visible satellites and the continuous changes
of the atmosphere, the tropospheric reconstruction problem is
not well constrained and the reconstruction quality is highly
time-dependent [33], [34]. In consequence, extra constraints and
the regularization method should be used to solve the ill-posed
(1). Here, horizontal and vertical constraints were added. The
reader is referred to Adavi and Weber [35] for more details.
Moreover, the Landweber regularization algorithm was applied
to reconstruct the wet refractivity field. This technique belongs to
the family of iterative regularization schemes. Therefore, based
on this method, (1) is solved as follows [14], [35]:

(3)
= Nkw + λk AT SWD − A Nkw
Nk+1
w
whereby λk and k are the relaxation parameter and the iteration
number, respectively [36], [37]. For more information concerning these parameters, the reader is referred to [14] and [35].
Furthermore, the required initial field for (3) is extracted from
the ALADIN-CZ 6 h forecast data (see Table I) at 00h:00m and
12h:00m [38], [39].
The STD can be computed using [40]
STD (ele, azi) = ZHD . mfh (ele) + ZWD. mfw (ele)
+ mfg (ele) . (GN . cos (azi)
+ GE . sin (azi) )

(4)

where ele and azi are the elevation angle and azimuth angle of the
signal (in our processing, the minimum elevation cut-off angle
is set to 5 degrees), ZHD and ZWD are the dry and wet delays
in the zenith direction, respectively, and mfh and mfw are the
dry and wet mapping functions, correspondingly [41]–[43]. GN
and GE are the north-south and east-west components of the
gradient delays. The required atmospheric pressure to derive
ZHD has been derived from the mesoscale ALADIN-CZ 6 h
forecast data and interpolated spatially to each GNSS reference
station [18], [38]. Moreover, mfg is a gradient mapping function
and computed as follows [44]:
mfg (ele) = 1/((sin(ele) · tan(ele)) + 0.0032)

(5)

Therefore, the observation vector elements (SWD) can be
obtained using (4) by subtracting the dry part from STD. For
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this purpose, ZTD and the gradient delays are estimated using
Bernese GNSS software [45]. Then, the dry part is removed
by introducing the hydrostatic formulation [46] mapped with
mfh (3). Finally, the remaining part is denoted as the Slant Wet
Delay (SWD), although it also contains contributions caused by
mismodeling of the hydrostatic component.
B. Straight-Line Geometry
To model the signal paths on their way between satellites
and the receiver using straight-line geometry, the Cartesian
Earth Fixed coordinates of all the satellites (from SP3 or
the navigation file) and all receivers were transformed into
the local NEU-system (North East Up) or in UTM (Universal Transverse Mercator) coordinates [47]–[49]. Then the line
equation between satellite and GNSS station is calculated in
the NEU or UTM Cartesian coordinate system based on the
satellite coordinates and GNSS station coordinates. In addition,
the tomography model is described as a set of planes in NorthSouth, East-West, and Up direction. Therefore, each plane is
defined by an analytic equation. For each GNSS line-of-sight
equation, there is an intersection point with each of the planes
in the model. Finally, the distance dmn between inside pierce
points is calculated to populate the design matrix A(2). The
definition of the NEU and UTM coordinate systems is different in terms of accounting for Earth curvature and projection
distortions. Therefore, the location of intersection points and,
subsequently, the distance dmn in the model elements are quite
different, especially because our area of investigation is quite
large (of about 250 × 320 × 10 km).

Fig. 1. Tomography model outline overlaid on topography and the administrative borders of central European countries. The GNSS network is marked with
black points, and the red points represent the RS stations.

this coordinate system on the tomography results, the Eikonal
raytracing equation is solved with neglecting the bending effect
(N = 1).
According to Hobiger et al. [28], the ray-tracing outputs
of the 2-D mode provide approximately the same results as
the 3-D one, except for very-low-elevation angles. In addition,
the computational efficiency of the 2-D ray-tracing method is
preferable. Therefore, the 2-D Eikonal ray-tracing method is
sufficient for our study. Finally, the distance dnm between pierce
points, which taking into account bending effects, is calculated
to compute the design matrix elements (2).
D. Voxel Design Using Topography Effect

According to (2), the ray length in each voxel should be
computed using the ray-tracing method, which is one of the
most important parts of tomography modeling. Consequently,
we should use an accurate method, especially for low-elevation
angles. One way to model the propagation of electromagnetic
waves is Eikonal ray-tracing, which provides the ray path between receiver and satellite. (5) characterizes a partial differential of N (r). It can be defined using Maxwell’s equation as
follows [50], [51]:

To apply a topography-in-tomography model, we should
calculate the height of the grid point (ϕ, λ) according to the
elevation model of the case study. Here, the shuttle radar topography mission (SRTM) image1 has been used to count for
the topography effect in the tomography model [53]. Several
methods have been applied to find the highest precision for estimating the height of grid points in the tomography model. Linear
interpolation, nearest neighbor interpolation, and Biharmonic
spline interpolation are some of those methods. According to
the obtained results, the nearest neighbor interpolation method
was the best one for our case study. With this method, the quality
of height interpolation of the grid point is better than 1 meter if
the grid resolution is about ±0.0083° in the area of interest.

ΔL2 N (r)2

III. STUDY AREA

C. Eikonal Ray-Tracing Method

(6)

where L and ∇L are the optical path length and the components
of ray directions, respectively. N is a refractive index and r is a position vector. The Hamiltonian conical formalism is an important
form for defining (5). The full derivation of the 3-D ray-tracer
and its simplification to a 2-D case, under special conditions, is
presented in Appendix A. Generally, any coordinate system can
be chosen for solving (5). Nonetheless, according to Alkhalifah
and Fomel [52], the spherical coordinate system is more accurate
than the Cartesian coordinate system, as this is the most natural
orthogonal system to solve the Eikonal equation in the case of a
point source. In addition, this coordinate system usually meets
the requirements of the ray tracing in the atmosphere. Therefore,
the spherical coordinate system (ϕ, λ, h) is considered here to
solve the Eikonal ray-tracer [29]. To investigate the impact of

The area of interest ranges from 10.15˚ to 14˚ in longitude,
49˚ to 52˚ in latitude, and 0–15 km in WGS84 ellipsoidal height
located in the central part of Europe. For more information
please refer to [54]. Spatial distribution of GNSS stations and
the first layer of the designed tomography model for this study is
shown in Fig. 1. The GNSS network contains 72 stations, which
are located mostly in western parts of the Czech Republic and
East Germany. The maximum height difference between these
stations is about 815 m.
Because of the atmospheric process that caused the central
European floods in June 2013 [38], [55], Days of Year (DoYs)
160–176 (9–25 Jun) of that year were selected as the period
1 [Online].

Available: http://srtm.csi.cgiar.org
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Fig. 2. Mean ZWD during the time of interest (red dots) plotted over daily
precipitation (black bars) during the time of interest at Prague synoptic station
[38].
Fig. 4. Number of rays in each model layer (1 = bottom, 9 = top) within 1
hour (30 s observation update rate).

Fig. 3. Designed tomography model without topography (black solid lines)
and with topography (red dashed lines). Left cross-section along S-N line and
right cross-section along E-W line.

of interest (see Fig. 2). Fig. 2 shows the mean ZWD variation
over the investigated period and the associated accumulated rain
for Prague synoptic station. This period covers highly dynamic
weather.
In addition, Table I shows an applied data set in the area of
interest for tomography modeling.
According to previous research [18], the horizontal resolution
of the tomographic model is 50 km with an exponential model in
the vertical direction [20], [56], [57]. Moreover, a time resolution
of 1 hour was applied for this research.
IV. NUMERICAL RESULTS
To analyze the effect of the topography in the area of tomographic modeling, we used two different schemes. In the first
scheme, the tomography model was designed without topography information of the study region (Fig. 3: black lines on the
left and right panel). In the second scheme, we designed the
tomography model by considering topography information of
the study area (Fig. 3: Red dashed lines in the left and right
panels).
The clear difference between the two models is depicted in
Fig. 3. It influences the design matrix A (2), as the location
of intersection points between signal and model faces are is
shifted. Therefore, it changes the distance that each signal
traveled through the tomography model (1). As seen in Fig. 3.,
the difference between using topography (red) and not using
topography (black), especially in the North-East part, reaches
up to 800 m, which corresponds to two layers at the bottom part
of the model.
The consequence of the topography is visible also in Fig. 4,
which shows that the number of rays passing through voxels in

scheme 2 (with topography) is more than in scheme 1 (without
topography).
Fig. 4 depicts a snapshot of one hour (23.30h–00.30h each investigated day). In general, the lowest layer is most affected, but
satellite geometry can also cause a reasonable gain of intersected
voxels in the upper layers. Therefore, when the topography effect
is accounted for, we can expect an increased number of dnm
elements in the matrix A (2). In fact, increasing the redundancy
of observations in each voxel can lead to a better reconstruction
of the parameter of interest (due to lower condition number) in
the desired voxel.
The essential increase of rays in the topography scheme
is caused by additional rays originating from GNSS stations
outside the tomography volume. This affects especially voxels
located in columns close to the borders of the tomography
volume.
Reference radiosonde observations were used to evaluate the
effects of the topography and the different ray-tracing methods
on the accuracy of the reconstructed field. For this purpose,
we verified the estimated wet refractivity profile at Meiningen
(RS10548) and Kummersbruk (RS10771) radiosonde stations
(red dots in Fig. 1.) against the corresponding wet refractivity
profile derived from the radiosonde observations at hours 00:00
and 12:00 UTC each day. Therefore, we have four reference
profiles for each day. The height differences of Voxels in the
location of radiosondes are about 318 and 360 m for RS10548
and RS10771, respectively.
To compare radiosonde and tomography profiles, all nine
vertical layers from the reconstructed wet refractivity are considered. Moreover, the RS position is assumed to be in the
same location at the center of Voxels. Then, the reconstructed
field is interpolated using Inverse distance weighting on the RS
location in each layer. Fig. 5 shows the agreement between
the radiosonde profile and tomography wet refractivity for one
selected epoch overall profile. In this figure, the model using
topography is marked with red and the model without topography is marked with black. Each panel represents one processing approach: Fig. 5(a) Eikonal (see Section II, paragraph C);
Fig. 5(b) Eikonal (N = 1); Fig. 5(c) straight line with topocentric
coordinates (see Section II-B); Fig. 5(d) straight line with UTM
projection (see Section II-B).
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TABLE II
RMSE [MM/KM] OF WET REFRACTIVITY PROFILE FOR DIFFERENT SCHEMES FOR ALL DAYS AT EPOCH (00H: 00M IN UTC) FOR RS10548, BLACK BOXES MARK
THE RAINY DAYS AND THE RED BOX MARKS THE WORST EPOCH SHOWN IN FIG. 5.

TABLE III
RELATIVE ERROR REGARDING THE ALTITUDE OF THE LAYERS BELOW AND ABOVE 3 KM FOR THE FOUR TYPES OF PARAMETERIZATION, EIKONAL, EIKONAL (N =
1), NEU, AND UTM (BY CONSIDERING TOPOGRAPHY INFORMATION AND WITHOUT THAT) AT HOUR 00H:00M UTC FOR RS10548

Fig. 5. Comparison of tomographic refractivity profiles (Nwtomo ) of different
schemes to the profile derived from radiosonde data (Nwbase ) DoY 164, at first
epoch (00h:00m in UTC), for four types of parameterization, Eikonal, Eikonal
(N = 1), NEU, and UTM by considering topography information and without
topography.

The overall RMSE for all days considered for station Meiningen (RS10548) at 00h:00m in UTC (DoY 160 to DoY 176) is
summarized in Table II. Results for the same station at 12h:00m

UTC and station Kummersbruk (RS10771) for both midnight
and noon are presented in Appendix B.
Clearly, the best-performing algorithm is based on the Eikonal
model with topography information included. The overall
RMSE for all selected dates is 1.3 [mm/km], which is an improvement over the straight-line approach using UTM projection
by 50%. The topocentric solution produces results with errors
twice higher than the Eikonal with topography one which is
2.4 [mm/km]. A similar relation holds for the models without
topography. The Eikonal solution is almost two times more
accurate than the solution based on a straight line geometry
(1.8 [mm/km] versus 3.4 [mm/km]). It is also worth mentioning
that using topography improves the Eikonal solution by 34%.
A similar improvement is visible for other parametrizations
(NEU and UTM). Moreover, by ignoring the bending effect
in (5) (N = 1), the impact of the spherical coordinate system
in tomography solution is visible. According to these results,
defining the coordinate system has considerable effect in the
reconstructed field, especially when considering large areas with
some hundred quadratic kilometers.
Further investigations focus on the selected case with the
lowest accuracy in the set. For this case (DoY 164 00h:00m
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Fig. 6. Box plots of differences between the four types of parameterization,
Eikonal, Eikonal (N = 1), NEU, and UTM (by considering topography information and without that) and RS10548 at hour 00h:00m and hour 12h:00m.

UTC), clearly using topography in the most precise approach
[see Fig. 5(a)] is required as the model without topography is
producing biased fields (up to −7 mm/km) below 8 km. The
impact of topography on the straight geometry [Eikonal (N =
1), NEU and UTM] is less definitive; however, Fig. 5(b) and
(c) show a positive impact of topography for the middle levels
(2–8 km).
To investigate the inconsistency between various parameterization methods with respect to the height, the relative error
was applied [58]. According to Table III the height of 3 km,
the relative errors of the Eikonal ray-tracing method with considering topography are superior to the other parameterization
methods. Nevertheless, using this parameterization method in
the upper layers does not have any considerable effect comparing to Eikonal (N = 1). In addition, applying topography in
tomography modeling provides more reasonable reconstructed
wet refractivity fields both in the upper and lower layers.
The statistical characteristics of the differences between the
eight schemes and the radiosonde data are also presented by
Fig. 6. Regarding the obtained box plots, the number of outliers
in the Eikonal ray-tracing method is smaller than for other
schemes. In this figure, IQR is defined as the difference between
the first and third quartiles (|Q1 − Q3|) and shows the spread
of data without outliers affect. Moreover, Q2 approximately
represents the bias of all errors. Therefore, according to the
obtained IQR and Q2 in Fig. 6, it can be concluded that Eikonal +
Topo scheme is more concentrated and the NEU scheme shows
an increased dispersion compared to other schemes.
Interestingly, Fig. 7 shows the dispersion of the reconstructed
field (Tomo Nw ) relative to the radiosonde profile (RS Nw ) in
different schemes at hour 00h:00m and hour 12h:00m in the
time of interest. As shown in this figure, it is clear that the
reconstructed wet refractivity field by Eikonal + Topo is more
concentrated than other parameterization methods.
V. CONCLUSION

Fig. 7. Scatter plots of four types of parameterization, Eikonal, Eikonal (N =
1), NEU, and UTM by considering topography information and without that at
hour 00h:00m and 12h:00m in year 2013 for RS10548.

In this article, the effect of straight-line methods versus ray
tracing methods was investigated for computing the length of
a ray within a model element. This is a first attempt to reconstruct the wet refractivity field using the 2-D Eikonal raytracing
method, which is a balance between the accuracy of 3D Eikonal
raytracing and simplicity and processing speed of straight-line.
Moreover, the accuracy of the ray-tracing method when the
bending effect is neglected was investigated. In addition, we
analyzed the effect to account for the topography in the tomography model.
A GNSS network in part of central Europe, which is based on
the European COST Action ES1206, was used in our study. The
accuracy of the developed model was verified using radiosonde
measurements in the COST benchmark dataset.
The results showed that defining topography in the tomography model had a considerable impact on the lower layers
on the reconstructed wet refractivity field. Moreover, applying
the Eikonal ray-tracing method led to an improved accuracy
of the estimated wet refractivity field compared to straight-line
schemes (up to 84%). In the shown test case, area of about
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250 × 320 × 10 km, the straight-line strategy performs much
better in a UTM coordinate system than in a NEU coordinate
system. Nevertheless, further investigation encompassing areas
different in size is encouraged to achieve the general interpretation in the studied parameterization method.
APPENDIX A
Eikonal Ray-Tracing
According to Born and Wolf [50], Cerveny [59], Nafisi et al.
[30] and Nilsson et al. [51], the Eikonal equation is presented as
H(r, ∇L) ≡

1
α

α

( ∇L . ∇L) 2 − N (r)α = 0

(A.1)

dri
∂H
=
du
∂∇Li

(A.2)

d∇Li
∂H
=−
du
∂ri

(A.3)

dLi
∂H
= ∇Li .
.
du
∂∇Li

(A.4)

Here, H(r, ∇L) is the Hamiltonian function and α is a scalar
value, which determines the type of the parameter of interest
like arc length along the ray [29], [30], [51]. We need the length
of the ray, so by setting α = 1, (A.1) can be rephrased as
H (r, θ, λ, Lr , Lθ , Lλ ) ≡

L2r +

1 2
1
L2
L +
r2 θ r2 sin2 θ λ

− N (r, θ, λ, t) = 0

1
2

(A.5)

where r, 0 ≤ θ ≤ π, and 0 ≤ λ ≤ 2π are the radial distance, the
co-latitude, and the longitude, respectively. The elements of the
ray direction are Lr = ∂L/∂r, Lθ = ∂L/∂θ, and Lλ = ∂L/∂λ
[30]. By substituting (A.5) into (A.2) and (A.3), the first six
equations in a spherical coordinate system are provided as
1
dr
= Lr
ds
ω
1 Lθ
dθ
=
ds
ω r2
1
Lλ
dλ
=
ds
ω r2 sin2 θ
dLr
∂N (r, θ, λ, t)
1
=
+
ds
∂r
ωr

(A.6)
(A.7)
(A.8)


L2θ
L2λ
+
r2
r2 sin2 θ


(A.9)

∂N (r, θ, λ, t)
1
L2λ
dLθ
(A.10)
=
+
ds
∂θ
ω r2 sin3 θ
dLλ
∂N (r, θ, λ, t)
=
(A.11)
ds
∂λ
where the auxiliary parameter ω is defined as follows [30]:
ω=

L2r +

1 2
1
L2
L +
r2 θ r2 sin2 θ λ

= N (r, θ, λ, t). (A.12)

The positions of all points along the ray trajectory can be
determined by solving (A.6)–(A.11) simultaneously [29], [30].
Here, the Runge-Kutta method, which is a known and standard
approach to solve these equations, has been applied [30].
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To solve these six partial differential equations, the initial
conditions are needed. For this purpose, the station position at
the starting point can be used as the initial condition [30], [59]
r = r0

(A.13)

θ = θ0

(A.14)

λ = λ0

(A.15)

Lr0 = N0 cos z0

(A.16)

Lθ0 = N0 r0 sin z0 cos α0

(A.17)

Lλ0 = N0 r0 sin z0 sin α0 sin θ0

(A.18)

where, α0 and z0 are the initial geodetic azimuth and zenith
angle.
By setting the horizontal gradient of refractivity
(∂N (r, θ, λ, t)/∂θ and ∂N (r, θ, λ, t)/∂λ) to zero, the 3-D
ray-tracing system is converted to 2-D ray-tracing. In this case,
we assume that the ray path is limited to the vertical plane
with constant azimuth. Therefore, the six partial equations
(A.6)–(A.11) are reduced to four equations as follows:
1
dr
= Lr
ds
ω
1 Lθ
dθ
=
ds
ω r2

(A.19)
(A.20)

dLr
∂N (r, θ, λ, t)
1
=
+
ds
∂r
ωr



L2θ
Lλ
+ 2 2
r2
r sin θ

1
L2λ
dLθ
.
=
2
ds
ω r sin3 θ


(A.21)
(A.22)

APPENDIX B
TABLE IV
RMSE [MM/KM] OF WET REFRACTIVITY PROFILE FOR DIFFERENT SCHEMES
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TABLE V
RMSE [MM/KM] OF WET REFRACTIVITY PROFILE FOR DIFFERENT SCHEMES
DURING THE TIME OF INTEREST AT EPOCH (00H:00M IN UTC) FOR RS10771
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