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Abstract: This paper proposes a phase modulation method for Lissajous scanning systems,
which provides adaptive scan pattern design without changing the frame rate or the field of view.
Based on a rigorous analysis of Lissajous scanning, phase modulation constrains and a method
for pixel calculation are derived. An accurate and simple metric for resolution calculation is
proposed based on the area spanned by neighboring pixels and used for scan pattern optimization
also considering the scanner dynamics. The methods are implemented using MEMS mirrors for
verification of the adaptive pattern shaping, where a 5-fold resolution improvement in a defined
region of interest is demonstrated.
Published by The Optical Society under the terms of the Creative Commons Attribution 4.0 License. Further
distribution of this work must maintain attribution to the author(s) and the published article’s title, journal
citation, and DOI.

1.

Introduction

High performance scanning systems aim to traverse a repeating fine grid scan pattern to cover
the target field of view (FoV) in a minimum time to achieve fast and high resolution imaging.
Considering physical limitations of the scanning devices, those two requirements of speed and
spatial resolution are usually contradicting. In environmental perception applications such as
lidar for autonomous vehicles a fast reaction on sudden appearing obstacles is safety critical
[1,2]. Capturing the whole scene with high resolution might result in a not manageable amount
of data and only partly contains useful information. Hence, it can be beneficial to define regions
of interest (ROI), which are scanned with a high resolution while the resolution at the rest of the
FoV is reduced [3]. This potentially allows a faster frame rate and a lower reaction time as less
data overhead is produced. The method can be also used in the manufacturing inspection, where
a first overall scan of the inspected device defines region which shall be imaged with higher
resolution in a subsequent scan [4,5]. Random access scanning systems can provide such ROI
scans as the pixels can be individually addressed.
Inertia free scanning systems based on acousto-optic lenses [6,7] or optical phased arrays [8,9]
allow fast random access scanning while the system is complex. Traditional mechanical scanning
systems can be generally separated into non-resonant and resonant systems and do not allow true
random access scanning as its inertia is finite and the scan speed cannot be changed abruptly. A
non-resonant method is the raster scan, where one orthogonal axis is significantly slower than
the other to obtain an uniform scan grid. It allows dynamic adjustment of the scan trajectory to
perform ROI scans only limited by the necessary bandwidth. This method necessitates a wide
control bandwidth considering scanner dynamics to generate multi-harmonic trajectories such as
triangle or sawtooth waveforms [10] and is therefore susceptible to noise [11].
A resonant method is Lissajous scanning, where both axes have similar single-tone frequencies
whose ratio is a specific rational number. This method allows the scanning system to be operated
at resonance to achieve fast and large amplitude scanning, especially with high Q-factors, at a
low power consumption. Furthermore, the control design is simple as only a single frequency
has to be tracked and therefore usually shows a significantly lower tracking error compared to
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raster scanning methods [5,11] but provides only low flexibility in scan pattern design. Although
Lissajous scanning is much simpler to implement, it generates a non-uniform scan pattern, which
only depends on the ratio of both scanning frequencies [11,12]. The pattern resolution is the
lowest at the center of the FoV and increases towards the edges, which is typically disadvantageous
in applications. A simple metric based on the scan line separation at the center is given in [11]
and can be used for scanning frequency selection [13,14]. A universal metric for the spatial
resolution based on Voronoi tessellations is used in [15] to optimally select the frequencies also
considering the scanner dynamics. A pixel distribution proposed in [16] generates a rectilinear
grid by a constant sampling rate, which allows a better processing of the obtained image despite
non-uniformity. Dedicated resonant scanners, whose primary operation is at resonance also
typically allow a much simpler design and reduced production cost. This assumes that the
desired scanning frequency lies in a certain range around the resonance peak, i.e. the resonance
bandwidth, which decreases with increasing Q-factor of the system [12]. Not to limit the scanning
frequency selection and still achieve high Q-factors, the resonance frequency of a scanning system
has to be tunable. Several tuning methods are developed in literature, such as mechanically
pre-stressing of the used suspension [5,17] or to change the effective electrostatic stiffness of a
micro-electro-mechanical system (MEMS) mirror by manipulating the driving signal [18–20]. A
further possibility is to introduce a nonlinear stiffness by using dedicated suspensions, which
cause the resonance frequency to depend on the system states, e.g. the amplitude, while the
Q-factor can be remained high [21,22]. Considering only a certain tuning range of the scanners,
the frame rate usually contradicts with the resolution [13]. A method to obtain effective frame
rates higher than the trajectory repetition rate is proposed in [23], where a model-based image
reconstruction is used to estimate missing data points.
In this paper a novel method for adaptive Lissajous scanning based on phase modulation is
proposed, allowing to shape the scan pattern , e.g. to obtain a ROI, without changing the frame
rate. Based on a rigorous analysis of the Lissajous scanning method, design criteria for the
phase modulation function and pixel timings are derived. An accurate and simple calculation of
the obtained resolution in the full FoV is proposed based on the area spanned by neighboring
pixels and subsequently used for scan pattern optimization. The method is demonstrated by
two orthogonally oriented single axis resonant MEMS mirrors with enhanced frequency tuning
capabilities.
The paper is organized as follows. In Section 2 the terms and notion for conventional Lissajous
scanning are introduced and discussed. In Section 3 the phase modulation concept is described.
Starting from constraints derivation to pixel distribution and resolution calculation followed by
scanning amplitude variation compensation and scan pattern optimization. Section 4 shows a
demonstration of the proposed method, providing examples of ROI scans.
2.

Preliminaries

A conventional Lissajous scanning pattern is obtained by two single-tone frequencies oscillating
along two orthogonal axes X and Y. Hence, the trajectory of both axes can be defined as
x(t) = sin (2πfX t)

and

y(t) = sin (2πfY t) ,

(1)

where fX and fY are the corresponding frequencies. Without loss of generality it is assumed that
fX >fY and with φX (t) = 2πfX t and φY (t) = 2πfY t, the evolution of the relative phase can be
expressed as
(︃
)︃
(︃
)︃
(︃
)︃
(︃
)︃
(︃
)︃
(︃
)︃
NX
NX
NX
fY
NY
fX
− 1 , (2)
∆φ
= φX
− φY
= 2πNX · 1 −
and ∆φ
= 2πNY ·
fX
fX
fX
fX
fY
fY
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where NX and NY represent the elapsed number of X-axis or Y-axis periods, respectively. The
repetition of the Lissajous scan pattern is then defined by the smallest number K ∈ N where
)︃
(︃
)︃
(︃
NY0
NX0
= ∆φ
= 2π K ,
(3)
∆φ
fX
fY

and NX0 , NY0 ∈ N are the total number of X-axis and Y-axis periods per Lissajous frame. Hence,
NX0 , NY0 and K can be calculated by the co-prime ratios given as
)︃
(︃
(︃
)︃
K
fY
K
fX
= 1−
and
=
−1 ,
(4)
NX0
fX
NY0
fY

where NX0 = NY0 + K and the period of the Lissajous frame can be calculated to
T0 =

1
NX0 NY0
K
=
=
=
.
f0
fX
fY
fX − fY

(5)

As an example fX = 2392 Hz and fY = 2366 Hz are considered, which result in K = 1,
NX0 = 92, NY0 = 91 and a frame rate f0 = 26 Hz. The resulting resolution of the Lissajous
grid is then solely defined by the number of total periods NX0 and NY0 where a higher number
corresponds to a higher resolution in the respective other axis as shown in Fig. 1. However, due
to Eq. (5) a higher number of periods for the Lissajous scan also needs a longer time to repeat, i.e.
lowers the frame rate f0 . The value K defines how fast a preview of the overall scan is provided,
which is subsequently filled with scan lines until T0 . Hence, for K = 5 a preview is provided in
T0 /5 seconds as shown in the figure.

Fig. 1. Examples of Lissajous scan patterns. (a) Low resolution grid (NX0 = 26, NY0 =
25, K = 1, f0 = 90 Hz). (b) High resolution grid (NX0 = 46, NY0 = 45, K = 1, f0 = 52 Hz).
(c) Asymmetric resolution grid (NX0 = 26, NY0 = 11, K = 15, f0 = 90 Hz). (d) Fast
preview due to K>1 (NX0 = 26, NY0 = 21, K = 5, f0 = 90 Hz).

In the case of NX0 and NY0 are both odd integers, K is an even value, which results in
overlapping scan lines and therefore a reduced resolution. This phenomenon is also discussed in
[24], where an initial relative phase shift in Eq. (1) at t = 0 is proposed to avoid the overlapping.
With the initial phases φX0 and φY0 for X-axis and Y-axis, the high resolution is recovered if the
following condition is met
π
(NX0 φY0 − NY0 φX0 ) = .
(6)
2
For simplicity, in the following analysis either NX0 or NY0 is considered to be even and
φX0 = φY0 = 0, while the case of two odd total period numbers can be analyzed with the same
methods.
3.

Adaptive Lissajous scanning

In this article a modulation of the relative phase is proposed to shape the Lissajous scan pattern
without sacrificing the frame rate and FoV. Hence, the trajectories in Eq. (1) are modified by the
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phase modulation function ϕ (t) as

x(t) = sin (2πfX t)

(︁
)︁
and y(t) = sin 2π f̄Y t + ϕ (t) ,

(7)

where f̄Y is the mean Y-axis frequency and defines the Lissajous scan parameters NX0 , NY0 , K
and f0 as given in the previous section. Similarly, the modulation can be applied on the X-axis or
both axes.
3.1.

Modulation design constraints

By definition, the first constraints of the phase modulation function ϕ (t) are
ϕ (0) = ϕ (T0 ) = 0 ,

(8)

as otherwise the Lissajous trajectory does not repeat after T0 , resulting in a change of the frame
rate or a non-repeating scan. Furthermore, if K>1 the modulation function has to repeat in each
preview period T0 /K, which results in the general repetition constraints
(︃
)︃
(︃
)︃
T0
T0
= 0 and ϕ (t) = ϕ m
+t ,
(9)
ϕ m
K
K

with any number m ∈ Z. Without loss of generality the analysis herein assumes the modulation to
be fixed for infinite time while in practice the modulation can be changed in subsequent periods.
Another constraint can be found by analyzing the anti-symmetry of the first and the second half
of a preview period as shown in Fig. 2. For any preview period, the scan line at the first half
period starts along the right diagonal and ends along the left diagonal, while the second half
period does this vice versa. Hence, to obtain a smooth Lissajous grid the modulation has to be
anti-symmetric regarding each preview period, i.e.
)︃
(︃
T0
ϕ (t) = −ϕ m
−t .
(10)
K
This also implies that the modulation function has to be zero at each half of the preview
periods. Therefore the necessary constraints, which a phase modulation function has to fulfill
can be summarizes as
(︃
)︃
(︃
)︃
(︃
)︃
T0
T0
T0
ϕ m
= 0 and ϕ (t) = ϕ m
+ t = −ϕ m
−t ,
(11)
2K
K
K
for any number m ∈ Z.
The derived constraints in Eq. (11) are automatically fulfilled if the phase modulation function
is composed by sine waves with multiple harmonics of the preview frame rate, i.e.
(︃
)︃ ∑︂
(︃
)︃
∞
∞
∑︂
(︁
)︁
K
ϕ (t) =
ai sin 2π i
t =
ai sin 2π i fX − f̄Y t ,
(12)
T0
i=1
i=1

where i is regarded as the modulation order and ai are the design parameters. The maximum
achievable modulation order is practically limited by the scanner dynamics as the frequency of
the scanner has to be changed according to the second derivative, i.e. the curvature, of the phase
modulation function. Furthermore, to obtain a non-overlapping Lissajous pattern the gradient of
the relative phase between both axes has to be positive at any time, resulting in
fX >f̄Y +

1 ̇
ϕ (t) .
2π

(13)

Figure 3(b)-(d) shows three examples of single order modulation functions, which shape the
Lissajous scanning grid differently. Hence, the grid can be designed to obtain higher resolution at
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Fig. 2. Examples of Lissajous scan patterns. (a) No preview scanning (NX0 = 26, NY0 =
25, K = 1, f0 = 90 Hz). (b) Fast preview scanning due to K>1 (NX0 = 26, NY0 = 21, K =
5, f0 = 90 Hz).

desired positions in the field of view, i.e. at regions of interest, without sacrificing the frame rate.
As also shown in the figure, the increased resolution at one position is sacrificed with a lower
resolution at another position. Furthermore, the scanning grid features defined in one quadrant,
e.g. Q1, also appear in the other quadrants due to the symmetry of the Lissajous scanning method.

Fig. 3. Examples of adaptive Lissajous scan patterns using single frequency modulation
functions Eq. (12): (a) no modulation, (b) only second order a2 = 0.25 rad, (c) only third
order a3 = 0.15 rad and (d) only fourth order a4 = −0.1 rad. The Lissajous parameters
NX0 = 26, NY0 = 25 and the frame rate are unchanged. Also the similarity quadrant Q1 is
shown where the grid features are repeated in the other quadrants.

3.2.

Pixel distribution and resolution criterion

For a phase modulation function, design criteria have to be defined to evaluate the resulting scan
grid. In this study the resolution is defined by the distance of neighboring pixels, which are
derived from scan line intersection points, as this reveals the uncovered area. For simplicity, the
intersection points of a Lissajous scan grid without phase modulation is discussed first. With the
identity of sin (φ) = sin (nπ + (−1)n φ) for any integer number n, the conditions such that two
scan lines intersect can be expressed as
(︁
)︁ !
(︁
)︁
sin 2πfX tj = sin nXj π + (−1)nXj 2πfX tj
and
(︃
)︃
(︁
)︁ !
NY0
sin 2πfY tj = sin nXj π
+ (−1)nXj 2πfY tj ,
NX0

(14)

where nXj is the necessary X-axis half periods shift in between and tj is the intersection time,
which both have to be found for each intersection j. The first condition in Eq. (14) is automatically
fulfilled for all times tj if nXj ∈ Z, while only at a certain time also the Y-axis equation is fulfilled.
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By sampling the trajectory with the constant sampling time [16]
∆tS =

1
,
4 fX NY0

(15)

a high resolution rectilinear pixel grid can be obtained if an initial shift of half a sampling time is
applied. It can be found that a subset of the total samples at tj = j ∆tS with the sample number j
contains the intersection points, where each is sampled twice along two different scan lines. The
subset, which does not belong to intersection points are at the edges of the FoV and correspond
to the points where either the X-axis or the Y-axis reaches its amplitude point as shown in Fig. 4.
Hence, the total set of samples in one Lissajous period is S = {j ∈ N0 | 0 ≤ j ≤ 4NY0 NX0 − 1}
and the subset SI ⊂ S corresponding to intersection points is
|︁
⎧
⎫
|︁
⎪
⎪
⎨
⎪
⎬
⎪
|︁
j ≠ NX0 (1 + 2 m) and
SI = j ∈ S |︁|︁
.
(16)
⎪
⎪
⎪
|︁ j ≠ NY0 (1 + 2 l) with m, l ∈ N0 ⎪
⎩
⎭

Fig. 4. Obtained samples of the Lissajous trajectory (NX0 = 26, NY0 = 25) with a constant
sampling time ∆tS . The samples mainly contain intersection points while also points on the
edges of the FoV without an intersection.

In the following, a proof for the intersections happening at the subset SI of the samples at tj is
derived and subsequently used for phase modulation design. The necessary half period shifts
between two intersecting scan lines is first expressed as
1 − L NX0
,
(17)
K
where L ∈ N0 has to be chosen such that Eq. (14) is fulfilled. With the equality fX NY0 = fY NX0
and Eq. (15), the second equation in Eq. (14) can be rewritten as
(︃
)︃
(︃
)︃
(︃
)︃
π
NY0
π
π
!
sin j
= sin nXj π
+ (−1)nXj j
= sin nYj π + (−1)nYj j
,
(18)
2 NX0
NX0
2 NX0
2 NX0
nXj = NX0 + (−1)NX0 +j j

where nYj ∈ Z is the corresponding Y-axis half periods shift and can be found to
1 − L NY0
= nXj − K − (−1)NY0 +j j L .
K
The intersection condition is fulfilled for all j if L is chosen such that
nYj = NY0 − (−1)NY0 +j j

(19)

1 − L NX0
1 − L NY0 1 − L NX0
and
=
+L
(20)
K
K
K
are odd integers. At least one L value can be found for each valid frequency ratio of an even and
an odd integer. As K is then always odd, the above conditions reveal that L has to be even and
results in the trivial solution L = 0 for the case K = 1. A proof is given in the Appendix.
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Exceptionally the intersection condition with the used expressions is also fulfilled for the
subset of the samples which actually are no intersection points, i.e. S \ SI . This is because for
those samples both X-axis and Y-axis phases are shifted by a multiple of the Lissajous period,
i.e. the points intersect with themselves. Hence, those samples do not have to be excluded or
separately treated from the algorithm.
By shooting a pulsed laser on the scan lines between two adjacent samples, a rectilinear high
resolution pixel grid is obtained. In case of no modulation, this can be accomplished by a simple
shift of the sample time tj by half a sampling time, i.e.
)︃
(︃
∆tS
1
tpxj = tj +
∆tS .
(21)
= j+
2
2
An example is shown in Fig. 5(a), where the pixels are arranged in horizontal and vertical lines.

Fig. 5. Examples of pixel distributions and definition of polygon for resolution calculation
(dashed rectangles in the insets). (a) No phase modulation, where a rectilinear grid with
horizontal and vertical pixel lines is obtained. (b) Second order (a2 = 0.25 rad) phase
modulation, where the pixel lines are bent to obtain a high resolution at the center of the FoV.

In case of a modulated Y-axis as in Eq. (7), the intersection points do not happen at a constant
sampling time. Hence, the sample times are expressed as
tj = j ∆tS + ∆tj ,
where ∆tj has to be identified for all j and the new Y-axis intersection criterion is
(︃
)︃
(︁ )︁
π
sin j
+ 2π f̄Y ∆tj + ϕ tj
2NX0
(︃
(︃
)︃
(︃
)︃ )︃
nXj
NY0
π
!
= sin nXj π
+ (−1)nXj j
+ 2π f̄Y ∆tj + ϕ
+ (−1)nXj tj .
NX0
2NX0
2fX

(22)

(23)

As the sampling time
(︁ )︁ shifts are expected much smaller than a half period of the scanner, i.e.
| (−1)nXj 2π f̄Y ∆tj + ϕ tj | ≪ π, a comparison with Eq. (18) shows that the previous calculation
of nXj and nYj fulfill the condition up to a small shift in phase. Hence, the shifts ∆tj can be
calculated by compensating the residual errors in the arguments of the sine functions, i.e.
(︃
(︃
)︃ )︃
(︁ )︁ !
nXj
2π f̄Y ∆tj + ϕ tj = (−1)nYj (−1)nXj 2π f̄Y ∆tj + ϕ
+ (−1)nXj tj ,
(24)
2fX

where the sign dependency on nYj takes into account that the trajectory derivative is the same or
different for both intersecting scan lines. Further simplification can be obtained by using the
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derived symmetry features of the phase modulation function as well as that nXj and nYj are never
both odd or both even, i.e.
(︃
)︃
(︁ )︁ !
NX0
1 − L NX0
2π f̄Y ∆tj + ϕ tj = −2π f̄Y ∆tj − ϕ
+ tj .
(25)
+j
2fX
2fX K

A proof for the sign dependency elimination of the phase modulation function is given in the
Appendix. As ϕ is a nonlinear function, Eq. (25) cannot be analytically solved, while ∆tj can be
approximated numerically by iterative refinement, i.e.
(︃
(︃
)︃)︃
(︁ )︁
−1
NX0
1 − L NX0
e=
ϕ t̂j + ϕ
+j
+ t̂j − ∆t̂j ,
(26)
2fX
2fX K
4π f̄Y
where t̂j = j ∆tS + ∆t̂j and e is minimized. Hence, with sufficient iterations the estimated time
shifts ∆t̂j accurately match the exact solutions ∆tj and can be calculated for each intersection
point. Again the samples without an intersection do not have to be excluded as the algorithm
results in zero shift for those points.
Similar to the case without modulation, the high resolution pixel grid is obtained by interpolating
between two adjacent samples, e.g. by linear interpolation
tpxj =

)︁
1 (︁
tj + tj+1 .
2

(27)

Figure 5(b) shows an example of a resulting pixel grid with phase modulation. The original
horizontal and vertical pixel lines in Fig. 5(a) are bent such that a high density of pixels is
achieved at a certain position in the FoV, e.g. at the center.
The resolution of the pixel grid can be defined by the area spanned by the four pixels, which
surround an intersection point, as illustrated in Fig. 5. Hence, for each intersection point at
sampling time tj the four vertices that define the spanned area can be found at the times
[︃
]︃
tVj = tpxj , tpxl , tpxj−1 , tpxl−1 ,
{︃
(︃
)︃}︃
(28)
1 − L NX0
with l = 2NX0 NY0 + (−1)NX0 +j j 1 + 2NY0
mod 4NX0 NY0 ,
K
where mod is the modulus operator.
(︂ )︂ The corresponding coordinates describe a polygon in the
FoV whose spanned area F tVj relates to the resolution, i.e. a large area corresponds to a
low resolution. It has to be noted that the polygons can have various shapes and do not have
to be rectangular. Figure 6 shows a contour plot of the resulting spanned area for the case of
conventional Lissajous scanning and a second order modulation. As expected, the modulation
improves the resolution at the center of the FoV and shifts the low resolution regions towards the
edges.
3.3.

Compensation of amplitude variation

If no dedicated control is applied, the dynamic response of a scanning system can show an
amplitude change if the scanning frequency is varied. Consequently the phase modulation causes
variations in the scanning amplitude of the corresponding axis within a Lissajous frame and shifts
the intersection points especially where both intersecting scan lines have different amplitude.
This leads to a distorted pixel grid if no compensation is applied as shown in Fig. 7(a). To account
for the amplitude changes, the frequency dependent amplitude function A(f ) is introduced and
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Fig. 6. Contour plot of the area spanned by the four pixels surrounding an intersection
point. (a) Conventional Lissajous scanning. The resolution decreases towards the center of
FoV. (b) Second order (a2 = 0.25 rad) phase modulation. A high resolution is obtained at
the center while other regions are sacrificed.

the trajectory of both axes are described as
x(t) = sin (2πfX t)

and

(︃
)︃
(︁
)︁
1 ̇
y(t) = A f̄Y +
ϕ (t) · sin 2π f̄Y t + ϕ (t) .
2π

(29)

Due to practical usefulness only relatively small amplitude variation can be considered, which
only lead to small additive compensation shifts ∆tA,j of the sample timing, i.e.
tj = j ∆tS + ∆tj + ∆tA,j .

(30)

Hence, ∆tA,j can be approximated by the Newton-Raphson method applied on the Y-axis
trajectory as
(︃
(︃
)︃
)︃
(︁ )︁
(︁ )︁ !
nXj
nXj
y t̂j + ẏ t̂j e = y
+ (−1)nXj t̂j + (−1)nXj ẏ
+ (−1)nXj t̂j e ,
(31)
2fX
2fX

where e has to be zero at the actual intersection point. This leads to the iterative estimation
algorithm
(︂
)︂
(︁ )︁
n
y 2fXjX + (−1)nXj t̂j − y t̂j
(︂
)︂ ,
e = (︁ )︁
(32)
n
ẏ t̂j − (−1)nXj ẏ 2fXjX + (−1)nXj t̂j

where t̂j = j ∆tS + ∆tj + ∆t̂A,j and has to be found to minimize e. Equation (32) can be
applied on all samples j except the subset where the Y-axis reaches its amplitude points, i.e.
at j = NX0 (1 + 2 m) with m ∈ [0, 2NY0 − 1]. At those points the trajectory only depends
marginally on time and the algorithm is susceptible to numerical errors. Hence, the correct
shift should be approximated by interpolating between the previous and the following sample
point. Figure 7(b) shows
the(︁ corrected
by the proposed algorithm for an affine amplitude
(︁
)︁ pixels
)︁
function A(f ) = A0 1 + 0.1 f − f̄Y /f0 . It has to be noted that no assumptions are made for the
amplitude function and it can be an arbitrary function of sufficient smoothness.
3.4.

Phase modulation design

Using the derived resolution definition, the phase modulation function can be optimized for
specific needs in application. One possibility is to define ROIs, where a high resolution is
required while the rest of the FoV is of less interest, i.e. can have reduced resolution. In
imaging applications, such as lidar, this allows detailed information where it is required, while
still a coarse overall scan is provided. Hence, in this study a dedicated optimization procedure
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Fig. 7. Examples of pixel distributions for a second order (a2 = 0.25 rad) phase
modulation
amplitude compensation (NX0 = 26, NY0 = 25, A(f ) =
(︁
(︁with and
)︁ without
)︁
A0 1 + 0.1 f − f̄Y /f0 ). (a) No compensation. (b) Compensation based on the proposed
algorithm.

varies the parameters ai of the phase modulation function to obtain the desired resolution in
a defined ROI. To obtain this, the cost function penalizes the resolution at the ROI the most
using a spatial weighting. Besides judging the obtained grid resolution solely by the spanned
area of neighboring pixels, also its aspect ratio can be taken into account, e.g. to prefer square
shaped areas. Furthermore, the dynamic changes of the scanning frequency necessary for the
modulation imposes input variations, which depends on the scanner dynamics. As an example,
the necessary input amplitudes at the frequency components of the phase modulation function
can be considered as a control effort, which might be limited.
The used algorithm can be described in the following steps:
(i) Calculate the constant Lissajous parameters, such as NX0 , NY0 , K, L, nXj , nYj (initialization).
(ii) Choose initial modulation parameters ai with 1 ≤ i ≤ M for the initial starting point, where
M is the maximum order considered for optimization.
(iii) Calculate sample time shifts ∆t̂j and ∆t̂A,j according to Eq. (26) and Eq. (32).
(iv) Calculate cost function terms, e.g. weighted spanned areas, aspect ratios, and control
effort. An exemplary cost function is
spatial weighting

⏟ˉˉˉˉˉˉˉˉˉˉˉˉˉˉ⏞⏞ˉˉˉˉˉˉˉˉˉˉˉˉˉˉ⏟
control effort
(︃
)︃ [︃ ⏟ˉˉ⏞⏞ˉˉ⏟
]︃ 2 ⏟ˉ⏞⏞ˉ⏟
SI
M
⏟⏞⏞⏟
(︂ )︂
(︂ )︂
∑︂
∑︂
(︁ )︁ (︁ )︁
J=
Hi
+
W x tj , y tj · F tVj − F̄ · R tVj ,
i=1

spanned area

aspect ratio

(33)

j=0

(︂ )︂
where F̄ is the desired spanned area and R tVj ≥ 1 which is equal to 1 for the desired
aspect ratio, e.g. for a squared area.
(v) If the cost function J is not minimum, variation of ai and jump to (iii).
Figure 8(a)-(b) shows two designs of ROI scan patterns using the proposed optimization
procedure and the corresponding phase modulation functions in Fig. 8(c). As can be seen, the
straight pixel grid lines of conventional Lissajous scanning are bent to obtain a dense and almost
square shaped pixel grid at the ROI. Due to the symmetry of the Lissajous scanning method, the
ROI appears similarly in all four quadrants. Figure 9 shows a conceptional illustration of a lidar
scenario where the conventional and the proposed Lissajous scanning method are compared. As
can be seen, the ROI is resolved with a higher resolution to maximize the information contained
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in the measured 3D point cloud, while neither the overall FoV nor the frame rate are sacrificed.
In application the computation effort can be minimized by defining a discrete ROI grid in the
FoV and to solve the optimization problem for each ROI beforehand. A system controller can
then select the appropriate ROI on demand and the corresponding phase modulation function as
well as the pixel timings are loaded. This allows fast switching between the ROIs to track objects
or to re-scan sacrificed low resolution regions to guarantee that potentially dangerous objects
are not missed. A simulation of an object tracking application using discrete ROIs is shown in
Visualization 1. The ROI switching speed is then only limited by the ability of the scanner to
follow the new modulation function.

Fig. 8. Examples of ROI scan patterns obtained by the proposed optimization procedure
(a-b) and corresponding phase modulation functions (c). The ROI appears in all four
quadrants due to the symmetry of Lissajous scanning.

Fig. 9. Conceptional illustration of conventional Lissajous scanning (a) and ROI scanning
using the proposed method (b) in a lidar scenario. Significantly more measurement points
are created in the ROI compared to the conventional method.

4.

Method demonstration

In this section the proposed modulation method is demonstrated by a Lissajous scanning system
using two single axis MEMS mirrors with a relatively large frequency tuning capability.
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MEMS mirror

Figure 10 shows a picture of an electrostatic actuated, single axis resonant MEMS mirror and its
steady state frequency response. Due to its nonlinear behavior, stable and unstable regions and
bifurcation jumps appear in the frequency response as indicated by the arrows. The prominent
stiffening, shown by the backbone curve, is caused by a special suspension design using leaf
springs and torsion bars. This results in two stable branches in the frequency response, which
are called the bottom and the top response curve. The over-bending of the top response curve is
advantageously used for the presented method as it provides a rather large frequency band where
the amplitude changes are relatively low. This is different from conventional linear resonators,
which would require a high damping for a reasonable tuning range, resulting in reduced energy
efficiency, i.e. a low Q-factor. Hence, the used MEMS mirrors provide both, a high Q-factor as
well as the possibility of frequency variation with a moderate change of amplitude. Around the
nominal operation point, the amplitude function A(f ) can be approximated as an affine function
of frequency as shown in the inset of the figure. A detailed characterization and modeling of a
similar MEMS mirror is described in [21].

Fig. 10. (left) Picture of the electrostatic actuated resonant MEMS mirrors in a glass
covered ceramic package. (right) Measured steady state frequency response, normalized by
the nominal operation point. The nonlinearities of the mirror lead to two stable branches, i.e.
the bottom and the top response curve. The inset shows a linear relation between amplitude
and frequency around the nominal operation point.

4.2.

Lissajous scanning system

The Lissajous scanning system comprises two single axis MEMS mirrors of the same type, which
are orthogonally oriented to each other as shown in Fig. 11. To obtain the Lissajous scanning
pattern, a laser beam is first deflected in Y-axis by the MEMS mirror M1, redirected to the
second MEMS mirror M2 by a lens system and deflected in X-axis. A CCD camera monitors
the projected pattern on a screen for optical evaluation. A control board provides the driving
and sensing circuitry as well as controllers implemented in FPGA to precisely synchronize the
mirrors and to perform a desired phase modulation. The detail discussion of control design and
implementation can be found in [25].
4.3.

Experimental results

To demonstrate the proposed method, the Y-axis MEMS mirror M1 is forced to exhibit a desired
phase modulation. Figure 12 shows various ROI scan patterns compared to a conventional
Lissajous scan. The bright line in the image is caused by a direct reflection of the first mirror
scan line on the second mirror cover class. In application, this can be removed by glass coating
or other mirror packaging [26]. Visualization 2 demonstrates the subsequent switching between
ROIs, where the corresponding phase modulation functions are calculated beforehand. The
transition from one ROI to the next is achieved within about 30 ms. A pixel distribution derived
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Fig. 11. Scheme (left) and picture (right) of the Lissajous scanning system with two
orthogonally oriented single axis MEMS mirrors. Dedicated controllers are implemented in
an FPGA, which is configured and monitored by an on-board CPU. For optical evaluation,
the generated Lissajous pattern is projected on a screen and monitored by a CCD camera.

by the proposed methods is shown in Fig. 12(e)-(f). The amplitude variations are compensated
based on the linear A(f ) relation obtained from the frequency response of the mirror, resulting
in a proper projection of the desired grid. Insets in the figure show the zoomed center grids
for both cases, where the modulated case provides a pixel distance reduced by a factor of 2.25.
This results in a resolution improvement by a factor of 5 due to the reduced area spanned by
neighboring pixels. As the modulated scanner is limited to a narrow frequency band with a
known frequency variation, the controllers are still simple and do not need a high bandwidth.
In summary, the proposed phase modulation method for Lissajous scanning is successfully
implemented and several ROI scan patterns are demonstrated. The laser is shot at the correct
timing with a compensation of the dynamic amplitude variations. The resulting improved
resolution at the center of the FoV demonstrates the capability of the proposed method.

Published version of the article: D. Brunner, H. W. Yoo, R. Schroedter and G. Schitter, ”Adaptive Lissajous scanning
pattern design by phase modulation”, Optics Express, vol. 29, no. 18, pp. 27989-28004, 2021. DOI: 10.1364/OE.430171
c 2021 This manuscript version is made available under the CC-BY 4.0 license
http://creativecommons.org/licenses/by/4.0/

Published version (generated on 17.08.2021)
This and other publications are available at:
http://www.acin.tuwien.ac.at/publikationen/ams/

Research Article

Vol. 29, No. 18 / 30 Aug 2021 / Optics Express 28002

Fig. 12. Adaptive Lissajous pattern examples for ROI scanning. The visible line is a
reflection on the cover glass of the second MEMS mirror M2. (a) Conventional Lissajous scan.
(b-d) Phase modulation to obtain a desired ROI scan (see Visualization 2). (e) Conventional
pixel distribution. (f) Proposed pixel distribution for a second order modulation. The insets
show the pixel grid at the center of the FoV and demonstrate a reduction of the spanned area
by a factor of 5 using the proposed modulation method.

5.

Conclusion

In accordance to literature the analysis of conventional Lissajous scanning reveal that resolution
has to be sacrificed with the frame rate and that the scanning pattern shape is fixed. The proposed
method of adaptive Lissajous scanning based on phase modulation provides an additional freedom
in the pattern design to overcome this problem. The implementation of the proposed methods in a
Lissajous scanning system based on MEMS mirrors demonstrates the feasibility and shows cases
of ROI scanning with a local resolution improvement by a factor of 5. The derived constraints of
phase modulation reveal that the phase modulation function has to consist of sine waves with
frequencies of multiples of the preview frame rate. The proposed pixel timing calculation, shows
that the rectilinear grid lines of conventional Lissajous scanning are bent such that a desired
ROI has higher pixel density while other regions are sacrificed. A detailed analysis of the scan
line intersection points allowed a simple and fast method of resolution calculation based on the
spanned area between neighboring pixels over the total FoV. A proposed optimization procedure
results in a phase modulation function, which provides the desired scan pattern by judging the
obtained resolution, i.e. the spanned area, its aspect ratios as well as the needed control effort
due to fast frequency changes.
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Appendix
In the following it is proven that
nXj π

NY0
π
π
+ (−1)nXj j
= nYj π + (−1)nYj j
NX0
2 NX0
2 NX0

(34)

is fulfilled if L in Eq. (17) and Eq. (19) is an even and 1−LKNX0 is an odd integer. Inserting these
two conditions into the expressions for nXj and nYj yields
odd

nXj = NX0 + (−1)NX0 +j

⏟ˉˉˉˉˉˉ⏞⏞ˉˉˉˉˉˉ⏟
1 − L NX0
j
K

even

and

nYj

⏟ˉˉˉˉˉˉˉˉˉ⏞⏞ˉˉˉˉˉˉˉˉˉ⏟
= nXj − K − (−1)NY0 +j j L .

(35)

With the above equations and NY0 = NX0 − K, the left and the right hand side in Eq. (34) can
be rewritten to
)︃
(︃
π
1
π
− L + (−1)nXj j
= − (−1)NY0 +j jπ L + (−1)nYj j
,
(36)
− (−1)NX0 +j jπ
NX0
2 NX0
2 NX0
where common terms are eliminated. By analyzing Eq. (35) and that either NX0 or NY0 is even
while the other is odd (K is odd), the exponents in Eq. (36) can be equivalently written as
(−1)NY0 +j = − (−1)NX0 +j ,

(−1)nYj = − (−1)nXj ,

and

(−1)nXj = (−1)NX0 +j .

Using this equivalences on both sides of Eq. (36) yields
(︃
)︃
1
π
π
−jπ
−L +j
= jπ L − j
,
NX0
2 NX0
2 NX0

(37)

(38)

which is true and therefore proves the equality of Eq. (34).
The equivalences in Eq. (37) are also used to proof the sign dependency elimination of the
phase modulation function in Eq. (25). With the definition of nXj it can be found that
(︃
(︃
)︃)︃
)︃
(︃
nXj
1 − L NX0
NX0
(−1)nYj ϕ
+ tj .
+ (−1)nXj tj = (−1)nYj ϕ
− (−1)nYj j
(39)
2fX
2fX
2fX K
As the phase modulation function is anti-symmetric regarding half a Lissajous period shift, i.e.
(︃
)︃
(︃
)︃
(︃
)︃
(︃
)︃
NX0
T0
T0
NX0
ϕ
−t = ϕ
− t = −ϕ
+ t = −ϕ
+t ,
(40)
2fX
2
2
2fX
the sign dependency can be eliminated.
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