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Abstract—In this paper, we consider wireless transmissions
over directional multiple-input single-output (MISO) two wave
with diffuse power (TWDP) fading channels, subject to interference over the same type of channel. TWDP fading is known to
exhibit an outage behavior that can be even worse than Rayleigh
fading and has experimentally been observed in a number
of vehicular channel measurement campaigns. To enhance the
reliability of multi-point transmissions over MISO TWDP fading
channels, we propose a zero-forcing based coordinated beamforming scheme, for which we can analytically characterize and
optimize the outage probability of the multi-point transmissions.
Based on the developed outage expressions, we furthermore
propose a greedy coordinated scheduling approach that attempts
to maximize the achievable rate of the system. Finally, we propose
a transmission rate adaptation scheme for fixed size packet
transmissions, which supports reliable and at the same time
resource efficient multi-point transmissions.
Index Terms—beamforming, scheduling, rate adaptation, two
wave with diffuse power fading, reliability, outage probability

I. I NTRODUCTION
Mobile wireless communication systems have long been
pure best-effort services, which are, as such, not able to guarantee a demanded level of link reliability. Best-effort services
are not a suitable foundation for many critical applications,
such as, road-safety related vehicular communications [1, 2].
In the standardization of fifth generation (5G) and beyond
mobile communication systems, this drawback has been recognized and many efforts have been made to enable ultra
reliable low latency communications (URLLC); e.g., [3–6].
However, this turned out to be a challenging task, which is not
entirely resolved at the present time [7]. Different applications
demand different levels of link reliability. For example, for
non-critical applications as supported in fourth generation (4G)
long term evolution (LTE), the packet transmission success
probability lies in the order of 99 %, whereas for saftey-critical
applications, e.g., in the context of vehicular communications,
the success probability must be as high as 99.99999 % [8].
In mobile wireless communications, the spatial density
of concurrently active and thereby interfering links is continuously increasing. Novel concepts, such as, machine to
machine (M2M) and vehicle to everything (V2X) communications, as well as, innovative technologies, such as, distributed massive multiple-input multiple-output (MIMO) [9]
and dynamic distributed antenna systems (dDASs) [10], cellfree massive MIMO [11, 12], transmissions in the millimeter
wave (mmWave) band [13, 14], and non-orthogonal multiple

access (NOMA) [15, 16], are contributing to this trend. In
such dense scenarios, the interference between simultaneously
active links has a significant impact on the reliability of
the transmissions. In most cases it is hard to impossible to
analytically evaluate the outage behavior of the system, since
the probability distribution of the signal to interference and
noise ratio (SINR) of a communication link can often not be
characterized analytically. Then, however, it is not possible to
guarantee a certain level of link reliability of the system. One
remedy is interference coordination, e.g., utilizing coordinated
scheduling or beamforming techniques [17–19], which can
alleviate inter-link interference when accurate channel state
information at the transmitter (CSIT) is available and thereby
facilitate an analytic link outage characterization.
In late 4G standards (release 13 and above), full-dimension
massive MIMO has been introduced and further enhanced during 5G standardization [20]. Thereby two-dimensional antenna
arrays are utilized at least on one link-end (commonly, for
space-reasons, at the base station/infrastructure node) to provide a directional view of the wireless channel and to enable
three-dimensional beamforming; i.e., the antenna arrays allow
to resolve the multipath profile of the channel in the angular
(elevation and azimuth) domain and to steer beams along preferred directions. Correspondingly, directional channel models,
such as, the third generation partnership project (3GPP) threedimensional channel model [21, 22] or the Quadriga channel
model [23], became relevant for the optimization of wireless
communication systems. These channel models are powerful
tools that are well-suited for generating realistic random realizations of commonly encountered propagation environments,
e.g., for rural/urban outdoor/indoor scenarios, and are therefore
indispensable for system evaluation. Yet, they suffer from
relatively high computational complexity and do not facilitate
analytical insights or optimizations.
In many situations, especially for higher carrier frequencies
such as mmWaves, the most relevant channel fading characteristics can be captured by much simpler models. Under line
of sight (LOS) conditions, for example, it is often sufficient to
account for a single strong so-called specular component of the
channel plus a Rayleigh fading component that accounts for
diffuse background scattering. More accurate models take into
account two strong specular components, in order to model
multipath interference effects [24]. The applicability of such
models for vehicular communications has been demonstrated
experimentally by measurements and ray-tracing simulations
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of vehicle to vehicle (V2V) and vehicle to infrastructure
(V2I) scenarios [25, 26]. When we consider transmit and
receive beamforming on top of a propagation channel that is
dominated by two strong specular components, the effective
single-input single-output (SISO) channel of a link, including
the transmit/receive beamformers, can be well modeled as two
wave with diffuse power (TWDP) fading [27].
The TWDP fading model is known for its potentially worsethan-Rayleigh fading behavior in terms of signal outage probability [28, 29], caused by destructive interference of the two
specular components. It is therefore important to account for
this type of fading, when designing a reliable communication
system. Notice that Rice and Rayleigh fading are special
cases of TWDP fading and are therefore also covered by
such a system design. The performance of transmissions over
TWDP fading channels has been investigated in a number
of publications: In [30], the authors investigated the biterror ratio performance of BPSK transmissions over TWDP
fading channels, including maximum ratio combining (MRC)
of multiple independent branches. In [31], the authors derived
the outage probability of cooperative relay networks under
TWDP fading, and, in [32], the author conducted a capacity
analysis of TWDP fading channels. In [33], the authors derived
analytic expressions for the average probability of successful
energy detection based spectrum sensing over TWDP fading
channels. In [27], we investigated the outage probability of
transmissions over TWDP fading channels that are subject to
multi-point interference over TWDP fading channels; the provided outage expressions, however, require multi-dimensional
numeric integration and are therefore practically not useful.
The mmWave band has been considered as a viable candidate for vehicular communications already in the 1980s in
the railroad context [34]. Yet, the main interest was sparked
with the development of the IEEE 802.11ad standard operating
at 60 GHz [35], which has also led to integrating mmWave
V2X into the 3GPP 5G standard [36]. There are a number of
reasons for this development: First and probably foremost is
the large bandwidth available in the mmWave bands, which
allows for a massive exchange of sensing data amongst vehicles [37], to support, e.g., collision avoidance in high-level
autonomous/automated driving [38]. Secondly, short symbol
durations, as enabled by large bandwidths in mmWave systems, support ultra-low latency communications [39], which
is important for safety-critical information exchange amongst
vehicles. Furthermore, narrow antenna radiation beams, which
are necessary to compensate for the high pathloss in the
mmWave band, allow for high spatial connection densities
thanks to spatial reuse [40]. Lastly, mmWaves are also suitable
for radar applications, thus supporting joint communication
and radar systems [41].
Contribution: In this paper, our focus is on supporting
reliable multi-point V2I communications. We consider transmitters (infrastructure nodes) that are equipped with antenna
arrays and receivers (vehicles) that feature a single (directional) receive antenna, i.e., multiple-input single-output
(MISO) transmissions per link. Our focus is on transmissions
in the mmWave band, where the effective directional channel
can be well modeled as TWDP fading. We consider multiple

concurrently active and interfering communication links and
propose coordinated beamforming and scheduling techniques
to enhance the reliability and outage performance of the
system. We account for imperfect CSIT due to movement of
the receivers and/or scatterers in the environment. Thereby, our
main underlying assumption is that the transmitters are able
to keep track of the macroscopic channel properties of the
two dominant scattering multipath components, namely, their
pathloss and mean azimuth/elevation angle of departure. However, the relative phase-variations of these two multipath components are too fast, such that the transmitter does not know if
the transmitted signal interferes constructively or destructively
at the receivers. This is a reasonable assumption for mmWave
transmissions in mobile scenarios, as the signal phases change
significantly even for small movements in the order of millimeters. This random/unknown phase assumption ultimately leads
to TWDP fading of the effective SISO channels (including
transmit/receive beamformers), which significantly impairs the
outage performance of the communication links. We propose
a coordinated beamforming scheme, based on zero-forcing,
that facilitates an analytic calculation of the outage probability
of the links. Specifically, under the proposed beamforming
scheme, the outage probability is dictated by TWDP fading of
the intended signal and by the probability distribution of a sum
of Rayleigh fading interference terms; it is therefore hard to
characterize in closed-form. We propose an iterative, asymptotically tight bounding algorithm for the outage probability,
which facilitates an outage-based optimization of the parameters of the proposed beamforming scheme. We, furthermore,
propose a greedy coordinated scheduling method for grouping
of concurrently active links, with the goal of maximizing the
achievable rate of the system. Finally, we propose reliable
and resource efficient transmission rate adaptation methods for
the considered multi-point TWDP fading scenario, assuming
transmission of fixed size packets. The present paper is an
extension of our conference paper [42], where we considered
only single-point (interference-free) transmissions.
In previous work, robust beamforming strategies for MISO
interference channels with uncertain CSIT have been developed, e.g., in [43–46]. These methods have in common
that they either follow a chance-constrained robust design
principle, where the authors consider a probabilistic outage
constraint on the SINR for a given distribution of the CSIT
error, or a worst-case approach, where the authors maximize
the worst-case SINR under a norm constraint on the CSIT error. In all of these contributions, an additive CSIT uncertainty
of the form h = ĥ + e is assumed, where ĥ is the estimated
CSIT and e is an estimation error. In this work, however, we
consider a model of the form h = ĥ1 ejϕ1 + ĥ2 ejϕ2 + e, where
not only the additive error e is unknown, but additionally also
the phases ϕ1 , ϕ2 of the two dominant scattering multipath
components are unknown by the transmitter; hence, existing
robust beamforming approaches are not applicable in our case.
To summarize, this paper contains the following main
contributions:
• We propose robust outage optimized beamforming strategies for MISO multi-point transmissions over TWDP
fading channels with imperfect CSIT.
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We consider CSIT assumptions that are suitable for
mmWave transmissions in mobile scenarios, where the
transmitters (infrastructure nodes) are equipped with antenna arrays and the receivers are equipped with single
directional receive antennas. For such situations it has
been shown by measurements that TWDP fading is suitable to characterize the fading of the effective channels
(including the spatial filtering effects of the directional
receive antennas) [25, 26, 47]. Our assumptions on CSIT
uncertainty go beyond a simple additive error model.
• We propose methods to analytically characterize the
outage performance of MISO multi-point transmissions
over TWDP fading channels under the proposed zeroforcing beamforming strategy.
• Based on this outage characterization, we develop methods for multi-point scheduling and transmission rate
adaptation to support reliable communication links.
Organization: In Section II, we discuss the employed directional MISO channel model and our assumptions on CSIT.
We then show how this model leads to TWDP fading of the
effective SISO channel and extend the model to multi-point
transmissions, accounting for inter-link interference. In Section III, we discuss the proposed enhancements to enable reliable multi-point transmissions over directional MISO TWDP
fading channels. We propose a beamforming coordination
scheme that facilitates an analytic calculation and optimization
of the link outage probability in Section III-A. We then
propose a link scheduling coordination algorithm that enables
the maximization of the transmission rate of the system, while
accounting for the link outage probability in Section III-B.
Finally, we propose a transmission rate selection method that
supports resource efficient transmission of data packets at nonzero link outage probability in Section III-C. We conduct simulations to evaluate the performance of the proposed techniques
in Section IV and we conclude the paper in Section V.
Notation: We denote vectors and matrices by bold lower
and upper case letters, x and X resp., and sets by calligraphic
letters X . The modulus and argument of a complex number z
are |z| and arg(z). The size of set X is |X |. The Frobenius
norm of matrix X is kXk and the conjugate-transpose is
XH . The left
space of tall matrix X ∈ Cn×m is
 null n×1
null (X) = x ∈ C
XH x = 0 and the m-dimensional
subspace spanned by X is span (X). The principal eigenvector of matrix X is max eigvec X. The complex Gaussian
distribution with mean vector µ and covariance matrix C
is CN (µ, C). We denote closed intervals as [a, b] and open
intervals as (a, b). The uniform distribution on the interval
(a, b) is U(a, b) and the chi-square distribution with two
degrees of freedom is χ22 . The expected value of random
variable r is E (r) and the probability of random event a is
P (a).
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II. S YSTEM M ODEL
In this paper, we consider downlink V2I multi-point transmissions, where the transmitters (infrastructure nodes) are
equipped with antenna arrays and the receivers (vehicles)
are equipped with single receive antennas. Our focus is on
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Fig. 1: Illustration of the considered directional MISO cluster-ray channel
model with two dominant clusters. The infrastructure node (transmitter) is
equipped with an antenna array providing a directional view of the channel,
the receiver is equipped with a single active (directional) antenna.

transmissions in the mmWave band, where the multipath
channel between transmitter and receiver can be characterized
by a few scattering components, as has been observed in many
measurement campaigns [48–51]. Furthermore, we assume
that the receivers utilize directional antennas to compensate
for the large pathloss experienced in the mmWave band.
In Section II-A, we describe the corresponding adopted directional MISO channel model. Then, in Section II-B, we
discuss our assumptions on CSIT. In Section II-C, we show
how this leads to TWDP fading of each transmission link,
and, in Section II-D, we characterize the SINR of multi-point
transmissions over directional TWDP fading channels.
A. Channel Model
We consider for each link a MISO directional cluster-ray
channel model [52]
h=

Nc
X
c=1

αc e−jϕc

Rc
X
r=1

hr,c + hd ,

hc =

Rc
X

hr,c ,

(1)

r=1

hr,c = ∆αr,c ej∆ϕr,c at (Ψc + ∆Ψr,c ) g (Ξc + ∆Ξr,c ) . (2)
Here, Nc denotes the number of scattering clusters and αc is
the mean macroscopic pathloss of cluster c, determined by the
propagation distance and the directional receive antenna gain.
Parameter ϕc is the mean macroscopic phase-shift of cluster
c, caused by the propagation delay, and Ψc = (θc , φc ) is the
mean angle of departure as seen by the transmitter, with θc
denoting the elevation angle and φc the azimuth. Similarly, Ξc
is the mean angle of arrival as seen by the receiver.
Each cluster is composed of a number Rc of scattering rays.
∆αr,c , ∆ϕr,c are ray-specific variations of the pathloss and
the phase-shift around their respective mean values, caused
by the electromagnetic properties of the scattering object.
Similarly, ∆Ψr,c , ∆Ξr,c are ray-specific variations of the
angles, which are in most cases negligible, since the distance
between transmitter/receiver and scatterer is commonly large
compared to the dimensions of the scattering object.
Vector at (Ψ) ∈ CNt ×1 is the array response of the transmit
antenna array, with Nt denoting the number of transmit
antennas, and g (Ξc ) ∈ C is the angle dependent gain of the
receive antenna. Vector hc represents the sum over
all rays

within a cluster and vector hd ∼ CN 0, 2σh2 INt is a diffuse
background scattering component. The setup is illustrated
in Figure 1.
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In the following, we restrict to Nc = 2 dominant scattering
clusters. It is well-known that mmWave channels exhibit a
sparse multipath profile [53]. When we consider the effective
channel including the directional receive antenna with fixed
pointing direction (e.g., pointing along the driving direction
of the vehicle), it has been shown in measurements that a
restriction to Nc = 2 is well justified for mmWave transmissions [24, 25, 47, 51]. This is because the directional receive
antenna acts as a spatial filter that effectively reduces the
already sparse mmWave multipath propagation environment
to one (typically, the line-of-sight) or two (an additional nonline-of-sight) dominant paths.
We do not account for the propagation delay time difference
between the two clusters, which would lead to frequencyselectivity of the channel. The reason for this is that we have
a multicarrier system in mind, where the subcarrier bandwidth
is too small to resolve the temporal delay difference [52].
To simplify notations, we focus on a single frequency-flat
subcarrier in this paper and omit a subcarrier index.
To summarize, we consider a two-path MISO directional
channel model according to
h = α1 e−jϕ1 h1 + α2 e−jϕ2 h2 + hd ,

(3)

where h1 and h2 are directional channel components and hd is
a diffuse Rayleigh fading channel component. Measurements
have shown that the diffuse Rayleigh fading component is
commonly relatively weak compared to the directional components; yet, it is not negligible [24, 25, 47, 51].
B. CSIT Estimation Model
We consider two distinct scales for the temporal/spatial
variations of the considered channel model:
1) We consider fast relative inter-cluster phase-variations
of the two dominant clusters. Specifically, we assume
that the phase difference ϕ1 − ϕ2 between these two
clusters varies quickly with the movement of the receiver/scatterers. This is reasonable, since the two clusters
may be observed from two entirely different angular
directions, such that their sum causes a fading pattern
that varies significantly over very short distances (within
fractions of the carrier wavelength, i.e., millimeters).
2) Compared to the inter-cluster phase variations, we consider slow relative intra-cluster phase-variations. That
is, we assume that the temporal/spatial scale over which
the intra-cluster phase-differences ∆ϕr,c − ∆ϕk,c , ∀r, k
of each cluster vary significantly is large compared to
the temporal/spatial scale over which the inter-cluster
phase difference ϕ1 − ϕ2 changes significantly. This
is reasonable, because the intra-cluster angular-spread
maxr ∆Ψr,c − minr ∆Ψr,c is small compared to the
inter-cluster angle difference, as illustrated in Figure 1.
Combined with the assumption that the pathloss variations ∆αr,c also change slowly, this leads to slow
variations of each cluster’s channel vector hc , compared to the temporal/spatial scale over which their sum
α1 e−jϕ1 h1 + α2 e−jϕ2 h2 varies significantly.

From these two temporal/distance scales we deduce the
following two assumptions about CSIT:
1) We assume that the transmitter has no valid information
about the phases ϕc , since they vary too quickly. Hence,
for the transmitter ϕc ∼ U(0, 2π) holds. The transmitter
does also not know hd , only its variance σh2 .
2) We assume that the transmitter has knowledge about the
channel vectors hc and the pathloss values αc of each
cluster. This CSIT can be estimated during the uplink
transmission and is (at least approximately) still valid
during downlink transmission, provided the duplex time
interval is sufficiently short. CSIT estimation errors can
be taken into account by the diffuse component hd .
These CSIT assumptions lead to two types of uncertainty that
the transmitter has to deal with: 1) Uncertainty about the
fading state of the diffuse channel hd . 2) Uncertainty about
the multi-path interference state of the two dominant scattering
components h1 and h2 ; i.e., the transmitter does not know
whether signals transmitted over these two components will
add-up constructively or destructively at the receiver, due to
their unknown phase relationship. The former uncertainty is a
common assumption in literature and many prior contributions
have dealt with this type of uncertainty, e.g., [43–46]. Yet, to
the best of the authors’ knowledge, no robust beamforming
schemes for the latter type of uncertainty exist so far.
C. Effective SISO Channel Model Including Beamforming
The transmitter applies beamformer f ∈ CNt ×1 for data
transmission. This converts the MISO channel into an effective
SISO channel including the beamformer
jϕ2 H
h = hH f = α1 ejϕ1 hH
h2 f + hH
1 f + α2 e
df

= V1 ejψ1 + V2 ejψ2 + zd ,

ψc = ϕc + arg hH
Vc = αc hH
c f ∼ U(0, 2π),
c f ,

zd ∼ CN 0, 2σd2 , σd2 = σh2 P,

(4)
(5)
(6)
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where P = kf k denotes the transmit power. For fixed
amplitudes V1 , V2 , the probability distribution of the absolute
value of the effective SISO channel |h| follows the TWDP
fading model. More generally, if ψc follows any arbitrary
probability distribution (not necessarily uniform), |h| follows
the generalized two ray (GTR) fading model [54] (TWDP
is a special case of GTR, also known as GTR-uniform). We
assume ϕc ∼ U(0, 2π) and thus ψc ∼ U(0, 2π) in this paper,
as this is the most reasonable assumption for our scenario, as
argued in Section II-B. However, we would like to mention
that the proposed solutions can also be applied under GTR
fading with arbitrary phase distribution, simply by replacing
the cumulative distribution function (cdf) of TWDP fading in
our expressions by the corresponding cdf of GTR fading.
TWDP fading is commonly characterized by the following
three parameters
Ω = V12 + V22 + 2σd2 ,
2V1 V2
V2+V2
,
K= 1 2 2 , ∆= 2
2σd
V1 + V22

(7)
(8)
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where Ω is the mean receive power. The K-factor quantifies
the relative power of the two specular components V1 , V2
w.r.t. the diffuse component zd . The ∆-parameter quantifies
the relative strength of the two specular components w.r.t. each
other. Notice, for ∆ = 0, TWDP fading reduces to Rice fading
and for K = 0 it reduces to Rayleigh fading.
D. Multi-Point Transmissions
We now consider multiple transmitter-receiver pairs (links)
that are simultaneously active. To account for this, we add
transmitter-receiver link indices to our previous notation. The
input-output relationship of user u served by transmitter u is
X
yu = hH
hH
(9)
u fu x u +
u,j fj xj + nu ,
j∈Sg \{u}

hu =

2
X

αc,u e−jϕc,u hc,u + hd,u ,

(10)

c=1

hu,j =

2
X

αc,u,j e−jϕc,u,j hc,u,j + hd,u,j .

(11)

c=1

Here, hu and fu denote the channel and beamformer of the intended link u, xu is the corresponding unit-power information
symbol, and nu ∼ CN (0, 2σn2 ) denotes the receiver noise of
user u. Vector hu,j denotes the interference channel of user u
with respect to link j and fj is the corresponding beamformer.
Set Sg ⊆ {1, . . . , Nu }, u ∈ Sg is the group of transmitterreceiver pairs that are simultaneously active with link u, and
Nu is the total number of considered transmitter-receiver pairs.
The total set of links {1, . . . , Nu } is split by scheduling
coordination into a number of Ns distinct simultaneously
s
active groups S` , such that, ∪N
`=1 S` = {1, . . . , Nu } and
S` ∩Sk = ∅, ∀` 6= k. Different groups are served at orthogonal
time-frequency resources, as further discussed in Section III-B.
1) Effective multi-point channel model: The effective channels hu,j = hH
u,j fj follow a model similar to (4)
hu,j = V1,u,j ejψ1,u,j + V2,u,j ejψ2,u,j + zd,u,j ,
Vc,u,j =
zd,u,j ∼

αc,u,j hH
c,u,j fj ,

2
CN 0, 2σd,u,j
,

(12)

ψc,u,j ∼ U(0, 2π),

(13)

2
σd,u,j

(14)

=

2
σh,u,j
Pj .

Here, αc,u,j and hc,u,j are the gain and channel vector of
cluster c of the interference channel between transmitter j and
2
user u, σh,u,j
is the variance of the associated diffuse channel
component and Pj is the transmit power of link j. For the
effective channel hu = hH
u fu , we just use a single index, as
2
in Vc,u , σd,u
and ψc,u . Thus, the absolute value of each of the
links |hu,j | follows TWDP fading statistics.
The instantaneous SINR of user u is
2
P2
jψc,u
+ zd,u
c=1 Vc,u e
βu =
2.
P
P2
jψc,u,j + z
2σn2 + j∈Sg \{u}
V
e
c,u,j
d,u,j
c=1
(15)
The probability distribution of βu is dictated by a TWDP
fading random variable in the numerator and the sum of
TWDP fading random variables in the denominator. This
probability distribution is in general not known in closed (or

semi-closed) form [27]. Hence, it is difficult to guarantee a
certain level of reliability of the multi-point transmissions.
2) Rate adaptation and outage probability: Since the transmitter does not know the phase-shifts ψc,u and ψc,u,j , transmission rate adaptation based on the instantaneous SINR is not
possible. Instead, we consider a fixed-rate transmission with
rate r̄u (fu ) based on the mean macroscopic signal to noise
ratio (SNR) of user u

r̄u (fu ) = log2 1 + fu β̄u ,
(16)
2
2
2
α1,u + α2,u + 2σh,u
.
(17)
β̄u =
2σn2
Here, factor 0 < fu ≤ 1 is introduced as a fading and
interference penalty term to achieve a reliable transmission
rate adaptation, as investigated in Section III-C.
Given rate r̄u (fu ), the link is in outage whenever the
instantaneous achievable rate ru = log2 (1 + βu ) falls below
r̄u (fu ), or equivalently whenever βu < fu β̄u . Hence, the link
outage probability is

pout,u (fu ) = P (ru < r̄u (fu )) = P βu < fu β̄u .
(18)
Since we cannot calculate the probability distribution of the
SINR βu in the general case, we also cannot calculate the
outage probability. Thus, if the goal is to guarantee a certain
level of link reliability, it is necessary to reduce the SINR
to a tractable case, such that we can calculate the outage
probability. We pursue this approach in the following section.
III. R ELIABLE M ULTI -P OINT T RANSMISSIONS
In this section, we propose methods to enhance the reliability of multi-point transmissions under TWDP fading
conditions. We consider two aspects of reliability in our work:
1) the link outage probability and 2) the packet transmission success probability. The link outage probability gauges
whether a successful transmission between transmitter and
receiver at a given rate is possible at all or not; more
specifically, it quantifies the probability that a communication
link between transmitter and receiver cannot be established
at a given rate. In Section III-A, we propose a zero-forcing
based outage-optimized beamforming scheme for TWDP fading multi-point transmissions and, in Section III-B, we propose a scheduling/link-grouping algorithm, which attempts
to maximize the average transmission rate of the system
under non-zero link outage probability. The packet success
probability gauges the probability of successfully transmitting a packet of given size. Even for relatively high link
outage probabilities, the packet success probability can be
made large simply by retransmitting a packet multiple times,
thereby exploiting diversity of the channel. However, this
comes at the cost of consuming more resources (in time or
frequency) for retransmissions. In Section III-C, we propose
transmission rate adaptation methods to minimize the number
of occupied resources for packet transmissions, assuming nonzero link outage probability as well as the utilization of hardretransmission automatic repeat request (ARQ).
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A. Beamforming Coordination
The instantaneous SINR in (15) is dictated by two fading
effects: firstly, the multipath interference of the two dominant
scatterers of each link due to random phases ϕc,u and ϕc,u,j ,
and secondly, the power received over the diffuse channel
components. Given the stated CSIT assumptions, i.e., unknown
diffuse channel components hd,u and hd,u,j , the transmitters
cannot influence the second factor. However, the beamforming
can be coordinated to control the amount of interference
received over the interfering dominant scatterers.
1) Zero-forcing of dominant interference: To obtain a
tractable expression for the link outage probability, we propose
to zero-force the interference over the dominant scattering
clusters, by restricting the beamformer of link u to lie in
the left null space of the dominant scattering clusters of the
interference channels

fu ∈ null H̄u ,
(19)
H̄u = [· · · , h1,j,u , h2,j,u , · · · ] , j ∈ Sg , j 6= u.

(20)

Matrix H̄u is of size Nt × 2(|Sg | − 1). Thus, to obtain
a non-empty left null space, the number of simultaneously
active links is restricted by Sg = |Sg | ≤ (Nt + 1)/2. The
factor 2 is because the transmitter does not know the relative
phase-shift ϕ1,j,u −ϕ2,j,u between the two dominant multipath
components of each link. It is thus necessary to zero-force each
of them individually.

We represent null H̄u by an orthogonal basis
Bu ∈ CNt ×Ng , Ng = Nt − 2(|Sg | − 1),
BH
u Bu

= INg ,

H̄H
u Bu

= 0.

(21)
(22)

This basis can, e.g., be obtained by applying a singular value
decomposition (SVD) to H̄u and setting Bu equal to the
left singular vectors corresponding to the zero-valued singular
values. With this notation, we can write fu = Bu qu , with
qu ∈ CNg ×1 and kqu k = Pu . Thus, if Ng > 1, we still have
a number of degrees of freedom left that can be utilized to
optimize the intended link, as discussed below.
If all links adopt this zero-forcing approach, the interference
between simultaneously active links is reduced to zero-mean
statistically independent complex Gaussian terms of variance
2
2σd,j,u
, j, u ∈ Sg , due to the diffuse channel components.
These interference terms cannot further be influenced by the
choice of qu , since the transmitter does not know the diffuse
channels hd,u,j .
2) Optimization of intended link: We next focus on the
intended signal power of link u for the optimization of qu .
The intended signal power is determined by the effective SISO
channel
H
H
h̄u = hH
qu = h̄H
(23)
u Bu qu = Bu hu
u qu .
The absolute value h̄u still follows TWDP fading statistics,
however, with modified amplitudes
H
V̄c,u = αc,u h̄H
c,u qu , h̄c,u = Bu hc,u , c ∈ {1, 2},

H
2
z̄d,u = h̄d,u qu ∼ CN 0, 2σ̄d,u , h̄d,u = BH
u hd,u .

parameters of this effective channel, as defined in (7) and (8),
¯ u.
as Ω̄u , K̄u and ∆
We have shown in [42] that the signal outage probability of a
single-point TWDP fading link can be minimized by selecting
the beamformer as

p 
p
2 ejξu qk ,
(26)
+
1
−
k
qu = Pu ku q⊥
u
u
u
!
h̄2,u h̄H
q̃⊥
h̄1,u
2,u
u
⊥
q⊥
=
,
q̃
=
I
−
,
(27)
N
u
u
g
2
⊥
kq̃u k
h̄1,u
h̄2,u
qku =


h̄2,u
, ξu = − arg h̄H
1,u h̄2,u , ku ∈ [0, 1].
h̄2,u

Notice, this beamformer decomposition assumes that V̄1,u ≥
V̄2,u ; otherwise, the roles of h̄1,u and h̄2,u should be swapped.
Scalar ku ∈ [0, 1] denotes a line-search parameter, which
has to be optimized numerically to achieve minimal outage
probability. Its optimal value depends on the fading parameters
¯ u of the link, as well as, on the powers of noise
Ω̄u , K̄u and ∆
and interference.
For ku = 1, the beamformer is orthogonal to the weaker
scatterer and aligns with the stronger scatterer in the orthogonal complement of h̄2,u . In this case, fading of h̄u is reduced
to Rice fading, as there is effectively only one scattering cluster
left; thus with ku = 1 fading is minimized, however, at the
cost of decreased average signal power. With ku < 1, we can
increase the average signal power, yet, then also the amount
of fading grows, since both scattering clusters interfere. The
optimal choice of ku is therefore a trade-off between average
signal power and amount of fading of the intended link.
Since the choice of qu does not have an impact on the residual multi-point interference over the diffuse scattering channels, this beamformer decomposition is also outage-optimal
for the considered multi-point transmission case, provided the
line-search parameter ku is properly chosen as discussed next.
3) Outage-probability of zero-forcing based multi-point
transmissions: With the choice of beamformer above, the
instantaneous SINR of link u reduces to
2
P2
jψ̄c,u
+ z̄d,u
c=1 V̄c,u e
(29)
βu (ku ) =
P
2.
2σn2 + j∈Sg \{u} |z̄d,u,j |
This value is a function of the line-search parameter ku , as it
determines the amplitudes V̄c,u of the effective TWDP link.
However, it does not depend on the parameters kj of the other
links, because the effective
interference
terms are independent


2
of kj : z̄d,u,j ∼ CN 0, 2σd,u,j
.
The probability distribution of the instantaneous SINR (29)
is determined by TWDP fading of the intended signal and
by the probability distribution of the sum of Rayleigh fading
interference terms. Let us consider the probability distribution
of the instantaneous interference
X
X
2
Iu =
|z̄d,u,j | =
Iu,j .
(30)

(24)

j∈Sg \{u}

(25)



The power of the diffuse component is not changed, because
2
2
= σd,u
. We denote the fading
Bu is semi-unitary; that is, σ̄d,u

(28)

j∈Sg \{u}



2
Since z̄d,u,j ∼ CN 0, 2σd,u,j
, each interference term Iu,j
follows a weighted chi-square distribution with two degrees
2
2
of freedom, |z̄d,u,j | ∼ σd,u,j
· χ22 . The sum interference
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Algorithm 1: Iterative algorithm for the calculation of the outage upper and lower bounds.

1
2
3

n P
 P
o
2
2
Input: Initial interval set X0 = 0, j∈Sg \{u} σd,u,j
and desired level of accuracy  > 1.
,
j∈Sg \{u} σd,u,j , ∞
Initialization: Interval number N = 2, loop counter ` = 0.
Main:
repeat
(lb)
(ub)
Calculate the outage lower and upper bounds pout,u (ku , fu ), pout,u (ku , fu ) according to (33), (34) for interval set X` .
∗
∗
∗
Find the interval i : [xi , xi +1 ) ∈ X` for which the difference between upper and lower bound is largest:
q
q



f β̄u (σn2 + xi+1 ) − F|h̄u |
f β̄u (σn2 + xi )
pi .
i∗ = arg max
F|h̄u |
i∈{0,...,N −1}

∗

4

if i < N − 1 then
Split the interval i∗ into two halves:
X`+1 = {[x0 , x1 ), . . . , [xi∗ , xi∗ +1 /2), [xi∗ +1 /2, xi∗ +1 ), . . . , [xN −1 , ∞)} .

5
6

else
Split the last interval:
X`+1 = {[x0 , x1 ), . . . , [xN −1 , 2xN −1 ), [2xN −1 , ∞)} .

7
8
9

end
Update N = N + 1 and ` = ` + 1.
(lb)
(ub)
until pout,u (ku , fu )/pout,u (ku , fu ) < ;
(lb)
(ub)
Output: Outage lower and upper bounds pout,u (ku , fu ), pout,u (ku , fu ).

P
Iu =
j∈Sg \{u} Iu,j does generally not follow a weighted
chi-square distribution, only in the special case that all vari2
ances σd,u,j
are equal, which is mostly not satisfied due to
pathloss differences.1 Nevertheless, the distribution of the sum
interference, as a positively weighted sum of independent and
identically distributed (iid) chi-square random variables, has
been thoroughly studied in the literature and many efficient
and accurate approximations of its cdf are available [55].
Additionally, as we will see below, we only need to evaluate
this cdf at few points to obtain virtually optimal performance.
We denote the probability density function (pdf) and the cdf
of the sum-interference Iu of user u as fIu (x) and FIu (x),
respectively.
Rearranging terms inside probability (18) and utilizing the
law of total probability, we write the outage probability of link
u, as a function of the line-search parameter ku , as
q

Z ∞
2
pout,u (ku , fu ) =
F|h̄u |
fu β̄u (2σn + x) fIu (x)dx.
0

(31)
where fIu (x) denotes the pdf P
of the sum of weighted chisquare interference terms Iu = j∈Sg \{u} Iu,j , and F|h̄u | (x)
is the cdf of the TWDP fading random variable h̄u . The
cdf of TWDP fading is given in integral-form in [29]. Thus,
calculation of the outage probability of the proposed zeroforcing based multi-point beamforming scheme requires twodimensional integration. To simplify this calculation, we propose below a simple bounding scheme.
4) Bounding of the outage probability: By splitting the
integration
interval [0, ∞) of (31) into N contiguous intervals

X = [x0 = 0, x1 ), [x1 , x2 ), . . . , [xN −1 , xN = ∞) and by
1 Equal pathloss would be reasonable in a point to multi-point multi-user
MIMO situation, where all links are with respect to the same transmitter;
however, in this case the interference channels would be correlated and not
statistically independent, which further complicates the analysis [27].

exploiting the monotonicity of the cdfs, we can immediately
bound the outage probability as
(lb)

(ub)

pout,u (ku , fu ) ≤ pout,u (ku , fu ) ≤ pout,u (ku , fu ),
(32)


N
−1
q
X
(lb)
fu β̄u (2σn2 + xi ) pi , (33)
pout,u (ku , fu ) =
F|h̄u |
(ub)

pout,u (ku , fu ) =

i=0
N
−1
X

F|h̄u |

q

fu β̄u (2σn2 + xi+1 ) pi ,

i=0

(34)
pi = FIu (xi+1 ) − FIu (xi ).

(35)

The accuracy of the bounds is determined by the interval set
X . This set can efficiently be discovered iteratively to achieve
(ub)
(lb)
a desired level of accuracy pout,u (ku , fu )/pout,u (ku , fu ) <
,  > 1, as described in Algorithm 1. This simplifies the
outage calculation to one-dimensional integration for the evaluation of the TWDP fading cdf.
5) Outage-based parameter optimization: Utilizing Algorithm 1, we can now proceed to optimize the parameter ku
(ub)

ku∗ (fu ) = arg min
ku ∈[0,1]

(lb)

pout,u (ku , fu ) + pout,u (ku , fu )
.
2

(36)

This can be achieved by applying a line-search algorithm on
the interval ku ∈ [0, 1], e.g., the bisection method [56], or
by sampling the interval with a satisfactory resolution. We
denote the corresponding outage probability as p∗out,u (fu ) =
pout,u (ku∗ (fu ), fu ).
Analyzing the complexity of Algorithm 1 is not straightforward, as the number of iterations of the loop depends on
the desired level of accuracy  and we have unfortunately
neither been able to find an analytic expression nor an upper
bound for this number. Nevertheless, we can analyze the
complexity of an individual run of the loop to provide a hint
on complexity. Within the loop, the cdf of N TWDP fading
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Algorithm 2: Greedy link scheduling coordination algorithm based on mutual channel coherence.
Input: Channels of scattering clusters hc,i,j , ∀c ∈ {1, 2}, ∀i, j ∈ {1, . . . , Nu }.
Initialization:
Maximal group size according to zero-forcing dimensionality constraint Nmax = b(Nt + 1)/2c.
Minimal number of scheduling groups Ns,min = dNu /Nmax e.
Mutual coherence of intended and interfering links:
 


−1

−1
H
H
H
H
ρi,j =
,
Hi Hi Hi
Hi
Hi,j Hi,j Hi,j
Hi,j
Hi = [h1,i , h2,i ], Hi,j = [h1,i,j , h2,i,j ], ∀i, j ∈ {1, . . . , Nu }, j 6= i.
Ordered list of link indices Nu = {. . . , m, n, . . .} sorted according to decreasing maximal mutual coherence:
ρm,max = max ρm,j ≥ ρn,max = max ρn,j , m, n ∈ {1, . . . , Nu }.
j

1
2
3
4
5
6

j

Main:
for Ns ∈ {Ns,min , . . . , Nu } do
P s
Determine valid group sizes bNu /Ns c ≤ S` ≤ dNu /Ns e, ` ∈ {1, . . . , Ns }, such that, N
`=1 S` = Nu .
Initialize scheduling groups S` = Nu (`), ` ∈ {1, . . . , Ns } to split-off the links with largest mutual coherence.
for ` ∈ {1, . . . , Ns } do
for k ∈ {2, . . . , S` } do
Find the link with minimal mutual coherence to the already scheduled links of group `:
X 1
s
(ρi,j + ρj,i ) , j ∈ {1, . . . , Nu } \ ∪N
j ∗ = arg min
n=1 Sn
2
j
i∈S
`

∗

7
8
9
10
11
12

Add link j to the scheduling group: S` = S` ∪ j ∗ .
end
Determine the outage probabilities pout,u of all links in group S` (utilizing outage optimal beamformers according to
Sec. III-A or any other beamformers).
end
Calculate the average rate R̄Ns for Ns scheduling groups according to (37).
end
Find the optimal number of scheduling groups:
Ns∗ =

arg max

R̄Ns .

Ns ∈{Ns,min ,...,Nu }

Output: Optimized scheduling groups S`∗ , ` ∈ {1, . . . , Ns∗ }.

random variables has to be evaluated. In general, this requires
numeric integration; however, we expect that in practice this
would be realized in low complexity by a table look-up
instead, employing a precomputed table for a range of values
of the cdf. Additionally, the values pi of Eq. (35) must be
calculated, by evaluating the cdf expression of [55]; again, in
practice this could be realized by a table look-up. Thus, within
each loop iteration, at most work of complexity O (N T ) has
to be performed, if the look-ups in the tables of size T are
realized by (inefficient) brute force search. As we show in
our simulations in Section IV-A, for the optimization of the
line-search parameter ku in (36) a small number of expansion
terms/intervals N (in the order of two to four) is sufficient to
achieve virtually optimal performance; hence, the complexity
of beamformer optimization is still manageable. To reduce the
level of accuracy of the outage upper and lower bounds down
to  ≈ 1.25 around ten to fifteen expansion terms are necessary
in our simulations.
B. Scheduling Coordination
The performance of the beamforming coordination approach
described above strongly depends on the set of links that
operate concurrently and thus interfere with the intended link.
Therefore, by coordinating the set of links that are simultane-

ously active we can influence the link outage probability and,
e.g., maximize the average rate of the system
R̄Ns =

Ns
Ns X
1 X
1 X
R` =
(1 − pout,u (fu )) r̄u (fu ),
Ns
Ns
`=1

`=1 u∈S`

(37)
where R` denotes the rate of scheduling group `.
Unfortunately, such an optimization is not possible in
closed-form. It rather requires an exhaustive search over all
possible set partitions of set {1, . . . , Nu }. The number of set
partitions grows exponentially with Nu according to the well
studied Bell numbers [57]. This optimization thus becomes
infeasible very quickly with growing Nu .
We therefore resort to greedy link scheduling coordination
as summarized in Algorithm 2. The rationales behind this
algorithm are:
• The main scheduling metric for link grouping is the
mutual coherence ρi,j of the channels of different links as
defined in Algorithm 2. This mutual coherence gauges the
overlap of the subspace spanned by the intended channel
Hi = [h1,i , h2,i ] with the subspaces spanned by the
interfering channels Hi,j = [h1,i,j , h2,i,j ]. It therefore
strongly impacts the zero-forcing solution (19). In line 6
of Algorithm 2, we attempt to determine scheduling
groups S` with minimal mutual coherence.
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We only consider set partitions where the sizes of the
individual subsets are (approximately) equal |Si | ≈
|Sj | , ∀i, j ∈ {1, . . . Ns }. Exact equality is only feasible
if Nu /Ns is integer; otherwise, some sets are of size
dNu /Ns e and others of size bNu /Ns c, such that each
link is part of exactly one group. This is reasonable, since
we schedule different groups in a round-robin fashion
at different time instances. Thus, if there was a strong
imbalance in the group size, the groups with a small
number of links would achieve high rates, whereas the
others would suffer from low rates, leading to an unfair
resource allocation.
• We
test all feasible group numbers Ns
∈
{Ns,min , . . . , Nu }, where Ns,min is the minimum
number of groups necessary to satisfy the zeroforcing dimensionality constraint |Sg | ≤ (Nt + 1)/2,
∀g ∈ {1, . . . Ns }. The optimal group number Ns∗ , which
maximizes the average rate R̄Ns , is basically a trade-off
between the achieved link outage probability and the
scheduling time interval of the groups. Smaller group
sizes (larger Ns ) achieve lower link outage probabilities;
however, with a growing number Ns of groups, the
round-robin scheduling time interval increases, implying
that each group is scheduled less frequently in time.
This algorithm contains three relatively complex tasks. 1)
Calculating the mutual coherence values ρi,j : These values
have to be calculated for all pairs (i, j) with i 6= j, i.e.,
Nu (Nu − 1) values. Each value requires two inversions of
matrices of size 2 × 2 and six multiplications of matrices
with larger dimension equal to N
 t . This therefore has a total
complexity order of O Nu2 Nt3 . 2) Running through three
nested for-loops to determine the schedule: The size of the
outer for-loop is at most Nu and that of the two inner for-loops
together is also Nu . Additionally, within the innermost loop a
search over at most Nu values has to be performed.
The total

complexity is therefore in the order O Nu3 . 3) Calculating
the outage probabilities of all links within the center loop of
the scheduling algorithm:
This has a total complexity order

O Nu2 O (Alg1) , with O (Alg1) denoting the complexity of
Algorithm 1. For very large numbers of users, the complexity
of the scheduling algorithm may become intractable. However,
in practice it is only necessary to coordinate links that are
in close spatial proximity, which should help keeping the
complexity manageable.
•

C. Transmission Rate Adaptation
In this section, we discuss the selection of the user rate
r̄u (fu ) via the fading penalty parameter 0 < fu ≤ 1. There
are a number of reasonable possibilities for selecting fu :
• If the schedule of the links S` , ∀` ∈ {1, . . . , Ns } is fixed,
one viable approach for selecting fu is to achieve a target
outage probability. In combination with the beamforming
coordination of Section III-A, this requires a line search
over fu in which p∗out,u (fu ) is iteratively updated.
• If the link schedule is not fixed, we can consider the
same fading penalty fu = f for all links, in order
to jointly optimize it with the scheduling coordination

of Section III-B. The fading penalty impacts the average
system rate of a given link schedule according to (37)
via the average rate r̄u (fu ) (16). Hence, our greedy
scheduling Algorithm 2 can be combined with a line
search over f to maximize the average system rate.
The methods described above for selection of the fading
penalty fu are suitable for full data buffer transmissions.
Below, however, we focus on transmissions of packets of
fixed size of P bits (e.g., cooperative awareness messages
in the context of V2X). We assume that the TWDP fading
of the channel is approximately constant over a duration of
Tc seconds (coherence time) and a bandwidth of Bc Hertz
(coherence bandwidth). We denote the product Tc Bc as a
coherence block (CB). We adopt a block-fading channel model
where the TWDP fading channel realizations of different
CBs are uncorrelated, yet with the same macroscopic channel
parameters; i.e., only the phases ϕc,u , ϕc,u,j and the diffuse
channel components vary randomly in-between CBs.
During one CB, the number of transmitted bits is

Pu (fu ) = Bc Tc log2 1 + fu β̄u ,

(38)

provided the transmission is successful; otherwise, it is zero.
Thus, the minimal number of required successful CBs to
transmit a single packet is Lmin
u (fu ) = dP/Pu (fu )e. We
assume that transmission errors during a CB can be detected
by the receiver, e.g., by a cyclic redundancy check (CRC). In
case of a transmission error, an ARQ retransmission of the
data of the respective coherence block is initiated.
The goal of our proposed transmission rate selection method
is to minimize the required number Lu (fu ) of CBs (including
possible retransmissions) for successful transmission of a complete packet of P bits. Since our system operates at non-zero
link outage probability, we cannot impose a hard constraint on
this number. Instead, we select the fading penalty fu such as
to minimize an upper bound Lmax on the required number of
CBs, which is violated with low probability pmax
min Lmax ,

0<fu ≤1

(39)

s.t. pu (fu , Lmax ) = P (Lu (fu ) > Lmax ) ≤ pmax .
Here, pu (fu , Lmax ) denotes the probability that more than Lmax
CBs are required for the transmission of a packet.
The probability that the required number Lu (fu ) of CBs is
larger than Lmax , as a function of fu , can be written as
pu (fu , Lmax ) = . . .
(

1 − P (Lu (fu ) ≤ Lmax ) , Lmax ≥ Lmin
u (fu )
.
1,
Lmax < Lmin
u (fu )

(40)

That is, we require at least Lmin
u (fu ) successful CBs. Given
Lmax ≥ Lmin
u (fu ), pu (fu , Lmax ) is equal to one minus the
packet success probability.
Let us consider the non-trivial case Lmax ≥ Lmin
u (fu ), i.e.,
Lmax = Lmin
(f
)
+
∆L
,
∆L
≥
0.
In
this
case,
we can
u
max
max
u
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develop the packet success probability as
P (Lu (fu ) ≤ Lmax ) =

∆L
max
X


P Lu (fu ) = Lmin
u (fu ) + t ,

t=0

(41)
 min

Lu (fu ) + t − 1
P Lu (fu ) = Lmin
...
u (fu ) + t =
Lmin
u (fu ) − 1


t

(pout,u (fu )) (1 − pout,u (fu ))

Lmin
u (fu )

,

(42)

with pout,u (fu ) as defined in (18) or (31) for our proposed
beamforming scheme. Here, the second equality follows from
a simple combinatorial argument: during the first Lmin
u (fu ) +
t − 1 CBs exactly Lmin
u (fu ) − 1 arbitrarily positioned transmission are successful and t transmissions fail, whereas the
transmission in CB Lmin
u (fu ) + t has to be correct to achieve
Lu (fu ) = Lmin
u (fu ) + t. We observe that this probability
is governed by two competing effects: on the one hand, by
increasing fu the minimal number of required successful CB
transmissions Lmin
u (fu ) can be reduced; on the other hand,
increasing fu also causes an increase in the outage probability
pout,u (fu ) of each CB transmission and thus requires more
retransmissions. Therefore, an optimal choice of fu exists,
which balances these two effects.
Notice, in case that CBs are only assigned in the time
domain, Lu (fu ) is equivalent to the transmission latency of
the user in terms of the number of coherence times Tc .
IV. S IMULATIONS
In this section, we investigate the performance of the proposed techniques by numerical link level simulations. For all
simulations, we generate one hundred iid random realizations
of the channels hc,u,j (sum over all rays within cluster c)
according to hc,u,j ∼ CN (0, 1/Nt I), assuming that each
cluster is composed of many rays. For each random realization
of the channels of the scattering clusters hc,u,j we numerically
determine the link outage probability by generating ten thousand iid random realizations of the diffuse channels and the
phases of the two scattering clusters. We consider iid channel
realizations for the microscopic fading, since the channel in the
mmWave band varies significantly even for small movement
of the users due to the short millimeter-scale wavelength.
We assume that the two scattering clusters are equally strong
α1,u,j = α2,u,j . This corresponds to a worst case in terms of
TWDP outage behavior, because it leads to very deep fades
whenever the signals received over these two clusters add up
destructively. We consider a ratio of dominant
scattering power

2
2
2
/(2σh,u,j
to diffuse power of α1,u,j
+ α2,u,j
) = 100. This
choice is motivated by our observations from V2X channel
measurements [47], where TWDP K-factors in the order of
20 to 30 dB have been measured. We normalize the average
2
2
2
power of the intended channel as α1,u
+ α2,u
+ 2σh,u
= 1
2
and set the noise variance equal to 2σn = 0.01; thus, the
mean macroscopic SNR of each user is β̄u = 20 dB. We
consider a relatively high SNR, since we want to emphasize
outage effects caused by mutual interference. We assume that
all interfering channels are weaker by a factor γ than the
intended channel; we specify the considered value of γ below.

Fig. 2: Comparison of analytic outage bounds (33), (34) to empirical results,
considering Nt = 16 transmit antennas and Nu = 6 active links.

We simulate scenarios with relatively strong interference for
uncoordinated transmissions (cell-edge scenarios); this is to
highlight the gains achievable by coordinating inter-cell interference. Finally, we consider unit transmit power Pu = 1 for
all links.
A. Beamforming Approaches
In our first simulations, we investigate the beamforming
coordination of Section III-A. We first consider a scenario
with Nt = 16 transmit antennas and Nu = 6 links, which are
all active simultaneously; that is, there is just one scheduling
group in which all links are co-scheduled and thus Sg =
|Sg | = Nu . We assume that all interfering channels are weaker
by a factor γ = Nu1−1 than the intended channel, such that
the average sum power of the interfering channels is equal to
the average power of the intended channel. In Figure 2, we
show the outage probability pout,u (fu ) averaged over all links
as a function of the fading penalty fu = f, ∀u ∈ {1, . . . , Nu }.
We compare the empirical outage probability (the two curves
with markers) to the outage upper and lower bounds (33), (34),
using N ∈ {2, 4, 12} expansion terms. We observe that the gap
between the upper and lower bounds diminishes quickly with
growing number of expansion terms. For N = 12 expansion
terms, the accuracy level  of Algorithm 1, i.e., the ratio of
outage upper and lower bounds, is already reduced to  ≈ 1.25.
The two empirical outage curves have been obtained with
beamformers that have been optimized according to (36), utilizing N ∈ {2, 12} expansion terms for the outage bounds. We
observe that the performance in both cases is very similar, even
though the outage upper and lower bounds for N = 2 exhibit
a large gap. A small number of N = 2 to 4 expansion terms
is therefore sufficient for the optimization of the beamformer,
which supports an implementation with reduced complexity.
We next investigate the impact of the line-search parameter
ku , cf. (26), on the outage performance of the system. We
consider ku ∈ {0, 1}, our outage-optimized choice ku∗ (fu )
of (36) and zero-forcing max gain beamforming according
to (44). The results are shown in Figure 3. As expected,
the outage-optimized design achieves the lowest link outage
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Fig. 3: Comparison of zero-forcing based beamforming schemes.

probability. However, the gap to the solution with ku = 1 is
relatively small, especially for small values of Nu = Sg . This
is because in this case the
 dimension Ng = Nt − 2(Sg − 1) of
the null space null H̄u is relatively large, such that we do not
lose to much intended signal power if we align vector qu with
q⊥
u in (26). Notice that the solution with ku = 1 minimizes
the amount of fading of the intended signal power, as the
transmission is orthogonal to the weaker scattering cluster.
Thus, this solution reduces the effective channel to Rice-fading
rather than TWDP fading. For large transmissions rates, i.e.,
large values of the fading penalty fu , zero-forcing max gain
achieves the same performance as the outage-optimal choice of
ku , showing that in this regime it is most important to achieve
a large signal power gain.
In our next simulation, we consider Nt = 12 and vary the
number of simultaneously active links Nu ∈ {3, 4, 5}. We
compare our outage optimized beamformer of Section III-A to
the benchmark schemes described in Appendix A. In Figure 4,
we compare the performance of these beamforming schemes
for various numbers of active links. We observe that the
interference-agnostic max gain beamformer performs worse
than the outage optimized zero-forcing solution. That is, for
a given outage probability, the zero-forcing outage optimized
solution supports a larger fading penalty and therefore a higher
transmission rate than max gain beamforming; however, this
gap reduces with growing Nu . This is because the zeroforcing solution increasingly causes a loss of intended signal
power with decreasing null space dimension Ng . Therefore,
the outage probability of the zero-forcing solution degrades
with growing Nu . For Nu = 6 (not shown in the figure),
which is the maximum possible number of links for zeroforcing, the max gain solution would already outperform the
zero-forcing solution. The robust max-min SINR beamforming
solution, as derived in Appendix A, performs similar to max
gain beamforming, with slight gains at small values of the
fading penalty. The approach based on the signal to leakage
and noise ratio (SLNR) requires a very conservative selection
of the transmission rate to achieve small outage probabilities;
it is therefore not well suited for efficient multi-user transmissions with high reliability. Notice that we can analytically

(a) Nu = Sg = 3 simultaneously active links.

(b) Nu = Sg = 4 simultaneously active links.

(c) Nu = Sg = 5 simultaneously active links.
Fig. 4: Comparison of different beamforming schemes for Nt = 12 transmit
antennas and Nu ∈ {3, 4, 5} active links.

calculate the outage probability only for zero-forcing based
beamforming, as the distribution of the SINR is not known
for the other approaches. This implies that we can analytically
guarantee a certain link reliability only under zero-forcing.
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Since the solution with ku = 1 performs close to optimal
for smaller values Nu compared to Nt , we employ only
this scheme in our remaining simulations. Notice, that this
simplifies the outage calculations a lot, as we can then utilize
the closed-form cdf of Rice-fading in (31) rather than the
integral expression of TWDP fading.
B. Scheduling Coordination

Fig. 5: Average rate versus fading penalty achieved by the proposed scheduling
coordination algorithm for different numbers of links Nu .

We next investigate the proposed scheduling algorithm
of Section III-B. For these simulations, we consider Nt = 32
transmit antennas and utilize our zero-forcing beamforming
of Section III-A with ku = 1. We assume that all interfering
channels are weaker by a factor γ = 0.5 than the intended
channel, corresponding to a relatively strong interference situation. We consider a total number of Nu ∈ {2, 3, 4, 6, 8, 10}
links and investigate the average rate performance according
to (37) as a function of the fading penalty fu = f, ∀u. Our
scheduling coordination splits the total number Nu of links
into subsets of active links according to Algorithm 2. These
subsets are scheduled in a round robin fashion at different time
instances to reduce the amount of interference; thus, if a total
of Ns scheduling groups is formed, each group is only served
on a fraction 1/Ns of the time/frequency resources.
In Figure 5, we show the average rate R̄Ns versus the fading
penalty for different numbers of links Nu . Let us consider the
curve for Nu = 10 to explain the observed behavior, as it most
distinctly features two peaks: Initially, for small values of the
fading penalty (fu = f <= 0.025), all Nu = 10 links are
simultaneously scheduled, i.e., Ns = 1 and S = {1, . . . , Nu },
and the link outage probability pout,u (fu ) is very low for each
link. With increasing fading penalty fu = f , the links transmit
with a higher rate r̄u (fu ) and therefore the average rate of
the system goes up according to (37). However, as we can
see in (37), the average rate is not only determined by the
transmit rate r̄u (fu ), but also by the link outage probability
pout,u (fu ): when we increase fu , the term r̄u (fu ) increases,
but simultaneously the term (1 − pout,u (fu )) decreases. At the
first peak at fu = 0.025, these two effects balance each other

for the case Ns = 1. With further increasing fu , the term
(1 − pout,u (fu )) becomes dominant and the average rate R̄Ns
starts to go down. However, at this point it still does not payoff to split the total set of Nu = 10 links into two scheduling
groups, which would then be multiplexed in time, since each
group could then only transmit half of the time, causing a
larger rate loss than caused by link outages. Yet, when we
further increase fu , at approximately fu = 0.05, the outage
probability pout,u (fu ) becomes so large, that it is better to split
the schedule up into Ns = 2 groups, each consisting of only
five users S1 = S2 = 5. By this, the outage probability of
each group is reduced and the rate again starts to increase
with growing fu = f . From here on, the same argumentation
starts to repeat: the increase of the average rate due to growing
r̄u (fu ) and its reduction due to decreasing (1 − pout,u (fu ))
balance each other at fu = 0.08 for the case Ns = 2 and
afterwards the rate starts to deteriorate again. With further
increasing fu further splits of the schedule occur, however,
they do not lead to pronounced peaks in the rate any more,
as the outage probability cannot be sufficiently reduced by
further splitting the schedule.
In our simulation, the best performance is achieved for
Nu = 8 simultaneously active links when f ≈ 0.04. Notice
that the case Nu = 10 cannot achieve this performance for the
following reason: In principle, the scheduler could decide to
split the Nu = 10 users into two groups, one of size S1 = 8
and one of size S2 = 2. Then the group with S1 = 8 active
links would achieve the same performance as the case Nu = 8
shown in the figure. However, the group with S2 = 2 users
would achieve the same performance as the case Nu = 2 and
time-sharing between these two subsets would perform much
worse than the fifty-fifty split (S1 = S2 = 5) performed by
our optimized scheduling algorithm.
Notice, even though not shown in the figure, we also
simulated an exhaustive search over all possible link partitions for up to Nu = 6, corresponding to 203 possible
link schedules. Up to this number, we did not observe a
noticeable difference between our proposed greedy scheduler
and the exhaustive search. We could, however, not simulate the
exhaustive search for Nu ∈ {8, 10} for complexity reasons,
as the number of possible link partitions becomes too large,
namely {4140, 115975}.
C. Transmission Rate Selection
In this section, we investigate the number of required CBs
for successful packet transmission, utilizing the optimized
transmission rate selection of Section III-C. We consider
Nt = 16 transmit antennas and a single scheduling group of
Nu = 6 simultaneously active links. We employ a packet size
of P = 1.25Bc Tc log2 (1 + β̄u ); that is, for a fading penalty
of fu = 1, Np (1) = d1.25e = 2 error free CBs are required
to transmit a single packet.
In our first simulation, we evaluate the probability that the
required number Lu (fu ) of CBs is larger than Lmax according
to (40) as a function of the fading penalty fu , utilizing our
outage optimized beamformer of Section III-A. The results are
shown in Figure 6. We observe that the performance is very
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a certain minimum number of excess degrees of freedom
(Ng > 6 in our example) to be able to cancel the multi-point
interference and at the same time achieve sufficiently large
signal power for the intended signal. However, with Nt > 16
and therefore Ng > 16 − 2(6 − 1) = 6 the zero-forcing
solution achieves the required packet success probability with
the smallest number of CBs compared to the other schemes.
V. C ONCLUSION

Fig. 6: Probability that the required number Lu (fu ) of CBs is larger than
Lmax according to (40), as a function of the fading penalty fu , for Nt =
16 transmit antennas and Nu = 6 simultaneously active links with outage
optimized beamforming.

Reliable communication architectures have to be able to
accurately predict the outage performance of the offered
service. In wireless communications, this is often hard as the
probability distribution of the SINR of the communication link
can in many cases not be characterized analytically. In this
paper, we have proposed a coordinated beamforming scheme
for directional MISO TWDP V2I fading channels, which
allows such an analytic characterization under relatively mild
CSIT assumptions. Based on this characterization, we have
developed scheduling and rate adaptation techniques that facilitate reliable wireless transmissions, i.e., transmissions with
guaranteed outage performance, and we have demonstrated the
performance of these techniques by numerical experiments.
The presented framework can in principle be extended
to more than two dominant scattering clusters. However, an
analytic characterization of the fading distribution of the effective channel becomes more and more difficult with growing
number of specular components [58] and the proposed zeroforcing solution becomes increasingly inefficient, as it costs
too many degrees of freedom to cancel the dominant interference. Nevertheless, as TWDP fading is known to represent
a worst-case in terms of outage behavior, it is a sensible
assumption for a reliable system design.
ACKNOWLEDGMENTS

Fig. 7: Average number of required CBs of different beamforming schemes
with optimized fading penalty fu as a function of the number of transmit
antennas.

poor for large values of fu , simply because the SINR outage
probability pout,u (fu ) of the link is too high and therefore
many retransmissions are required. For very low values of
fu , the performance is also not good, because the number
Lmin
u (fu ) of required error free CBs is too large. The sweetspot for our simulation scenario lies at fu ≈ 0.015, where the
SINR outage probability is relatively low and Lmin
u (fu ) is also
not excessively large.
We next investigate the average number of required CBs
for a maximal bound violation probability pmax = 10−5 , as
a function of the number of transmit antennas Nt ∈ [12, 24]
and Nu = 6 simultaneously active links. Notice, this bound
violation probability corresponds to a packet transmission
success probability of 99.99999 %. The results are shown
in Figure 7 comparing the same beamforming schemes as
in Section IV-A. We observe that the zero-forcing solution
does not exhibit good performance if the number of antennas
is too small; that is, the zero-forcing solution requires at least
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A PPENDIX
B ENCHMARK S CHEMES
We utilize the following beamforming schemes as benchmarks in our numerical simulations. Notice, only for the zeroforcing based schemes is it possible to analytically calculate
the outage probability of the transmissions according to Section III-A3; hence, only these schemes can guarantee a desired
level of reliability.
a) Max gain beamforming: The max gain beamformer
aligns the beamforming vector fu of user u with the stronger
scattering cluster
p
hcmax ,u
, cmax = max αc,u khc,u k .
(43)
f u = Pu
khcmax ,u k
c∈{1,2}
This beamforming vector does not account for the multi-point
interference, which can lead to high outage probability.
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b) Zero-forcing with fixed line-search parameter: The
zero-forcing beamforming vectors with fixed line-search parameter ku cancel the multi-point interference over the scattering clusters according to (19), but do not optimize the linesearch parameter ku in (26). In our simulations, we consider
the two extreme cases ku ∈ {0, 1}, to show how strongly the
line-search parameter can impact the outage performance.
The case ku = 1 reduces the effective channel to Rice
fading, since the beamforming vector is orthogonal to the
weaker scattering cluster. Thereby, fading of the effective
channel (23) is minimized; however, the average signal power
may also be small. Conversely, for ku = 0, the beamforming
vector is aligned with the weaker scattering cluster, which can
provide a gain in terms of average signal power, however,
for the cost of increased channel fading, due to multipath
interference of the two scattering clusters.
c) Zero-forcing max gain beamforming: The zeroforcing max gain beamforming vector applies interference
cancellation according to (19) and aligns vector qu with
the stronger scattering
cluster after projection onto the null

space null H̄u . The corresponding solution for ku can be
determined in closed-form
!
h̄2,u h̄H
h̄1,u
2,u
,
(44)
INg −
ku =
2
h̄1,u
h̄2,u

e) Robust max-min SINR beamforming: In the spirit
of [44–46], we perform a robust worst-case expected SINR
maximization in the following, where we take the expectation
over the diffuse scattering component. Since we generally
assume that the diffuse component is weak relative to the two
dominant scattering components, the uncertainty in our model
is dominated by the multi-path interference of these dominant
scatterers and we therefore only consider the worst-case SINR
w.r.t. this effect. The worst-case expected SINR of user u is

which assumes V̄1,u ≥ V̄2,u ; otherwise, the indices 1, 2 should
be swapped. We can also calculate this beamformer directly
p
Bu h̄cmax ,u
, cmax = max V̄c,u .
(45)
f u = Pu
c∈{1,2}
Bu h̄cmax ,u

|ϕi | = 1, ∀i ∈ Sg ,

d) SLNR beamforming: Signal to leakage and noise ratio
(SLNR) beamforming is a popular coherent beamforming
technique for multi-user broadcast and interference channels [59]. If perfect channel state information (CSI) is available
at the transmitters, the SLNR beamformers are obtained by
maximizing corresponding Rayleigh quotients involving the
instantaneous intended signal and interference leakage powers.
However, this is not feasible under the adopted CSIT assumptions of this paper and, similar to [60], we therefore instead
consider the expected signal and interference leakage powers,
averaged over the unknown diffuse channel components and
the random phase shifts of the scattering clusters


2
E hH
f
u
u

,
SLNRu =
(46)
P
2
2
2σn + j∈Sg \{u} E hH
f
j,u u
=
Su =
Lu =

fuH Su fu
,
2
2σn + fuH Lu fu
2
2
H
α1,u
h1,u hH
1,u + α2,u h2,u h2,u
2
2σh (Sg − 1)INt
X

2
h1,j,u hH
+
α1,j,u
1,j,u
j∈Sg \{u}

+

(47)
+ 2σh2 INt ,

2
α2,j,u
h2,j,u hH
2,u .

(48)

βu(wc) =

p(wc)
+ 2σh2
u
,
P
2σn2 + 2σh2 (Sg − 1) + j∈Sg \u p(wc)
u,j
2

H

(51)
2

H

p(wc)
= min (Hu ϕu ) fu , p(wc)
u
u,j = max (Hu,j ϕu,j ) fj ,
ϕu,j

ϕu


H
Hu = [α1,u h1,u , α2,u h2,u ] , ϕu = ejϕ1,u , ejϕ2,u ,
Hu,j = [α1,u,j h1,u,j , α2,u,j h2,u,j ] ,
H

ϕu,j = ejϕ1,u,j , ejϕ2,u,j .
With these worst-case SINRs, we can define a robust joint
beamformer optimization problem
max min βu(wc)

(52)

fi ,∀i∈Sg u∈Sg

subject to
2

kfi k ≤ Pi , ∀i ∈ Sg ,
|ϕi,` | = 1, ∀i, ` ∈ Sg , i 6= `.
This optimization problem is hard to solve, due to the mutual
coupling of interference terms, the product of optimization
and p(wc)
variables in the power terms p(wc)
u
u,j , as well as, the
unit-modulus constraint of the phase-shift vectors ϕi and
ϕi,` . To simplify the problem, we apply the Cauchy-Schwarz
H

2

≤

inequality to the interference terms (Hu,j ϕu,j ) fj
2

2

2

kHu,j ϕu,j k kfj k ≤ kHu,j ϕu,j k Pj to obtain lower bounds
on the worst-case SINRs
βu(wc) ≥ βu(lb) =

+ 2σh2
p(wc)
u
, (53)
P
2σn2 + 2σh2 (Sg − 1) + j∈Sg \u p(ub)
u,j
2

(ub)
p(wc)
u,j ≤ pu,j = max kHu,j ϕu,j k Pj .
ϕu,j

Now instead of βu(wc) , we consider βu(lb) in the optimization
in (52). Since βu(lb) is independent of fj , the beamformer
optimization decouples into Sg independent problems. Furthermore, maximizing βu(lb) w.r.t. fu reduces to maximizing
p(wc)
and is therefore independent of ϕu,j . We thus obtain the
u
following much simpler optimization problem
max
fu

min

ϕ1,u ,ϕ2,u

jϕ1,u
jϕ2,u
α1,u hH
+ α2,u hH
1,u fu e
2,u fu e

2

.
(54)

(49)

From the intended signal and interference leakage matrices
Su , Lu the SLNR beamformer is obtained as
 2
−1
p
2σn
INt + Lu
Su .
(50)
fu = Pu max eigvec
Pu

It is easy to see that the minimum is achieved if the two sumterms are antipodal, leading to
max
fu

H
α1,u hH
1,u fu − α2,u h2,u fu

2

.

(55)

From this equation it is clear that the optimal fu has to lie
in the 2-dimensional subspace spanned by Hu . We utilize an
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orthogonal basis Qu ∈ CNt ×2 , QH
u Qu = I2 to represent this
subspace span (Qu ) = span (Hu ). Hence, we can parametrize
T
 √
√
the optimal beamformer as fu = Pu Qu c, 1 − c2 ejξ ,
with c ∈ [0, 1] and ξ ∈ [0, 2π]. By this, the optimization has
been reduced to a search over only two parameters, which can
easily be solved, e.g., by a two-dimensional grid-search.
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M. Hofer, J. Blumenstein, S. Sangodoyin, T. Zemen, A. Prokeš, A. F.
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