Journal of Computational Mathematics and Data Science 1 (2021) 100014

Contents lists available at ScienceDirect

Journal of Computational Mathematics and Data
Science
journal homepage: www.elsevier.com/locate/jcmds

Efficient adaptive exponential time integrators for nonlinear
Schrödinger equations with nonlocal potential
Winfried Auzinger a , Iva Březinová b , Alexander Grosz g , Harald Hofstätter a ,
Othmar Koch c ,∗, Takeshi Sato d,e,f
a

Institute of Analysis and Scientific Computing, TU Wien, Wiedner Hauptstraße 8-10, 1040 Wien, Austria
Institute of Theoretical Physics, TU Wien, Wiedner Hauptstraße 8-10, 1040 Wien, Austria
Institut für Mathematik, Universität Wien, Oskar-Morgensternplatz 1, 1090 Wien, Austria
d
Department of Nuclear Engineering and Management, University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo, 113-8656, Japan
e Photon Science Center, Graduate School of Engineering, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-8656, Japan
f
Research Institute for Photon Science and Laser Technology, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo, 113-0033, Japan
g
Department of Mathematics, Technical University of Munich, Arcisstraße 21, D-80333 München, Germany
b
c

ARTICLE

ABSTRACT

INFO

The performance of exponential-based numerical integrators for the time propagation of the
equations associated with the multiconfiguration time-dependent Hartree–Fock (MCTDHF)
method for the approximation of the multi-particle Schrödinger equation in one space dimension
is assessed. Among the most popular integrators such as Runge–Kutta methods, time-splitting,
exponential integrators and Lawson methods, exponential Lawson multistep methods with
one predictor–corrector step provide the best stability and accuracy at the least effort. This
assessment is based on the observation that the evaluation of the nonlocal terms associated
with the potential is the computationally most demanding part of such a calculation in our
setting. In addition, the predictor step provides an estimator for the local time-stepping error,
thus allowing for adaptive time-stepping which reflects the smoothness of the solution and
enables to reliably control the accuracy of a computation in a robust way, without the need
to guess an optimal stepsize a priori. One-dimensional model examples are studied to compare
different time integrators and demonstrate the successful application of our adaptive methods.
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1. Introduction and overview
We benchmark time integration schemes for nonlinear Schrödinger equations of the form
𝜕𝑡 𝑢(𝑡) = 𝐴𝑢(𝑡) + 𝐵(𝑢(𝑡)),

𝑡 > 𝑡0 ,

𝑢(𝑡0 ) = 𝑢0 ,

(1.1)

on a Hilbert space H . Here, 𝐴 ∶ D ⊆ H → H is a self-adjoint differential operator and 𝐵 a generally unbounded nonlinear
operator.
Such equations often arise in the context of model reductions for high-dimensional quantum dynamical systems and serve to
make high-dimensional quantum simulations computationally tractable, see for instance [1–6].
Our main interest is in the equations of motion arising in the MCTDHF approximation for multi-electron systems. In all
the mentioned approaches evaluations of the nonlinear operator 𝐵 are expensive to compute and thus, it is crucial that a
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numerical method requires a minimal number of evaluations of this operator while retaining accuracy and stability also in longtime integration. Thus, our results also indicate promising directions for other fields. We mention that for particular spatial
discretizations [6], the nonlocal terms can be evaluated economically at the cost of more expensive computations for the separable
part 𝐴. This is, however, not our focus in this study.
In our one-dimensional setting, we impose periodic boundary conditions on a sufficiently large interval, a corresponding spatial
discretization by a Fourier pseudospectral method, and evaluate the meanfield integrals by the trapezoidal rule, which offers the
special benefit of spectral convergence in this particular situation [7]. The propagation of 𝐴 in our setting can thus be facilitated
essentially at the cost of two transforms between real and frequency space, which are cheap to compute. Indeed, it was demonstrated
already in [8] that the computation time and the number of evaluations of 𝐵 are proportional, see also Section 3 below.
Diverse approaches for the numerical approximation of quantum dynamical systems have been discussed by different authors.
These are comprehensively discussed for instance in [9]. The accuracy and efficiency of splitting methods has been demonstrated
for various quantum mechanical models under a number of different spatial discretizations, see for instance [10–12] and references
therein. In the present work, however, it is found that high-order splitting methods are less efficient for our purpose than high-order
multistep approaches, but they still represent a viable choice as they show a very stable behavior.
An important aspect that we consider is long-time integration of the MCTDHF equations. Long integration times are for instance
required for the detection of Anderson localization in an expanding Bose–Einstein condensate [13]. Stability of the numerical time
integration is thus a crucial aspect, which we investigate by monitoring norm conservation of the numerical approximation. A
method which cannot provide this most elementary property on a sufficiently long time interval cannot be used for our purpose
and is thus ruled out from further considerations, see Sections 3.1 and 3.2 below.
Our emphasis is on adaptive choice of the time-steps based on asymptotically correct estimators of the local error. We will
demonstrate that this has the potential to increase the efficiency of the computations. We stress that a very important benefit of
adaptive error control is the possibility to obtain reliable information on the achieved accuracy of a simulation instantaneously. In
this way, it is not necessary to guess a priori a suitable stepsize and repeat a calculation if the results are unsatisfactory, and the
results can be trusted within the prescribed tolerance.
1.1. Splitting methods
Popular integrators for Schrödinger equations are exponential time-splitting methods based on multiplicative combinations of
the partial flows of 𝐴 and 𝐵, where the coefficients in this composition are determined such that a prescribed order of consistency
is obtained [14]. At the (time-)semi-discrete level, 𝑠-stage exponential splitting methods for the integration of (1.1) use the partial
flows E𝐴 (𝑡, 𝑢0 ) ∶ 𝑢0 ↦ 𝑢(𝑡) = e𝑡𝐴 𝑢0 and E𝐵 (𝑡, 𝑢0 ) ∶ 𝑢0 ↦ 𝑢(𝑡) with 𝑢′ (𝑡) = 𝐵(𝑢(𝑡)), 𝑢(0) = 𝑢0 . For a single step (𝑡𝑛 , 𝑢𝑛 ) ↦ (𝑡𝑛+1 , 𝑢𝑛+1 ) with
time step ℎ, this reads
𝑢𝑛+1 ∶= S (ℎ, 𝑢𝑛 ) = E𝐵 (𝑏𝑠 ℎ, ⋅)◦E𝐴 (𝑎𝑠 ℎ, ⋅)◦ … ◦E𝐵 (𝑏1 ℎ, ⋅)◦E𝐴 (𝑎1 ℎ, 𝑢𝑛 ),

(1.2)

where the coefficients 𝑎𝑗 , 𝑏𝑗 , 𝑗 = 1 … 𝑠 are determined according to the requirement that a prescribed order of consistency is
obtained [14].
The first rigorous mathematical error analysis for low order splitting methods applied to linear Schrödinger equations was
conducted in [15]. An extension to higher-order schemes is provided by [16]. The nonlinear setting was first analyzed for the
second-order Strang splitting in [17], see also [18], and a convergence proof for high-order methods which also covers the equations
of motion associated with MCTDHF is given in [19]. In the present study, we will use splittings constructed by the composition
approaches by Suzuki and Yoshida, respectively, see [14], to obtain fourth order integrators, and the popular second-order Strang
splitting for comparison. In the figures in Section 3, we will use the following abbreviations for the investigated schemes. The
Strang splitting, where 𝐵 is propagated by the explicit second order Runge–Kutta method by Heun, is denoted as Strang (RK2),
the Suzuki splitting, where 𝐵 is propagated by the classical fourth-order Runge–Kutta method, is Suzuki (RK4), propagation by
the midpoint rule with three fixed point iterations corresponds with Suzuki (MP with 3 it.), and similarly for the Yoshida
splitting Yoshida.
1.2. Exponential integrators
An approach which also exploits a different treatment of the two vector fields is given by the class of exponential integrators [20,21]. Here, the variation of constant formula (VOC) is used to separate the two given vector fields and the arising integral
is subsequently suitably approximated. Exponential integrators are comprehensively discussed in the two reviews [22,23]. A first
preliminary study of their performance for the MCTDHF equations was conducted in [8].
In this approach, the solution of (1.1) for a time-step 𝑡𝑛 → 𝑡𝑛+1 = 𝑡𝑛 + ℎ is expressed as the solution of
ℎ

𝑢(𝑡𝑛 + ℎ) = eℎ𝐴 𝑢𝑛 +

∫0

e(ℎ−𝜏)𝐴 𝐵(𝑢(𝑡𝑛 + 𝜏)) d𝜏.

(1.3)

by the VOC. Different exponential-type integrators are distinguished depending on how the integral in (1.3) is approximated.
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Exponential Runge–Kutta methods. When the integral in (1.3) is approximated by a quadrature formula of Runge–Kutta type, relying
on evaluations of the nonlinear operator 𝐵 at interior points 𝑡𝑛 + ℎ𝜏𝑗 , 𝜏𝑗 ∈ [0, 1], 𝑗 = 1, … , 𝑘, an exponential Runge–Kutta method is
obtained. This corresponds to replacing 𝐵(𝑢(𝑡𝑛 + 𝜏)) in the integrand by a polynomial interpolant at the points
(𝑡𝑛 + ℎ𝜏1 , 𝐵(𝑢(𝑡𝑛 + ℎ𝜏1 ))), … , (𝑡𝑛 + ℎ𝜏𝑘 , 𝐵(𝑢(𝑡𝑛 + ℎ𝜏𝑘 ))).
The method is realized by stepping from 𝑡𝑛 + ℎ𝜏𝑗 → 𝑡𝑛 + ℎ𝜏𝑗+1 in the same way as in a Runge–Kutta method for 𝜕𝑡 𝑢 = 𝐵(𝑢),
with appropriately modified weights of the stages. For implicit methods, nonlinear systems of equations have to be solved, which
is generally considered as prohibitively expensive and therefore not practically used. Note that after interpolation, the resulting
integral can be evaluated analytically by using the 𝜑-functions, see for example [24]. Such a procedure has first been proposed
in [25] and analyzed for stiff problems in [26], see also [22].
The denotation exponential integrator first appeared in [21], where explicit exponential Runge–Kutta methods are considered.
There, the non-stiff order conditions are derived, and fourth order methods are constructed along with reduced methods which
promise significant computational advantages when used in conjunction with Krylov methods for approximating the matrix
exponential. Also, stepsize control linked with the Krylov-substeps is proposed, and embedded Runge–Kutta methods serve as a
basis for adjusting the time-step.
More recently, a systematic theory to derive the order conditions based on the variation of constant formula, and trees related
to Faà di Bruno’s formula, similarly as for classical Runge–Kutta methods, has been established in [27]. Studies of exponential
Crank–Nicolson integrators in conjunction with Padé approximation of the matrix exponential were conducted in [28], which also
gives a linear stability analysis and uses extrapolation to improve the basic order two. A comparative study of exponential integrators
is given in [29] which seems to favor explicit exponential Runge–Kutta methods. An adaptive approach based on embedded pairs of
formulae is also studied there. In the present paper, we use the fourth-order explicit exponential Runge–Kutta method by Krogstad,
see [22,30], which in the figures in Section 3 we denote as Krogstad.
Exponential multistep methods. Alternatively, the integral in (1.3) can be approximated in terms of an interpolation polynomial at
previous points
(−(𝑘 − 1)ℎ, 𝐵(𝑢𝑛−𝑘+1 )), … , (−ℎ, 𝐵(𝑢𝑛−1 )), (0, 𝐵(𝑢𝑛 )).
This yields an (explicit) exponential Adams–Bashforth type multistep method, see for instance [31,32]. If the interpolation also
includes the forward point, that is, the interpolation comprises
(−(𝑘 − 1)ℎ, 𝐵(𝑢𝑛−𝑘+1 )), … , (−ℎ, 𝐵(𝑢𝑛−1 )), (0, 𝐵(𝑢𝑛 )), (ℎ, 𝐵(𝑢𝑛+1 )),
an (implicit) exponential Adams–Moulton type method is obtained. These two approaches can be combined in a predictor–corrector
method in the same way as for conventional linear multistep methods.
Exponential multistep methods were first considered and analyzed in [31] under the assumption of smooth 𝐵. A starting strategy
is also given there. A similar approach is adopted in [32], with a different integration domain in the variation of constant formula,
and a linearized version is proposed. The stability analysis proceeds as in [33]. Related exponential integrators of a multistep flavor
are also considered in [34,35]. In the figures in Section 3, we denote exponential multistep methods by Exponential multistep
𝑘 steps with 𝑗 P/C it., when the length of the method is 𝑘 and 𝑗 corrector steps are performed (𝑗 is either 0 or 1).
Lawson methods. In Lawson methods, the substitution
𝑢(𝑡) → e−𝑡𝐴 𝑢(𝑡) =∶ 𝑣(𝑡)

(1.4a)

is applied to Eq. (1.1) ex ante. The resulting equation
𝑣′ (𝑡) = e−𝑡𝐴 𝐵(e𝑡𝐴 𝑣(𝑡)),

(1.4b)

can subsequently be solved by any appropriate time-stepping method.
The main advantage of the Lawson transformation lies in the fact that the dynamics associated with the non-smooth operator 𝐴 is
separated by the transformation (1.4a), while the problem (1.4b) subjected to the time-stepping scheme is smoother, thus allowing
for larger time-steps. In practice, the space discretization is preferably chosen such that the resulting application of exp(±𝑡𝐴) is
computationally cheap to realize. For instance, Fourier pseudospectral methods exploit the fact that the discretization of 𝐴 is diagonal
in frequency space if 𝐴 is (a scalar multiple of) the Laplacian, which is the case for Schrödinger-type equations.
The Lawson transformation was first introduced in [36] for the ODE case, where Runge–Kutta methods were applied to the
transformed problem and a classical non-stiff error analysis was applied to the resulting equation. Explicit multistep methods within
the Lawson approach were introduced in [30]. In [37], explicit Lawson Runge–Kutta methods for the cubic nonlinear Schrödinger
equation compare favorably with splitting and other methods. [38] studies mathematical features of the Lawson explicit fourth
order Runge–Kutta method from [37] and gives an error analysis. The recently published article [39] gives a convergence proof for
Lawson Runge–Kutta methods in the stiff case, however under the assumption that the operator 𝐵 is smooth, which is not the case
in the MCTDHF equations we are considering.
Adaptive choice of the time-steps in the context of Lawson methods has been considered in several papers. [40] compares error
estimates based on mesh halving to the cheaper embedded Runge–Kutta methods [41], while in [42] projected Lawson Runge–Kutta
methods are compared to splittings with embedded error estimators [43]. The method from [40] has been applied to the simulation
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of light-wave propagation in optical fibers in [44]. A similar approach is adopted in [45], where adaptive time-stepping is favorable
for the nonlinear Schrödinger equation.
In this paper, we will use the classical fourth-order Runge–Kutta method to solve the transformed equations, which we denote
by Lawson Runge-Kutta (RK4) in the figures in Section 3.
Alternatively, we can view the Lawson approach as an approximation to the representation (1.3), where, in contrast to standard
exponential integrators, the whole integrand is replaced by a polynomial interpolant. To reduce the expensive evaluations of 𝐵,
we focus on multistep methods. Exponential Lawson multistep methods are then constructed by replacing the integrand by an
interpolant at
(−(𝑘 − 1)ℎ, e(𝑘−1)ℎ𝐴 𝐵(𝑢𝑛−𝑘+1 )), … , (−ℎ, eℎ𝐴 𝐵(𝑢𝑛−1 )), (0, 𝐵(𝑢𝑛 )), [(ℎ, e−ℎ𝐴 𝐵(𝑢𝑛+1 ))].
The last point in square brackets is used for implicit methods, while otherwise the methods are explicit.
This results in a finite difference method
𝑢𝑛+1 = eℎ𝐴 𝑢𝑛 + ℎ

𝑘
∑

𝛽𝑗 e(𝑘−𝑗+1)ℎ𝐴 𝐵(𝑢𝑛−𝑘+𝑗 ) [+ℎ𝛽𝑘+1 𝐵(𝑢𝑛+1 )],

𝑛 ≥ 𝑘,

(1.5)

𝑗=1

where the last term [+ℎ𝛽𝑘+1 𝐵(𝑢𝑛+1 )] appears in implicit Adams–Moulton type schemes and the values 𝑢0 , … , 𝑢𝑘−1 are obtained by
ℎ
a suitable auxiliary scheme ensuring order 𝑘. 𝛽𝑗 , 𝑗 = 1, … , 𝑘 + 1 are quadrature weights for ∫0 e−𝜏𝐴 𝜋(𝜏) d𝜏 resulting from the
requirement that for polynomials 𝜋 up to order 𝑘 [𝑘 + 1], this integral should be reproduced exactly, see for instance [22]. This
formulation is equivalent to the application of the corresponding linear multistep method to the transformed equation (1.4b). For the
MCTDHF equations, an error analysis of Adams–Lawson multistep methods under minimal regularity assumptions is given in [46].
We will demonstrate that exponential Lawson multistep methods in a predictor–corrector implementation enhance stability of the
numerical method for long-time integration, and also provide a local error estimator for adaptive time-stepping at no additional cost.
High-order time propagators increase the efficiency. This does not imply additional computational cost in the multistep approach
if no tight memory limitations have to be taken into account. Adaptive choice of the time-steps promises a further reduction in
the computational effort. Note that this induces little additional work, since the error estimator is given by the predictor–corrector
method which is used for stability reasons anyway. In the figures in Section 3, we will refer to these methods as Adams-Lawson
𝑘 steps with 𝑗 P/C it., when the length of the formula is 𝑘 and 𝑗 = 0∕1 corrector steps are performed.
Comparisons. To assess the performance of the exponential integration methods described above, we will also show results for the
classical explicit Runge–Kutta method of fourth order (RK4 in the figures in Section 3) and the second-order Strang splitting (used
in conjunction with the second-order explicit Runge–Kutta method of Heun and denoted by Strang (RK2)), as these are popular
integrators for quantum dynamics.
2. The MCTDHF method
In this paper we focus on the comparison of numerical methods applied to the equations associated with the multiconfiguration
time-dependent Hartree–Fock method (MCTDHF) [3,47,48] for the time-dependent multi-particle Schrödinger equation
𝜕𝜓
= 𝐻𝜓,
(2.1)
𝜕𝑡
where the complex-valued wave function 𝜓 = 𝜓(𝑥1 , … , 𝑥𝑓 , 𝑡) depends on time 𝑡 and, in the case considered here, the positions
𝑥1 , … , 𝑥𝑓 ∈ R3 of electrons in an atom. The time-dependent Hamiltonian 𝐻 is given as
i

𝐻 = 𝐻(𝑡) ∶=

𝑓 (
∑
𝑘=1

)
∑
1
𝑉 (𝑥𝑘 − 𝑥𝓁 ) + 𝑉ext (𝑥1 , … , 𝑥𝑓 , 𝑡)
− 𝛥(𝑘) + 𝑈 (𝑥𝑘 ) +
2
𝓁<𝑘

=∶ 𝑇 + 𝑊 (𝑥1 , … , 𝑥𝑓 , 𝑡),
𝑇 = −

𝑓
∑
1 (𝑘)
𝛥 ,
2
𝑘=1

𝑈 (𝑥) = −

𝑍
, 𝑍 ∈ N,
|𝑥|

𝑉 (𝑥 − 𝑦) =

1
.
|𝑥 − 𝑦|

𝑉ext (𝑥1 , … , 𝑥𝑓 , 𝑡) represents a smooth external time-dependent potential, and 𝛥(𝑘) is the Laplace operator with respect to 𝑥𝑘 only.
We recapitulate the MCTDHF method and implied equations of motion in the following. This serves to show the structure of the
problems to be solved in order to corroborate our arguments about the computational demand of the numerical methods.
In MCTDHF as put forward in [3,47,48], the multi-electron wave function 𝜓 from (2.1) is approximated in the manifold M of
functions satisfying the ansatz
∑
∑
𝑢=
𝑎𝑗1 ,…,𝑗𝑓 (𝑡)𝜙𝑗1 (𝑥1 , 𝑡) ⋯ 𝜙𝑗𝑓 (𝑥𝑓 , 𝑡) =∶
𝑎𝐽 (𝑡)𝛷𝐽 (𝑥, 𝑡).
(2.2)
(𝑗1 ,…,𝑗𝑓 )

𝐽

Using (2.2) for the electronic Schrödinger equation, the Pauli principle implies that only solutions 𝑢 are considered which are
antisymmetric under exchange of any two of their arguments 𝑥𝑗 , 𝑥𝑘 . This assumption implies antisymmetry in the coefficients,
( )
whence only 𝑓𝑛 equations for 𝑎𝐽 have to be solved in the actual computations. This reduces the computational effort in the
propagation of the operator 𝐴 significantly.
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The Dirac–Frenkel variational principle [49,50] in conjunction with gauging conditions is used to derive differential equations
for the coefficients 𝑎𝐽 and the orbitals 𝜙𝑗 in (2.2),
i
i

∑
𝑑𝑎𝐽
=
⟨𝛷𝐽 |𝑊 | 𝛷𝐾 ⟩ 𝑎𝐾 ,
𝑑𝑡
𝐾

𝑛 ∑
𝑛
∑
1
= − 𝛥𝜙𝑗 + (𝐼 − 𝑃 )
𝜌−1
𝑗,𝑙 𝑊 𝑙,𝑘 𝜙𝑘 ,
𝜕𝑡
2
𝑘=1 𝑙=1

𝜕𝜙𝑗

(2.3a)

∀𝐽 ,

(2.3b)

𝑗 = 1, … , 𝑛,

where
⟨
⟩
𝜓𝑗 ∶= 𝜙𝑗 |𝑢 ,
⟨
⟩
𝜌𝑗,𝑙 ∶= 𝜓𝑗 |𝜓𝑙 ,
⟨
⟩
𝑊 𝑗,𝑙 ∶= 𝜓𝑗 |𝑊 | 𝜓𝑙 ,

(2.4a)
(2.4b)
(2.4c)

and 𝑃 is the orthogonal projector onto the space spanned by the functions 𝜙𝑗 .
In our tests in one space dimension, we impose periodic boundary conditions and evaluate all occurring integrals by the
trapezoidal rule (which amounts to simply summing up the values of the integrand on the chosen equidistant spatial grid). Nota
bene, for periodic boundary conditions, this quadrature features optimal convergence properties [7, Section 3.3].
Clearly, the evaluation of (2.4b), (2.4c) causes most of the computational effort in our setting, and the number of evaluations of
𝑊 should be kept to a minimum. We will henceforth denote
(
)𝑇
i
𝐴=
0, 𝛥(1) , … , 0, 𝛥(𝑛) , 𝐵 = 𝐵(𝑎, 𝜙),
(2.5)
2
where 𝑎 = (𝑎𝐽 )𝐽 is the coefficient tensor and 𝜙 = (𝜙1 , … , 𝜙𝑓 ). 𝐵 represents the vector of the components associated with the potential,
which constitute the computationally most expensive part.
3. Numerical comparisons
We will assess the performance of the numerical methods by computing two different models, one for the 1D helium atom and
one for a 1D quantum dot, and choosing the number of orbitals in the MCTDHF method as 𝑛 = 4 and 𝑛 = 6. Some results for 𝑛 = 8
and 𝑛 = 10 are additionally given in Section 3.11.
The choice of the number of orbitals is dictated by limited resources for the broad comparisons. Since we observe that the
conclusions for the choice of the most appropriate integrators correspond for 𝑛 = 4 and 𝑛 = 6 and the structure of the equations is
the same also for larger 𝑛, our conclusions are representative. The same applies to the time interval for our tests, which is chosen as
sufficiently large such as to eliminate unstable time integrators. For the Adams–Lawson P/C method with four steps, we will give a
long-time simulation run for a number of orbitals which approaches a converged MCTDHF approximation in Section 3.11 in order
to demonstrate the validity of our conclusions. We stress, however, that our choice of 𝑛 is also supported by observations in [48].
According to [48], for the problem (3.1) below, 𝑛 = 4 ‘‘can already account for the essential physics’’ and for (3.2), 𝑛 = 6 yields
‘‘satisfactory accuracy’’ of the approximation.
Computations for a stationary problem, which just reproduce the groundstate, show that several methods fail by far to preserve
even the norm of the wave function and can therefore not be used in long-time simulations.
Afterwards, the computational effort is investigated as compared to the achieved accuracy in relation to a highly accurate
numerical reference solution. The reference solution for helium was computed with a constant stepsize of 𝛥𝑡 = 0.511 ≈ 4.88 ⋅ 10−4 ,
for the quantum dot we used 12000 steps on the interval [0, 70], i.e. 𝛥𝑡 ≈ 5.83 ⋅ 10−3 , which is smaller than the adaptively chosen
stepsizes and thus provides a more accurate solution. Clearly, the computation time is proportional to the number of evaluations of
the nonlocal operator 𝐵, since the transformations between real and frequency space are cheap and so is the exponentiation of the
kinetic operator. This has been verified already in [8], and is corroborated in Fig. 3.17 below.
3.1. Stability for the helium atom
As a first example we consider the MCTDHF equations for the helium atom in one spatial dimension, with 𝑓 = 2.
The Hamiltonian is defined as
𝐻(𝑡) = 𝐻0 + (𝑥1 + 𝑥2 ) E (𝑡),
2
1
1
2
−√
+√
,
𝐻0 = − (𝜕𝑥2 + 𝜕𝑥2 ) − √
2
2 1
(𝑥1 − 𝑥2 )2 + 𝑏2
𝑥21 + 𝑏2
𝑥22 + 𝑏2

(3.1a)
(3.1b)

with a smoothed Coulomb potential with shielding parameter 𝑏 = 0.7408, where the atom is irradiated by a short, intense, linearly
polarized laser pulse
E (𝑡) = E0 𝑔(𝑡) sin(𝜔𝑡).

(
)
The peak amplitude is set to E0 = 0.1894, the frequency is 𝜔 = 0.1837, and we define the envelope 𝑔(𝑡) = 1.2 exp −5⋅10−4 (𝑡 − 6𝜋∕𝜔)2 .
The parameters are taken from [48], and the envelope is a smooth approximation of the trapezoidal envelope chosen there. The
5
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Fig. 3.1. Deviation from unit norm for the helium atom, MCTDHF with 𝑛 = 4. One-step methods.

time integration proceeds for 𝑡 ∈ [0, 4𝜋∕𝜔], which is sufficient to demonstrate the instability of the unsuitable schemes. Our choice
of the integration time corresponds with 2 cycles of the laser pulse, while in [48] 6 cycles are computed. The longer integration
time is considered for the purpose of illustration in Section 3.11 below.
In [48], this model serves to illustrate the effect of correlation on the probability density along the diagonal 𝑥 = 𝑦, which implies
that the single-configuration Hartree–Fock approximation is insufficient. We adopt a spin-restricted treatment (see [4]), where the
number of space orbitals in the MCTDHF method is chosen as 𝑛 = 4 in order to reduce the computation times for our extensive
comparisons. The structure of the equations is the same also for larger 𝑛, therefore the conclusion about the most appropriate
integrators remains valid also for larger 𝑛.
To investigate stability, we choose the interval 𝑥 ∈ [−16, 16], and a pseudospectral space discretization with 512 Fourier modes,
and use equidistant time-steps, which are consistently refined. The number of time-steps in the given interval 𝑡 ∈ [0, 4𝜋∕𝜔] is varied
between 2000 and 12000 steps (see the legends of the graphs).
By observing the accuracy that the unitarity of the solution is preserved with in Figs. 3.1 and 3.2, it is clear that some of the
time integrators which are popularly used for this type of quantum dynamics problems are not suitable in our context. The explicit
fourth-order Runge–Kutta method (RK4) is stable only for excessively small time-steps, and exponential multistep methods are not
stable either. Exponential one-step methods are stable for this problem, and so are splitting methods. In the realization of the splitting
methods of composition type we are using here, it should be noted that the 𝐵-part can be propagated by the midpoint-rule with three
fixed point iterations for the nonlinear equations, or alternatively by RK4. Both approaches have equal computational effort and
also comparable accuracy, see Fig. 3.6. Exponential multistep methods perform unsatisfactorily in this experiment. In conjunction
with the Lawson transformation, however, exponential one-step and multistep methods show satisfactory stability.
6
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Fig. 3.2. Deviation from unit norm for the helium atom, MCTDHF with 𝑛 = 4. Multistep methods.

3.2. Stability for the quantum dot
The second example we consider is a model of the one-dimensional quantum dot given by
1
1
1
𝐻(𝑡) = − (𝜕𝑥2 + 𝜕𝑥2 ) + 𝛺2 (𝑥21 + 𝑥22 ) + √
+ (𝑥1 + 𝑥2 )E0 sin(𝜔𝑡),
2
2 1
2
(𝑥1 − 𝑥2 )2 + 𝑎2

(3.2)

with 𝛺 = 41 = 𝑎, E0 = 1, 𝜔 = 8𝛺 = 2, see [48]. The time interval is chosen as 𝑡 ∈ [0, 70] to eliminate methods unsuitable for long-time
integration, and the spatial interval 𝑥 ∈ [−20, 20] is discretized with 1024 Fourier modes. For MCTDHF, here we use 𝑛 = 6. Note that
in [48], a much shorter time interval with 𝑡end ≈ 12.5 is used. Hence, in the subsequent investigations of convergence and efficiency,
𝑡end = 12 will be used.
The stability is again investigated by monitoring the deviation from unit norm on the integration interval, see Figs. 3.3 and 3.4.
The conclusions from this experiment are analogous to the helium experiment. Among the methods that worked in a stable way
for the helium experiment, however, for the quantum dot the sixth-order Adams–Lawson multistep method without a corrector step
is found to be unstable, so this will also not be considered further.
3.3. Convergence for the helium atom
We now systematically investigate the error achieved by the different methods as compared to the computational effort. This
is measured in terms of the evaluations of the nonlocal potential term 𝐵 as this dominates the computational effort. It has been
demonstrated already in [8] that, indeed, computation time and the number of evaluations of 𝐵 are parallel and admit the same
conclusions, see also Fig. 3.17 computed for the quantum dot in Section 3.8.
7
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Fig. 3.3. Deviation from unit norm for the quantum dot, MCTDHF with 𝑛 = 6. One-step methods.

We solve the MCTDHF equations with 𝑛 = 4 for the helium atom (3.1) for the longer time interval 𝑡 ∈ [0, 80], and the spatial
interval 𝑥 ∈ [−256, 256] is discretized with 8192 Fourier modes. In this first investigation, all the methods are propagated on
equidistant time grids. The reason is that for one-step methods, error estimation has not been implemented due to the expectedly
high additional computational effort for a local error estimator in the absence of specially constructed schemes. More importantly,
we find that high-order multistep methods are more efficient even for constant stepsizes, so the cheap error estimation will be an
additional bonus. The error as compared to the stepsize is given in Fig. 3.5, where the error is measured as the difference ‖𝑢 − 𝑢ref ‖
in a discrete 𝐿2 norm of the approximate solution tensor 𝑢 and a reference solution 𝑢ref on the same spatial grid. At accuracies of
about 10−9 , some of the methods show an order reduction, which is likely to be attributed to limited spatial resolution.
The relation between the error and the number of evaluations of 𝐵 is displayed in Fig. 3.6. We observe that the methods of
highest order have the highest accuracy and also computational efficiency. The sixth-order Adams–Lawson method is stable only
for very small time-steps, which is commensurate with the findings in Section 3.1, but efficient in this regime. The Adams–Lawson
predictor/corrector method shows an order reduction for very high accuracies, but is nonetheless the most efficient stable integrator.
Among the splitting methods, clearly the Suzuki composition should be favored over the Yoshida composition.
Overall, it is clear that high-order Adams–Lawson methods with corrector step are the integrators that offer an optimal balance
of stability and efficiency in the helium experiment, while in the absence of the corrector, methods of the comparable final order
perform less favorably.1 In this setting we conclude that a 𝑘-step method with one corrector step is more efficient than a (𝑘 + 1)-step
method without. Multistep methods without corrector step will therefore not be considered further.

1 Observe that a multistep method with 𝑘 steps has order 𝑘, with an additional corrector step, the order increases to 𝑘 + 1. Therefore, it is fair to compare
the efficiency of methods with 𝑘 + 1 steps and no corrector step with 𝑘-step methods with one corrector step, as these have the same final order.
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Fig. 3.4. Deviation from unit norm for the quantum dot, MCTDHF with 𝑛 = 6. Multistep methods.

3.4. Convergence for the quantum dot
Next, we investigate the accuracy of the methods for the quantum dot, where 𝑡 ∈ [0, 12], 𝑥 ∈ [−20, 20], and the spatial
discretization uses 1024 points. The time interval is similar to that in [48]. Fig. 3.7 shows the error as a function of the stepsize,
and Fig. 3.8 as compared to evaluations of 𝐵.
For the quantum dot, all the methods show their expected convergence orders. While the error for high-order Lawson multistep
methods is large for large stepsizes, the high order leads to the best efficiency for higher accuracies. Observe that while the
Suzuki splitting method is very accurate for a given stepsize, the computational effort necessary for each step is detrimental for
the efficiency. When the number of evaluations of 𝐵 is considered, the Adams–Lawson methods are the most favorable, again the
higher order multistep approach proves to be more efficient.
3.5. Efficiency of adaptive multistep methods for the helium atom
We next compare the different methods in a time-adaptive implementation for the computation of the helium atom, again for
𝑡 ∈ [0, 80], and 𝑥 ∈ [−256, 256] is discretized using 8192 Fourier modes. We adapt the time-step according to the standard strategy to
satisfy a local error tolerance, see for instance [51,52]. We here consider exponential multistep and Adams–Lawson methods only.
The reasons are the advantageous stability and convergence properties of the mentioned multistep methods.
We stress that the advantage of adaptive stepsize choice lies not only in the potential for increased efficiency when the smoothness
of the solution varies over time, but more importantly in the reliable control of the solution’s accuracy. Indeed, the computational
effort for the evaluation of the error estimate is not always compensated for by the optimal choice of the local stepsize. However, an
optimal equidistant stepsize cannot usually be guessed a priori, while adaptive stepsize selection automatically adapts the time-steps
such that the prescribed error tolerance is satisfied. Hence, the accuracy of the numerical approximation is reliably controlled.
9
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Fig. 3.5. Error by stepsize for the helium atom, MCTDHF with 𝑛 = 4.

Fig. 3.9 gives the error as a function of the number of evaluations of 𝐵 for helium approximated with 𝑛 = 4 for Adams–Lawson
methods of different orders, Fig. 3.10 gives the same information for exponential multistep methods. The methods of highest orders
7/8 no longer show a clear advantage over methods of orders 5/6 in all regimes of accuracy. This is to be attributed to a large
error constant for the higher-order schemes. Thus, the method of order 5/6 seems to be the best choice. For comparison, the results
are also shown for Lawson–Runge–Kutta and splitting methods on equidistant grids. Moreover, the multistep predictor/corrector
method of length 5 (final order 6) is also shown on equidistant grids for the purpose of comparison. We observe that adaptive
time-stepping with the same integrator shows comparable efficiency here, but provides reliable accuracy of the solution.
The exponential multistep methods show no systematic convergence behavior, which is commensurate with the observation that
they are not stable. However, adaptive stepsize selection can still ensure that the stepsize is decreased to such an extent that the
solution has acceptable accuracy. In the same stepsize regime, the Lawson and splitting methods are stable and show a systematic
behavior, and display a clear advantage even for constant stepsizes. We note that the integrators with constant stepsizes show order
reductions for very high accuracies, which is to be attributed to limitations in the accuracy related to the spatial resolution.
The attainable order in the time integration is influenced also by the spatial discretization error. This induces an unsystematic
error which for high accuracies manifests itself as an order reduction in the last refinement step.
10

W. Auzinger, I. Březinová, A. Grosz et al.

Journal of Computational Mathematics and Data Science 1 (2021) 100014

Fig. 3.6. Error by number of evaluations of 𝐵 for the helium atom, MCTDHF with 𝑛 = 4.

3.6. Efficiency of adaptive multistep methods for the quantum dot
We substantiate the comparisons of adaptive methods with additional results for the quantum dot, where as before 𝑡 ∈ [0, 12],
𝑥 ∈ [−20, 20], and 1024 Fourier modes are used. The observations on the properties of the methods are commensurate with those
made in Section 3.5 for the helium atom, compare Figs. 3.9 and 3.11, and Figs. 3.10 and 3.12, respectively.
3.7. Evolution of automatically chosen stepsizes
In this section, we illustrate the stepsizes chosen automatically based on the error estimators provided by Adams–Lawson
predictor/corrector methods. Fig. 3.13 shows the stepsizes chosen for several Lawson-multistep methods of different orders for
the helium atom when a local error tolerance of 10−5 is prescribed, Fig. 3.14 shows the same for the quantum dot. We observe
that stepsizes follow the smoothness of the energy functional, which serves as an indicator of the local solution smoothness.
Encouragingly, stepsizes decrease where the solution varies more rapidly, and increase when smoothness of the solution is restored.
Note that in the plots, the total energies computed by different numerical methods are graphically indistinguishable and obliterate
each other.
11
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Fig. 3.7. Error by stepsize for the quantum dot, MCTDHF with 𝑛 = 6.

The helium atom shown in Fig. 3.13, is solved for 𝑡 ∈ [0, 250] and 𝑥 ∈ [−512, 512] is discretized with 16384 Fourier modes. The
time interval is chosen as sufficiently large to observe that almost constant stepsizes are restored after the pulse subsides. We observe
that the chosen stepsizes are systematic, i.e., higher-order methods use larger time-steps, while the system is still at equilibrium.
However, in the presence of the laser pulse, higher-order schemes react more strongly to the unsmoothness and choose smaller
time-steps. We therefore stress that such an observation depends on the solution’s smoothness, in the presence of very unsmooth
data, lower order methods may be advantageous.
The same experiment is performed for the quantum dot for 𝑡 ∈ [0, 12], and 𝑥 ∈ [−20, 20] is discretized with 1024 Fourier modes,
see Fig. 3.14. At the extrema of the energy functional, the behavior of the automatically chosen stepsizes becomes unsystematic in
the sense that at some instances, higher-order schemes use smaller time steps. This seems to be related to stability issues, which
restrict the stepsizes of higher-order methods more tightly.
3.8. Runtimes
We substantiate our claim that computation time for our 1D MCTDHF calculations is proportional to the number of evaluations
of the nonlocal potential 𝐵. In Figs. 3.15 and 3.16 we show the error (as controlled by the prescribed tolerances) compared to
12
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Fig. 3.8. Error by number of evaluations of 𝐵 for the quantum dot, MCTDHF with 𝑛 = 6.

a precise reference solution as before associated with the number of evaluations of 𝐵 (represented by ‘∙’) and with required CPU
time (represented by ‘×’). The computations are performed for the quantum dot (3.2) on the time interval [0, 12]. To increase the
readability of the graphical representations below, we only investigate those methods that have been found to be stable in the
previous investigations henceforth.
In Fig. 3.15, the results for MCTDHF with 𝑛 = 6 are given, likewise in Fig. 3.16 for 𝑛 = 8. Note that the former is the same
experiment as in Fig. 3.12, and serves to demonstrate that the runtimes are indeed proportional to the number of evaluations of
𝐵. The earlier observation is corroborated that Adams–Lawson methods of higher order show the best performance. Moreover
it is seen that here adaptivity yields a gain in computational efficiency over equidistant time-stepping by the same integrator
(predictor/corrector multistep method of length 𝑘 + 1) in addition to the benefit of reliability explained earlier by also showing
the results for the same multistep methods on equidistant grids. Also, it is verified that as postulated, the computation time is
proportional to the number of evaluations of 𝐵. The same conclusion can be drawn for both numbers of configurations.
To corroborate this observation, we give the computation times for some representative computations for the quantum dot (3.2)
in Fig. 3.17, where 𝑛 = 8 is chosen in MCTDHF and the CPU time in seconds is shown in relation to the number of evaluations of
𝐵. We select some representative methods from each class for this illustration.
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Fig. 3.9. Error by number of evaluations of 𝐵 for helium, adaptive time-stepping, Adams–Lawson methods, MCTDHF with 𝑛 = 4.

Fig. 3.10. Error by number of evaluations of 𝐵 for helium, adaptive time-stepping, exponential multistep methods, MCTDHF with 𝑛 = 4.

3.9. Achieved accuracy
In this subsection, we investigate the reliability of the adaptively achieved accuracy as compared to the prescribed tolerance. In
Fig. 3.18, the ratio of achieved accuracy over prescribed tolerance is given for the helium atom for 𝑡 ∈ [0, 80] and 𝑥 ∈ [−256, 256]
discretized with 8192 Fourier modes, Fig. 3.19 shows the same for the quantum dot on 𝑡 ∈ [0, 12] and 𝑥 ∈ [−20, 20] using 1024
Fourier modes. We observe that the exponential multistep methods, which have previously been found to be unstable, are also
unreliable in this test, the tolerance is failed significantly.
The Lawson-type multistep methods are more reliable, the ratio is close to one, where it should be noted that the tolerance is
reached more reliably for higher-order methods. The same observation also applies to the exponential multistep methods. Generally
14
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Fig. 3.11. Error by number of evaluations of 𝐵 for the quantum dot, adaptive time-stepping, Adams–Lawson methods, MCTDHF with 𝑛 = 6.

Fig. 3.12. Error by number of evaluations of 𝐵 for the quantum dot, adaptive time-stepping, exponential multistep methods, MCTDHF with 𝑛 = 6.

we conclude from this experiment that high-order adaptive Adams–Lawson methods serve to reach a tolerance very reliably and
thus represent an efficient way to provide numerical solutions whose accuracy can be trusted.2
3.10. Tolerance-based stepsize variation
To illustrate the evolution of the stepsizes chosen automatically, we plot the stepsizes that are generated for different tolerances.
We use an Adams–Lawson method of order five. We observe that stepsizes very consistently decrease with stricter tolerances.
For helium presented in Fig. 3.20 and again solved for 𝑡 ∈ [0, 80] and 𝑥 ∈ [−256, 256] (discretized at 8192 points), we observe two
minima of stepsizes near the end of the integration interval for moderate tolerances. This seems to be related to a stability issue, as
2 Note the logarithmic scaling in Figs. 3.18 and 3.19. The value of the monitored ratio is in fact larger throughout for the helium atom. Since it cannot be
expected that local error control serves to control the global error exactly, the ratios which are of an order of magnitude up to 101 can be considered as reliable.
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Fig. 3.13. Adaptive stepsizes for the helium atom compared to the smoothness of the laser field and the energy functional, adaptive time-stepping, MCTDHF
with 𝑛 = 4, Adams–Lawson multistep methods of different orders. The prescribed error tolerance is 10−5 .

the stepsizes in the minima are the same for all tolerances where the phenomenon is observed. For stricter tolerances, stepsizes are
below these minima invariantly, so the phenomenon is not observed. For most of the time interval, an optimal stepsize is chosen
and kept more or less constant.
For the quantum dot, the spatial discretization is again based on 1024 Fourier modes on [−12, 12] and 𝑡 ∈ [0, 20]. This example
shows a stronger variation in the time-steps. This is due to the fact that for helium the laser field is weak until 𝑡 = 80, whereas it
is present from the start for the quantum dot. We observe in Fig. 3.21 that the choice of time-steps is consistent with the tolerance
requirements, but for moderate tolerances the behavior becomes unsystematic in the extrema of the energy functional. Evidently,
for moderate tolerances the stepsizes are too large to reflect reliable convergence behavior of the numerical approximation.
3.11. Convergence of the MCTDHF approximation
We demonstrate that our choice of the number of orbitals 𝑛 is meaningful, by comparing the approximations computed by the
adaptive Adams–Lawson four-step predictor/corrector method for different 𝑛 for (3.1) on the time interval 𝑡 ∈ [0, 12𝜋∕𝜔] (the spatial
discretization again uses 16384 points). We apply MCTDHF with 𝑛 = 2, 4, 6, 8, 10 and plot in Fig. 3.22 the total energies and the
external field E (𝑡) (top panel), the differences between the approximations for 𝑛 = 2, 𝑛 = 4, 𝑛 = 6 and 𝑛 = 8 and the solution for
𝑛 = 10 (middle panel) and the automatically chosen stepsizes (bottom panel) for tolerance 10−5 . We observe in the top panel that
the approximations of the energies approach the energy for 𝑁 = 10, for 𝑁 = 2 the energy deviates significantly, while the energies
computed for 𝑁 = 6 and 𝑁 = 8 are very close to that for 𝑁 = 10. This is emphasized in the logarithmic plot of the energy differences
in the middle panel. The bottom panel shows smaller step-sizes for larger 𝑁 while the dynamics are smooth, and a drastic reduction
in the timesteps for unsmooth dynamics, with the most significant effect for 𝑁 small.
4. Conclusions
We have investigated the performance of exponential integrators for the time integration of the equations of motion associated
with the MCTDHF equations for model problems in one spatial dimension. It was found that explicit Runge–Kutta methods, but
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Fig. 3.14. Adaptive stepsizes for the quantum dot (3.2) compared to the smoothness of the laser field and the energy functional, adaptive time-stepping, MCTDHF
with 𝑛 = 6, Adams–Lawson multistep methods of different orders. The prescribed error tolerance is 10−5 .

Fig. 3.15. Error by number of evaluations of 𝐵 (‘∙’) and by computation time (‘×’) for the quantum dot (3.2), adaptive time-stepping, Adams–Lawson methods,
MCTDHF with 𝑛 = 6. Adams–Lawson P/C methods and Krogstad method on equidistant grids given for comparison.
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Fig. 3.16. Error by number of evaluations of 𝐵 (‘∙’) and by computation time (‘×’) for the quantum dot (3.2), adaptive time-stepping, MCTDHF with 𝑛 = 8.
Adams–Lawson P/C methods and Krogstad method on equidistant grids given for comparison.

Fig. 3.17. Relationship between runtime and number of evaluations of 𝐵 for the quantum dot (3.2), MCTDHF with 𝑛 = 8.

also exponential multistep methods are unstable in the sense that they fail even to preserve the norm of the solution. Splitting
methods and exponential Runge–Kutta methods are stable, and so are Lawson Runge–Kutta methods. For Adams–Lawson multistep
methods this holds in general only when one corrector step is performed. For the stable integrators, the convergence order and
computational efficiency was investigated, where the latter compares the achieved accuracy with the number of evaluations of the
18
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Fig. 3.18. Ratio of the achieved error vs. the prescribed tolerance for the helium atom (3.1), MCTDHF with 𝑛 = 4.

Fig. 3.19. Ratio of the achieved error vs. the prescribed tolerance for the quantum dot (3.2), MCTDHF with 𝑛 = 6.

nonlocal potential terms, which in the present setting induces a large computational effort. The stable methods show their expected
convergence orders, and high-order multistep methods are most efficient for very high demands on the solution accuracy.
Adaptive choice of the time-steps may increase the computational efficiency, but foremostly it guarantees that a prescribed
tolerance is achieved reliably, without the necessity of guessing appropriate stepsizes a priori, and at moderate additional cost.
Indeed, the achieved accuracy corresponds well with the prescribed requirement in the case of Lawson multistep methods, and the
automatically chosen stepsizes reflect the solution’s local smoothness.
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Fig. 3.20. Variation of stepsizes for several prescribed tolerances for the helium atom (3.1), MCTDHF with 𝑛 = 4.

Fig. 3.21. Variation of stepsizes for several prescribed tolerances for the quantum dot (3.2), MCTDHF with 𝑛 = 6.
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Fig. 3.22. MCTDHF with 𝑛 = 2, 4, 6, 8, 10 applied to (3.1). Total energies and the external field E (𝑡) (top panel), the differences between these approximations
(middle panel) and the automatically chosen stepsizes (bottom panel), computed with Adams–Lawson four-step adaptive method.
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