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Abstract:

The goal of maritime situational awareness (MSA) is to provide a seamless wide-area operational picture of ship traffic in coastal

areas and the oceans in real time. Radar is a central sensing modality for MSA. In particular, oceanographic high-frequency

surface-wave (HFSW) radars are attractive for surveying large sea areas at over-the-horizon distances, due to their low environ-

mental footprint and low power requirements. However, their design is not optimal for the challenging conditions prevalent in MSA

applications, thus calling for the development of dedicated information fusion and multisensor-multitarget tracking algorithms. In

this paper, we show how the multisensor-multitarget tracking problem can be formulated in a Bayesian framework and efficiently

solved by running the loopy sum-product algorithm on a suitably devised factor graph. Compared to previously proposed methods,

our approach is advantageous in terms of estimation accuracy, computational complexity, implementation flexibility, and scalability.

Moreover, its performance can be further enhanced by estimating unknown model parameters in an online fashion and by fusing

automatic identification system (AIS) data and context-based information. The effectiveness of the proposed Bayesian multisensor-

multitarget tracking and information fusion algorithms is demonstrated through experimental results based on simulated data as

well as real HFSW radar data and real AIS data.

1 Introduction and Background

Maritime situational awareness (MSA) aims at providing a seam-
less wide-area operational picture of ship traffic in coastal areas
and the oceans in real time [1–5]. Nowadays multiple heteroge-
neous sensors and information sources are available for MSA—all
with their advantages and limitations—and a significant research
effort has been made for their combination. A successful approach,
also pursued in this article, is to perform Bayesian information
fusion and multitarget tracking to estimate the positions and motion
parameters of ships in the coverage area of multiple heterogenous
sensors [6]. Within this general framework, we will consider the
emerging application of a specific type of long-range radar sen-
sors, and we will develop the use of an efficient and versatile
message passing methodology for Bayesian information fusion and
multitarget tracking.

1.1 Information Sources for MSA

A major information source for MSA is provided by pulse radar sen-
sors installed along the coastline. However, their coverage area is
limited by line-of-sight propagation (even though anomalous propa-
gation increases coverage) [7], and they may impact the environment
when they transmit with a high power. Another important informa-
tion source is the automatic identification system (AIS), which is
intended to identify and track all passenger ships and commercial
ships whose gross tonnage exceeds 300 tons, using a network of base
stations [8]. However, not all ships report their position and motion
information. Further information sources include imaging satellites
and surveillance cameras.

Recently, emerging long-range sensors such as high-frequency
surface-wave (HFSW) radars have been considered for ship local-
ization and tracking [5, 9–12]. Initially introduced for ocean remote
sensing, HFSW radars promise to dramatically increase MSA cov-
erage by their ability to detect targets at over-the-horizon (OTH)
distances [5, 9–12]. HFSW radars can thus be expected to become
an important element of future MSA systems. In particular, multi-
ple HFSW radars [5, 9, 11–13], combined with other data sources
such as the AIS, satellite images, and historical records of ship
routes, have the potential to provide continuous-time coverage of
large sea areas at OTH distances. However, to leverage this poten-
tial, several challenges have to be addressed. Because HFSW radars
were originally conceived for oceanographic purposes [14, 15],
their design is not optimal for the detection and tracking of an
unknown number of targets [6, 16, 17]. Most notably, interference
and sea/land clutter lead to a poor range-azimuth resolution and a
high false-alarm rate [18]. These performance limitations call for the
integration and fusion of information from other data sources. Such
information fusion is difficult because of nonlinear system mod-
els, asynchronous sources, and sensors with imperfectly modeled
parameters and time-varying performance.

1.2 Multitarget Tracking and Information Fusion for MSA

The development of future MSA systems combining multiple HFSW
radars with other information sources requires dedicated algorithms
for multitarget tracking and information fusion. These algorithms
will have to cope with the heterogeneity of MSA information
sources and with the measurement-origin uncertainty (data associ-
ation problem) and, possibly, high false-alarm rate affecting HFSW
radars.
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Existing multitarget tracking algorithms can be classified as
“vector-type” and “set-type” algorithms. Vector-type algorithms
describe the target states and measurements by random vectors. In
the joint probabilistic data association (JPDA) filter [16, Sec. 6.4],
the target-measurement association variables are marginalized out
under the constraint that each measurement is related to at most
one target. Then, a Gaussian probability density function (pdf) is
fitted to the posterior pdf associated with each target. The JPDA fil-
ter assumes that the number of targets is known in advance. This
limitation is removed in the joint integrated probabilistic data asso-
ciation (JIPDA) filter [19, 20], which models the existence of each
target by a binary Markov chain. New targets tracks are initialized
using the measurements that are not in a neighborhood of an exist-
ing track. Multiple hypothesis tracking (MHT) methods [21] search
for the most likely target-measurement associations over a moving
window of consecutive time steps. An expanding tree of association
hypotheses is built, with each leaf corresponding to a partitioning
into subsets of all the measurements acquired until the present time
step and believed to correspond to the same target. The high compu-
tational complexity of MHT algorithms can be significantly reduced
by considering only the most likely hypotheses [22–24].

Set-type algorithms describe the target states and measurements
by random finite sets (RFSs) [17]. This approach is suited to
modeling target appearance and disappearance in a Bayesian frame-
work, and to handling complex, hybrid continuous/discrete distribu-
tions. The probability hypothesis density (PHD) filter [17, 25, 26]
and the cardinalized PHD (CPHD) filter [17, 27, 28] are popu-
lar examples. They both compute the posterior PHD of the target
state in a sequential fashion, and the CPHD filter additionally
propagates the cardinality distribution of the RFS. A multisen-
sor extension of the PHD filter was proposed in [29, 30] but is
computationally infeasible. Computationally feasible multisensor
(C)PHD based algorithms include the iterated-corrector (C)PHD
filter [31, 32] and the partition-based (C)PHD filter [33]. Multi-
Bernoulli (MB) filters approximate the posterior multitarget state
RFS by an MB RFS [17]. Two variants are the track-oriented
marginal MB/Poisson (TOMB/P) filter and the measurement-
oriented marginal MB/Poisson (MOMB/P) filter [34, 35]. These
filters approximate the posterior multitarget state RFS by a mix-
ture of MB RFSs, where each MB RFS component corresponds to
one of the global association hypotheses in the MHT methods, and
they also model target appearance and disappearance. A particle-
based implementation of the TOMB/P filter was presented in [36]. A
slightly modified version of that algorithm that does not use the pre-
diction step has been applied to static source localization in [37].
Labeled RFS-based multitarget tracking methods, such as the δ-
generalized labeled MB (δ-GLMB) filter [38] and the labeled MB
(LMB) filter [39], use labels to explicitly maintain track continuity.
The elements of a labeled RFS are the target state vectors augmented
by distinct labels identifying the respective targets.

Algorithms of either type, i.e, vector-type and set-type, have been
developed and evaluated using datasets from HFSW radars [11, 12].
However, these algorithms have several limitations: they do not per-
mit an easy integration of additional information sources besides
radar measurements [40], they do not adapt to time-varying model
parameters, and their complexity usually does not scale well in
relevant system parameters.

Recently, a new approach to the development of multitarget
tracking and information fusion algorithms has been provided by
a methodology that is based on factor graphs and the sum-product
algorithm (SPA) [6, 41]. Factor graphs constitute a graphical rep-
resentation of the underlying statistical model. The SPA relies on a
factor graph and yields a principled and intuitive approximation to
optimal Bayesian inference [42, 43]. An early SPA-based algorithm
involving so-called mutual exclusion constraints for addressing the
data association problem [44] was shown in [45, 46] to be outper-
formed by a bipartite SPA-based algorithm for probabilistic data
association [46–48]. The latter algorithm, discussed in Section 2.4,
has been successfully applied in set-type multitarget methods [6, 34],
in vector-type multisensor-multitarget methods [6, 41, 49], and in
vector-type methods for indoor localization [50, 51]. The underly-
ing factor graph has also been used for group tracking [52] and

multitarget tracking using batch filtering [53] (both based on the
expectation-maximization algorithm), and for multitarget multipath
tracking [54, 55].

An important feature of the SPA is its ability to exploit con-
ditional independence properties of the involved random variables
for a drastic reduction of complexity. Thereby, SPA-based infer-
ence algorithms can achieve an attractive performance-complexity
compromise (see [6] and references therein), In addition, the SPA
approach has significant advantages regarding accuracy, flexibility,
and scalability as analyzed in [6, 41]; it is able to implicitly estimate
unknown and time-varying model parameters; and it supports non-
linear and/or non-Gaussian system models. The SPA’s high versatil-
ity and intuitiveness enable the establishment of a suite of Bayesian
multisensor-multitarget tracking and information fusion algorithms
where, similar to a construction kit system, algorithm parts can
be combined, extended, or adapted to achieve desired functionali-
ties and properties. In particular, existing SPA-based multisensor-
multitarget tracking algorithms can be systematically extended to
integrate additional data (e.g., AIS data) or to adapt to unknown
time-varying model parameters (e.g., the detection probabilities of
radar sensors or an index choosing from multiple target motion
models). These features cause the SPA methodology for multitarget
tracking and information fusion to be attractive for MSA applica-
tions, with a high potential for increasing the coverage, accuracy,
and reliability of future MSA systems.

1.3 Contribution and Paper Organization

This paper unifies under a common SPA-based framework the work
presented in [6, 41, 49, 56, 57], providing guidelines for the con-
struction of Bayesian multisensor-multitarget tracking algorithms
with inherent information fusion. We describe how the multisensor-
multitarget tracking problem can be formulated in a Bayesian frame-
work, represented by a factor graph, and efficiently solved by means
of the SPA. We also show how SPA-based tracking algorithms can
cope with challenges inherent to maritime radar, namely, adaptation
to changing dynamic models [49] and incorporation of non-radar
data such as AIS data and contextual information [56]. Finally, we
demonstrate the effectiveness of the SPA approach for MSA through
experimental results based on simulated data as well as real HFSW
maritime radar data and real AIS data.

The paper is organized as follows. In Section 2, we review factor
graphs and the SPA in the context of Bayesian probabilistic infer-
ence and probabilistic data association. In Section 3, we describe
how factor graphs and the SPA can be used to develop an algorithm
that tracks an unknown number of targets and fuses data from mul-
tiple radar sensors. Extensions of our factor graph/SPA framework
for multitarget tracking to support multiple dynamic models and to
fuse radar measurements with real-time AIS data are presented in
Section 4 and Section 5, respectively. In Section 6, we describe how
the knowledge of common sea lanes extracted from historical AIS
data can be used as additional contextual information in SPA-based
tracking algorithms. Section 7 and Section 8 present the results of
numerical experiments based on, respectively, simulated and real
radar sensor and AIS data. Section 9 concludes the paper.

2 Bayesian Inference Using The Sum-Product
Algorithm

In this section, we review factor graphs and the SPA in the context of
Bayesian probabilistic inference and probabilistic data association.

2.1 Factor Graphs and the SPA

Consider the estimation of K parameter vectors xk, k ∈
{1, 2, . . . ,K} from an observed measurement vector z. We assume
a Bayesian framework, so that the estimation of xk relies on the
posterior pdf f(xk|z) [58]. The K posterior pdfs f(xk|z) are
marginal densities of the joint posterior pdf f(x|z), where x =
[
xT
1 · · · x

T
K

]T
; these marginal densities can be computed efficiently
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Fig. 1: Factor graph describing the factorization f(x|z) ∝
γ1(x1)γ2(x1,x2)γ3(x2). Factor nodes and variable nodes are
represented by squares and circles, respectively.

by means of the SPA. The underlying assumption is that

f(x|z) ∝

Q
∏

q=1

γq
(
x
(q)) , (1)

where ∝ denotes equality up to a constant normalization factor, Q is

the number of factors, and each argument x(q) comprises certain xk.

Note that each xk may be contained in several x(q), and the factors

γq
(
x(q)) may also depend on z. According to (1), the marginal-

ization of f(x|z) amounts to the calculation of a sum (or integral)
of a product of functions. A straightforward but powerful graphical
representation of the factorization structure (1) is provided by a fac-
tor graph [42, 43]. Each factor γq(·) corresponds to a factor node in
the factor graph and each variable xk to a variable node. Further-
more, a factor node “γq” and a variable node “xk” are connected
by an edge (i.e., they are adjacent) if xk is part of the argument

x(q) of γq(·). Fig. 1 shows the factor graph for a simple exam-

ple, where x =
[
xT
1 xT

2

]T
and the joint posterior pdf factorizes as

f(x|z) ∝ γ1(x1)γ2(x1,x2)γ3(x2).
The SPA is a message passing algorithm, where “messages” are

calculated for each node of the factor graph and passed to adjacent
nodes. A message passed on an edge of the graph is a function of
the variable whose associated node is connected to that edge. Let
the set Vq comprise the indices k of all those variables xk that are

part of x(q), or equivalently of all those variable nodes “xk” that are
adjacent to factor node “γq”. Then, the following message is passed
from factor node “γq” to variable node “xk” with k∈Vq:

ζγq→xk(xk) =

∫
γq

(
x
(q))

∏

k′∈Vq\{k}

ηxk′→γq (xk′) dxk̄ . (2)

Here,
∫
. . . dxk̄ is the integral with respect to all xk′ , k

′∈Vq except
xk , and the messages ηxk′→γq (xk′) are calculated as described
presently. If the factorization (1) involves (also) discrete variables,
then the corresponding integrations in (2) are replaced by summa-
tions. Furthermore, let the set Fk comprise the indices q of all those

factors γq
(
x(q)) whose argument x(q) involves xk , or equivalently

of all those factor nodes “γq” that are adjacent to variable node “xk”.
Then, the following message is passed from variable node “xk” to
factor node “γq” with q∈Fk:

ηxk→γq (xk) =
∏

q′∈Fk\{q}

ζγq′→xk (xk) . (3)

Let us determine these messages for our example of Fig. 1. The
message passed from factor node “γ2” to variable node “x2” is

ζγ2→x2(x2) =
∫
γ2(x1,x2)ηx1→γ2(x1)dx1; note that x(2)=

[
xT
1 xT

2

]T
. Furthermore, the message passed from variable node

“x1” to factor node “γ2” is ηx1→γ2(x1) = ζγ1→x1(x1). Mes-
sage passing starts at variable nodes and/or factor nodes with only
one edge; these pass a constant message or the corresponding fac-
tor, respectively. In our example of Fig. 1, the message passed from
factor node “γ1” to variable node “x1” is ζγ1→x1(x1) = γ1(x1).

If the factor graph does not contain loops, i.e., if it is a tree, then
at each node, an outgoing message can be calculated as soon as all
the required incoming messages are available. When all the mes-

sages have been obtained, then a belief f̃(xk) is calculated for each
variable node “xk” by multiplying all the incoming messages and

normalizing the resulting function in the sense that
∫
f̃(xk)dxk =

1. If the factor graph does not contain loops, then the belief f̃(xk) is
exactly equal to the marginal posterior pdf f(xk|z). This is verified
for our example in Fig. 1 within a sequential Bayesian estimation
setting in Section 2.2. If the factor graph contains loops, then the
SPA is usually executed in an iterative manner, in the sense that the
calculation of the messages is performed multiple times (“iterative

SPA”). The beliefs f̃(xk) are calculated only after the final iteration.
In the loopy case, the beliefs are approximations of the marginal
posterior pdfs f(xk|z). These approximations tend to be overcon-
fident, which is also known as the data incest problem. Different
orders (schedules) of message calculation are possible, which may
lead to different beliefs in the loopy case. The choice of an order
(schedule) introduces a certain flexibility in the design of iterative
SPA algorithms. A closed-form implementation of the message and
belief calculation rules is possible for linear-Gaussian system mod-
els [42]. In the general case, computationally feasible approximate
implementations can be based on particle representations [41] or the
unscented transform [59].

2.2 SPA Interpretation of Sequential Bayesian Estimation

In this section, we verify for our example in Fig. 1 the general

fact that for a factor graph without loops, the belief f̃(xk) pro-
vided by the SPA equals the marginal posterior pdf f(xk|z). We
adopt a sequential Bayesian estimation framework by setting z=
z1:2 , [zT

1 zT
2 ]

T, γ1(x1) = f(x1|z1), γ2(x1,x2) = f(x2|x1), and
γ3(x2) = f(z2|x2), so that the factorization of Fig. 1 reads

f(x|z1:2) ∝ f(x1|z1)f(x2|x1)f(z2|x2). (4)

This factorization is based on the assumptions that given x1, x2
is conditionally independent of z1, and given x2, z2 is condition-
ally independent of all the other variables. Let us now calculate the
marginal posterior pdf f(x2|z1:2) =

∫
f(x|z1:2)dx1. We obtain

f(x2|z1:2) ∝

∫
f(x1|z1)f(x2|x1)f(z2|x2)dx1

= f(z2|x2)

∫
f(x2|x1)f(x1|z1)dx1

︸ ︷︷ ︸

=f(x2|z1) (PREDICTION STEP)

(5)

= f(z2|x2)f(x2|z1)
︸ ︷︷ ︸

(MEASUREMENT UPDATE STEP)

. (6)

Our factorization of the joint posterior pdf f(x|z1:2) in (4) corre-
sponds to the sequential Bayesian estimation framework underlying,
e.g., the Kalman filter [60]. Indeed, the above calculations corre-
spond to the prediction step (see (5)) and the measurement update
step (see (6)) of sequential Bayesian estimation. On the other hand,
executing the SPA for the factor graph depicted in Fig. 1, we obtain
the belief for x2 as

f̃(x2)∝ ζγ3→x2(x2)ζγ2→x2(x2)

= f(z2|x2)ζγ2→x2(x2), (7)

where

ζγ2→x2(x2) =

∫
f(x2|x1)ηx1→γ2(x1)dx1

=

∫
f(x2|x1)f(x1|z1)dx1. (8)

The expressions (7) and (8) are seen to be consistent with the mea-
surement update step (6) and the prediction step in (5), respectively.

2.3 Factor Graph Representation of Probabilistic Data
Association

A challenging issue in multitarget tracking is the measurement origin
uncertainty (MOU) problem, i.e., the problem that the association
between the targets and the measurements is unknown. Because of
the MOU problem, Bayesian multitarget tracking methods include a
probabilistic “data association” component. We assume that a target
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can generate at most one measurement and a measurement can orig-
inate from at most one target [16, 17]; this will be referred to as the
“data association assumption.” To illustrate the MOU problem, con-
sider two targets moving in close proximity and two measurements.
Because of MOU, the association between targets and measurements
is unknown: it is possible that the first target generates the first mea-
surement and the second target the second measurement, or the first
target generates the second measurement and the second target the
first measurement, or a target does not generate any measurement
(missed detection), or a measurement does not originate from a target
(false alarm, clutter).

Let us generalize and formalize this data association problem.

We consider K targets indexed by k ∈ K , {1, 2, . . . ,K}, at—
for now—a single time step. A sensor produces M measurements
indexed by m∈M, {1, 2, . . . ,M}, which result from a detection
process. The target-measurement associations can then be charac-
terized by the target-oriented association variables ak for k∈K,
which are defined as m∈M if target k generates measurement m
and 0 if target k does not generate any measurement. We assume that
a priori the ak for different targets k are statistically independent,
and the distribution of a single ak is described by some proba-
bility mass function (pmf) ps(ak), ak ∈ {0, 1, . . . ,M}. Defining

a, [a1 · · · aK ]T, the joint pmf of all the ak is then given by

pj(a) ∝ Φ(a)

K∏

k=1

ps(ak) , (9)

where Φ(a)=0 if a associates more than one target with
a measurement (i.e., if there are k, k′∈ K with k 6=k′ such
that ak= ak′ 6=0) and Φ(a)=1 otherwise. For example, for
K=2 targets and M=2 measurements, seven associations are

possible, i.e., Φ(a)=1 for a∈A ,
{
[0 0]T, [1 0]T, [2 0]T, [0 1]T,

[0 2]T, [1 2]T, [2 1]T
}

. The other combinations are impossible, i.e.,

Φ(a)= 0 for a ∈
{
[1 1]T, [2 2]T

}
, since they would associate one

measurement with two targets simultaneously.

The marginal association pmf pm(ak) ,
∑

ak̄
pj(a), with ak̄

denoting the vector a without the kth component, is the sum of
all the probabilities that target k generated the various measure-
ments m∈M or no measurement while taking into account the
possible presence of other targets k′∈ K\{k}. The marginal associ-
ation pmfs are key elements of many multitarget tracking algorithms,
and their calculation is referred to as probabilistic data association.
However, a direct exact calculation is typically infeasible since it has

a complexity of order O
(
(M + 1)K

)
and thus scales poorly withK

and M .
An efficient and scalable approximate calculation of the marginal

association pmfs pm(ak) can be obtained by introducing the
measurement-oriented association variables bm for m∈M, which
are defined as k ∈K if measurement m originates from target k and
0 if measurement m does not originate from any target [6, 46]. We

also define b, [b1 · · · bM ]T. Describing valid measurement-target
associations (i.e., those satisfying the data association assumption)
in terms of both a and b is redundant in that b can be deter-
mined from a and also vice versa. However, since a describes
only associations where at most one measurement is associated
with a target and b describes only associations where at most one
target is associated with a measurement, using b alongside with
a automatically takes into account the data association assump-
tion. The factor Φ(a) in (9) can now be replaced by Ψ(a, b) =
∏K
k=1

∏M
m=1ψkm(ak, bm), where the “association consistency

indicator” ψkm(ak, bm) is defined as ψkm(ak, bm) = 0 if either
ak=m and bm 6= k or bm=k and ak 6=m, and ψkm(ak, bm) =1
otherwise [6, 46]. In our example, Ψ(a, b)=1 only if a∈A and if b

describes the same association as a: for instance, if a=[2 0]T (the
first target generates the second measurement and the second target
does not generate a measurement), then Ψ(a, b)=1 if and only if

b=[0 1]T (the first measurement does not originate from a target
and the second measurement originates from the first target). Using
b alongside with a, expression (9) is formally replaced by
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pK

ν1→1
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φ1→1

φK→1
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aK

b1

bM

ψ11

ψKM

ψ1M

ψK1

Fig. 2: Factor graph describing the factorization of pj(a, b) in (10).
Messages are depicted in blue, and the short notations ψkm, pk ,

φk→m, and νm→k are used for ψkm(ak, bm), ps(ak), φ
[ℓ]
k→m

, and

ν
[ℓ]
m→k

, respectively.

pj(a, b) ∝
K∏

k=1

ps(ak)

M∏

m=1

ψkm(ak, bm) . (10)

This can be interpreted as a factorization of the type (1);
the corresponding factor graph is depicted in Fig. 2. We note
that pj(a, b) is consistent with pj(a) in (9) in that pj(a) =∑

b∈{0,1,...,K}M pj(a, b).

2.4 Sum-Product Algorithm for Probabilistic Data
Association (SPADA)

Accurate approximations of the marginal association probabili-
ties pm(ak) can be calculated by running the iterative SPA on
the factor graph depicted in Fig. 2. In message passing itera-

tion ℓ ∈ {1, 2, . . . , L}, messages ζ
[ℓ]
ψkm→bm

(bm) and ζ
[ℓ]
ψkm→ak

(ak)

are passed from factor node “ψkm(ak, bm)” to variable nodes
“bm” and “ak”, respectively. Using the discrete counterpart of

(2) gives ζ
[ℓ]
ψkm→bm

(bm) =
∑M
ak=0 ψkm(ak, bm)η

[ℓ]
ak→ψkm

(ak).

Here, η
[ℓ]
ak→ψkm

(ak) is the message passed from variable node “ak”

to factor node “ψkm(ak, bm)”, which according to (3) is given by

η
[ℓ]
ak→ψkm

(ak) = ps(ak)
∏M
m′=1
m′ 6=m

ζ
[ℓ]
ψkm′→ak

(ak). Thus, we obtain

ζ
[ℓ]
ψkm→bm

(bm)=
M∑

ak=0

ps(ak)ψkm(ak, bm)
M∏

m′=1
m′ 6=m

ζ
[ℓ]
ψkm′→ak

(ak) ,

(11)

for k = 1, 2, . . . ,K and m = 1, 2, . . . ,M . In a similar manner, we
obtain

ζ
[ℓ]
ψkm→ak

(ak) =

K∑

bm=0

ψkm(ak, bm)

K∏

k′=1
k′ 6=k

ζ
[ℓ−1]
ψk′,m→bm

(bm) .

These expressions of ζ
[ℓ]
ψkm→bm

(bm) and ζ
[ℓ]
ψkm→ak

(ak) estab-

lish a recursive calculation for ℓ = 1, 2, . . . , L, which is ini-

tialized by ζ
[0]
ψkm→bm

(bm) =
∑M
ak=0 ps(ak)ψkm(ak, bm). After

the last iteration ℓ=L, approximations p̃m(ak) of the marginal
association pmfs pm(ak) are obtained by calculating the respec-
tive beliefs as explained in Section 2.1. This yields p̃m(ak) =

Ak ps(ak)
∏M
m=1ζ

[L]
ψkm→ak

(ak), for k = 1, 2, . . . ,K, where theAk
are normalization factors.

An efficient reformulation of this recursion, which we term
the Sum-Product Algorithm for Data Association (SPADA), is
obtained as follows [6, 46]. Due to the binary consistency con-

straints expressed by ψkm(ak, bm), ζ
[ℓ]
ψkm→bm

(bm) in (11) takes

on only two different values, namely, one value for bm=k and

another value for all bm 6=k, and similarly for ζ
[ℓ]
ψkm→ak

(ak). Thus,

ζ
[ℓ]
ψkm→bm

(bm) and ζ
[ℓ]
ψkm→ak

(ak) can be represented in “normal-

ized” form by the ratio of these two values, which we denote by
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φ
[ℓ]
k→m

and ν
[ℓ]
m→k

, respectively. These ratios can be calculated as
[6, 41]

φ
[ℓ]
k→m

=
ps(m)

ps(0) +
∑M

m′=1
m′ 6=m

ps(m′)ν
[ℓ]
m′→k

, (12)

ν
[ℓ]
m→k

=
1

1 +
∑K
k′=1
k′ 6=k

φ
[ℓ−1]
k′→m

, (13)

for k=1, 2, . . . ,K and m=1, 2, . . . ,M . The recursion established

by (12) and (13) is initialized by φ
[0]
k→m

= ps(m)
∑M

m′=0
m′ 6=m

ps(m
′).

After termination of the recursion, the beliefs are calculated from the

final messages ν
[L]
m→k

as

p̃m(ak=m) =
ps(m)ν

[L]
m→k

ps(0) +
∑M
m′=1 ps(m′)ν

[L]
m′→k

,

for m = 0, 1, . . . ,M . Here, ν
[L]
0→k

, 1. The recursion is guaranteed
to converge [46]. The complexity of one SPADA iteration (12), (13)
scales only linearly in both K and M .

3 SPA-based Multisensor-Multitarget Tracking

Next, we describe how factor graphs and the SPA enable the devel-
opment of an algorithm that tracks an unknown number of targets
using fused data from multiple radar sensors [6, 41].

3.1 Basic System Model

Since the number of targets is unknown, we consider K poten-

tial targets (PTs) k ∈ K , {1, 2, . . . ,K} [6, 41]. Thus, the num-
ber of targets is at most K. The existence of PT k at a given
(current) time step n is described by the binary variable rk,n ∈
{0, 1}, i.e., PT k exists if rk,n = 1 and does not exist if rk,n = 0.
The state of PT k at time n is denoted as xk,n; it is formally
considered also if rk,n = 0. The state consists of the PT’s posi-
tion and possibly other (continuous) parameters. We define the

augmented state of PT k as yk,n , [xT
k,n rk,n]

T, and we fur-

thermore define yn , [yT
1,n · · · yT

K,n]
T and y1:n , [yT

1 · · · yT
n]

T.
We assume that the temporal evolution of each augmented PT
state yk,n follows a first-order Markov model, which is described
by a state-transition pdf f(yk,n|yk,n−1). Different PTs k evolve

independently, so that f(yn|yn−1) =
∏K
k=1 f(yk,n|yk,n−1). An

expression for f(yk,n|yk,n−1) is provided in [41]. This expression
involves a state-transition pdf f(xk,n|xk,n−1), a survival probabil-

ity p
(s)
k,n

, a birth probability p
(b)
k,n

, and a birth pdf f (b)(xk,n).

We consider S sensors s ∈ {1, 2, . . . , S} producing “detected”
radar measurements, i.e., the results of the detection stage of the

radar signal processing chain [7]. Let z
(s)
m,n withm∈M

(s)
n , {1, 2,

. . . ,M
(s)
n } denote the measurements observed by sensor s at time

n. We also set z
(s)
n ,

[
z
(s)T
1,n · · · z

(s)T

M
(s)
n ,n

]T
, and define z1:n as the

vector stacking the z
(s)
n′ for all s = 1, 2, . . . , S and n′= 1, 2, . . . , n.

An existing PT k generates a measurement z
(s)
m,n at sensor s at time

n—i.e., it is “detected” by sensor s—with probability P
(s)
d . Fur-

thermore, for each sensor s and time n, we consider target-oriented

association variables a
(s)
k,n

, k∈K and measurement-oriented asso-

ciation variables b
(s)
m,n, m∈M

(s)
n according to Section 2.3. The

vectors of all the a
(s)
k,n

, k∈K and all the b
(s)
m,n, m∈M

(s)
n for all

the sensors s at time n are denoted by an and bn, respectively.

If measurement z
(s)
m,n originates from PT k, i.e., a

(s)
k,n

=m∈M
(s)
n

and b
(s)
m,n= k ∈K, then its distribution given xk,n is described

by f
(
z
(s)
m,n

∣
∣xk,n

)
. Measurements can originate only from existing

PTs. Some of the measurements z
(s)
m,n may be false alarms. Each

false alarm is distributed according to some pdf fFA

(
z
(s)
m,n

)
, and the

number of false alarms is modeled by a Poisson distribution with

mean µ(s). The quantities f
(
z
(s)
m,n

∣
∣xk,n

)
, µ(s), and fFA

(
z
(s)
m,n

)

characterize the measurement model of sensor s. It is assumed
that given yn, all measurements z

(s)
m,n are statistically independent

across s and m as well as statistically independent of all previous
and future PT states. Furthermore, it is assumed that given yn−1,
yn is conditionally independent of all previous measurements.

3.2 Detection and Estimation

Our goal is to decide if PT k ∈ K exists at time n, or equiva-
lently, to detect the event rk,n=1 (this should not be confused
with the “detection” performed by the sensors), and to calculate
estimates of the states xk,n of the detected PTs. In our Bayesian
framework, target detection and state estimation are based on the
posterior existence probabilities p(rk,n=1|z1:n) and the posterior
state pdfs f(xk,n|rk,n=1,z1:n). PT k is detected—i.e., its exis-
tence is declared—if p(rk,n=1|z1:n) exceeds a suitably chosen
threshold Pth [58, Ch. 2]. In that case, an estimate of xk,n is given,

e.g., by x̂k,n ,
∫
xk,nf(xk,n|rk,n=1,z1:n)dxk,n [58, Ch. 4].

The required statistics p(rk,n=1|z1:n) and f(xk,n|rk,n=1,z1:n)
can be obtained from the posterior pdf f(xk,n, rk,n|z1:n) =
f(yk,n|z1:n) according to

p(rk,n=1|z1:n) =

∫
f(xk,n, rk,n=1|z1:n)dxk,n

and

f(xk,n|rk,n=1,z1:n) =
f(xk,n, rk,n=1|z1:n)

p(rk,n=1|z1:n)
,

respectively. Hence, it remains to calculate the posterior pdfs
f(xk,n, rk,n|z1:n).

3.3 Factor Graph and SPA-based Tracking Algorithm

The posterior pdf f(xk,n, rk,n|z1:n) = f(yk,n|z1:n) is a marginal
density of the joint posterior pdf f(yn,yn−1,an, bn|z1:n), which
describes the joint distribution of all the current and previous aug-
mented states and all the current association variables, conditioned
on all the measurements observed so far. Following Section 2.1, we
can use the SPA for an efficient and scalable approximate calculation
of the K marginal posterior pdfs f(yk,n|z1:n), k∈K.

3.3.1 Known Measurement Origins: As a preliminary step,
we first consider the calculation of f(yk,n|z1:n) in the absence of
MOU, missed detections, and false alarms. More specifically, we
assume that it is known that each target k generates a corresponding

measurement z
(s)
k,n

at each sensor s, i.e., m= k and M
(s)
n =Mn for

all s ∈ {1, 2, . . . , S}. It follows that the number of targets is equal to
Mn and hence known. We thus have K =Mn and rk,n = 1 for all
k = 1, . . . ,K. In addition, at time n=0 we initialize the prior pdf
of the augmented state yk,0 as f(xk,0, rk,0 =1) = f(xk,0), where
f(xk,0) is an arbitrary prior pdf, and as f(xk,0, rk,0 =0) = 0
because the event rk,0 =0 is impossible.

In the absence of MOU, the joint posterior pdf is f(yn, yn−1|z1:n),
without the association vectors an and bn. By applying Bayes’ rule
and using assumptions introduced in Section 3.1, the joint posterior
pdf factorizes as

f(yn, yn−1|z1:n)

= f(yn,yn−1|zn,z1:n−1)

∝ f(zn|yn,yn−1,z1:n−1)f(yn,yn−1|z1:n−1)

= f(zn|yn)f(yn,yn−1|z1:n−1)

= f(zn|yn)f(yn|yn−1)f(yn−1|z1:n−1)

= f(yn−1|z1:n−1)f(yn|yn−1)
S∏

s=1

f(z
(s)
n |yn)
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=
K∏

k=1

f(yk,n−1|z1:n−1)
︸ ︷︷ ︸

PREVIOUS MARGINAL
POSTERIOR PDF

f(yk,n|yk,n−1)
︸ ︷︷ ︸
STATE-TRANSITION

PDF

×
S∏

s=1

f(z
(s)
k,n

|yk,n)
︸ ︷︷ ︸

LIKELIHOOD
FUNCTION

.

Here, we defined zn to be the vector stacking z
(1)
n , . . . ,z

(S)
n ,

and we introduced f(z
(s)
k,n

|yk,n) , f(z
(s)
k,n

|xk,n, rk,n), with

f(z
(s)
k,n

|xk,n, rk,n =1) = f(z
(s)
k,n

|xk,n) and f(z
(s)
k,n

|xk,n, rk,n =

0) arbitrary (this pdf is irrelevant because the event rk,n = 0 is
impossible). Furthermore, we assumed that f(yn−1| z1:n−1) =
∏K
k=1 f(yk,n−1|z1:n−1). This is a standard assumption that under-

lies many multitarget tracking algorithms [16] and can be shown to
be equivalent to sending messages only forward in time on a fac-
tor graph derived for all times n [6]. Next, marginalizing out yn−1
yields

f(yn|z1:n) =

∫
f(yn,yn−1|z1:n)dyn−1

=
K∏

k=1

∫
f(yk,n|yk,n−1)f(yk,n−1|z1:n−1)dyk,n−1

︸ ︷︷ ︸

=f(yk,n|z1:n−1) (PREDICTION STEP)

×
S∏

s=1

f(z
(s)
k,n

|yk,n)

=

K∏

k=1

f(yk,n|z1:n−1)

S∏

s=1

f(z
(s)
k,n

|yk,n)

︸ ︷︷ ︸

∝f(yk,n|z1:n)

(MULTISENSOR MEASUREMENT UPDATE STEP)

.

This shows that the multitarget tracking problem for our K tar-
gets simplifies to K independent sequential Bayesian estimation
problems, where the kth problem consists of a prediction step
(f(yk,n|z1:n−1)=

∫
f(yk,n|yk,n−1)f(yk,n−1|z1:n−1)dyk,n−1,

cf. (5)) and a multisensor measurement update step (f(yk,n|z1:n)∝

f(yk,n|z1:n−1)
∏S
s=1 f(z

(s)
k,n

|yk,n), cf. (6)). At time n=1, the

pdf f(yk,n−1|z1:n−1) = f(yk,0|z1:0) is formally replaced by
the prior pdf f(yk,0) = f(xk,0, rk,0). Since f(xk,0, rk,0 =0) =
0, it is straightforward to see that after the prediction step,
we obtain the pdf f(yk,1) = f(xk,1, rk,1) which also satisfies
f(xk,1, rk,1 =0) = 0. Similarly, also after the update step the
obtained posterior pdf f(yk,1|zk,1) = f(xk,1, rk,1|zk,1) still sat-
isfies f(xk,1, rk,1 = 0|zk,1) = 0. Continuing this way, it is seen
that f(xk,n, rk,n =0|z1:n−1) = 0 and f(xk,n, rk,n =0|z1:n) =
0 also for all subsequent times n.

Furthermore, the marginalization of f(yk,n|z1:n)=f(xk,n,
rk,n|z1:n) for rk,n=1 yields

p(rk,n=1|z1:n) =

∫
f(xk,n, rk,n=1|z1:n)dxk,n =1

for all k∈K, where the final result follows from the fact that
f(xk,n, rk,n=0|z1:n) = 0.

3.3.2 Unknown Measurement Origins: We now revert to the
general case with MOU, missed detections, and false alarms (and,
thus, unknown an and bn). Here, the K target tracking prob-
lems are coupled and the existence of the PTs is not certain.
Using the assumptions from Section 3.1, one can show [41] that
f(yn,yn−1,an, bn|z1:n) factorizes as

f(yn,yn−1,an, bn|z1:n)

∝
K∏

k=1

f(yk,n−1|z1:n−1)
︸ ︷︷ ︸

PREVIOUS MARGINAL
POSTERIOR PDF

f(yk,n|yk,n−1)
︸ ︷︷ ︸
STATE-TRANSITION

PDF

 

 

 

 

  

 f−1 y−
1 f1 y1

y−
Kf−K yKfK

υ1
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υK

υK

ψKM

ψ11

ψ11

ψ1M

ψK1

a1

aK

b1

bM

s=1

s=S

Fig. 3: Factor graph describing the factorization of f(yn,yn−1,
an, bn|z1:n) in (14). The time index n and the sensor index s
are omitted. Furthermore, we use the following short notations:

f−
k

, f(yk,n−1|z1:n−1), y−
k
, yk,n−1, fk , f(yk,n|yk,n−1),

yk , yk,n, υk , υ(s)
(
yk,n, a

(s)
k,n

;z
(s)
n

)
, ak , a

(s)
k,n

, bm , b
(s)
m,n,

ψkm , ψkm
(
a
(s)
k,n
, b

(s)
m,n

)
, and M ,M

(s)
n .

×
S∏

s=1

υ(s)
(
yk,n, a

(s)
k,n

;z
(s)
n

)

︸ ︷︷ ︸
PSEUDO-LIKELIHOOD

FUNCTION

M(s)
n∏

m=1

ψkm
(
a
(s)
k,n

, b
(s)
m,n

)

︸ ︷︷ ︸
ASSOCIATION

CONSISTENCY INDICATOR

.

(14)

Here, the association consistency indicators ψkm
(
a
(s)
k,n
, b

(s)
m,n

)

were introduced in Section 2.3, and υ(s)
(
yk,n, a

(s)
k,n

;z
(s)
n

)
=

υ(s)
(
xk,n, rk,n, a

(s)
k,n

;z
(s)
n

)
is given by

υ(s)
(
xk,n, 1, a

(s)
k,n;z

(s)
n

)

=







P
(s)
d f

(
z
(s)
m,n

∣
∣xk,n

)

µ(s)fFA

(
z
(s)
m,n

) , a
(s)
k,n

=m∈M
(s)
n

1−P
(s)
d , a

(s)
k,n

=0

(15)

and

υ(s)
(
xk,n, 0, a

(s)
k,n

;z
(s)
n

)
= δ

a
(s)
k,n

,0
, (16)

where δa,0 is defined to be 1 if a=0 and 0 otherwise. According
to (14), the joint posterior pdf f(yn,yn−1,an, bn|z1:n) is nonzero
only if yn, an, and bn are consistent in that (i) an and bn describe

the same data association event (otherwise ψkm(a
(s)
k,n

, b
(s)
k,n

) is zero

for some s ∈ S , k ∈ K, and m ∈ M
(s)
n ) and (ii) for all k∈K,

rk,n=0 implies a
(s)
k,n

=0 for all s∈S , i.e., PTs that do not exist

cannot generate measurements (otherwise υ(s)(xk,n, 0, a
(s)
k,n

;z
(s)
n )

is zero for some s ∈ S).
The complexity of calculating the marginal posterior pdfs

f(xk,n, rk,n|z1:n) = f(yk,n|z1:n), k∈K by direct marginaliza-
tion of the joint posterior pdf f(yn,yn−1,an, bn|z1:n) in (14)
scales exponentially in the number of PTs K, the number of mea-

surements M
(s)
n , and the number of sensors S. However, running

the SPA on the loopy factor graph representing the factorization (14)
makes it possible to calculate approximations of f(yk,n|z1:n) in an
efficient and scalable manner. This factor graph is shown in Fig. 3;
it is seen to contain one instance of the SPADA factor graph (shown

in Fig. 2) for each sensor s. The beliefs f̃(yk,n) produced by the
SPA are used instead of f(yk,n|zn) for detection and estimation
according to Section 3.2, and also in the SPA for the next time step.
Explicit expressions of the messages and beliefs can be obtained by
applying the general SPA message calculation rules from Section
2.1 to the factor graph in Fig. 3 [41]. To reduce the complexity as
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TARGET k=1

TARGET k=2
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PREDICTION
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MEASUREMENT UPDATE
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f1
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y2
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a2
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b2

ψ11

ψ12
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ψ22

Fig. 4: Factor graph describing the factorization of f(yn, yn−1,an, bn|z1:n) in (14) for the case of two targets and two measurements
produced by a single sensor. In addition, the previous, predicted, and current beliefs for the two targets are shown.

well as detrimental effects of loops in the factor graph, we employ
a schedule of message calculation such that iterative message pass-
ing is performed only for probabilistic data association (i.e., within
the individual SPADA subgraphs) but not across the sensors [41].
Furthermore, to accommodate nonlinear and/or non-Gaussian state-
transition and measurement models, we represent messages related
to continuous state variables by particles [41].

For an illustration of the SPA-based tracking algorithm, we

reconsider our simple example with K=2 targets and M
(1)
n =2

measurements produced by a single sensor. The factor graph rep-
resenting the factorization (14) for this case is shown in Fig. 4.
It is structured into four sections that refer to various distributions
(messages, beliefs) and/or operations within the SPA-based tracking
algorithm. The previous belief for target k∈{1, 2} approximates the
marginal posterior pdf of the previous augmented state yk,n−1 , i.e.,

f(yk,n−1|z1:n−1), which corresponds to the factor node “f−
k

” in
Fig. 4. In the prediction step, the previous belief is converted into the
predicted belief, which is the message passed from factor node “fk”
(representing the state-transition pdf f(yk,n|yk,n−1)) to variable
node “yk” (representing yk,n). In the measurement update and data

association step, the measurement z
(1)
n is incorporated into the func-

tion υ(1)(yk,n, a
(1)
k,n

;z
(1)
n ) (represented by the factor node “υk”),

and the SPADA (cf. Section 2.4) is employed for probabilistic data
association. This results in the current belief, which approximates
the current marginal posterior pdf f(yk,n|z1:n). The current belief
is centered around the respective measurement. It is used for tar-
get detection and for state estimation as discussed in Section 3.2,
and also as the previous belief at the next time step. In addition
to the factor graph, Fig. 4 also visualizes the previous, predicted,
and current beliefs for the first and second target in the upper and
lower three-dimensional plots, respectively. The arrows in the left-
most plots represent the trajectories of the targets. Because of the
uncertainty of target-measurement association and the proximity of
the two targets, the current beliefs are bimodal. The smaller of the
two modes is centered roughly at the position of the respective other
target.

4 Adapting the Dynamic Model

In many tracking scenarios, an accurate description of the dynamics
of a target requires the use of different dynamic models (DMs) in
different time periods. A prominent example is the case of maneu-
vering targets [61]. Therefore, adopting the multiple model approach
[61, Ch. 11], we describe the state evolution for an existing PT k∈K
as

xk,n = ξℓk,n

(
xk,n−1,u

(ℓk,n)
k,n

)
.

Here, the driving process u
(ℓk,n)
k,n

is independent and identically

distributed (iid) across k and n [16, 61]. The state-transition func-

tion ξℓk,n
( · , ·) and the statistics of u

(ℓk,n)
k,n

then define the DM

Dℓk,n
, which is chosen from a set of possible DMs, {Dj}

J
j=1, by

the DM index ℓk,n∈ {1, 2, . . . , J}. Note that the state-transition
pdf fj(xk,n|xk,n−1) follows from Dj . The most common DM
type is the nearly-constant velocity model, where the PT state con-
sists of two-dimensional (2D) position and 2D velocity, i.e., xk,n =
[x1,k,n x2,k,n ẋ1,k,n ẋ2,k,n]

T, and

xk,n = ξj
(
xk,n−1,u

(j)
k,n

)
= Axk,n−1+Wu

(j)
k,n

. (17)

Here, the matrices A∈R
4×4 and W ∈R

4×2 are as specified in [61,
Sec. 6.3.2] (they involve the time step duration ∆T as a parameter),

and u
(j)
k,n

∼ N
(
0, σ2j I2

)
is a sequence of 2D Gaussian random vec-

tors that is iid across PT k and time n. Note that different DMs Dj
differ solely in the driving process variance σ2j . Since σj is a mean
measure of the change of target speed in a time step of duration ∆T ,

higher values of σ2j are appropriate during target maneuvers, i.e.,
when a target changes its speed or course.

The DM indices ℓk,n are independent across k; their temporal
evolution follows a Markov chain model, i.e.,

p(ℓk,n=j|ℓk,n−1= i) = [L]i,j , i, j ∈ {1, 2, . . . , J}, (18)

with some transition matrix L∈ [0, 1]J×J [49]. We furthermore

redefine the augmented state of PT k as yk,n, [xTk,n rk,n ℓk,n]
T,

i.e., it now includes also the DM index ℓk,n. The transition pdf of
the augmented state, f(yk,n|yk,n−1), is then expressed in terms of

a DM-dependent birth pdf f
(b)
ℓk,n

(xk,n), a birth probability p
(b)
k,n

, the

DM-dependent state-transition pdf fℓk,n
(xk,n|xk,n−1), and a sur-

vival probability p
(s)
k,n

as explained in [49]. Note that the birth pdf

f
(b)
ℓk,n

(xk,n) may be DM-dependent; in particular, one can choose

a broader birth pdf (expressing a larger variability of the state)
in the case of fast maneuvering targets. We can then run iterative
SPA message passing on a factor graph that differs from the factor
graph of Fig. 3 only by the modified definition of the variable nodes
“yk,n”. The result is a “self-tuning” multisensor-multitarget tracking
algorithm that performs a probabilistic adaptation of its DM model
at each time n [49].

5 Integration of AIS Data

International regulations require commercial ships whose gross ton-
nage exceeds 300 tons and passenger ships to report their identity,
position, and motion information via an AIS transponder. The AIS
data format includes the maritime mobile service identity (MMSI)
[8, 62]. We next extend our factor graph/SPA framework for multi-
target tracking to include a fusion of real-time AIS data with radar
measurements [56].
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t1 t2 t3
t

Processed at time t2 Processed at time t3

Radar Measurement AIS Report

Fig. 5: Example of radar measurements and AIS reports from three
ships. The radar measurements and AIS reports are available to the
tracking algorithm during three consecutive time steps ending at
times t1, t2, and t3, and they are represented by triangles and cir-
cles, respectively. The ships are identified by black, blue, and red
color.

5.1 A Model for Radar-AIS Information Fusion

The fusion of AIS data with radar measurements needs to cope with
several challenges: (i) The rate at which AIS reports are transmitted
by a ship depends on the ship’s speed and is anything between one
report every few seconds and one report every several minutes. (ii)
Because of the wireless communication channel, it is possible that
some of the AIS reports are not received by a base station. (iii) The
reports transmitted by different ships are received by a given base
station asynchronously, sparsely in time, and without a predefined
order. (iv) The lack of reports from a ship does not imply that that
ship is not present in the region of interest. (v) The MMSI may be
set to a default value due to a malfunction of the transponder.

Fig. 5 shows an example of radar measurements and AIS reports
that are available to the tracking algorithm during three consecu-
tive time steps ending at times t1, t2, and t3. Three ships are in
the region of interest and generate measurements at a radar sen-
sor s ∈ {1, 2, . . . , S} with a certain probability of detection. In
addition, AIS reports are received asynchronously (both across the
transmitting ships and relative to the radar measurements).

We will formally consider all the available AIS data to originate
from an AIS receiver (“AIS sensor”), which is indexed by s=0. The
AIS sensor comes in addition to the radar sensors s ∈ {1, 2, . . . , S},
and its data are included in the total measurement vector z1:n. The

mth AIS report at time n, z
(0)
m,n (note that the sensor index is s=0),

consists of the position information dm,n and the MMSI ζm,n, i.e.,

z
(0)
m,n = [dT

m,n ζm,n]
T. Here, ζm,n∈{0, 1, . . . , L}; more specifi-

cally, ζm,n∈{1, 2, . . . , L} is a valid MMSI identifying a ship and
ζm,n=0 is the default MMSI value mentioned above.

The association between PTs and AIS reports is nontrivial, as the
MMSI in an AIS report may be set to a default value or it may have
been observed for the first time; in the latter case, no prior informa-
tion about the ship generating the AIS report is available. Assuming
that each ship transmits at most one AIS report in one time step,
the data association assumption made in Section 2.3 is still valid,
i.e., a PT k is associated with no more than one AIS report m and,
conversely, an AIS report m is associated with no more than one
PT k. Furthermore, we assume that an AIS report can only origi-
nate from a target, and thus it cannot be a false alarm. Therefore, the
joint PT-report association pmf pj(a,b) can be expressed as in (10),

with ψkm(ak, bm) replaced by a modified function ψ⋆km(ak, bm)
that takes into account both the data association assumption and the
no-false-alarms assumption, i.e., ψ⋆km(ak, bm) = 0 if either ak=m
and bm 6= k, or bm=k and ak 6=m, or bm=0, and ψ⋆km(ak, bm) =
1 otherwise. It follows that the factor graph describing the factoriza-
tion of pj(a, b) has the same structure as the factor graph depicted
in Fig. 2, and hence a SPADA for the AIS sensor can be developed
as described in Section 2.4.

5.2 Factor Graph and SPA-based Tracking Algorithm

We now present a framework for multitarget tracking from both
radar measurements and AIS reports, which constitute the total mea-
surement vector z1:n [56]. We first redefine the augmented state

as yk,n , [xT
k,n rk,n τk,n]

T, i.e., it now includes the MMSI label

τk,n∈ {0, 1, . . . , L}. Here, τk,n= l∈{1, 2, . . . , L} means that at

time n, PT k transmits an AIS report with MMSI l, and τk,n=0
means that at time n, PT k transmits an AIS report with a default
label. Then, the joint posterior pdf f(yn,y1:n−1,an, bn|z1:n)
factorizes according to (14) with the following modifications: the

product
∏S
s=1 is replaced by

∏S
s=0; the function ψkm

(
a
(s)
k,n

, b
(s)
m,n

)

is replaced by a modified function ψ
(s)
km

(
a
(s)
k,n

, b
(s)
m,n

)
that equals

ψkm(ak, bm) (introduced in Section 2.3) for s∈ {1, 2, . . . , S} and

ψ⋆km(ak, bm) for s=0; and the function υ(s)
(
yk,n, a

(s)
k,n

;z
(s)
n

)
is

redefined to equal υ(s)
(
xk,n, rk,n, a

(s)
k,n

;z
(s)
n

)
(defined in (15) and

(16)) for s∈ {1, 2, . . . , S} and υ(0)
(
xk,n, rk,n, τk,n, a

(0)
k,n

;z
(0)
n

)

for s=0, where

υ(0)
(
xk,n, 1, τk,n, a

(0)
k,n

;z
(0)
n

)

=







f
(
z
(0)
m,n

∣
∣xk,n, τk,n

)
, a

(0)
k,n

=m∈M
(0)
n

1 , a
(0)
k,n

=0
(19)

and

υ(0)
(
xk,n, 0, τk,n, a

(0)
k,n

;z
(0)
n

)
= δ

a
(0)
k,n

,0
,

with M
(0)
n denoting the set of indices m corresponding to the AIS

reports at time n. Finally, the factor f(yk,n|yk,n−1) in (14) now
accounts also for the evolution of the MMSI label τk,n, besides the
evolution of xk,n and rk,n.

The pdf f
(
z
(0)
m,n

∣
∣xk,n, τk,n

)
involved in (19) describes the sta-

tistical dependence of the mth AIS report z
(0)
m,n = [dT

m,n ζm,n]
T

on the state xk,n and label τk,n of PT k at time n. Assum-
ing that (i) dm,n and ζm,n are conditionally independent given
xk,n and τk,n, (ii) dm,n and τk,n are conditionally indepen-
dent given xk,n, and (iii) ζm,n and xk,n are conditionally inde-

pendent given τk,n, this pdf factorizes as f
(
z
(0)
m,n

∣
∣xk,n, τk,n

)
=

f(dm,n|xk,n)p(ζm,n|τk,n). Here, f(dm,n|xk,n) describes the
AIS “measurement model,” which takes into account the asyn-
chronous nature of the AIS sensor (see [56] for details). The second
factor, p(ζm,n|τk,n), equals pc if ζm,n= τk,n and (1−pc)/L if
ζm,n 6= τk,n, where pc is the probability that the received MMSI
ζm,n matches the MMSI label τk,n of its associated PT.

The factorization of f(yn,y1:n−1,an, bn|z1:n) described above
differs from (14) essentially by an additional factor for s=0, which
accounts for the AIS data. Thus, the associated factor graph equals
that in Fig. 3 with an additional SPADA subgraph (cf. Section 2.4)
for s=0, which describes the processing of the AIS data. Based on
this factor graph, multisensor-multitarget tracking with an inherent
fusion of radar measurements and AIS data can be accomplished by
means of iterative SPA message passing as discussed in Section 3.3.

The resulting beliefs f̃(xk,n, rk,n, τk,n) approximate the marginal
posterior pdfs f(xk,n, rk,n, τk,n|z1:n); they are used for target
detection and for state estimation according to Section 3.2. We note
that the SPA message passing algorithm can be easily extended to
multiple DMs along the lines of Section 4.

The above-described SPA-based multitarget tracking algorithm
with radar-AIS fusion has been implemented in the context of the
EU-funded RANGER project. The algorithm has been successfully
used to fuse information from heterogeneous sensors, such as an
HFSW radar, a photonic-enhanced multiple-input multiple-output
radar, AIS data, and existing coastal radars, in four sea trials (two
in France and two in Greece) [63, 64].

6 Integration of Contextual Information

A ship either moves in certain geographical regions known as sea
lanes, or it moves more irregularly (e.g., during fishing operations).
The knowledge of common sea lanes extracted from historical AIS
data can be used as additional contextual information in a tracking
algorithm. Consider JS sea lanes indexed by j ∈ {1, 2, . . . , JS}. The
motion of a ship along the jth sea lane can be described by a nearly-
constant velocity DM Dj that is defined as in (17) except that it
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uses a directional driving process u
(j)
k,n

∼N (0,Q(j)) whose stan-

dard deviation in the direction of the sea lane, σ‖, is larger than that
in the direction orthogonal to the sea lane, σ⊥ [65]. The covariance

matrix of u
(j)
k,n

is Q(j) = G(j)DG(j)T, with D=diag{σ2⊥, σ
2
‖}

and G(j)=
[−cosδj sinδj

sinδj cosδj

]

, where δj is the angle of the cur-

rent sea lane direction. In addition, we describe ships that are freely
moving off the sea lanes by a nondirectional nearly-constant veloc-
ity DM D0 with equal standard deviation σ0 for both directions,

corresponding to Q(0)= σ20I2.
Similarly to Section 4, the random variable ℓk,n∈ {0, 1, . . . , JS}

selects the DM index j of ship (PT) k at time n; this DM corre-
sponds to some sea lane (ℓk,n ∈ {1, 2, . . . , JS}) or to free off-lane
motion (ℓk,n=0). The evolution of ℓk,n follows a Markov chain
model similar to (18). More specifically, we employ a reduced
Markov chain as proposed in [65] since the number of sea lanes
JS is usually quite large. We define the active DM index set of
PT k at time n, Jk,n ⊆ {0, 1, . . . , JS}, as the set containing,
besides the off-lane index j=0, the indices of those sea lanes that
can be reached at time n by PT k. These latter indices depend
on the previous state xk,n−1, and thus Jk,n depends on xk,n−1.
We then allow index transitions ℓk,n−1→ ℓk,n only between active
indices, i.e., for ℓk,n−1∈Jk,n−1 and ℓk,n∈Jk,n. Using index

transformations Jk,n−1→
{
0, 1, . . . , |Jk,n−1|−1

}
and Jk,n→{

0, 1, . . . , |Jk,n|−1
}

, the index transition pmf can be formu-
lated as (cf. (18)) p(ℓk,n=j|ℓk,n−1= i) = [Lk,n]i,j for i∈Jk,n−1

and j ∈Jk,n, with a transition matrix Lk,n ∈ [0, 1]|Jk,n−1|×|Jk,n|.
This transition matrix depends on k, n, and xk,n−1.

Typically, the restriction of the DM index transitions to active
sea lanes results in a strong reduction of complexity and also in an
improvement of tracking accuracy. The reduced Markov chain is still
consistent with our formulation in Section 4. Thus, iterative SPA
message passing can be used for multisensor-multitarget tracking
aided by a knowledge of sea lanes; the only difference from Section
4 is that the active index set Jk,n and the corresponding transition
matrix Lk,n have to be determined at each time n and for each PT
k. The factor graph/SPA formulation also allows a straightforward
integration of online AIS data as discussed in Section 5.

7 Simulated-Data Experiments

In this section, we provide a quantitative performance analysis of
the SPA-based multisensor-multitarget tracking algorithm applied
to simulated data. More specifically, we present a comparison with
multisensor (C)PHD filters (Section 7.1) and an analysis of the effect
of radar-AIS information fusion (Section 7.2).

7.1 Comparison with Multisensor (C)PHD Filters

We compare the performance of the SPA-based multisensor-
multitarget tracking algorithm described in Section 3 with that
of particle implementations of the iterated-corrector (C)PHD (IC-
(C)PHD) filter and the partition-based (C)PHD (PB-(C)PHD) filter
[66]. The IC-PHD and IC-CPHD filters [31, 32] are straightforward
multisensor extensions of the PHD filter [17, 25] and CPHD filter
[17, 27, 28], respectively, in which the single-sensor (C)PHD update
step is performed sequentially for each sensor. The PB-(C)PHD filter
[33] approximates the exact multisensor (C)PHD filter [29, 30]. The
update step of the exact multisensor (C)PHD filter involves a sum-
mation over all the partitions of the sets of measurements generated
by all the sensors, and is therefore computationally infeasible. The
PB-(C)PHD filter achieves a significant reduction of complexity by
extracting only the most relevant partitions — according to a score
function — before performing the update step. Since the partition
extraction procedure presupposes a Gaussian-mixture implementa-
tion, it is here adapted to a particle-based implementation as done
in [41].

We consider a region of interest (ROI) given by [−5 km, 5 km]×
[−5 km, 5 km]. The ROI is covered by S=2 radar sensors located at
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Fig. 6: MOSPA error obtained with the IC-PHD and PB-PHD fil-
ters, the IC-CPHD and PB-CPHD filters, and the SPA-based tracking
algorithm.

p(1)=[0,−5 km] and p(2)=[5 km, 0]. Three targets, initially uni-
formly located on a circle of radius 1 km, move toward the center
of the ROI with constant velocity 4 m/s. We simulate 100 time steps
with time step duration ∆T =5 s. The three targets appear at times
n=1, n=5, and n=10, disappear at times n=90, n=95, and
n=100, and cross their trajectories at time n=50. The two radar
sensors produce range-bearing measurements modeled as

z
(s)
m,n =

[

‖x̃k,n−p(s)‖

φ(x̃k,n,p
(s))

]

+ v
(s)
m,n, s∈ {1, 2},

where x̃k,n , [x1,k,n x2,k,n]
T is the position of target k, φ(x̃k,n,

p(s)) is the angle of the vector x̃k,n − p(s), and v
(s)
m,n∼N

(
0,

diag{σ2r , σ
2
b}

)
is a sequence of 2D Gaussian random vectors that is

iid acrossm, n, and s. The range and bearing standard deviations are
set to σr=80 m and σb=1◦, respectively. The targets are detected

by the radar sensors with probability P
(1)
d =P

(2)
d =0.8. The mean

number of false alarms is µ(1)=µ(2)=2, and the distribution of

false alarms, fFA(z
(s)
m,n) for s∈{1, 2}, is uniform on the ROI.

In all the considered tracking algorithms, the evolution of the tar-
gets is modeled by a single nearly-constant velocity DM (cf. (17))

with driving process variance σ21=0.052 m2/s4, and the survival
probability — introduced in Section 3.1 for the SPA-based track-
ing algorithm and also used within the (C)PHD filters — is set to

p
(s)
k,n

=0.999. For the SPA-based tracking algorithm, the birth prob-

ability is p
(b)
k,n

=0.001, the number of PTs is K=15, the number

of particles per PT is 6000, and the detection threshold used to
declare the existence of a PT (cf. Section 3.2) is Pth=0.8. For the
IC-(C)PHD and PB-(C)PHD filters, the mean number of newborn
targets is 0.01 and the number of particles used to represent the
PHD of the target states is 30000 [66]. For the PB-(C)PHD filter,
the maximum numbers of subsets and partitions used in the partition
extraction procedure are 100 and 500, respectively [33].

Fig. 6 presents for each tracking algorithm the Euclidean dis-
tance based mean optimal sub-pattern assignment (MOSPA) error
with cutoff parameter c=150 m and order p=1 [67], averaged over
500 simulation runs, as a function of time. The MOSPA error is a
performance metric that takes into consideration both the effects of
incorrectly detected targets and the estimation errors obtained for
correctly detected targets. The results in Fig. 6 show that the SPA-
based tracking algorithm outperforms both the IC-(C)PHD filter and
the PB-(C)PHD filter. This is mainly due to the clustering step in the
particle implementations of the IC-(C)PHD and PB-(C)PHD filters,
which is needed to extract the target state estimates [66]. Note that
the peaks observed at various times are due to target appearance and
disappearance.

These results are confirmed by Table 1, which reports the time-on-
target (ToT) and track fragmentation (TF) values — averaged over
the three targets and the 500 simulation runs — obtained with the
different tracking algorithms. The ToT is defined as the percentage
of time during which a target is successfully tracked in the sense that
the Euclidean distance of its estimated position from its true position
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Tracking Algorithm ToT TF

IC-PHD 83.4% 11.1

PB-PHD 90.1% 7.3

IC-CPHD 92.8% 5.0

PB-CPHD 94.2% 4.1

SPA-Based 97.2% 1.2

Table 1 Average ToT and TF obtained with the IC-PHD and PB-PHD filters, the

IC-CPHD and PB-CPHD filters, and the SPA-based tracking algorithm.

does not exceed the MOSPA cutoff parameter c=150 m. The TF is
defined as the number of different partial tracks that are associated
with a target within its entire lifetime.

Further simulation results presented in [41] compare the perfor-
mance of the SPA-based tracking algorithm, of the IC-(C)PHD filter,
and of the PB-(C)PHD filter as a function of the number of radar
sensors, the probability of detection, and the mean number of false
alarms.

7.2 Radar-AIS Information Fusion

In this section, we study the performance of the AIS fusion exten-
sion of the SPA-based tracking algorithm presented in Section 5. The
simulated scenario is as described in Section 7.1, with the difference
that the ROI is now covered also by the AIS. The targets transmit
AIS reports containing their ID and noisy position, i.e., the position
information is modeled as

dm,n = x̃k,n +wm,n,

where wm,n∼N (0, σ2wI2) is a sequence of 2D Gaussian random
vectors that is iid across m and n, with σw=10 m. Nominally, each
target transmits on average 0.5 reports per time step, but one target
does not transmit any reports in the time interval [70, 90].

The performance of the SPA-based tracking-and-fusion algorithm
is evaluated for the following fusion strategies: strategy “1-S” only
uses the measurements of one radar sensor, strategy “2-S” fuses the
measurements of both radar sensors, strategy “1-S + AIS” fuses the
measurements of one radar sensor and the AIS reports, and strat-
egy “2-S + AIS” fuses the measurements of both radar sensors
and the AIS reports. In Fig. 7, we show for each fusion strategy
the Euclidean distance based MOSPA error with cutoff parameter
c=150 m and order p=1 [67], averaged over 500 simulation runs,
as a function of time. The results in Fig. 7 clearly demonstrate the
advantage of fusing multiple sources and the ability of the proposed
algorithm to correctly deal with the asynchronous and intermit-
tent AIS reports. The larger MOSPA error in the time interval [70,
90] obtained with the algorithm versions that fuse AIS reports, i.e.,
1-S + AIS and 2-S + AIS, is due to the temporary lack of reports
from one of the targets. Nevertheless, fusion strategies 1-S + AIS
and 2-S + AIS always lead to an overall better tracking accuracy than
the strategies that fuse only radar measurements, i.e., 1-S and 2-S.
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Fig. 7: MOSPA error obtained with the SPA-based tracking-and-
fusion algorithm using four different fusion strategies.

Fusion Strategy ToT TF

1-S 94.9% 1.5

2-S 97.2% 1.2

1-S + AIS 98.5% 1.1

2-S + AIS 98.6% 1.1

Table 2 Average ToT and TF obtained with the SPA-based tracking-and-fusion

algorithm using four different fusion strategies.

Furthermore, it is interesting to note that 1-S + AIS consistently out-
performs 2-S. These results are confirmed by Table 2 which reports
the ToT and TF values — averaged over the three targets and the 500
simulation runs — obtained with the different fusion strategies.

8 Real-Data Experiments

In this section, we report the results of experiments in which real
measurements provided by two HFSW radars — of the WEllen
RAdar (WERA) type [68] — and real AIS data are fused by the SPA-
based tracking algorithm and its extensions described in Section 4
and Section 5. The two HFSW radars were located on the island
of Palmaria (IP) and in San Rossore Park (SRP), on the coast of
the Ligurian Sea in Italy. The intersection of the fields-of-view of
the two radar sensors defines the ROI. The radar measurements
were obtained with a three-dimensional order statistics constant false
alarm rate (CFAR) algorithm [7, Section 16.6]. The measurements
comprise range, bearing, and range rate. They are modeled in the
tracking algorithm as

z
(s)
m,n =







‖x̃k,n−p(s)‖

φ(x̃k,n,p
(s))

(x̃k,n−p(s))T ˙̃xk,n

‖x̃k,n−p(s)‖






+ v

(s)
m,n, s∈{1, 2},

where x̃k,n, p(s), and φ(x̃k,n,p
(s)) are defined as in Section 7,

˙̃xk,n , [ẋ1,k,n ẋ2,k,n]
T, and v

(s)
m,n∼N

(
0, diag{σ2r , σ

2
b , σ

2
ṙ }

)
is a

sequence of three-dimensional Gaussian random vectors that is iid

across m, n, and s, with σr = 100 m, σb = 1.5◦, and σ2ṙ = 0.1
m/s. The time step duration is ∆T =16.64 s. The false-alarm pdf

fFA

(
z
(s)
m,n

)
is assumed uniform on the ROI. The mean number of

false alarms is µ(s)=10. The SPA-based tracking algorithm and its
extensions use K=80 PTs, 5000 particles per PT, survival prob-

ability p
(s)
k,n

=0.999, birth probability p
(b)
k,n

=0.08, and detection

threshold Pth=0.65.

8.1 Radar-AIS Information Fusion

The results shown in Fig. 8 were produced by the SPA-based
tracking-and-fusion algorithm that fuses the measurements of the
two HFSW radars with the AIS data as described in Section 5.

The algorithm uses detection probability P
(s)
d = 0.65 and a single

nearly-constant velocity DM with driving process variance σ21=
0.0052 m2/s4. Fig. 8 allows the distinction between estimated tra-
jectories corresponding to a nonzero MMSI label (and, thereby, to
the detection of a specific ship identity) and estimated trajectories
corresponding to unidentified ships (i.e., ships that do not transmit
AIS reports) or corresponding to false tracks. One can see that fusing
radar measurements with AIS data makes it possible to successfully
identify the respective ship for many of the trajectories and, also, to
successfully detect and track ships that do not transmit AIS data.

8.2 DM-Adaptive Multisensor-Multitarget Tracking

Next, to model both nonmaneuvering and maneuvering targets, we
consider the DM-adaptive tracking algorithm of Section 4. The
algorithm uses two DMs D1 and D2 of the nearly-constant velocity
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Fig. 8: Estimated ship trajectories obtained with the SPA-based
tracking-and-fusion algorithm performing radar-AIS fusion. Col-
ored lines represent estimated trajectories corresponding to ships
identified by an MMSI, whereas black lines represent estimated tra-
jectories corresponding to ships not transmitting AIS reports or to
false tracks. The measurements provided by the IP and SRP radars
are indicated by blue and green dots, respectively, and the positions
of the IP and SRP radars by a blue and a green triangle, respectively.
(Map courtesy of Google)

type (see (17)) with driving process variances σ21=0.0012 m2/s4

and σ22= 0.012 m2/s4, respectively. This choice of the variances is
motivated by the long scan time of the radars: as a rule of thumb,
the driving noise variance for maneuvering targets should be larger
by two orders of magnitude than that of nonmaneuvering targets. As
discussed in Section 4, the evolution of the unknown DM indices
ℓk∈{1, 2} is modeled by a Markov chain; the transition probabil-
ities are chosen as [L]1,1= [L]2,2=0.985 and [L]1,2=[L]2,1=
0.015. The diagonal values [L]1,1 and [L]2,2 represent the prior

probability of remaining in the same DM, i.e., D1 or D2, respec-
tively. The DM-adaptive algorithm is not very sensitive to these
values, e.g., [L]1,1 and [L]2,2 can be chosen between 0.8 and 0.99.

Choosing them much higher than the off-diagonal values [L]1,2
and [L]2,1 increases the accuracy of the state estimates during

straight trajectories while still being able to track targets at the begin-
ning of a sharp maneuver or a sudden acceleration (e.g., when D1
changes to D2). In addition to the adaptive choice of the DM, the
tracking algorithm also adaptively chooses the unknown detection
probabilities of the two radar sensors as proposed in [49].

Fig. 9(a) shows the ship trajectories estimated during approxi-
mately nine hours. Also shown are “ground truth” trajectories that
were determined through linear interpolation of the positions pro-
vided by AIS reports. One can observe that the estimated trajectories
are generally close to the AIS trajectories. In particular, the detail
shown in Fig. 9(b) demonstrates a high estimation accuracy also
during sharp maneuvers, even when there are only few radar mea-
surements in the relevant part of the surveillance region (as indicated
by the low density of the blue dots in the vicinity of the trajectory).
This is an important advantage of the online adaptation of the DM
indices and detection probabilities.

9 Conclusions

Among the sensors that can be used for maritime situational aware-
ness, high-frequency surface-wave (HFSW) maritime radars are
attractive because of their over-the-horizon field of view. Improv-
ing the target detection and tracking performance of HFSW radars
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Fig. 9: Estimated ship trajectories (black lines) obtained with the
SPA-based tracking algorithm using measurements provided by the
IP and SRP radars (indicated by blue and green dots, respectively):
(a) Complete tracking scenario, (b) detail depicting a target maneu-
ver. The positions of the IP and SRP radars are indicated by a blue
and green triangle, respectively. Red lines represent “ground truth”
ship trajectories determined from AIS reports. (Map courtesy of
Google)

requires the development of advanced algorithms for multisensor-
multitarget tracking with inherent information fusion. In this article,
we surveyed the use of factor graphs and of the iterative sum-
product algorithm (SPA) for that purpose. A major advantage of the
SPA methodology is its versatility. In particular, SPA-based algo-
rithms facilitate the integration of additional maritime data, such as
real-time automatic identification system (AIS) data and contextual
information in the form of sea lanes, as well as an online adaptation
to dynamic models and other unknown time-varying model parame-
ters. We demonstrated the effectiveness of the proposed SPA-based
algorithms through experiments using simulated data as well as real
measurements obtained from HFSW radars and real AIS reports.

Suggestions for future work include the development of exten-
sions of the proposed framework and methodology to incorporate

IET Research Journals, pp. 1–13
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synthetic aperture radar images [69] and ship features (such as size)
as additional sources of information, as well as applications of our
methodologies to indoor localization [51, 70] and the tracking of
aircrafts using over-the-horizon radar systems [71, 72].
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