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In the study of correlated systems, approximations based on the dynamical mean-field theory (DMFT) provide
a practical way to take local vertex corrections into account, which capture, respectively, particle-particle
screening at weak coupling and the formation of the local moment at strong coupling. We show that in both
limits the local vertex corrections can be efficiently parametrized in terms of single-boson exchange, such that the
two-particle physics described by DMFT and its diagrammatic extensions is recovered to good approximation
and at a reduced computational cost. Our investigation highlights the importance of the frequency-dependent
fermion-boson coupling (Hedin vertex) for local vertex corrections. Namely, at weak coupling the fermion–
spin-boson coupling suppresses the Néel temperature of the DMFT approximation compared with the static
mean field, whereas for large interaction it facilitates a huge enhancement of local spin-fluctuation exchange,
giving rise to the effective-exchange energy scale 4t2/U . We find that parametrizations of the vertex which
neglect the nontrivial part of the fermion-boson coupling fail qualitatively at strong coupling.
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I. INTRODUCTION

Two-particle electronic correlations provide an essential
and complementary viewpoint on correlated systems [1]. For
example, the calculation of susceptibilities greatly simpli-
fies the study of second-order phase transitions compared
with calculations on the one-particle level, which require the
introduction of complicated unit cells and conjugate fields
[2–5]. Furthermore, in a great variety of perturbative many-
body techniques the electronic self-energy is given as a set
of vertex diagrams, so that in effect two-particle quantities
need to be evaluated before one obtains information about
the one-particle correlations [6]. In fact, even the celebrated
Fermi liquid theory is at its core defined through two-particle
scattering amplitudes, the Landau parameters [7–10].

However, two problems are often encountered in the
study of two-particle correlations. First, even in case of sim-
ple systems, it is exceedingly difficult to compute or even
only memorize [11] on present-day computing devices the
complete two-particle information, as represented by the four-
point vertex function. Second, a clear organizing principle for
two-particle correlations is often missing, which would allow
one to decode the physics encapsulated in the vertex function.

Here, we would like to put forth the notion, and demon-
strate in practice on a particular example, that the two
mentioned problems are in fact related: When the two-particle
correlations are organized in a way that mirrors the key
physics at play, the computational effort can be reduced, or
one can more easily define suitable approximations which
achieve this goal.

We derive this guiding theme from both established and
recently introduced (partial) bosonizations of the vertex
function [12–14]. Namely, in the context of the functional
renormalization group (fRG) [15,16] the vertex is often de-
composed into various channels [17–24] or parametrized in
terms of bosonic fluctuations and their (Yukawa) coupling to
fermions [25–28]. In particular, the latter procedure provides,
simultaneously, and in accord with the guiding theme of this
work, (i) an organizing principle for two-particle correlations
and (ii) a reduction in the computational effort. This is be-
cause, on the one hand, the bosonic propagators and Yukawa
couplings have a transparent physical interpretation, and, on
the other hand, they can be computed and stored more easily
than a genuine four-point vertex.

In this context, it can be shown under very general assump-
tions [29] that vertex diagrams have special properties when
they are reducible with respect to the interaction. Namely,
interaction-reducible diagrams give rise to the high-frequency
asymptotics of the vertex function [22], and in the case
of a lattice model, they carry crucial information about its
dependence on the momenta [30–32]. In the single-boson
exchange (SBE) decomposition [33] the vertex diagrams
are grouped into three interaction-reducible classes and one
irreducible class. Each reducible class corresponds to the
exchange of a single boson, and the irreducible class repre-
sents multiple-boson exchange [30,31]. In this formalism the
bosons and Yukawa couplings can be identified, respectively,
as the screened interaction and the Hedin three-leg vertex of
the GW γ theory [34]. In this way, the SBE decomposition
provides a conceptual link between Hedin’s equations [31],
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FIG. 1. Top: Symbolic representation of the SBE approximation.
Wiggly lines and triangles represent the screened interaction w and
the Hedin vertices λ, respectively. The w approximation corresponds
to setting |λ| = 1. Arrows denote the impurity Green’s function
g; prefactors, flavor labels, and a double counting correction are
omitted. Bottom: The nonlocal Bethe-Salpeter equation constructs
the lattice vertex function F from impurity vertex f and nonlocal
propagator G̃ (double arrows).

vertex asymptotics [22], partial bosonizations [14,35–37], and
the parquet approach [38–40].

Here, we apply this general framework to a specific
problem, namely, the calculation of two-particle correlation
functions within dynamical mean-field theory (DMFT) [41]
and its diagrammatic extensions [6]. These methods rely on
the solution of an auxiliary Anderson impurity model (AIM)
which provides the local correlations nonperturbatively. Here,
the computationally most expensive step is in general the eval-
uation of the local vertex function f (ν, ν ′, ω) of the impurity
model, for example, using continuous-time quantum Monte
Carlo (CTQMC) algorithms [42], due to its dependence on
one bosonic (ω) and two fermionic (ν, ν ′) Matsubara frequen-
cies. This step is especially expensive in multiorbital settings,
where the calculation of a single vertex function may require
hundreds of thousands of core hours [43], raising questions re-
garding the feasibility of frequent calculations and parameter
scans.

We address this problem in the spirit of the discussed
strategy, first, to find a useful organizing principle for the
two-particle correlations and, second, to define a cheap ap-
proximation for the impurity vertex function based on this
insight. To this end, we employ the approximation for the
impurity vertex sketched in the top panel of Fig. 1, where
the vertex is parametrized in terms of the screened interac-
tion (wiggly lines) and the Hedin vertex (triangles), which
are computationally cheap to obtain. On the other hand,
the approximation neglects a residual (interaction-irreducible)
four-point vertex “ϕUirr,” whose calculation is computation-
ally expensive.

In the following, we show that this “SBE approximation” is
sufficient in the sense that it recovers the two-particle physics
described by DMFT and its extensions at both weak and
strong coupling. However, we also show that it is neces-
sary to keep this much information about the impurity vertex
function. In particular, the nontrivial (interacting) part of the
Hedin vertex should not be neglected, because it leads to
qualitatively wrong results at strong coupling. In this limit,
parametrizations based only on the screened interaction or
on vertex asymptotics fail. In the latter case, we show that

this can be related to qualitative differences in the frequency
structure of the residual vertices (also called rest functions
[22]) of, respectively, the SBE decomposition and the vertex
asymptotics.

For concreteness, we consider the paramagnetic Hubbard
model on the square lattice at half filling,

H = −
∑

〈i j〉σ
ti jc

†
iσ c jσ + U

∑

i

ni↑ni↓, (1)

where ti j denotes the hopping between nearest neighbors i and
j and its absolute value t = 1 sets the unit of energy. c, c†

are the annihilation and creation operators with the spin index
σ =↑,↓. The Coulomb repulsion between the densities nσ =
c†
σ cσ is denoted by U .

II. LOCAL VERTEX CORRECTIONS

In DMFT [41] the Hubbard model (1) is mapped to the
auxiliary AIM with the action

SAIM = −
∑

νσ

c∗
νσ (ıν + μ − �ν )cνσ + U

∑

ω

n↑ωn↓ω, (2)

where c and c∗ are Grassmann numbers and ν and ω are
fermionic and bosonic Matsubara frequencies, respectively.
Half filling is implied by setting the chemical potential to
μ = U

2 to enforce particle-hole symmetry. Summations over
Matsubara frequencies ν, ω contain implicitly the factor T , the
temperature. The DMFT hybridization function �ν is fixed
by the self-consistency condition, Gii(ν) = g(ν), for the local
Green’s function Gii of the Hubbard model (1) and the Green’s
function of the impurity model (2), gσ (ν) = −〈cνσ c∗

νσ 〉. The
label σ is suppressed where unambiguous.

In the DMFT approximation the nonlocal two-particle
correlations arise from a Bethe-Salpeter equation with local
vertex corrections [41,44]. In the equivalent dual fermion
formulation [45–47] one avoids the (particle-hole) irreducible
vertex and instead builds the vertex corrections from the full
vertex function f of the AIM (2) (cf. Fig. 1, bottom),

Fα
νν ′ (q) = f α

νν ′ω +
∑

ν ′′
f α
νν ′′ωX̃ 0

ν ′′ (q)Fα
ν ′′ν ′ (q). (3)

Here, X̃ 0
ν (q) = ∑

k G̃kG̃k+q is a bubble of nonlocal propa-
gators G̃, where k = (k, ν), q = (q, ω), and the summation
over the momentum k implies division by the number of
lattice sites N . For the precise definition of the impurity ver-
tex function f , see Appendix. At the DMFT level, G̃ = G,
where Gk ≡ Gk − gν is the nonlocal DMFT Green’s function,
whereas in the dual fermion approach G̃ is further dressed
with a self-energy [45], G̃−1

k = G−1
k − 
̃k . In the following,

Eq. (3) serves as a generic starting point to evaluate the two-
particle correlations within DMFT (
̃ = 0) and in the ladder
dual fermion approach (LDFA [48]; with 
̃ given as described
further below).

In our applications we evaluate Eq. (3) with a physical
cutoff νmax = 45t for the fermionic Matsubara frequen-
cies νn, that is, a variable grid with −	νmax/(2πT )
 − 1 �
n � 	νmax/(2πT )
, and similarly 0 � m � 	νmax/(πT )
 for
bosonic frequencies ωm. The lattice size is 64 × 64.
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III. VERTEX PARAMETRIZATIONS

The Bethe-Salpeter equation (3) above requires the local
vertex function f of the AIM (2) as an input. In this paper
we focus on the two-particle level of DMFT and on the
LDFA; however, this requirement is quite general. Indeed,
all diagrammatic extensions of DMFT [6] which take local
four-point vertex corrections into account require, by con-
struction, knowledge of f . However, this is connected with the
calculation of the four-point correlation function of the AIM,

f α (ν, ν ′, ω) ∝
∑

σi

sα
σ ′

1σ1
sα
σ ′

2σ2

〈
cνσ1

c∗
ν+ω,σ ′

1
cν ′+ω,σ2

c∗
ν ′σ ′

2

〉
,

where sα are the Pauli matrices (α = ch or α = x, y, z ≡ sp)
and 〈· · · 〉 denotes an impurity average; see also Appendix.

Previously, this correlation function has been calculated
using a variety of different methods, for example, full exact
diagonalization (ED) [44], Lanczos ED [49], CTQMC, and,
very recently, the numerical renormalization group (NRG)
[50,51]. All these methods have in common that the evaluation
of f is computationally expensive; in fact, at the present stage
only CTQMC solvers are applicable in multiorbital settings
[52,53]. To alleviate this problem, we investigate, in the fol-
lowing, approximations for the impurity vertex function f ,
which do not require the calculation of the four-point corre-
lation function of the AIM. A suitable approximation should
recover the two-particle physics described by DMFT and its
extensions, if not quantitatively, at least qualitatively.

To this end, we make use of the fact that the vertex f can
be decomposed into single-boson exchange (SBE) diagrams
and a residual four-fermion vertex [33],

f α
νν ′ω = ϕUirr,α

νν ′ω + ∇SBE,α
νν ′ω . (4)

Only the residual vertex ϕUirr is intrinsically a four-point quan-
tity, whereas the single-boson exchange can be constructed
from the screened interaction wα (ω) and the Hedin vertex
λα (ν, ω) of the AIM, where α = ch, sp, s denotes the charge,
spin, or singlet flavor.

The measurement of these quantities requires many fewer
computational resources than the measurement of the four-
point vertex because they can be expressed, respectively, in
terms of two- and three-point correlation functions of the AIM
(cf. Appendix) [54],

wα
ω ∝〈ρα

−ωρα
ω〉, λα

ν,ω ∝
∑

σσ ′
sα
σ ′σ 〈cνσ c∗

ν+ωσ ′ρ
α
ω〉,

ws
ω ∝〈ρ+

−ωρ−
ω 〉, λs

ν,ω ∝ 〈cν↑cω−ν,↓ρ+
ω 〉,

where in the first line α = ch, sp and ρch = n↑ + n↓ and ρsp =
n↑ − n↓ are the charge and spin densities; in the second line,
ρ+ = c∗

↑c∗
↓ and ρ− = c↓c↑ describe creation and annihilation

of electron pairs, respectively.
In terms of w and λ the SBE diagrams ∇SBE in Eq. (4)

are given as the sum of three SBE contributions and a double
counting correction 2U ; for α = ch, sp it reads

∇SBE,α
νν ′ω = ∇ ph,α

νν ′ω + ∇ ph,α

νν ′ω + ∇ pp,α
νν ′,ω+ν+ν ′ − 2U α, (5)

where U ch = +U , U sp = −U is the bare interaction in the
respective channel and the ∇’s are defined as

∇ ph,α

νν ′ω = λα
νωwα

ωλα
ν ′ω, (6a)

∇ ph,α

νν ′ω = − 1

2
∇ ph,ch

ν,ν+ω,ν ′−ν − 3−4δα,sp

2
∇ ph,sp

ν,ν+ω,ν ′−ν, (6b)

∇ pp,α
νν ′ω = 1 − 2δα,sp

2
λs

νωws
ωλs

ν ′ω. (6c)

In the following we investigate parametrizations of the
impurity vertex function based on SBE diagrams, where we
test the following three approximations:

(i) In the “SBE approximation” [33] we keep the diagrams
shown symbolically in the top panel of Fig. 1,

f α
νν ′ω ≈ ∇SBE,α

νν ′ω . (7)

The organizing principle here is to parametrize the vertex in
terms of bosonic fluctuations w(ω) and their coupling λ(ν, ω)
to the fermions.

(ii) The “w approximation” is similar to the SBE approx-
imation, but we simplify also the fermion-boson couplings,
setting λch/sp = 1 and λs = −1. As a result, this approxi-
mation requires only knowledge of the screened interaction
w(ω). Here, the organizing principle is to parametrize the
vertex in terms of bosonic fluctuations only. Similar approxi-
mations were introduced in Refs. [55–57].

(iii) In the “asymptotic approximation” the vertex f is
parametrized based on its asymptotic value when one or mul-
tiple frequencies [58] are large [22]. To be unbiased with
respect to the limit that is taken, the asymptotic expressions
are combined so that the correct vertex asymptote is recov-
ered in each limit [57]. The asymptotic approximation can be
obtained from the SBE approximation by replacing

∇α
νν ′ω =λα

νωwα
ωλα

ν ′ω

≈λα
νωwα

ω(±1) + (±1)wα
ωλα

ν ′ω − wα
ω, (8)

where + corresponds to α = ch, sp and − corresponds to α =
s, and inserting into Eq. (7) using Eqs. (5) and (6a)–(6c). The
organizing principle here is, of course, to recover the vertex
asymptotically. Since the asymptotic approximation can be
derived from the SBE approximation, they become equivalent
at high frequencies. This parametrization is used frequently in
fRG schemes, combined with a more elaborate treatment of
the corresponding rest function [22].

The three approximations defined above all have in com-
mon that they do not require the four-point vertex f of the
AIM. The w approximation requires even only the screened
interaction as an input and is therefore computationally very
cheap. This is motivated by the fact that the asymptotic value
of the Hedin vertex is unity,

lim
|ν|→∞

λch/sp
νω = 1, lim

|ν|→∞
λs

νω = −1. (9)

Therefore the asymptotic approximation lies in between the
SBE approximation and the w approximation; because of the
two fermion-boson couplings λ, one is kept and the other is
set to its asymptotic value [cf. Eq. (8)].
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FIG. 2. Néel temperature of the half-filled Hubbard model (1) in various approximations (see text). A dashed curve indicates 4t2/U = T ;
orange crosses show points where J = T , with the effective exchange J calculated from Eq. (11). Insets: Local fermion–spin-boson coupling
of the self-consistent AIM corresponding to the indicated (U, T ) in the main panel.

IV. DMFT: PHASE DIAGRAM

To benchmark the three approximations defined in the pre-
vious section, we first calculate the antiferromagnetic phase
boundary of the Hubbard model (1).

In fact, in two dimensions this phase transition is forbid-
den by the Mermin-Wagner theorem. Nevertheless, the phase
boundary predicted by DMFT is a useful indicator for the
region of the phase diagram with strong spin fluctuations [6].
Furthermore, it has been shown in various studies that even
below the critical temperature of DMFT, both the paramag-
netic and the ordered DMFT solutions capture remarkably
well many aspects of the phases that can be realized in accord
with the Mermin-Wagner theorem or in the experiment. This
includes local observables [59], the effective exchange J at
strong coupling [60–62], commensurate and incommensurate
spin-density waves out of half filling [63], Fermi surface re-
construction [64], and even stripe order [65]. It is therefore of
vital interest to gain insight into the mechanism of the Néel
order predicted by DMFT and to identify its key ingredients
[66].

Figure 2 shows the various phase boundaries obtained
from the random phase approximation (RPA, blue curve) and
DMFT, where the green curve is obtained from the leading
eigenvalue of the Bethe-Salpeter kernel [cf. Eq. (3)],

∑

ν ′′
f sp
νν ′′ω=0X̃ 0

ν ′′ (q = (π, π ), ω = 0), (10)

where X̃ 0 is the nonlocal bubble defined below Eq. (3) (with

̃ = 0). At the phase transition the leading eigenvalue ap-
proaches unity. Note that here f still corresponds to the
numerically exact four-point vertex of the self-consistent AIM
(2).

Comparison of DMFT and RPA at weak coupling high-
lights the fact that, in two dimensions, the exponential Néel

temperature ∝exp(−2π
√

t/U ) of the RPA is nowhere quanti-
tatively predictive of the onset of strong spin fluctuations. This
is instead the case for DMFT, which includes an important
vertex correction due to particle-particle (Kanamori) screen-
ing, leading to renormalization of the exponent [67–70]. It has
been emphasized that this vertex correction is included in the
fermion–spin-boson coupling [30,31,71]. For large U � 12
the Néel temperature of DMFT inflects towards its strong-
coupling asymptote 4t2/U (dashed curve) [41].

Next, we apply the parametrizations of the local vertex
corrections defined in the previous section and estimate the
leading eigenvalue of the Bethe-Salpeter kernel (10) using
the corresponding approximation for the impurity vertex f .
First, using the w approximation, we obtain the black curve
in Fig. 2. Apparently, this approximation deviates from the
original DMFT curve already at weak coupling and fails
qualitatively at strong coupling; in fact, its Néel temperature
drops sharply already at intermediate U . Second, we consider
the asymptotic approximation represented by the purple curve
in Fig. 2. This approximation agrees well with the original
DMFT phase boundary for weak coupling. However, at inter-
mediate coupling the Néel temperature drops similarly to the
w approximation and shows an inflection point near U/t ≈ 9
that connects to a strong-coupling asymptote ∝ 1/U with a
coefficient different from 4t2. Finally, the red curve shows the
SBE approximation, which is quantitatively accurate both in
the weak- and strong-coupling limits and agrees qualitatively
with the original DMFT curve throughout the phase diagram.
In terms of quantitative accuracy the asymptotic approxima-
tion lies closer to DMFT for weak to intermediate couplings,
which seems to be a result of its overall smaller Néel temper-
ature compared with the SBE approximation.

As shown in Ref. [33], the SBE approximation can be
justified in the weak-coupling limit [72] because it recovers
all diagrams for f up to order O(U 3). However, the agreement
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with the full DMFT solution at strong coupling requires fur-
ther explanation. Indeed, it has been shown for the ordered
[61] and for the paramagnetic [62] DMFT solution that at
strong coupling it is sufficient to approximate f sp ≈ ∇ ph,sp,
where ∇ ph,sp is defined in Eq. (6a). In the top panel of Fig. 1
this corresponds to keeping only the first diagram on the right-
hand side. Using this approximation, the effective exchange is
given as [62]

J = 2t2

(π sp
ω=0)2

∑

ν

λ
sp
ν,ω=0(gν )4λ

sp
ν,ω=0, (11)

where π sp is the spin polarization of the impurity. As shown in
Ref. [62], for large U this expression approaches 4t2/U (see
orange crosses in Fig. 2). Since ∇ ph corresponds to a subset
of the SBE diagrams, the SBE approximation also recovers
the effective exchange in this limit. Importantly, the Hedin
vertex λsp makes a large contribution to Eq. (11), and hence
approximations may fail to recover the energy scale J when
λsp is set to 1 in some place, as is confirmed by the results
shown in Fig. 2.

Notice that while the SBE approximation recovers the
strong-coupling limit exactly, this does not imply that the
residual vertex ϕUirr,sp is small. Instead, at strong coupling
the DMFT Green’s function turns insulating, suppressing con-
tributions of the residual vertex [9,62].

We will now analyze and explain in detail the behavior
of the different approximations, where we rely on the useful
insights of Ref. [66] into the role of different fluctuations in
the DMFT’s Néel temperature. We begin by comparing the
SBE approximation (red curve) with the w approximation
(black curve), whose difference is particularly transparent on a
formal level: The SBE approximation in the top panel of Fig. 1
retains the Hedin vertices, but they are set to ±1 in the w ap-
proximation. Hence, remarkably, the Hedin vertices make all
the difference between the red and the black curves in Fig. 2.
This is even more surprising considering the fact that the SBE
approximation is composed of the same basic fluctuations as
the w approximation (wch,wsp,ws), and therefore the Hedin
vertices can only emphasize or suppress contributions of fluc-
tuations that are already included in the w approximation,
nevertheless leading to the substantial differences between the
two approximations.

As seems natural, we find that the key difference between
the Néel temperatures of the w and SBE approximations
originates in their different emphasis of the spin fluctuations
represented by wsp. It is shown in Ref. [66] that the contri-
bution of spin fluctuations to the impurity vertex f works to
enhance the Néel temperature of DMFT. Therefore, in order
to get from the black curve in Fig. 2 to the red curve, the
fermion–spin-boson coupling λsp(ν, ω = 0) needs to slightly
suppress the contribution of spin fluctuations at weak coupling
[73] and hugely enhance it in the strong-coupling limit. This
quantity is shown in the insets of Fig. 2 for three pairs (U, T ).
Indeed, at weak coupling, λsp(ν, ω = 0) is suppressed due to
the Kanamori screening [30], while at strong coupling it is
enhanced by multiple times its noninteracting value 1; in both
cases these features are localized at small frequencies. In fact,
in the deeply insulating regime, λsp grows without limit; for

FIG. 3. Static homogeneous charge (left) and spin (right) suscep-
tibility. Lines show the DMFT result, and symbols denote the SBE
approximation.

example, for U/t = 11, T/t ≈ 0.2, values as large as 25 were
observed [74].

Finally, this comparison also explains the behavior of the
asymptotic approximation for strong coupling, which lies in
the middle between the other two approximations (compare
black, purple, and red curves in Fig. 2). This is the case
because compared with the w approximation, only one of the
Hedin vertices λsp(ν, ω = 0) is set to 1 [cf. Eq. (8)] and thus
the effect of this truncation is alleviated. However, as Fig. 2
and Eq. (11) underline, the effective exchange J is mediated
by both Hedin vertices [62], and thus also the asymptotic
approximation eventually fails at strong coupling.

V. DMFT: SUSCEPTIBILITIES

As a further benchmark we calculate the DMFT sus-
ceptibility using the vertex F [75] obtained from the
Bethe-Salpeter equation (3),

X α (q) =
∑

ν

X 0
ν (q) +

∑

νν ′
X 0

ν (q)Fα
νν ′ (q)X 0

ν ′ (q). (12)

Here, X 0
ν (q) = ∑

k GkGk+q denotes a bubble of DMFT
Green’s functions.

We evaluate the static homogeneous charge susceptibility
X ch(q = 0, ω = 0) = − dn

dμ
and spin susceptibility X sp(q =

0, ω = 0) = − dm
dh and compare the SBE approximation with

the full DMFT solution (for simplicity we do not consider
here the w and asymptotic approximations). The result is
shown in Fig. 3, showing excellent agreement over a wide
range of temperatures and interactions, regardless of whether
the DMFT solution describes a good or bad metal or a Mott
insulating phase. The largest absolute deviations occur in the
spin channel for intermediate U/t ≈ 8. Actually, the relative
deviations in the charge channel are similar, but the charge
susceptibility is vanishingly small in this case.

Using the SBE approximation, we also confirm qualitative
agreement of the momentum dependence with the DMFT so-
lution in the most delicate coupling regime U/t = 8. Figure 4
shows −X ch/sp(q, ω = 0) for q on the high-symmetry path.
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FIG. 4. Static charge (top) and spin (bottom) susceptibility for
U/t = 8 as a function of momentum q.

−X ch is shown at a low temperature, where the DMFT solu-
tion corresponds to a strongly correlated Fermi liquid (cf. also
the left panel of Fig. 3). The spin susceptibility was computed
slightly above the Néel temperature of the SBE approxima-
tion, showing a sizable quantitative difference compared with
DMFT but qualitatively correct momentum dependence. Of
course, since the SBE approximation has a different Néel
temperature compared with DMFT, the quantitative difference
can be arbitrarily large near this point.

VI. LDFA: PSEUDOGAP AT WEAK COUPLING

As our last benchmark, we use the SBE approximation
to evaluate the momentum-dependent self-energy within the
ladder dual fermion approach (LDFA). We calculate the dual
self-energy 
̃ via the Schwinger-Dyson equation in the fol-
lowing form [76]:


̃(k) = −
∑

k′
f ch
νν ′,ω=0G̃(k′)

+ 1

4

∑

q

G̃(k + q)[V ch
νν ′ (q) + 3V sp

νν ′ (q)], (13)

where V α is defined as

V α
νν ′ (q) =

∑

ν ′′
f α
νν ′′ωX̃ 0

ν ′′ (q)[2Fα
ν ′′ν ′ (q) − f α

ν ′′ν ′ω]. (14)

Note that here G̃(k) denotes the dual Green’s functions
dressed with the dual self-energy 
̃. At the end of the
calculation the lattice self-energy is obtained using the re-
lation 
latt

k = 
ν + 
̃k (1 + gν
̃k )−1, where 
ν is the local
self-energy of the AIM [77]. As we are interested in the low-
energy behavior of the self-energy we use a physical cutoff
νmax = 15t for improved performance.

FIG. 5. Top: Imaginary part of the LDFA self-energy obtained
for U/t = 2 with the temperature above and below TPG (see text).
Circles (squares) show the nodal (N) [antinodal (AN)] points. Open
symbols correspond to LDFA, and solid symbols show LDFA using
the SBE approximation for the impurity vertex. Black dashed lines
show the DiagMC result of Ref. [59] for T/t = 0.065. Bottom:
LDFA and LDFA + SBE self-energy at intermediate coupling.

We apply the LDFA to the Hubbard model (1) at weak
coupling U/t = 2; this regime was recently investigated
in Ref. [59] using diagrammatic Monte Carlo (DiagMC)
[78]. The top panel of Fig. 5 shows the LDFA result for

latt(kN/kAN, ν) (open symbols), where kN = ( π

2 , π
2 ) and

kAN = (π, 0) correspond to the nodal and antinodal points, re-
spectively. The LDFA captures the opening of the pseudogap
at a temperature TPG ≈ 0.059t , which lies below the numer-
ically exact value of 0.065t (see Ref. [59] and black dashed
lines in Fig. 5). To achieve a better quantitative agreement
with DiagMC, parquet diagrams need to be taken into account
[32]. The top panel of Fig. 5 also shows the LDFA result when
the SBE approximation is used for the impurity vertex f (solid
symbols), in quantitative agreement with the original LDFA.
Hence the SBE approximation recovers signature physics also
of diagrammatic extensions of DMFT [6].

VII. LDFA: INTERMEDIATE COUPLING

We benchmark the combination of the LDFA and SBE
approximation also for U/t = 8 and T/t = 0.4. The bot-
tom panels of Fig. 5 show a reasonable agreement of the
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FIG. 6. Relative standard deviation of indicated matrix elements
of three- and four-leg vertices λ and f , respectively, as functions of
the measurement time using 192 CPUs.

self-energy at node and antinode, which are both insulating in
this regime. Interestingly, we observe that the leading eigen-
value of the matrix (10) is larger for LDFA + SBE (λmax ≈
0.81) compared with LDFA (λmax ≈ 0.75), while the absolute
value of the self-energy is smaller. This implies a nontrivial
relationship between the frequency structure of the impurity
vertex and the feedback on the self-energy. This is not ob-
vious from comparison of LDFA self-energies at different
temperatures, where it may appear that the feedback is mainly
controlled by the leading eigenvalue.

However, let us note that the essential physics of the
Hubbard model in this interaction regime corresponds to lo-
calized spins interacting via the effective exchange. Hence
it is plausible that the mere self-consistent feedback of spin
fluctuations on the electronic self-energy captured by the lad-
der approximation is not the salient physical effect, but that
instead self-renormalization of (i.e., interaction between) spin
fluctuations should be taken into account; see, e.g., Ref. [79].
This requires more sophisticated diagrammatic resummation
schemes, such as parquet diagrams [32,80,81].

VIII. COMPUTATIONAL COST

The SBE approximation depicted in Fig. 1 avoids the mea-
surement of the four-point vertex function f (ν, ν ′, ω), which
is the computationally most demanding task in calculations of
the DMFT susceptibility and in ladder extensions of DMFT
[43]. The measurement of the three-leg vertices λ(ν, ω) is
cheaper; however, the reduction in computational cost de-
pends on details of the implementation, on the autocorrelation
time that is specific both to the observable and to the physical
regime, and on the method of measurement (e.g., segment or
worm sampling). Figure 6 provides an illustrative example of
a DMFT calculation at U/t = 8, T/t = 0.1, where f ch/sp and
λch/sp were measured on 142 fermionic and 142 bosonic fre-
quencies using the segment solver with improved estimators
presented in Refs. [52,82]. We used 192 CPUs for the mea-
surements. Figure 6 shows the relative standard deviations of

TABLE I. Size of three- and four-leg vertices λ and f for 142
fermionic and bosonic frequencies. The first row shows the single-
band case with SU(2) symmetry, and the second and third rows
correspond to a three-orbital Hubbard-Kanamori model. Values are
given in megabytes.

λ f

One orbital + SU(2) 2.13 92.7
Three orbitals + SU(2) 44.73 1946.7
Three orbitals without SU(2) 134.19 5840.1

f (ν0, ν0, ω0), f (ν10, ν0, ω0), λ(ν0, ω0), and λ(ν10, ω0) against
the total measurement time in minutes. Apparently, in this
setup, obtaining f and λ to similar accuracy requires roughly
a one hundred times longer measurement time for f .

Furthermore, the SBE approximation also preserves mem-
ory and disk space. The first row of Table I shows the size
of λ and f calculated above, corresponding to the single-
band Hubbard model (1). The second and third rows indicate
corresponding sizes for a three-orbital Hubbard-Kanamori
Hamiltonian either with or without SU(2) symmetry [43,53].
Notice that the “λ” column corresponds to the particle-hole
quantities λch/sp [cf. Appendix, Eq. (A4)]. The singlet ver-
tex λs [cf. Eq. (A5)] is of similar size, and furthermore, the
multiorbital case requires in general also the measurement of
a triplet component (it vanishes in the single-band case due to
the Pauli principle), which needs to be taken into account in
the derivation of the SBE decomposition [33].

IX. PROPERTIES OF THE RESIDUAL VERTEX

The benchmarks in the previous sections confirm that
the SBE approximation recovers the two-particle physics of
DMFT and its diagrammatic extensions from weak to strong
coupling quantitatively. While at strong coupling an analyti-
cal argument favors the SBE approximation over the w and
asymptotic approximations, one may still doubt whether it is
preferable in general.

In this section we provide numerical evidence that, for the
purpose of a parametrization of the vertex, the organizing
principle of the SBE approximation should be favored over
that of the asymptotic approximation: At all energy scales,
the local vertex corrections should be parametrized through
bosonic fluctuations and their coupling to the fermions, rather
than through a combination of asymptotic expressions [83].
To show this, we compute the residual vertices (rest func-
tions) of, respectively, the SBE decomposition and the vertex
asymptotics and compare them at small frequencies.

The residual vertex ϕUirr of the SBE decomposition is
defined as the set of vertex diagrams which do not contain
insertions of the bare interaction U [33]. On the other hand,
we refer to the residual vertex of the vertex asymptotics as
ϕas. To get at a clearer picture of what ϕas is, we pinpoint
the difference between it and ϕUirr as follows. First, we recall
that the asymptotic approximation can be obtained from the
SBE approximation by combining different high-frequency
limits of the SBE diagrams as in Eq. (8). Let us determine
explicitly what is neglected in the asymptotic approximation,
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FIG. 7. Top: Local fermion–spin-boson coupling (ω = 0) corre-
sponding to DMFT calculations at U/t = 4 (left) and U/t = 8 (right)
for various temperatures. Bottom: Screened interaction for the same
parameters.

for example, looking at ∇ ph defined in Eq. (6a) [α = ch, sp],

∇ ph,α

νν ′ω = λα
νωwα

ωλα
ν ′ω

= λα
νωwα

ω + wα
ωλα

ν ′ω − wα
ω

+ (λα
νω − 1)wα

ω(λα
ν ′ω − 1).

In the asymptotic approximation the term in the last line is
neglected (that is, absorbed into ϕas). Similar terms arise from
taking the asymptotic limits of ∇ ph and of ∇ pp. As a result, the
difference between the residual vertices ϕUirr and ϕas is that
the latter contains remainders of the form R = (λ ∓ 1)w(λ ∓
1). They correspond to the boson w coupled to fermions
only via the nontrivial (interacting) part of the fermion-boson
coupling λ. In the following we evaluate ϕUirr and ϕas in a
nontrivial parameter regime and pay special attention to the
behavior of the remainders R.

As the testing ground we choose U/t = 8 and perform
DMFT calculations at temperatures T/t = 0.5, 0.4, 0.2, 0.1,
and 0.05. This sequence is interesting in DMFT because at
high temperature the self-consistent AIM exhibits a local
moment, but it crosses over into a Fermi liquid at low temper-
ature. This change manifests itself in the impurity correlation
functions, as can be observed in the right panels of Fig. 7,

which show the Hedin vertex λsp(ν, ω = 0) and the screened
interaction w(ω).

The former shows a strong enhancement in the local
moment regime at high temperature and a similar strong sup-
pression in the Fermi liquid at low temperature. Actually, this
is comparable to the sequence of Hedin vertices shown in the
insets of Fig. 2, where the interaction was changed to switch
between the two regimes. In the present case, however, it is the
peculiar temperature dependence of the DMFT approximation
that drives the crossover. The latter can also be observed
in the static screened interaction wsp(ω = 0), which roughly
doubles going from T/t = 0.4 to T/t = 0.2, consistent with
a local moment ∝ β, whereas at low temperature the increase
in wsp(ω = 0) is markedly slower. On the other hand, wch is
tiny in comparison, and hence we can ignore this quantity (and
λch) in the following [84].

To fully characterize the setting, let us also compare a
case of weaker coupling, U/t = 4, shown in the left panels of
Fig. 7. In this case, λsp(ν, ω = 0) does not show an enhance-
ment at high temperature. Interestingly, the comparison with
the right panels suggests that the screening of fermions from
spin fluctuations, mediated by a suppression of λsp(ν, ω = 0),
is not per se a feature of the weak-coupling regime, but rather
of the Fermi liquid phase (although in the strongly correlated
Fermi liquid the mechanism may be more multifaceted than
the simple Kanamori screening at weak coupling [30]).

At the same time, however, we note the qualitative differ-
ence between the Fermi liquid regimes at U/t = 4 and U/t =
8: In the latter case, λsp(ν, ω = 0) is strongly suppressed at
very small frequencies (see, e.g., T/t = 0.05), but it shows an
enhancement for intermediate frequencies which is not there
for U/t = 4. This indicates that for U/t = 8 only low-energy
fermions are screened from spin fluctuations and reminds us
of the “onion shape” of the generalized charge susceptibility
recently observed in Ref. [85].

In summary, we have identified a crossover from a local
moment to a Fermi liquid phase that manifests itself as a
qualitative change in the quantities λ and w, which are used to
formulate the SBE approximation and the asymptotic approx-
imation. Next, we observe the behavior of the residual vertices
ϕUirr and ϕas at the crossover.

The bottom panels of Fig. 8 show the residual charge vertex
ϕUirr,ch(ν, ν ′, ω = 0) of the SBE decomposition for different
temperatures, where the energy window for ν and ν ′ is con-
sistent. In the local moment regime (Fermi liquid), ϕUirr,ch

increases (decreases) in absolute magnitude as T is lowered
(see numbers in the bottom panels) but otherwise exhibits a
remarkable uniformity, showing the same features, as it were,
in different resolutions. Indeed, in Fig. 9 we find the same
behavior in ϕUirr,sp(ν, ν ′, ω = 0), albeit with the opposite
sign.

As observed previously [33], ϕUirr(ω = 0) has no signif-
icant features in the two sectors where sgn(ν) = sgn(ν ′),
indicating an almost perfect cancellation of the SBE diagrams
∇SBE with the full vertex f in these sectors. On the other hand,
there are features located in the two sectors where sgn(ν) =
−sgn(ν ′), respectively, provided ν and ν ′ are both small. Con-
sistently, and also at smaller interaction [33], these features
correspond to attraction in the charge channel, ϕUirr,ch(ω =
0) < 0, and repulsion in the spin channel, ϕUirr,sp(ω = 0) > 0.
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FIG. 8. Top: Full charge vertex f ch(ν, ν ′, ω = 0) for U/t = 8 focused on small ν, ν ′. From left to right, panels correspond to T/t =
0.4, 0.2, 0.1, and 0.05. Center and bottom: Residual vertices of the vertex asymptotics (center) and of the SBE decomposition (bottom). The
arrow indicates an “accidental” cancellation of the diagonal by the vertex asymptotics, which occurs when λsp crosses its asymptotic value 1
(see text and arrow in Fig. 7). Color schemes are consistent in each row. Numbers in the bottom panels indicate the global minimum of ϕUirr,ch.

The origin and physical nature of these features are
unknown. One may speculate that they are related to particle-
particle scatterings, because the secondary diagonal ν + ν ′ ≈
0 that crosses through the sectors with sgn(ν) = −sgn(ν ′)
is associated with the singlet pairing channel [1]. However,
ϕUirr does not exhibit any resonances for a particular fre-
quency combination. The simple structure of ϕUirr, which does
not change qualitatively at the crossover from local moment
regime to Fermi liquid, suggests that it could represent two-
particle correlations which play a similar role in both regimes.
A candidate explanation is, hence, that ϕUirr captures, in the
strongly correlated Fermi liquid, the preformed local moment.

The described phenomenology is in strong contrast with
the full vertex f ch drawn in the top panels of Fig. 8, which
exhibits both repulsive and attractive features, with some
cancellations between them for small ν and/or ν ′ that vary
with the temperature. In fact, ϕUirr,ch represents in essence
the attractive features of f ch, whereas repulsive single-boson
exchange contributes a resonant structure on the diagonal ν −
ν ′ ≈ 0. On the other hand, in the spin channel the repulsive
contribution of ϕUirr,sp to f sp is canceled out completely by
attractive single-boson exchange [86]; see Fig. 9. Also here,
the residual vertex ϕUirr,sp does not exhibit resonant features.

Next, we examine the residual vertex ϕas of the vertex
asymptotics drawn in the second row of the panels in Figs. 8
and 9, respectively. Since this quantity corresponds to a su-
perset of the diagrams contained in ϕUirr, it is not surprising
that the features of ϕUirr can also be observed in ϕas. However,
they overlap with remainder structures R = (λ ∓ 1)w(λ ∓ 1),
as explained in the beginning of this section. The remain-
ders necessarily decay at high frequencies, where the SBE
and asymptotic approximations become equivalent; however,
Figs. 8 and 9 focus on small frequencies.

A prominent remainder structure is visible on the diagonal
of the residual charge vertex ϕas,ch in Fig. 8, both at high and
at low temperatures. We obtain an expression for this fea-
ture as follows. The remainder stemming from the horizontal
particle-hole channel is given as

Rph,α

νν ′ω = (λα
νω − 1)wα

ω(λα
ν ′ω − 1), (15)

where α = ch, sp. Since wch/U ≈ 1 is comparatively tiny in
the considered regime (cf. Fig. 7, bottom right), Rph,ch is
negligible and hence not easily visible in ϕas,ch. However, a
remainder Rph contributes to ϕas also in the vertical particle-
hole channel. This remainder arises from the crossing relation
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FIG. 9. Full (top) and residual (center and bottom) vertices of the spin channel for the same parameters as in Fig. 8. Numbers in the bottom
panels indicate the global maximum of ϕUirr,sp.

(6b) and is not small, because the crossing relation mixes the
charge and spin flavors. Neglecting a contribution from Rph,ch,
we obtain

Rph,ch
ν,ν ′,ω=0 ∝ (λsp

ν,ν ′−ν − 1)wsp
ν ′−ν (λsp

ν,ν ′−ν − 1). (16)

As expected, this quantity decays for large ν or ν ′ where
the Hedin vertex approaches 1; however, for small ν ≈ ν ′ it
contributes to ϕas,ch, that is, the red features in the second row
of panels in Fig. 8.

Comparison with Fig. 7 elucidates the peculiar structure
of this feature: Firstly, the screened interaction wsp(ω) decays
quickly for finite ω; hence Rph,ch displays a strong resonance
only on the diagonal of ϕas,ch. Secondly, at low temperature
(e.g., T = 0.05) the Hedin vertex λ

sp
ν,ω=0 changes for ν ≈ ±1

from suppression (λsp < 1) to enhancement (λsp > 1). There-
fore Rph,ch vanishes at this point. Indeed, the red feature in
ϕas,ch disappears near ν ≈ ±1 (see arrows in Figs. 7 and 8)
but reemerges again at larger frequencies.

The described effect serves as strong evidence that in
the asymptotic approximation, cancellations with the full
vertex f occur at small frequencies only accidentally. In
contrast, we have confirmed in a nontrivial setting, featuring
a crossover from local moment to Fermi liquid phase, that

the SBE diagrams capture the resonant features of f even
at the smallest frequencies. Therefore we conclude that the
formal construction of the SBE decomposition retains a phys-
ical correspondence to the full vertex function at all energy
scales.

X. CONCLUSIONS

We benchmarked an efficient approximation scheme for
the local vertex function of the Anderson impurity model in
terms of single-boson exchange (SBE) [33]. The SBE ap-
proximation is based on the proven and successful organizing
principle to parametrize two-particle correlations in terms of
bosonic fluctuations and their coupling to fermions [14,25–
27,30,37,87]. We presented analytical arguments for the va-
lidity of the SBE approximation at weak and strong coupling
and emphasized the importance of the fermion-boson cou-
pling (Hedin vertex) in both limits. This quantity captures the
Kanamori screening at weak coupling and strongly enhances
the contribution of spin fluctuations to the vertex function at
strong coupling. Hence, in the latter case, setting this quan-
tity to its noninteracting value leads to qualitatively wrong
results. This may be of relevance for the extension of recent
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diagrammatic studies of the optical conductivity [88,89] to the
strong-coupling regime.

In our numerical applications to the single-band Hubbard
model the SBE approximation recovered the two-particle
physics of DMFT and of the ladder dual fermion approach to
good quantitative accuracy. As a result, the computational cost
of evaluating correlation functions of the auxiliary Anderson
impurity model was reduced to a level comparable with the
triply irreducible local expansion (TRILEX) [90] and dual
TRILEX approaches [36,37]; however, the Bethe-Salpeter
equation still needs to be solved. In estimating the Néel tem-
perature of DMFT the SBE approximation does not reach
the excellent accuracy and efficiency of the strong-coupling
limit (SCL) formula for the static spin susceptibility of DMFT
[91], but it has a wider range of applicability, for example,
to charge excitations and two-particle correlations in general.
These results call for the generalization of the SBE approx-
imation to multiorbital settings, where it may be applied in
cases where the computational bottleneck is the evaluation
of the vertex function of the impurity model [43,92,93]. The
SBE approximation may also be combined with the efficient
formula for the DMFT polarization [62] and other schemes
[94] that help to reduce the computational cost of solving the
Bethe-Salpeter equation.

Our results are also of relevance to the development of un-
biased methods such as the fRG [15,16] and parquet schemes
[40]. We compared the SBE approximation with a widely
used parametrization of the vertex based on its asymptotic
limits [22], which are a crucial ingredient of recent progress in
the theory of vertex corrections and two-particle excitations;
see, for example, Refs. [28,30,31,33,62,95,96]. We showed
in a nontrivial crossover regime from a local moment phase
to the Fermi liquid that the SBE decomposition generalizes
the vertex asymptotics in a physically meaningful way to
small frequencies. In particular, it retains the correspondence
to all resonant features of the full vertex function down to
the smallest energy scales. As is natural for a high-frequency
limit, the approximation based on vertex asymptotics does not
show this correspondence. Therefore resonant features remain
in the rest function of the vertex asymptotics, which in the
case of long-ranged spin-density wave correlations may carry
a strong momentum dependence. The rest function of the SBE
decomposition is short ranged even in this case [31,32], and as
a result its momentum dependence can be captured with only
a small number of form factors [30,97]. It seems therefore
promising to include the SBE decomposition in state-of-the-
art fRG [98] and parquet schemes [30,31].

Finally, we noted that, in the considered cases, the residual
vertex of the SBE decomposition has a remarkably simple
frequency structure, which does not change qualitatively at the
crossover from the local moment regime to the Fermi liquid,
or by changing the interaction. Based on this, we speculate
that this vertex represents a connecting element of the two
regimes, namely, the preformed local moment, either screened
or unscreened, respectively. Indeed, the full two-particle in-
formation can be reconstructed from the residual vertex [99],
including the corresponding fingerprints of the local moment
[85]. However, further investigation is required; for example,
an intriguing option is to study the residual vertex of the SBE
decomposition on the real axis [50,51].
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APPENDIX: IMPURITY CORRELATION FUNCTIONS

In this paper we employ two different methods (DMFT
and LDFA) which both use the vertex function of the AIM,
and the aim of this work is to test efficient parametrizations
of this quantity. However, for comparison we also obtain the
exact vertex function from the four-point correlation function,
which is defined as

g(4),α
νν ′ω = −1

2

∑

σi

sα
σ ′

1σ1
sα
σ ′

2σ2
〈cνσ1

c∗
ν+ω,σ ′

1
cν ′+ω,σ2

c∗
ν ′σ ′

2
〉, (A1)

where sα are the Pauli matrices and the label α = ch, sp de-
notes the charge and spin channel, respectively. The vertex
function is obtained by subtracting the disconnected parts
and removing four Green’s function legs from the four-point
correlation function g(4),

f α
νν ′ω = g(4),α

νν ′ω − βgνgν+ωδνν ′ + 2βgνgν ′δωδα,ch

gνgν+ωgν ′gν ′+ω

. (A2)

The three-point correlation function is defined as

g(3),α
νω = −1

2

∑

σσ ′
sα
σ ′σ 〈cνσ c∗

ν+ω,σ ′ρ
α
ω〉, (A3)

where ρch = n↑ + n↓ and ρsp = n↑ − n↓ are the charge and
spin densities. The Hedin vertex is obtained from g(3)

as

λα
νω = g(3),α

νω + βgν〈n〉δωδα,ch

gνgν+ωwα
ω/U α

, (A4)

where wα
ω and U α are defined below and

λs
νω = 〈cν↑cω−ν,↓ρ+

ω 〉
gνgω−νws

ω/U s
. (A5)

The charge, spin, and singlet impurity susceptibilities are
defined as

χα
ω = − 〈ρα

−ωρα
ω〉 + β〈n〉〈n〉δωδα,ch, (A6)

χ s
ω = − 〈ρ+

−ωρ−
ω 〉, (A7)

and ρ+ = c∗
↑c∗

↓ and ρ− = c↓c↑ describe creation
and annihilation of electron pairs, respectively. The
label “s” in Eq. (A7) refers to the singlet pairing
channel. The screened interaction is obtained from the
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susceptibility as

wα (ω) = U α + 1
2U αχα (ω)U α, (A8)

for each corresponding channel α = ch, sp, s. Finally, the
bare interaction is defined as

U ch = +U, U sp = −U, U s = +2U . (A9)
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