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Abstract
We study the heavy-quark momentum diffusion coefficient in far from equilibrium gluon plasma in a self-similar regime
using real-time lattice techniques. We use 3 methods for the extraction: an unequal time electric field 2-point correlator
integrated over the time difference, a spectral reconstruction (SR) method based on the measured equal time electric
field correlator and a kinetic theory (KT) formula. The time-evolution of the momentum diffusion coefficient extracted
using all methods is consistent with an approximate t−1/2 power law. We also study the extracted diffusion coefficient as a
function of the upper limit of the time integration and observe that including the infrared enhancement of the equal-time
correlation function in the SR calculation improves the agreement with the data for transient time behavior considerably.
This is a gauge invariant confirmation of the infrared enhancement previously observed only in gauge fixed correlation
functions.
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1. Introduction

Evaluation of the transport properties of the QGP created in collider experiments such as the LHC
and RHIC has been a longstanding puzzle for the heavy-ion theory community. However, in conventional
transport calculations the effects of the pre-equilibrium phase are usually completely ignored. Only very
recently the transport properties of the glasma have been addressed using Fokker-Planck transport equations
[1, 2] and also classical real time lattice simulations [3]. It also seems that the glasma phase can substantially
contribute to jet quenching [2]. Also the later stages of the non-equilibrium evolution have been studied
using a kinetic theory approach [4, 5]. These studies have indicated that the pre-equilibrium effects can be
important. Our aim in this paper is to study the heavy quark momentum diffusion coefficient in a far from
equilibrium gluon plasma in the self-similar regime using classical gluodynamics.
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Fig. 1. (Left) Extracted equal time transverse and longitudinal statistical functions. The fit of the data is shown using dashed lines,
corresponding to the infrared enhanced equal time statistical correlation function. The dash dotted lines correspond to the unenhanced
correlator. The HTL expectation is then smoothly matched to data to incorporate proper the UV behavior. (Right) Extracted value of
κ (Qt = 1500,Δt) as a function of the upper time integration limit Δt. The signal oscillates at the plasma frequency. The input to the
SR calculation (the mass scales etc.) have been matched to their values.

2. Evaluation of the correlation function, 3 methods

2.1. Real time lattice measurement

In temporal gauge the heavy quark momentum diffusion coefficient can be estimated as [6, 7]

κ (t,Δt) =
1

3Nc

∫ t+Δt

t
dt′

1
V

∫
d3x

3∑
i=1

〈
gEa

i (x, t) gEa
i
(
x, t′
)〉
. (1)

In this approximation we assume that the heavy quark is infinitely heavy and the kicks it gets from the
medium are due to the (nonabelian) Lorentz force. This leads to momentum broadening d

dt 〈p2〉 = 3κ∞(t),
where κ∞(t) ≡ limΔt→∞ κ(t,Δt) is the heavy-quark diffusion coefficient often used for effective equations of
heavy quarks and quarkonia [6, 7, 8].

2.2. Spectral reconstruction method (SR) and infrared enhancement

Our starting point is (1). The correlation function corresponds to the unequal time statistical correlation
function. This can be expressed using the generalized fluctuation dissipation relation

〈EE〉T/L(t, ω, p)
〈EE〉T/L(t,Δt = 0, p)

=
ρ̇T/L(t, ω, p)
ρ̇T/L(t,Δt = 0, p)

, (2)

where 〈EE〉 is the statistical correlation function and ρ̇ is the spectral function. The equal time statistical
correlation functions are shown in Fig. 1 along with two possible parametrizations. Previously we have
observed in [9] an infrared modes are enhanced in the statistical correlator when compared to HTL ex-
pectations. One parametrization matches the HTL expectation in the infrared and to our data in the UV
(dash-dotted lines). The other parametrization uses our data over the whole spectrum (dashed lines). The
spectral function ρ consists of quasiparticle and Landau damping contributions. Our final expression for the
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diffusion coefficient is κSR(t,Δt) = κLandau
SR (t,Δt) + κParticles

SR (t,Δt) with

κLandau
SR (t,Δt) =

dA

6Nc

∫
d3 p

(2π)3

∫ 1

−1
dx 2 p sin (x pΔt)

[
2

g2〈EE〉T (t,Δt = 0, p)
ρ̇T (t,Δt = 0, p)

βT (t, ω, p)

+
g2〈EE〉L(t,Δt = 0, p)
ρ̇L(t,Δt = 0, p)

βL(t, ω, p)
x2

]
(3)

κParticles
SR (t,Δt) =

dA

6Nc

∫
d3 p

(2π)3

[
2

g2〈EE〉T (t,Δt = 0, p)
ρ̇T (t,Δt = 0, p)

4 ZT (p) sin (ωT (p)Δt) e−γT (p)T

+
g2〈EE〉L(t,Δt = 0, p)
ρ̇L(t,Δt = 0, p)

4
p2ZL(p)
ωL(p)2 sin (ωL(p)Δt) e−γL(p)T

]
, (4)

where t is the starting time of the measurement, Δt is the size of the time-integration window, βT,L is the
transverse (longitudinal) Landau damping contribution and ZT,L are the residues of the transverse (longi-
tudinal) quasiparticle peaks, ωT,L is the transverse (longitudinal) dispersion relation, γ is the quasiparticle
damping rate and x = ω/p. The expressions listed in this section can be found in e.g. [9, 10], and we have
numerically extracted them for pure glue systems in [9] using the linear response framework outlined in
[11].

2.3. Kinetic theory

Next we estimate κ (t) in a kinetic theory framework following closely [12]. In order to take finite time
effects into account we allow a nonzero frequency ω = k′ −k corresponding to finite energy transfer between
the gluon and quark. In this case the matrix element becomes

|M|2gluon (ω) =
[
NcCHg4

] 4M2(k0 + k′0)2
(
1 + cos2 θkk′

)
(q2 − ω2 + m2

D)2
. (5)

The frequency dependent expression can be written as

κ(ω) =
1

6M

∫
d3 kd3q

(2π)6 8|k||k + q|M 2πδ(|k + q| − |k| − ω) q2 |M|2gluon (ω) f (k) f (|k + q|). (6)

This integral is evaluated numerically using the distribution at Qt = 1500.

3. Dependence on time and occupation number

The dependence on the time integration window size Δt is shown in Fig. 1 (right). The curve extracted
from real time lattice simulations features an oscillation roughly at the plasmon frequency, adding evidence
to an enhancement of low-energy gluonic excitations [13]. The SR method without the infrared enhance-
ment does not reproduce these oscillations, and neither does kinetic theory. However when the infrared
enhancement is taken into account we observe oscillations with a similar frequency. The main contributions
to the IR enhanced SR curve are the quasiparticle contributions, which give rise to the oscillation, and the
longitudinal Landau damping, is responsible for the value at Δt → ∞. Fig. 2 (right) demonstrates that the
oscillation frequency in Δt corresponds to the plasmon frequency for various t following the approximate
t−1/7 powerlaw of the plasmon frequency in the self-similar regime [14].

The dependence on the time of the measurement t is shown in Fig. 2 (left). We observe that κ follows an
approximate t−1/2 powerlaw.
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Fig. 2. (Left) Dependence on time t, averaged over 15 runs. We also show the extracted value using kinetic theory and SR at infinite
time limit. (Right) Extraction of plasmon frequency and the extracted oscillation frequency of κ(t,Δt) in Δt as a function of t.

4. Summary

We have measured the heavy quark diffusion coefficient in classical gluodynamics using three different
methods, which are in good agreement. The first method was direct lattice measurement of the appropriate
correlation function. The second method is spectral reconstruction using HTL perturbation theory and our
data on the spectral properties of the gluons. The third method is a kinetic theory calculation with the lattice
extracted occupation number. The infrared enhancement of the statistical correlation function introduces
oscillations in κ(t,Δt) in Δt with the plasmon frequency. These oscillations are not reproduced by kinetic
theory. The time dependence of the diffusion coefficient follows an approximate t−1/2 powerlaw.
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