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� Modelling and evaluation of distribution depth of stone consolidants.
� Colloidal suspensions exhibit an exponential decline to varying degrees.
� Drilling resistance shows over-consolidation which agrees with the applied model.
� Deposition of consolidants inside the stone determines a treatment’s performance.
� Mechanical tests confirm the treatments efficiency (i.e. mechanical strength gain).
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An analytical model was applied in order to understand the distribution depth of cured stone consoli-
dants. The model is grounded on a case study of Vienna’s St. Stephen’s Cathedral and was verified against
drilled cores examined by SEM and image analysis, on-site drilling resistance measurements and
laboratory-based mechanical tests. The results reveal that the variation of the concentration gradient
with penetration depth resembles an exponential decline. The deposition of the cured consolidant is gov-
erned by capillary forces upon drying within water-based nano-zirconia dispersions and water/alcohol-
based colloidal silica. This effect is less pronounced within reactive consolidants, which undergo polycon-
densation reactions, as with alkoxysilanes.
� 2020 The Authors. Published by Elsevier Ltd. This is an open access article under theCCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

Preservation of architectural surfaces is a common practice, and
for such purposes, newmaterials are continuously being developed
and modified. One of the most demanding tasks in built heritage
preservation is the restoration of the physical characteristics and
mechanical properties of a building’s surface that has naturally
aged. These surfaces usually exhibit a degradation pattern, more
severe at the exposed surface and less so towards the inner struc-
ture of the building’s wall material. To restore such complex pat-
terns, various stone consolidants are frequently applied. These
consolidants differ in chemical, physical and mechanical proper-
ties, and the choice and study of their interaction with a substrate
is often grounded on a case-by-case basis, considering certain
stones or architectural surfaces. Occasionally, a combination of
consolidants is used to remedy problems regarding damages of
varying sizes [1]. Moreover, efforts have been made to modify par-
ticle size and shape to overcome decay patterns of different mag-
nitudes and to treat substrates of higher porosities [2]. Some
consolidant modifications include the functionalisation of surfaces
to retard further decay caused by e.g. biological colonization [3] or
water penetration [4]. Some common consolidants include metal
oxides and colloidal silica in various solvents as well as alkoxysi-
lanes that form a silica gel that strengthens the substrate. Further-
more, synthetic organic polymers, calcium hydroxide, ammonium
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oxalate or hydroxyapatite are just few additional consolidants fre-
quently used in architectural preservation.

A consolidation treatment is undertaken by applying the liquid
consolidant on the monument stone so that it penetrates into the
stone matrix. Consequently, the consolidant reacts by evaporation
of the solvent or chemical reactions to form a coherent material in
the stone structure, thereby strengthening the stone monument.
The latter process is known as curing; within this process, the
treatment’s performance depends on several variables. The mode
of application is known to influence the outcome [5,6], as is the
solid content of the consolidant after curing [7]. Furthermore, the
role of the solvent has been proven to be crucial for the penetration
depth and thus for treatment performance [8]. The macro- and
micro-climatic conditions on-site are important for chemical reac-
tions and evaporation processes. All these variables make this field
of scientific study active and vivid, particularly as many of these
processes can be assessed only by analytical and numerical mod-
elling. Regarding the latter, the transport and deposition of stone
consolidants on-site are one of the processes that can be studied
only with numerical modelling, as there is no method available
allowing examination of the penetration and distribution depth
of consolidants into a building wall. Furthermore, it is important
to know where the consolidating material is deposited inside the
stone structure after the curing process because the consolidant
needs to strengthen the identified decay patterns without any
harmful effect. Harmful effects of a consolidation treatment could
include over-consolidation of the surface, pore clogging or a deeper
penetration and consolidation of sound bulk material, causing dif-
ferential strength profiles. Study of consolidant deposition is cru-
cial in the field of architectural preservation, but consolidant
distribution alone does not give information about treatment effi-
ciency. The efficiency of a treatment must be evaluated through
physical tests.

The laboratory affords various possibilities for studying the effi-
ciency of a consolidant: tests of splitting tensile strength, bending
strength, compressive strength or pull-off adhesive strength. On-
site, only a few methods are capable of providing evidence for
mechanical strength gain. The methods used on-site to study
mechanical strength include drilling resistance and sound speed
propagation. Every method of study is accompanied by certain lim-
itations, and experience has shown that only with a combination of
on-site and laboratory-based methods may reliable results be
achieved [9]. As an example, scanning electron microscopy (SEM)
allows direct observation of pore clogging phenomena. Addition-
ally, SEM can give insights into the consolidant’s properties of
adhesion to the pore walls of the substrate and the distribution
or bridging capacities of the consolidating material. However,
SEM cannot provide evidence regarding the actual strength of the
consolidated material, which can be achieved by e.g. drilling resis-
tance measurements.

Neutron imaging shows a great potential in stone conservation
analysis [10]. With neutron imaging, the inner structure of a mate-
rial can be analysed, as can the liquid that flows through it. This
technique was used to investigate the deposition of consolidants
inside natural stones [11–13], but such large-scale imaging facili-
ties are not easily accessible. The complementary method, which
is available on laboratory scale, is X-ray microtomography, which
has shown promising results in a study that scanned the stone
before and after treatment [14]. However, when the substrate
under study and the consolidating material share the same chem-
ical composition (i.e. carbonates consolidated with nano-calcite)
and little consolidant is applied, no technique makes it easy to
obtain precise measurements of consolidant distribution after cur-
ing. The latter issue is more easily assessed through SEM analysis,
as the higher spatial resolution allows the differentiation of textu-
ral changes between the stone and consolidant. Microscopy in
combination with image analysis is particularly helpful in assess-
ing coverage of coatings for protection of architectural surfaces
[15].

Studies dealing with the flow or deposition of consolidants
inside a stone structure using analytical or numerical modelling
are not common in the field of built cultural heritage. Fractal mod-
elling is the most widely used method to describe the movement of
liquid in a pore network system of porous materials [16]. It is
rather the related disciplines of geoscience and environmental
science, as well as nuclear waste disposal, that have focused on
modelling phenomena regarding reactive transport, sorption and
diffusion [17,18]. Predictive modelling of phenomena in the field
of the built cultural heritage, although essential, is lacking in terms
of published research.

The present work provides an analytical approach that allows,
through simple calculations, the analysis of consolidant depth dis-
tribution. Thanks to the final equation’s basis in theoretical analy-
sis, this method can be easily applied by specialists on-site. The
present study provides an improved evaluation tool for treatment
performance. Three consolidants, namely, i) water-based nano-
zirconia dispersion, ii) water–alcohol-based colloidal silica and
iii) nano-titania-modified alkoxysilane, were applied on-site, on a
porous calcarenite. Drilled cores have been extracted from the
monumental site and investigated, in the laboratory, by SEM and
image analysis to obtain information on the distribution depth of
the consolidant’s solid content after curing. Analytical modelling
proved capable of describing the degree of exponential decline of
the concentration gradient with penetration depth and could also
fit the experimental data in a satisfactory way, allowing explana-
tion of differences in deposition pattern among the studied consol-
idants. The focus of the work was finding possible explanations for
differences in deposition profiles of the examined consolidants
and, where possible, to provide predictive indicators of their per-
formance. Example drilling resistance measurements on-site and
lab-based mechanical tests (i.e. sound speed propagation and split-
ting tensile strength) helped support the modelling-based evalua-
tion of treatment effectiveness.
2. Experimental section

2.1. Building stone

The stone studied in this work is a calcareous arenite, sourced
from lower Austria’s Burgenland and known under the name of
the quarry, St. Margarethen. It is a white to yellowish porous cal-
careous arenite consisting of calcite found in the form of fragments
of coralline red algae, bryozoans, echinoids and foraminifers as
well as traces of quartz (<1 wt%), as seen in Fig. 1a. The porosity
of this sedimentary lithotype amounts to ~ 20 vol%, with aggre-
gates reaching sizes of a few millimetres, cemented with fine crys-
talline calcite (see Fig. 1b). This lithotype is still quarried and used
for restoration purposes, especially in Vienna and lower Austria. It
exhibits typical decay patterns of granular disintegration, micro-
cracking and black crusts. Because it is prone to chemical weather-
ing and freeze–thaw cycling [19], conservation treatment is
unavoidable. However, high porosity and variable morphology of
damaged St. Margarethenmakes the choice regarding a proper con-
servation treatment difficult. Please refer to Supporting Informa-
tion for more details on petrographic and petrophysical features.
2.2. Consolidation treatment On-Site and in laboratory

The on-site testing area is located at the south façade of St. Ste-
phen’s Cathedral in the city centre of Vienna, Austria. The buttress
used for this pilot study originates from the beginning of the 20th



Fig. 1. a) Microstructure of freshly quarried St. Margarethen as observed in thin section under parallel-polarised light using a Nikon optical microscope. b) Detail of a
foraminifera fragment surrounded with the binding medium, a fine crystalline calcite cement observed in cross-polarised mode. Blue and black space represents the resin
used for embedment of the stone specimens. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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century, and it exhibits extensive granular disintegration and the
formation of black crusts (see Fig. 2). Granular disintegration is a
generic term describing lost cohesion between the grains of a sub-
strate, whereas the formation of black crusts is a form of mineral
replacement reaction to the detriment of calcite that can be traced
to the activity of sulphate agents and environmental pollutants
[20]. For detailed information about the predominant decay pat-
terns found on-site and a condition assessment, see Supporting
Information.

The preparation of the surface involved sensitive mechanical
and chemical cleaning, with micro chisels and poultice of ammo-
nium bicarbonate, respectively. However, an accurate removal of
the gypsum in depth was not possible due to the severely damaged
surface. A careful steam cleaning was carried out before consoli-
dants were applied. The application of the three consolidants,
listed in Table 1, was done by the run-off method using pipettes
until refusal of the consolidant was visible. This procedure was
repeated the next day, having in total a treatment application of
two cycles. The curing involved a loose 1 week coverage with foil
to protect the treated surface from sun and rain exposure and to
avoid a too fast evaporation.

The consolidants were developed during a recently finished
Horizon 2020 project known as ‘Nano-Cathedral’, short for ‘Nano-
materials for conservation of European architectural heritage
developed by research on characteristic lithotypes’ (Grant Agree-
ment No. 646178). The exact routes of synthesis for these consol-
idants are therefore protected by non-disclosure agreements, as
industrial partners were involved in product development. How-
ever, the project ensured a high technology readiness level (TRL)
of these newly engineered materials. They have been validated in
laboratory and relevant environment, including a development of
technical and safety data for their use. For specialists on-site,
industrial products are more relevant than consolidants developed
by academic researchers as the latter often fail to be implemented
on-site, also due to liability reasons. Most consolidants used in
construction work are industry developed products.

The effectiveness of each consolidant, that is, its capability to
increase mechanical strength after treatment, was assessed in a
laboratory-based study using sound speed propagation and split-
ting tensile strength. For that work, freshly quarried St. Mar-
garethen samples were artificially aged by heat treatment to
induce micro-cracks in the substrate. The ageing procedure is
described elsewhere [21] and involved preliminary studies con-
cerning residence time, cycles and heating rates to achieve
microstructural defects that reduce the soundness of the stone
without macroscopic failure (i.e. large cracks traversing the speci-
men). Thermal stresses are commonly employed for ageing pur-
poses prior to stone consolidation studies [22]. In the present
study, the stone samples were placed in an electrical furnace
(model Heraeus K114 from Thermo Scientific) with a heating rate
of 40 �C min�1 until the target temperature of 600 �C was reached
and maintained for 1 h. A rapid cooling of approx. 15 min to room
temperature followed. When the specimens reached room temper-
ature, the procedure was repeated. A total of three heating cycles
were completed. For more details on the effect of artificial ageing
please refer to Supporting Information.

Consolidation in the laboratory was performed by capillary
absorption for 1 h on the bottom side of each specimen (i.e. the
lower side was left dipped in a vat of consolidant for 1 h while
the lateral sides were sealed with a parafilm sealing tape) that
was equilibrated under laboratory conditions (22 ± 3 �C, ~50%
RH) beforehand. Thorough penetration of the specimens by the
consolidant was ensured by visual inspection. In fact, as often hap-
pens with water, the movement of the wetting front of the consol-
idant progressively changed the colour of the stone (i.e., darkening)
and this allowed to follow the penetration of the specimens with
the naked eye. A total of two consolidant application cycles were
completed, with 24 h between the two applications. Afterwards,
the specimens were loosely covered with a polyethylene foil for
1 week, simulating on-site aftercare conditions. After treatment,
the samples were weighed for 1 month once per day in order to
determine when equilibrium was reached. Testing of the speci-
mens was done 2 to 3 months after consolidation, to ensure that
sufficient curing time for complete alkoxysilane polymerisation
had passed. The latter point was particularly important as a poly-
condensation reaction might be ongoing for an indefinite period,
as reported by other authors [23,24].

It is important to note that a direct comparison of specimens
treated on-site and in the laboratory cannot be made, but rather
the latter should serve as supporting information in evaluating
on-site tests. Treatment application on-site and in laboratory is
not comparable and might lead to varying treatment perfor-
mances. Specifically, the applicability of the lab-based treatment
method (i.e., capillary rise from one side) cannot be mimicked
on-site and variable factors (e.g. gravity, pressure, precision, con-
tact area, etc.) might influence a treatments outcome. Moreover,
on-site conditions, including micro- and macro-climate, decay pat-
tern variation and application amount, cannot be properly mim-
icked in the laboratory and require further efforts in research
analysis. Nevertheless, laboratory-based methods are good indica-
tors for a treatment’s effectiveness [9] and a necessary step in eval-
uating newly engineered consolidants. Details regarding the
amount of consolidants applied on-site and in laboratory can be
seen in Supporting Information.



Fig. 2. a) Architectural element on the south façade of St. Stephen’s Cathedral used as the testing area. Inset shows the surface during application of a consolidant and the
drilling resistance holes made for the purpose of testing the condition prior to treatment (red arrow). b) Typical decay pattern, observed in back-scattered mode on polished
thin sections, exhibiting damage more pronounced at the surface. Inset shows the presence of gypsum in the microstructure, visible in the form of needles (red arrow). (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 1
Characteristics of the studied stone consolidants.

Project
labelling

Commercial name
(producer, country)

Materials chemistry Dimension of Nanoparticles
(nm)

Concentration in wt% (***)

NC-25C HFES 70 (ChemSpec, IT) Nano TiO2 (1%) mod. TEOS(*) in isopropanol 10–20 TiO2
(**) 47 ± 0.5

NC-12C ZG12 (Colorobbia, IT) SiO2 in water/ethanol ~70 23 ± 0.5
NC-29C ZR110 (Tecnan, ES) ZrO2 in water ~119 11 ± 0.5

(*) Tetraethyl orthosilicate, also known under the general term alkoxysilane and abbreviated as TEOS, with the chemical formula Si(OC2H5)4. (**) Contains approx. 80% anatase
and 20% rutile. (***) The solid content after curing was calculated on laboratory treated specimens by dividing the residue weight of the consolidant after curing, assessed
approx. 2 months after application, by the applied weight of consolidant and multiplying by 100 to obtain percent; using 10 specimens with a dimension of 5� 5� 5 cm. Note
that the mass of NC-25C might deviate with time due to ongoing polycondensation reactions. .
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2.3. Characterisation

Characterisation of the naturally weathered and consolidated
building stone included SEM examination on extracted drilled
cores and subsequent image analysis. Moreover, to cross-validate
the findings, drilling resistance was performed on-site in the vicin-
ity of the holes that originated from extracted drilled cores used for
image analysis. Additionally, sound speed propagation and split-
ting tensile strength were tested on laboratory specimens for the
purpose of studying mechanical strength gain after consolidation.

The polished cross-sections were observed by SEM (Philips XL
30 ESEM), at 20 kV under low vacuum, using back-scattered elec-
trons and employing energy-dispersive X-ray analysis. Detailed
phenomena such as adhesion were studied at high magnification
(normally 200x to 1500x, mostly 400 x), whereas SEM micro-
graphs, taken at low magnification of 100x, were assembled using
Photoshop� to observe the full depth of a sample and analyse the
distribution depth of a given consolidant. Analysed depth was lim-
ited to approximately 10 to 15 mm. SEM studies were also done on
laboratory-treated specimens to validate on-site observations.
The image analysis process was carried out using the software
ImageJ [25] (v 1.51r, National Institutes of Health, Bethesda, MD,
USA). In that analysis, each image was divided into vertical col-
umns, and each column-like micrograph was again subdivided into
horizontal bands 1 mm in height. The consolidant, within the
structure of the stone, was mapped using false colours. For each
band, the volume fraction occupied by the consolidant was calcu-
lated as the fraction of false-coloured pixels in the image. In this
way, the concentration of solid content after curing was deter-
mined as a function of depth within the stone. An average concen-
tration profile and corresponding standard deviation were
calculated over two subdivisions of each micrograph prior to mod-
elling. The assumption made in the SEM analysis was that all the
consolidant (i.e. 100% of its solid content) applied at the specimen’s
surface was contained within the analysed specimens and, in par-
ticular, within the depth observed in the image.

Drilling resistance measurements were performed on-site with
a DRMS cordless device developed by SINT Technology s.r.L. (Italy).
Drilling resistance measures the resistance in Newton to a penetra-
tion force. It is calculated as a function of the speed of rotation, the



Table 2
Analysis carried out on St. Margarethen treated on-site and in laboratory.

Type of test
(Standard)

On-
site

Laboratory Note

SEM-EDX (Not
Stand.)

Yes
(1)

Yes (2) (1) One drilled core, 2 cm in
diameter, per test area (i.e.,
consolidant) extracted.(2) One
specimen per consolidant.

PLM (Not Stand.) Yes No Condition assessment and damage
analysis in combination with SEM-
EDX. Three specimens were
extracted on-site for damage
analysis.

Drilling resistance
(Not Stand.)

Yes No Distance of bore holes before and
after treatment application approx.
2 cm. Low-destructive test.

Drying behaviour
(EN 16322)

No Yes Average of three samples
(5 � 5 � 5 cm) per consolidant with
daily monitoring for four weeks.

Dynamic elastic
modulus (EN
14146)

No Yes Average of three samples
(1 � 1 � 4 cm). Direct comparison
of sound, artificially aged and
consolidated conditions. Non-
destructive test.

Splitting tensile
strength
(ASTM D
39967)

No Yes Average of 10 samples per
condition (i.e., sound, artificially
aged and consolidated). Destructive
test.

(1) For modelling purposes, doing false colour mapping using Photoshop� and
ImageJ. (2) Analysis of details regarding bridging capacity, cracking and adhesion to
substrate.
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penetration speed, the drill bit diameter and the material tested.
The rotation speed of 600 rpm and the penetration speed of
10 mm/min were kept constant. The penetration depth amounted
to 15 mm, comparable with the image depth analysed by SEM. A
custom-made 5 mm polycrystalline diamond bit was used for each
treatment evaluation, which obviated the need for a correction for
drill bit wear. The drilling resistance test was performed before
treatment application and 1 year after application on-site.

Determination of the dynamic modulus of elasticity, by measur-
ing the fundamental resonance frequency, was performed by longi-
tudinal study on each of three prismatic specimens (1 � 1 � 4 cm)
in their pristine, artificially aged (i.e. heat treated) and subse-
quently consolidated states according to EN 14146 [26]. The tested
size ensured that the consolidants penetrated the entire body of
each specimen. A Conosonic C2-GS ultrasonic pulse generator, a
pair of UP-DW transducers and a notebook preinstalled with Light
House Touch software, all developed by Geotron-Elektronik (Pirna,
Germany), were used. The device used was equipped with a built-
in algorithm that calculated the dynamic modulus of elasticity, EdL,
in GPa, obtained from the measured longitudinal fundamental res-
onance frequency FL as

EdL ¼ 4� 10�6 � l2 � F2
L � q� T ð1Þ

where l represents the length and q the density of the stone. The
correction factor T can be assumed to equal 1, as the width of the
specimens is four times its length, so Eq. (1) is simplified by the cor-
rection factor.

The test method for splitting tensile strength, investigated
according to ASTM D3967 [27], was implemented with an Austro
Test Hrdina GmbH MA-CO89 four-column hydraulic servo control
loading device. The testing setup consisted of a flat bearing block at
the bottom and a curved bearing block on the top of the stone
specimen. Cardboard bearing strips of 0.6 mm thickness were used
to reduce the contact stresses. An average was calculated from six
specimens of diameter of 6 cm and thickness of 3 cm. The splitting
tensile strength rt in MPa was determined as

rt ¼ 2P
pLD

ð2Þ

where P represents the maximum load applied in Newtons as indi-
cated by the testing machine, and L and D correspond respectively
to the thickness and diameter of the specimen in mm.

An overview of the analysis carried out on St. Margarethen trea-
ted on-site and in laboratory as well as the methods used to inves-
tigate the treatments performance can be viewed in Table 2.

2.4. Analytical model to describe the distribution depth of the
consolidant after curing

An analytical model was obtained to evaluate the quantity, as a
function of depth, of consolidant present in the building stone, fol-
lowing an on-site treatment with three consolidants. The first
approximation to model this phenomenon is to view the system
(i.e. stone and consolidant) as a filtering system in which the stone
acts as a filter against the consolidant that passes through it. In the
literature, this approach is usually found in studies concerning oil
recovery. The probabilistic sieve model describing microfiltration
[28–30], used to analyse pore blocking processes, allows the deter-
mination of physicochemical parameters of nonstationary filtra-
tion phenomena of aqueous suspension.

In the present case study, the driving forces that carry the con-
solidant through the stone’s fabric are capillary forces. In order to
evaluate the concentration of consolidant c as a function of
depth � , a mass balance is applied in the following form:
V
dc
dx

¼ D
d2c

dx2
ð3Þ

where D is the diffusivity and V the filtration speed of the studied
system. As equilibrium conditions are reached (i.e. the curing of
the consolidant completes), time dependence becomes negligible.
Therefore, the boundary conditions to solve Eq. (3) are

B:C:
c x ¼ 0ð Þ ¼ c0
c x ¼ Lð Þ ¼ cL

�
ð4Þ

where C0 is the solid content concentration found on the stone’s
surface at the end of the curing process and CL is the solid content
concentration at the maximum depth reached by the treatment
within the analysed sample volume. As the system is described to
be a filtration system, where the treated stone is the filter, the
expression of velocity follows Darcy’s law [31,32]. Therefore, the
effective filtering speed V is connected to Darcy’s speed VD accord-
ing to the following relation:

V ¼ e � VD ¼ � k
l
DP
L

ð5Þ

In Eq. (5), the negative sign of the term on the right-hand side
provides for positive values of the velocity in the direction of the
motion. The suspension viscosity is given by l, whereas k is the
permeability and DP L-1 the pressure drop over a given distance.
e represents the average porosity of the stone, evaluated using
image analysis as described above. The permeability indicates the
capability of a viscous fluid to penetrate a porous system and can
be evaluated through experimental tests or, for well-known sys-
tems, found in the literature [33,34]. Otherwise, as a first approxi-
mation, the Blake–Kozeny relation (eq. (6)) can be used to calculate
the stones permeability k in terms of the average pore diameter Dp

and stone porosity e as follows:

k ¼ Dp
2 � e3

150 � ð1� eÞ2 ð6Þ
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As capillarity is the driving force of this system, it obeys the
Young–Laplace equation:

DP
L

¼ 2rcosh
Rp

2 ð7Þ

where r is the surface tension, h the wettability (contact angle) and
Rp the pore radii of the system. Inserting Eqs. (6) and (7) into Eq. (5),
the final expression of filtering velocity is obtained. Solving Eq. (3),
the degree of solid content concentration as a function of sample
depth can be described as an analytical solution as follows:

�2Dprcosh
75lDL

� e3

1� eð Þ2
" #

dc
dx

¼ d2c

dx2
: ð8Þ

In Eq. (8), it is possible to define the following parameters:

A ¼ e3

1� eð Þ2
ð9Þ

B ¼ 2Dprcosh
75lDL

; ð10Þ

where A is a function of the stone’s effective porosity, evaluated by
image analysis as the weighted average along the depth of the
stone, and B is an empirical parameter obtained through mathemat-
ical iterations (using the Generalized Reduced Gradient (GRG)
method until the convergence was obtained), encompassing the
wettability, average porous dimensions, permeability and diffusiv-
ity of the macroscopic system. Substituting the starting boundary
conditions (Eq. (4)) into Eq. (8), we obtain the following solution:

c xð Þ ¼ e�ABxðC0 � eABL � eABx
� �þ CL � eABLðeABx � 1Þ

eABL � 1
ð11Þ

which can be rewritten in the following form:

c xð Þ ¼ CL � C0ð Þ � e�ABx � CL � C0ð Þ þ C0 � ðe�ABL � 1Þ
e�ABL � 1

ð12Þ

The solution given through Eq. 11 or 12 makes it evident that
the distribution of the solid content after curing follows an expo-
nential growth or decline. To estimate the adequacy with which
the obtained equations describe the distribution depth of the con-
solidants, they have been verified in relation to the values obtained
from image analysis. The mathematical rearrangement from Eq.
(12) to Eq. (11) can be viewed in Appendix I.

3. Results and discussion

3.1. Image analysis and analytical solution for the distribution depth of
consolidants

SEM analysis provided the basis for the development of the ana-
lytical model as well as the evaluation procedure. The image-
analysed distribution depth for all three consolidants can be seen
in Fig. 3.

Additional information obtained through SEM analysis regards
the adhesion of the consolidants onto the grain surfaces and the
bridging capacity between grains. The latter is correlated with
cracking of the consolidating matrix. The SEM results are sum-
marised in Table 3, with examples shown in Fig. 4a–d. SEM analy-
sis shows that the nanoparticle-based consolidants exhibit better
adhesion and bridging capacities than alkoxysilane. The poor adhe-
sion and bridging of NC-25C can be attributed to drying stresses
and thus its susceptibility to cracking.

The micrographs analysed and reported in Fig. 3 indicate that
the solution of the differential equation based on the stone used
as a filter represents a good methodology to model the complex
system. In fact, Eq. (12) fits very well with the experimental data
for all the studied consolidants, as can be seen in Fig. 5. The exper-
imentally assessed and thus modelled curves exhibit exponential
decline to different extents.

The curves in Fig. 5 show that NC-12C and NC-29C deposit pref-
erentially on the stone surface compared to NC-25C. NC-12C exhi-
bits a more pronounced accumulation of solid content in the
subsurface area, through the first 3 mm of sample depth. This
slight difference from NC-29C might be related to the more volatile
solvent, namely, a water/ethanol mixture. The fast solvent evapo-
ration of the consolidated stone was further confirmed through
gravimetric analysis for the determination of solid content
reported in Table 1 and displayed in Fig. 6. It is evident that NC-
12C and NC-29C exhibit an equilibrium mass after ~ 5 days of
weighing, whereas treatment NC-25C requires approximately
4 weeks to establish equilibrium under laboratory conditions.
Therefore, an accumulation of solid content after curing on the sur-
face and in the subsurface zone can be related to a back-migration
of particles, carried with the solvent during evaporation (see
Fig. 6b). Specifically, the first drying phase is governed by capillary
forces; only during later stages, the drying behaviour changes and
can be attributed to diffusion velocities (i.e. vapor diffusion). Fran-
zen and Mirwald already demonstrated such a process in natural
stone using water [35]. The present study confirms that such beha-
viour is also present for colloidal water and water/ethanol systems.

Treatments NC-12C and NC-29C show comparable distribution
depth behaviour after curing, which is distinguishable from that of
treatment NC-25C. NC-25C shows the most promising depth distri-
bution, possibly explained through its chemistry. Namely, the
higher relative humidity and temperature on-site favour an imme-
diate gelation of the consolidant. Moreover, the pore walls of an
on-site object might contain more water, thereby catalysing poly-
merisation more effectively. An initiated gelation would hamper a
back-migration of the consolidant and could have a positive effect
on the distribution of the consolidant inside the stone.

The analytical model can be evaluated using two approaches.
The first possibility is to describe the results through the two terms
obtained from Eqs. (9) and (10). The first term A, in Eq. (9), corre-
sponds to the image-analysed porosity after consolidation (i.e. con-
centration of solid content that remained inside the stone). In
contrast, the term B, found in Eq. (10), is more difficult to analyse,
as it describes a variety of physical parameters, which, if assessed
experimentally one by one, could provide advanced insights (and
not average, mathematically derived values) that possibly fit with
more precision to the experimental data. Both terms are evaluated
in Table 4.

It is evident that the stone structure exhibits a range of porosi-
ties, given by term A, even though the examined drilled cores
belonged to the same architectural element. This explanation is
intuitive, as the material under study is a highly heterogeneous
stone, consisting of many fragments of various shapes and dimen-
sions. The term B describes phenomena such as permeability and
diffusivity, which are linked to structural changes. Moreover, wet-
tability of crystalline material also depends on microtextural vari-
ations and chemical composition, evident in various samples of the
stone. However, neither term can be explained solely through the
substrate; the interaction of the consolidant with the substrate
plays a role as well. Studies concerning the latter are lacking in
published research. As an example, it is not known how different
wettabilities influence a reaction between consolidant and sub-
strate or how a colloidal suspension diffuses with respect to vary-
ing roughnesses or distributions of pore radii. Such processes
would involve the study of capillary or interfacial forces, surface
complexations and electrostatic interactions, to name few phe-
nomena that would need to be considered when assessing the
interaction of substrate and consolidant. Nonetheless, a second



Fig. 3. Left: Example of distribution depths of a consolidant, assessed by image analysis and false-colour mapping. Right: A graph displaying the volume fraction occupied by
the consolidant in the stone structure as a function of sample depth.

Table 3
Qualitative SEM analysis of polished cross-sections of the treated stone.

Treatment Distribution depth (*) Adhesion between stone and consolidant Bridging between grains

NC-25C (HFES70) ~15 mm + average of ~ 50 mm
NC-12C (ZG12) ~10 mm +++ up to 100 mm
NC-29C (ZR110) ~10 mm +++ up to 100 mm

(*) The distribution depth is limited through the sample size analysed. Coding for the evaluation of adhesion: (+++) good and (+) poor.
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possibility for evaluating the analytical model and giving predic-
tive indicators of treatment performance lies in modifying the
well-known exponential function f(x) = ex, with the following con-
stants added to the equation:

c xð Þ ¼ C1 þ C2 � e �c3 �xð Þ ð13Þ
The constants are obtained by a basic nonlinear exponential

curve fitting using the software OriginPro�. Herein, constant C1
describes the offset from the Y axis, constant C2 describes the offset
from the X axis and constant C3 relates to the vertical exaggeration
of the exponential curve. An evaluation based on Eq. (13) is often
used in cases in which exponential phenomena play a role, as is
the case with degradation patterns [36]. All constants found in
Eq. (13) are also reported in Table 4 for each of the three
consolidants.

Empirical meanings of these constants can be extrapolated
from the real-world results. A higher C1 value, in the present
case the value that is closer to zero, indicates deeper distribu-
tion, corresponding to the concentration of consolidant at the
maximum analysed depth in the specimen. This value does not
correspond solely to the distribution depth of solid content of
consolidant but also to the ratio of consolidant and to the stone
porosity at a given depth. The term C2 relates to the term C1 as
it describes the difference between the concentration present on
the surface and that present at the maximum analysed depth in
the sample. The C2 value gives insights into the homogeneity of
the distributed consolidant from the surface to the analysed
depth. The lower the C2 value, the more homogeneous the distri-
bution is along the depth transect. As regards the exponential
coefficient of the distribution depth curve given by C3, lower val-
ues indicate that the distribution is more homogeneous along
the depth transect. The higher the C2 and C3 values, the more
solid content is placed in the near-surface zone. However, these
interpretations are based on a mathematical treatment of the
constants, in which the concentration of solid content is not con-
sidered. That is, if the same distribution of fitted points on the
curve is present but with higher values, the constants yield the
same values, underestimating the importance of the solid con-
tent concentration. Still, C2 and C3 are valuable indices for
mechanical differentiation stresses that can come about if more
consolidant is present at the very surface followed by an abrupt
concentration change at shallow depth. Such distributions might
cause an over-consolidation of the near-surface zone. It is impor-
tant to note that consolidant distribution is itself an incomplete
criterion, since more solid content might be needed in the vicin-
ity of the surface, where a more pronounced decay is usually
found. To deepen the above described mathematical evaluation
regarding a treatment performance, the consolidants used must
be further evaluated with mechanical tests.

Finally, the used approach to mathematically describe the dis-
tribution depth could be extrapolated for the entire monument.
However, it should be noted that an extended diagnostic is neces-
sary. As different micro and macro climatic conditions are found
on-site, with varying exposures, different decay patterns will be
present. This might have an influence on a treatment’s perfor-
mance and thus the distribution depth of applied consolidants.
Nevertheless, the used approach can help identify various param-
eters that possibly influence a penetration depth (e.g. state of the
substrate, application cycle, application method, curing conditions,
type of consolidant, etc.). This methodology allows for an advanced
description and a possible preparation of a model that takes more
physical and chemical phenomena into account.



Fig. 4. Example micrographs of laboratory-treated stone showing consolidant properties. a) Cracking present in the silica gel matrix of consolidant NC-25C. b) Partially loose
silica gel plates of NC-25C in the pore space. c) Good adhesion between St. Margarethen and nano-zirconia (NC-29C). d) Good adhesion between St. Margarethen and nano-
silica (NC-12C).
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3.2. Cross-validation with mechanical tests

Mechanical tests performed on-site after application of consol-
idants included drilling resistance measurements in the vicinity of
the SEM analysed samples (approx. distance of 2–3 cm), whereas
mechanical tests performed in the laboratory included sound
speed propagation tests as well as splitting tensile strength tests
on sound, artificially aged and treated samples. The results from
drilling resistance measurements performed before and after the
treatment can be seen in Fig. 7. The outcome clearly mirrors the
results obtained through SEM image analysis. In particular, an
exponential decline is also visible through drilling resistance mea-
surements, for treatments NC-12C and NC-29C. Both of those con-
solidating materials exhibited an over-consolidation in the first
two millimetres, where the surface became higher in strength than
at higher penetration depths. However, consolidation treatment
was necessary, as conveyed by all the drilling resistance values
prior to treatment. That is, the very low values of drilling resistance
prior to consolidation reveal that the weathered stone was initially
of low mechanical strength and that the surface was disintegrated.
After treatment, an increase in drilling resistance was observed for
all three consolidants, implying some restoration of the strength of
the material. It is important to note that the starting stone condi-
tions are different for different samples even under a single consol-
idant’s treatments, as observed in Fig. 7cwithin treatment NC-29C.
In that case, a surface higher in drilling resistance was already pre-
sent before the consolidant was applied. Such situations are most
probably caused by the presence of gypsum inside the stone struc-
ture, as observed by SEM (see Fig. 2b).

Such over-consolidation phenomena might pose a danger by
setting up strong differences in mechanical and physical properties
in the material and abrupt transitions (i.e. higher strength at the
very surface, decreasing drastically as in the cases of NC-12C and
NC-29C). Consequently, over-consolidation can result in spalling
or pore clogging. However, more research concerning such phe-
nomena is needed in order to assess the effectiveness and compat-
ibility of a given consolidant that exhibits over-consolidation.
Micromechanical and nanomechanical studies of various consoli-
dants [37] should be performed in order to assess the cohesion
of the consolidant. In addition, macroscopic mechanical tests
should be performed with different stiffnesses present in the stone
[38] in order to assess the cohesion of the consolidated stone. Fur-
thermore, a possible way to overcome the accumulation of the con-
solidant near the surface, if caused by a back-migration, could be
pretreatment of the surface (e.g. prewetting with alcohol) or a
more controlled aftercare until curing completes. Likewise, cyclic
treatments or different application techniques might help control
the outcome of a treatment’s depth distribution. A promising
method might be the overlapping application of multiple consoli-
dants to combine their advantages.

Further laboratory mechanical analysis included the determina-
tion of the dynamic modulus of elasticity and the splitting tensile



Fig. 5. Comparison of experimental (symbols) and modelled curves (lines) obtained from image analysis of the drilled cores and the analytical model, respectively, for a) NC-
25C (titania-modified alkoxysilane), b) NC-12C (nano-silica) and c) NC-29C (nano-zirconia). d) Overlap of all three treatments as obtained through the analytical model, to
emphasise the differences in their depth distributions. The Y axis displays the percentage connected to solid content after curing as a function of the stone’s effective porosity.

Fig. 6. a) Gravimetric monitoring of the mass loss recorded after consolidation, for a total of 30 days. The height at equilibrium corresponds to the amount of solid content
residue in the stone structure, as determined for three specimens with dimensions 5 � 5 � 5 cm under laboratory conditions (~50% RH, ~22 �C). b) First derivative of the mass
loss to indicate the importance of capillary forces during the first days of drying for treatments NC-12C and NC-29C.

Table 4
Constants A and B calculated from image analysis and iterated through the analytical model, respectively. And, constants C1 to C3 used to assess the treatments performance, as
evaluated through the modified exponential function in Eq. (13).

Treatment A B C1 C2 C3

NC-25C (HFES70) 0.09 0.08 �28.042 41.555 0.024
NC-12C (ZG12) 0.09 0.85 �30.936 57.849 0.064
NC-29C (ZR110) 0.04 0.69 �53.270 74.096 0.031
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Fig. 7. Drilling resistance measurements performed on-site on St. Margarethen before and after treatment with a) NC-25C, b) NC-12C and c) NC-29C.

Fig. 8. a) Young’s modulus and b) splitting tensile strength tested on sound (fresh), artificially aged (heat treated) as well as artificially aged and subsequently consolidated
specimens treated in the laboratory. Please note that for the determination of the Young’s modulus (Fig. 8a), the same specimens were tested in different conditions (non-
destructive testing method), while the determination of splitting tensile strength (Fig. 8b), was carried out on different sets of samples (destructive testing method).
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strength. These data supported the findings obtained on-site
through drilling resistance measurements, as can be seen in Fig. 8.

The Young’s modulus increased after the application of each of
the three treatments and equalled or exceeded the values of the
sound or fresh stone. Judged by these tests, treatment NC-12C
shows the largest increase. However, these values can also depend
on the deposition of the consolidant inside the structure. If the con-
solidant is well distributed in the sample volume and placed
between the grain contacts, it can attain higher values. Neverthe-
less, those high values may not correspond with the macroscopic
mechanical strength, as the cohesion of the consolidant itself
might be poor. Therefore, splitting tensile strength tests have been
done to confirmmechanical performance. In those tests, it was evi-
dent that the consolidant with the highest mechanical strength
gain was NC-25C, followed by NC-12C, itself followed closely by
NC-29C. The reason for this result lies most probably in the solid
content after curing. Notably, the solid content after curing for
NC-25C was two to four times higher than those of the other con-
solidants (see Table 1). If more consolidator solids remain in the
stone matrix, it is likely that the strength will increase that much
more. Earlier studies of a similar type, in which different alkoxysi-
lanes with varying gel deposition rates were tested, confirm this
hypothesis [39]. The amount of consolidant deposited inside the
structure is the governing aspect for the mechanical strength gain.
Moreover, the same trend can be confirmed through the drilling
resistance measurements in Fig. 7. In those measurements, NC-
25C showed the highest value, followed by lower drilling resis-
tance values observed for NC-29C and NC-12C.
All three treatments showed an essential gain with respect to
mechanical strength in laboratory and on-site measurements. To
determine the possibility of harmful over-consolidation effects,
additional studies concerning the compatibility of the treatments
(e.g. water vapour diffusion tests, durability tests, etc.) need to
be done in the laboratory with comparable depth distributions of
consolidants.

4. Conclusions

The aim of the present study was to analyse the distribution
depth of stone consolidants applied on-site after curing and to
mathematically model, with an analytical approach, the concentra-
tion of the consolidants’ solid content as a function of depth within
the stone. Three consolidants were applied on a historical façade of
St. Stephen’s Cathedral in Vienna, Austria. The drilled cores exam-
ined by SEM and image analysis showed that all consolidants
exhibited an exponential decline of consolidant solid content with
increasing depth into the stone, being highest on the surface and
subsurface area and declining towards the inner part of the struc-
ture to different extents. The model based on a version of one-
dimensional Fick’s second law successfully describes the depth dis-
tribution, allowing improved interpretations and performance
indicators for different stone consolidation treatments. We con-
clude that capillary forces, acting upon drying, are the governing
factor for the distribution of the consolidants within water-based
nano-zirconia and water–alcohol-based colloidal silica. For reac-
tive alkoxysilane, capillary forces acting upon drying are less pro-
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nounced, which is why such consolidants exhibit a more homoge-
neous depth distribution. Furthermore, we determine that drilling
resistance measurements performed on-site, in the vicinity of the
bore holes where the drilled cores have been extracted, confirm
the modelled and image-analysed findings. Young’s modulus and
splitting tensile strength tests on laboratory-treated specimens
further confirm the mechanical strength gain assessed through
drilling resistance measurements. Finally, we hope that the present
study lays a foundation for systematic activities of modelling in the
area of stone consolidation, which is lacking in published research
and is urgently needed in order to address the complexity of a
given treatment’s outcome.
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Fig. A1. Comparison between the modelled curves obtained though the computed
solution (Eq. (11)) or the analytical model (Eq. (12)) for treatments NC-12C (nano-
silica), NC-29C (nano-zirconia) and NC-25C (titania-modified alkoxysilane).
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Table A1
Comparison between constants A, calculated from image analysis, and B, iterated throug
Constants C1 to C3 assess a treatments performance, as evaluated through the modified ex

Treatment A (Eq.11) B (Eq.11) A (Eq.12)

NC-25C (HFES70) 0.09 0.23 0.09
NC-12C (ZG12) 0.09 0.63 0.09
NC-29C (ZR110) 0.04 0.62 0.04
Appendix I

Equation (11) is a computed solution, using WolframAlpha LLC
(Software Mathematica), while equation (12) is analytically
derived. In the following, the mathematical rearrangement from
the analytical solution to the computed answer is shown:

c xð Þ ¼ CL � C0ð Þ � e�ABx � CL � C0ð Þ þ C0 � ðe�ABL � 1Þ
e�ABL � 1

ðA1Þ

c xð Þ ¼ CL � e�ABx � C0 � e�ABx � CL þ C0 þ C0 � e�ABL � C0

e�ABL � 1
� �eþABL

�eþABL

ðA2Þ

c xð Þ ¼ �CL � e�ABx � eþABL þ C0 � e�ABx � eþABL þ CL � eþABL � C0 � e�ABL � eþABL

eþABL � 1
ðA3Þ

c xð Þ ¼ C0 � e�ABx � eþABL � 1
� �þ CL � eþABL � e�ABx � eþABL

� �
eþABL � 1

ðA4Þ

c xð Þ ¼ C0 � e�ABx � eþABL � e�ABx � eþABx
� �þ CL � eþABL � e�ABx � eþABx � e�ABx � eþABL

� �
eþABL � 1

ðA5Þ

c xð Þ ¼ e�ABx � C0 � eþABL � eþABx
� �þ CL � eþABL � ðeþABx � 1Þ� �

eþABL � 1
: ðA6Þ

Corresponding constants obtained though Eq. (11) and Eq. (12)
as well as the modelled curves can be observed in Table A.1 and
Fig. A.1.
h the computed solution (Eq. (11)) or the analytical model (Eq. (12)), respectively.
ponential function using Eq. (13).

B (Eq.12) C1 (Eq.13) C2 (Eq.13) C3 (Eq.13)

0.08 �28.042 41.555 0.024
0.85 �30.936 57.849 0.064
0.69 �53.270 74.096 0.031
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