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Wave instability—the process that gives rise to turbulence in hydrodynamics'—

represents the mechanism by which a small disturbance in a wave grows inamplitude
owing to nonlinear interactions. In photonics, wave instabilities result inmodulated
light waveforms that can become periodicin the presence of coherent locking
mechanisms. These periodic optical waveforms are known as optical frequency
combs®™*. Inring microresonator combs>®, an injected monochromatic wave becomes
destabilized by the interplay between the resonator dispersion and the Kerr
nonlinearity of the constituent crystal. By contrast, inring lasers instabilities are
considered to occur only under extreme pumping conditions’®. Here we show that,
despite this notion, semiconductor ring lasers with ultrafast gain recovery”° can enter
frequency comb regimes at low pumping levels owing to phase turbulence—an
instability known to occur in hydrodynamics, superconductors and Bose-Einstein
condensates. This instability arises from the phase-amplitude coupling of the laser field
provided by linewidth enhancement?, which produces the needed interplay of
dispersive and nonlinear effects. We formulate the instability condition in the
framework of the Ginzburg-Landau formalism™. The localized structures that we
observe share several properties with dissipative Kerr solitons, providing a first step
towards connecting semiconductor ring lasers and microresonator frequency combs®,

Following decades of studies, the development of optical fre-
quency combs continues at a rapid pace*®™. Research on frequency
combs started from tabletop optical systems—such as Ti:sapphire
mode-locked lasers, which revolutionized optical metrology*—the
subsequent advancesin the processing of semiconductor and dielec-
tric materials led to much more compact frequency comb generators.
Technological progress went hand inhand with many new applications,
suchasinspectroscopy and chemical sensing, arbitrary radiofrequency
waveformgeneration, optical communications and quantum informa-
tion. Within the realm of integrated optics, of particular interest are
two classes of generators: semiconductor lasers and passive micro-
resonators®”; in the latter, the pump is an external continuous-wave
laser and the gain stems from the Kerr nonlinearity. In both cases,
the device starts from single-frequency operation, corresponding to
the first lasing mode or the external pump. To generate a frequency
comb, mechanisms capable of creating modes at different frequen-
cies, couplingthemand locking their phases need to be presentinthe
cavity. Inmicroresonators, above the parametric instability threshold,
the external pump induces the appearance of sidebands, which grow
and proliferate' through cascaded parametric processes. This coher-
ent nonlinear process gives rise to phase-locked frequency combs.
In Fabry-Pérot semiconductor lasers, multimode operation results

from inhomogeneous gain saturation. A standing wave created by
the first lasing mode (Fig. 1a) leads to a spatially varying distribution
of the gain—a phenomenon known as spatial hole burning (SHB).In a
dispersive cavity, SHB leads to the proliferation of modes with nonequi-
distant frequencies, where phase locking can be achieved through the
nonlinearity of the gain medium itself"2°,

SHB is not expected to form in a ring cavity, as the clockwise and
counterclockwise modes of aringresonator are not naturally coupled
inthe absence of awell defined reflection point that breaks the circular
symmetry. We show that semiconductor ringlasers® 2 can nevertheless
undergo asingle-mode instability owing to a phenomenon knownin the
realm of the Ginzburg-Landau theory as phase turbulence and form
frequency combs evenin the absence of spatial or spectral hole burn-
ing. Multimode emissionand comb formation occur ata pumping level
fractionally higher than the lasing threshold. This is in contrast to the
Risken-Nummedal-Graham-Haken instability, which also promotes
multimode operation of aring laser but at a non-practical pumping
level of at least nine times above the threshold”®,

Ring frequency combs
To study phase turbulence in lasers, we use ring quantum cascade
lasers (QCLs)°. These are monolithic frequency comb generators that
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Fig.1|Fabry-Pérotand ring frequency combs. a, Schematic of a Fabry-Pérot
cavity withrightward (E,) and leftward (E;) propagating waves coupled through
facets of reflectivity R. Asaresult of the counterpropagating waves, optical
standing waves of intensity /and a static grating of populationinversion AN are
formedinthe cavity oflength L. b, Experimental optical spectrum of a Fabry-
Pérot frequency comb generated fromaQCL (L =3.7mm). The round-trip
frequency (f;,) defines the comb spacing (11.5 GHz), whichisshownin theinset.
¢, Schematic of amonolithic semiconductorringlaser of radiusr.d,
Experimental optical spectrumofaring QCL frequency comb (r=500 pm). The
envelope of the spectrumis fitted to asech? function for the discussion on
solitonicstructures. Alsoshownis the narrow electrical beat note of the laser
(central frequency 27.8 GHz). The two lasers are fabricated from the same
material. Theresolution of the optical spectrumanalyseris3 GHzinb and

6 GHzind, and theresolution bandwidth ofthe radiofrequency (RF) spectrum
analyseris9.1kHzinband 5.6 kHzind.

combine nonlinearity and gain'® and have applications in dual-comb
spectroscopy®, metrology® and microwave photonics®. QCL fre-
quency combs typically have the Fabry-Pérot geometry (Fig. 1a) and
serve the mid-infrared and terahertz regions of the electromagnetic
spectrum, which are strategic for chemical sensing. They have the
advantages of broad tunability, through band-structure engineer-
ing, and high portability because they are electrically pumped and
compact. Here we fabricate ring QCLs in aridge waveguide geometry
(Fig.1c). Thesering QLCs emit in the mid-infrared and operate atroom
temperature under constant electrical injection (Methods). A small
fraction of light can escape from the ring cavity owing to scattering,
allowing us to perform a spectral characterization.

We find that at an injection level only fractionally higher than the
lasing threshold/,, (typically 1.1/,,-1.5/,;,), thering lasersundergo atran-
sition to amultimode regime (Fig. 1d) that is distinctly different from
those observed in Fabry-Pérot QCLs (Fig. 1b). The optical spectrum
of the ring has fewer modes and exhibits a bell-shaped envelope. As
inFabry-Pérot resonators, the modes are separated by the round-trip
frequency of the cavity f,, = ¢/(21irn), where r is the ring radius, n=3.4
is the effective refractive index of the waveguide and cis the speed of
light in vacuum. The coherence of the state is manifested by its nar-
row beat note (Supplementary Fig. 2), which indicates its frequency
comb nature, further confirmed by a coherent beat note detection
technique (Extended Data Fig. 1). A notable feature of the instability
is that as the current in the device is increased, the laser can revert
back to single-mode operation (Extended Data Fig. 2)—a feature not

observedinregular Fabry-Pérotlasers. Amultimode instability close to
the threshold has been reported also for aring dye laser” but with dif-
ferent features, namely, suppression of the resonant mode and a para-
metric gain of two side modes separated by about the Rabi frequency.

Ginzburg-Landau theory

To support the experimental evidence of multimode operation, we
reexamine the theory of lasers with fast gain media. We show that ring
frequency combs can be explained on the basis of a phase instability
that affects the single-mode solution of the complex Ginzburg-Landau
equation (CGLE)"?. The CGLE isanonlinear differential equation that
describes spatially extended systems of coupled nonlinear oscillators.
It appears in many branches of physics, such as superconductivity,
Bose-Einstein condensation and quantum field theory.In semiconduc-
tor laser theory, it can be shown that the field dynamics is described
by a CGLE assuming fast gain relaxation®. Although fast relaxation is
not applicable to a conventional bipolar semiconductor laser (diode
laser), it is a well known property of QCLs. From the master equation
of lasers with fast gain media® we derive the CGLE for the laser field £:

0.E=E+(1+icy)d2E - (1+icy)|EPE (6

where tisthe time and zis the spatial coordinate running along the ring
cavity (see Supplementary Information for the analytical derivation).
The only two parameters of the equation are ¢, and ¢y, which control
the stability of the system and relate to dispersive and nonlinear effects,
respectively. Inthe case of QCLs, ¢, depends on the group velocity dis-
persion (GVD), and ¢, depends on the Kerr coefficient. Although the
bulk Kerr nonlinearity of asemiconductor crystalis small, its contribu-
tionis compensated by a term of the same order givenby the linewidth
enhancement factor (LEF)2%°, Despiteiits different nature from the Kerr
nonlinearity, the LEF enters boththe ¢, and ¢, terms and provides the
phase-amplitude coupling needed for the phase instability.

In CGLE theory, the parameter space spun by ¢, and ¢y, is divided
into different stability regions by the Benjamin-Feir lines™*°, which
are defined by 1+ c,cy =0. The inner region confined by the lines has
stable, purely single-mode solutions, whereas the solutions lying in
the two outer regions exhibit a phase instability?’, which makes them
multimode. We investigate the spectral content of the laser field solu-
tionsaccordingto their locationinthe CGLE parameter space.InFig.2a
we show the result of space-time domain simulations of aring QCL for
different pointsinthe (cp, ¢y, ) parameter space determined by typical
laser parameters (Extended Data Table 1). In these numerical simula-
tions we use the full laser model without approximations?, and the
CGLE is used only to guide the choice of laser parameters, allowing
us to probe solutions in various points of the parameter space. The
computed optical spectra confirm that in the stable region (white)
only single-mode solutions are supported, whereas in the instability
regions (red) the laser attains a multimode regime despite the absence
of SHB, as already suggested by a recent theory of ring QCLs based
on the effective Maxwell-Bloch equations®. The (¢, ¢y,) coordinates
corresponding toour laser parameters, as obtained fromthe GVD and
LEF measurements (Fig. 2c, d), are marked in Fig. 2a and show that the
experimentally observed multimode instability is compatible with the
phase turbulence mechanism.

Emergence of order from turbulence

Space-time simulations allow us to resolve the full temporal evolution
of thelaser (Fig. 2b, Supplementary Video). Starting from spontane-
ous emission, discontinuous changes of the laser field are produced.
Amplitude fluctuations of the first lasing mode are coupled to phase
fluctuations viathe LEF or a parameter a = (0n’/0N)/(0n”/0N), where n’
and n” are the real and imaginary parts of the refractive index, respec-
tively,and Nis the carrier density. Physically, fluctuations of n’in the
QCLactiveregionleadtofluctuationsinthe spacing between thelasing
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Fig.2|Conditions for the phaseinstability inamonolithicringlaser.

a, Theoretical spectraobtained by solving the laser master equation areshown
fordifferent pointsin parameter space, confirming the behaviour expected
from Ginzburg-Landautheory. Inthe simulations, SHB is turned off, so the
obtained multimode regimes are due to the Ginzburg-Landau phase
instability. In all plots the x axis spans 50 longitudinal modes of the ring
andtheyaxisshowsintensity (10 dB per division). Alsoshownis the region
corresponding to the experimental devices, as obtained from the laser
parameters, with the related uncertainties corresponding to the standard
deviation (square marker; Supplementary Table 1). In the simulated spectrum
corresponding to this point, asech? envelope was fitted to the envelope for the
purposes of the discussion on solitonic structures (dashed line). The formulas
shownintheinsetare an approximationin the limit of small linewidth-

mode and the side modes. The shifts of the latter with respect to the
gain peak eventually lead to multimode lasing, despite the absence
of SHB. In CGLE theory, the resulting dynamical behaviour shown in
Fig.2bisdescribed as ‘phase turbulence’. Thisregimeis characterized
by the presence of chaoticintensity fluctuations with small amplitude
that never reach zero and by the absence of phase dislocations® (for
adetailed discussion of the role of turbulence, see Supplementary
Information). After arelativelylong time interval (about 400,000 round
trips) the laser reaches a frequency comb regime, where the intensity
becomes periodic, with the waveform repeating itself at every round
trip. Whereas phase turbulence provides a coupling mechanismamong
themodesviathe LEF, whichisalternative to SHB in Fabry-Pérot lasers,
itis the semiconductor saturation nonlinearity via four-wave mixing
that, forasufficiently highintracavity field, becomes efficient at com-
pensating dispersion through a self-injection mechanism™. Besides the
conventional descriptionin terms of LEF and GVD?°, the formation of
the frequency comb can be described from the point of view of Ginz-
burg-Landau theory as the morphogenesis of a regular spatiotemporal
pattern. Here the locking process manifests itself as the interaction
of confined intensity structures that shift with respect to each other,
eventually conforming into a single stable structure (Fig. 2b).

Role of intracavity defects

In demonstrating that phase turbulence lies at the heart of the mul-
timode instability of ring lasers, it is essential to distinguish it from
another mechanism that normally drives the instability, SHB. Here
we show that in a ring cavity that supports SHB, the multimode
instability leads to a completely different comb state. SHB arisesina
cavity in the presence of a well defined reflection point that couples
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enhancement factors (Supplementary Information). GVD is the group velocity
dispersion, ais the linewidth enhancement factor and fis the Kerr nonlinearity,
whichis smallin QCLs. b, Space-time simulation of the laser dynamics,
showing theintensity in the ring cavity atevery round trip. Starting from
spontaneous emission (dark stripeintheleftinset), the laser destabilizesintoa
turbulentregime and eventually reaches afrequency comb regime. The
simulation solves the laser master equation for 600 million time steps (0.05 ms
interval). The corresponding pointin parameter spaceisindicated by the
squaremarkerina.c,d, Measurement of two physical quantities entering c,
andcy, foraring QCL.Ind, the experimental valuesareshownasafunction

of current density normalized to the lasing threshold. Error bars are obtained
as the standard deviation of multiple (20) repeated measurements. a.u.,
arbitrary units.

counterpropagating waves. Whereasin aFabry-Pérot cavity the waves
arenaturally coupled owingto reflections offthe cleaved facets,inaring
cavity an analogous reflection point—a defect—must be intentionally
introduced. This is because unintentional defects, which may result
fromimperfections in fabrication, are insufficient to trigger the SHB
instability (Supplementary Fig. 5). We embed a defect in aring laser
waveguide by means of focused ion beamlithography (Fig. 3a). A sim-
ple, yet effective, way of controlling the defect reflectivity is to etch a
narrow slitacross the waveguide to create anair gap inthe activeregion
ofthelaser (Fig. 3b). We choose aslit width of 0.5 um that gives areflec-
tivity of R=22%, which is close to the facet reflectivity of an uncoated
Fabry-Pérot QCL (R=29%). The defect-engineered laser generates a
frequency combwithaspectrumthatis drastically different from that
ofaringwithout anintentional defect (Fig. 3¢, SupplementaryFig. 6).
The spectrum has anirregular envelope—the result of complex laser
mode competition—similar to that of Fabry-Pérot devices, in which
multimode operationis alsodominated by SHB. The presence of optical
standing waves enabling SHB is demonstrated by the beat note pattern
measured along the cavity, with a maximum located, as expected, at
the engineered defect (Fig. 3d, Extended Data Fig. 3, Supplementary
Fig.3). Space-time simulations of this laser confirm adifferent dynam-
icsfromthat of non-defect-engineered rings. The instability shows large
intensity fluctuations and a fragmented temporal evolution (Fig. 3e).
Locking occursover ashorter timeinterval (about 10,000 round trips)
and results in a nearly flat intensity waveform, as in Fabry-Pérot QCL
combs?, These results show that high reflectivity values, comparable
tothose of uncoated Fabry-Pérot resonators, are needed to mask the
effects of phase turbulence in a ring and enable multimode emission
due to SHB.
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Fig.3|Defect-engineered ring frequency comb. a, Scanningelectron
microscopeimage of the defect-engineered ring laser, showing the aperturein
the metal (blue region in false colour) with aslit width of w=0.5 pm fabricated
by focused ionbeamlithography. b, Reflectivity induced by thesslitas a
function ofits width, as calculated from numerical wave simulations (solid
line). The reflectivity of the studied device is R=22% (dot). ¢, Experimental
optical spectrum of a defect-engineered ring QCL (r=500 pm) fabricated from
the same material as the other devices studied in this work. Also shownisthe
microwave beat note extracted from the laser (central frequency 27.8 GHz,

Discussion

Linking the physics of ring lasers to the CGLE suggests a connection
withKerr-drivenfrequency comb generators. The latter are usually
described by the Lugiato-Lefever equation™ (LLE) with well known
soliton solutions*¢ derived from the CGLE with coherent forcing
inthelimitoflarge cpand ¢y, parameters. Moreover, we showed that
the LEF, which enters both Ginzburg-Landau parametersin the case
of aring laser, adds up to the contributions of the Kerr nonlinear-
ity and the GVD. The interplay of dispersive and nonlinear effects
is essential to produce a self-starting instability, as in the case of
the modulation instability that lies at the origin of Kerr solitons in
microresonators?.

The link with Kerr combs can be seen not only in the govern-
ing equations but also from the optical spectra. The bell-shaped
envelope of the QCL ring comb spectra fits well to a sech? function
(Figs. 1d, 2a), which is characteristic of dissipative Kerr solitons.
The observation of spectral gapsin certain devices (Extended Data
Figs. 2, 4) is also reminiscent of the variety of Kerr soliton spectra
measured for different pump detuning conditions*?*. These obser-
vations indicate that the necessary conditions for the formation
of solitonic structures® exist in ring QCLs, although proving their
occurrence is a considerable experimental and theoretical under-
taking that requires further investigation. It is known from Ginz-
burg-Landau theory that the CGLE can have localized structures,
such as ‘modulation amplitude waves’, as solutions, similarly to the
LLE. These appearinthe phase turbulence regime and exhibit weak
amplitude modulations on a homogeneous background—features
also observed in our numerical simulations of ring QCLs (Fig. 2b,
Supplementary Fig. 1) and supported by the experimental charac-
terization of the spectral phases of these lasers (Supplementary
Information). In the simulations we find that the number of struc-
turesin states such as that shownin Fig. 2b vary stochastically with
the initial conditions of the laser; by changing only the seed of the
spontaneous emission noise and repeating the same simulation, we
obtained alaser state with four structures instead of three (Extended
DataFig.1). Thisis a clearindication of amultistability phenomenon,
whichis typical of dissipative solitons in extended systems such as
Kerr microcombs.

We also highlight a historical analogy with the progress in the field
of passive microresonators: prior theoretical studies by Lugiato and

resolution bandwidth 9.1kHz). d, Schematic of aring laser with an embedded
engineered defect of reflectivity R. The defect induces clockwise () and
counterclockwise (Eccy) Waves, resulting in an optical standing wave of
intensity /and a static population grating of population inversion AN. The
right panel shows the experimental beat note power pattern (RF power)
measured along the perimeter of the ring at the round-trip frequency
indicating a bidirectional regime. e, Space-time simulation of aring laser with
adefect (R=25%).

co-workers ontransverse patterns in lasers®**, temporally contiguous
with the well known work with Lefever on transverse patternsin passive
optical systems®, derived an equation with amathematical formvery
similar to our CGLE, which however describes longitudinal patterns
inring lasers. This is reminiscent of the history of microresonators,
inwhich the LLE anticipated the first experimental demonstration of
Kerr combs*®, which also have longitudinal patterns and were later
traced back tothe LLE.

Besides the several analogies between the two classes of local-
ized structures/combs in Kerr microresonators and ring QCLs
highlighted so far, we believe that there exist a few fundamental
differences that could imply different solitonic properties (for
example, response to external addressing, mutual interaction),
but the exhaustive study of whichwould require a dedicated future
work. These mainly originate from the different kinds of nonlinear-
ity providing the phase locking between competing modes and the
absence of aforcingfield inring QCLs, which might give an advan-
tage to these devicesinterms of compactness. In fact, whereas the
pumping of passive microresonators requires energy incoming
through opticalinjection, whichis responsible for the appearance
of astrong central modeinthe comb spectrum thatisundesirable
inmany applications, QCL combs operate without aninjected field.
In thisregard, QCLs are more similar to the recently demonstrated
laser cavity-soliton microcombs*'—Kerr microcavities nested in an
amplifying fibre loop providing gain—but are more compact. Aring
QCLactingas anelectrically pumped microresonator would hold a
substantial technological potential, in particular considering the
strategic spectral ranges covered by QCLs. Furtherimprovements
inthis direction should concentrate on the design of efficient light
outcouplers—with the precaution of not perturbing the physics of
the phase turbulence instability—and on the extension of the comb
bandwidth that, unlike the case of Fabry-Pérot QCLs, is not limited
by SHB, but only by the LEF and GVD.
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