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In this work, we study the complex entanglement between spin interactions, electron correlation, and
Janh-Teller structural instabilities in the 5d1 Jeff = 3

2 spin-orbit coupled double perovskite Ba2NaOsO6 us-
ing first principles approaches. By combining noncollinear magnetic calculations with multipolar pseudospin
Hamiltonian analysis and many-body techniques, we elucidate the origin of the observed quadrupolar canted
antifferomagnetic. We show that the noncollinear magnetic order originates from Jahn-Teller distortions due
to the cooperation of Heisenberg exchange, quadrupolar spin-spin terms, and both dipolar and multipolar
Dzyaloshinskii-Moriya interactions. We find a strong competition between ferromagnetic and antiferromagnetic
canted and collinear quadrupolar magnetic phases: the transition from one magnetic order to another can be
controlled by the strength of the electronic correlation (U ) and by the degree of Jahn-Teller distortions.
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I. INTRODUCTION

Double perovskites with strong spin-orbit coupling (SOC)
represent a unique playground for the emergence of exotic
spin-orbital-lattice entangled phases [1–5]. Structural and or-
bital frustrations [6], SOC-induced formation of effective J
manifolds [7], and relatively strong electronic correlation give
rise to a wide range of unusual electronic and magnetic phases
including so-called Dirac-Mott insulating states [8,9], multi-
polar spin interactions [1,2,8], and entangled SOC-Jahn-Teller
effects [3,10].

A particularly interesting case is that of 5d1 double
perovskites characterized by an effective total angular mo-
mentum Jeff = 3/2, an example of which is Ba2NaOsO6

(BNOO). BNOO is Dirac-Mott insulator [8,11] with strong
SOC and electronic correlation effects [12–14]. Magnetiza-
tion measurements indicate that below 6.8 K BNOO exhibits
weak ferromagnetic interactions and a small ordered spin
moment of 0.2 μB [15–18]. Refined NMR analysis confirmed
the theoretically predicted canted spin state with two magnetic
sublattices [2,19]. In this spin model, depicted in Fig. 1(a), the
spins align ferromagnetically within the xy plane with alter-
nating canting angle φ in adjacent planes along the [001] axis
[see Fig. 1(c)]. As the optimal canting angle extracted from
the NMR data, φexpt = 67◦, is closer to the antiferromagnetic
(AFM) limit (90◦) than to the ferromagnetic (FM) one (0◦), it
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is more appropriate to use the jargon canted-antiferromagnetic
(c-AFM), rather than c-FM as initially proposed [2,19,20].
The most stunning aspect of BNOO is that this c-AFM phase
is associated with a local point symmetry breaking mani-
fested by local deformations of the BO6 octahedra [19,21].
However, x-ray diffraction shows that the cubic symmetry
is maintained even at low temperature [16] and no direct
evidence of Jahn-Teller (JT) instabilities have been detected
by NMR [19,21], even though JT instabilities would be ex-
pected in a d1 electronic configuration [6,22] (one of the
models proposed in Ref. [19] involves a contraction of the
OsO6 octahedra, assimilable to a local Q1-JT distortion; see
Fig. 1). This apparent violation of the JT theorem [23,24]
has been explained by the entanglement of vibronic dynamics
with SOC, suggesting the presence of a dynamical Jahn-Teller
effect with small static component [3,10] and orbital selective
quadrupolar charge ordering [25]. This explains the breaking
of local point symmetry and suggests that the canted magnetic
ground state of BNOO should be described in terms of the
spin-orbital-lattice entangled states involving high-rank spin
interactions.

With this study, we aim to clarify the link between JT
instabilities and spin couplings by computing the variation of
the multipolar interactions due to local structural distortions
and explain how this JT-multipolar coupling affects the spin
deflection and dictates the formation of the c-AFM ground
state. We do so by employing first-principles noncollinear
relativistic density functional theory (DFT) [29–31] within
the Perdew-Burke-Ernzerhof approximation [32] using the
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FIG. 1. Graphical representation of (a) the canted-AFM mag-
netic ground state with layer-dependent (1 and 2) spin ordering and
(b) associated JT vibrational mode. Following Van Vleck’s notation
[26,27], we obtain Q1 = 0.031 Å and θ = tan−1(Q2/Q3) = 79.35◦

(plane 1) and −79.35◦ (plane 2) [28]. This structural motif is com-
patible with model A proposed by Liu et al. [21]. (c) Visualization
of the staggered-type JT distortion in the two layers. (d) Schematic
definition of the canting angle φ: φ = 0 corresponds to the FM
limit; by convention 0 < φ < π/4 refers to the c-FM state whereas
π/4 < φ < π/2 identifies a c-AFM spin arrangement. Optimized
structural data and JT distortions are given in the Supplementary
Materials (SM) [27].

VASP code [33–35] and many-body techniques. The intersite
interactions have been extracted from magnetically con-
strained DFT+U+SOC calculations, from DFT + dynamical
mean-field theory (DMFT) [36,37] in the Hubbard-I approx-
imation (HI) [38,39] in conjunction with the magnetic force
theorem (FT) to effective intersite interactions (abbreviated,
FT-HI) [40], as well as from exact diagonalization (ED) of
a microscopic effective Hamiltonians [41]. The charge self-
consistent DFT+HI approach[42,43] is implemented using
the WIEN-2K package [44] and TRIQS library [45,46] using
the projective technique of Refs. [42,47]. A more detailed de-
scription of the computational protocol is given in the method
section and in the Supplemental Material [27].

We find that in the fully undistorted (JT-quenched) limit the
spins prefer to align ferromagnetically but the onset of stag-
gered JT distortions activates both first-order (dipole-dipole)
and second-order (quadrupole-quadrupole + dipole-octupole)
Dzyaloshinskii-Moriya (DM) interactions [48] which drive
the development of the observed c-AFM phase at the optimum
JT distortion. Moreover, our data show that the multipolar
c-AFM ground state is highly sensitive to the degree of JT
distortions and to the strength of the Coulomb interaction U :

Slightly lower U or larger JT distortions shift the system to a
competing canted-ferromagnetic (c-FM) state.

II. RESULTS AND DISCUSSION

We start by comparing the dependence of the energy on
the canting angle for the JT-distorted and JT-quenched (undis-
torted) phases in Fig. 2, obtained by changing stepwise the
canting angle φ from the FM (φ = 0◦) to the AFM (φ = 90◦)
limits. The JT structure exhibits two minima, a lower c-AFM
ground state found at φ = 66◦, in excellent agreement with
experiment (67◦ [19]) and a c-FM phase just 0.05 meV/u.c.
higher in energy. Conversely, the undistorted structure shows
a clear minimum for a parallel spin alignment followed by
an AFM state. The size of the spin (ms) and orbital (mo) mo-
ments are essentially the same in both structures (ms ≈ 0.8 μB

and mo ≈ 0.6μB). In the ground-state JT-distorted structure,
the resulting net ordered moment is 0.23μB, in very good
agreement with measurements (0.2μB) [16,19]. These results
clearly indicate that the JT effect is essential to stabilize the
observed canted ground state.

To decipher the role of JT distortions on the spin deflection,
we have extracted the intersite spin interactions by fitting the
canting energies curves with a pseudospin Hamiltonian in the
general multipolar form [49,50]:

Hi j =
∑
K,K ′

∑
Q,Q′

IQQ′
KK ′ OK

Q (Ji )O
K ′
Q′ (Jj ), (1)

where i, j are the site indexes, IQQ′
KK ′ are the coupling constants,

and OK
Q (Ji ) and OK ′

Q′ (Jj ) are the multipolar tensor operators
of rank K and K ′, with K � 2Ji, Q = −K, . . . , K , K ′ � 2Jj ,
Q′ = −K ′, . . . , K ′. The multipolar operators O are estimated
within the mean-field approximation, i.e., O(Ji )O(Jj ) ≈
〈O(Ji )〉O(Jj ) + O(Ji )〈O(Jj )〉 − 〈O(Ji )〉〈O(Jj )〉. After apply-
ing symmetry properties of pseudovectors and multipolar
operators for the Jeff = 3

2 (or �8) state [1,51] as well as crystal
symmetry, we obtained the following fitting formula which
expresses the magnetic energy as a function of the canting
angle φ (the derivation is given in the SM [27]):

E (θ ) = A1 cos(2φ) + A2 cos(4φ) + A3 cos(6φ)

+B1 sin(2φ) + B2 sin(4φ). (2)

To validate the DFT mapping and decode the specific type
of spin couplings at play, we have performed a direct cal-
culation of the intersite interactions using the FT-HI method
proposed by Pourovskii [40] and ED [41], taking the undis-
torted phase as a reference (FT-HI and ED cannot be applied
to the JT-distorted phase). All possible on-site fluctuations
within the paramagnetic ground state of a shell, encoded by
the corresponding multipole moments OK

Q (Ji ), are included;
all relevant intersite couplings can thus be extracted. In the
present case of the Jeff = 3

2 shell of Os, those are all intersite
interactions between dipole, quadrupole, and octupole mo-
ments that are permitted by the symmetry. With the effective
Hamiltonian thus obtained, we evaluated the dependence of
zero-temperature total energy versus φ; the spin-spin coupling
parameters Ai are subsequently extracted by fitting it to the
form (2).
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FIG. 2. Dependence of the energy on the canting angle and spin-spin interaction matrix. (a) Calculated DFT+U+SOC φ dependent
energies for the optimized JT-distorted phase (circles) and corresponding fitting curve obtained using Eq. (2). The fitting curves obtained by
removing the A3 (o-o), the A2 (q-q), and A2-A3-B2 (q-q and o-o) coefficients are also displayed. (b) Comparison between DFT, FT-HI, and ED
canting energies for the undistorted (Q1 = 0) phase. (c) FT-HI interaction matrix showing the nonzero and nonconstant mean values of the
tensor operators 〈O〉 in the pseudospin eigenbasis [see Eq. (1)] summed over the out-of plane interacting bonds (see SM for details [27]). To
guarantee a quantitatively consistent comparison between DFT and FT-HI, the DFT FM-AFM energy difference is aligned to that obtained by
FT-HI (see SM for details [27]).

The fitting curves follow very well the first-principles
data for both the distorted and undistorted phases as shown
in Figs. 2(a) and 2(b). The optimal fitting parameters and
the corresponding FT-HI and ED results are collected in
Table I, where each coefficient is associated with the specific
type of dipolar or multipolar couplings. Both phases exhibit
relatively large quadrupole-quadrupole (q-q) couplings and
non-negligible octupole-octupole (o-o) interactions. The in-
clusion of o-o terms in the JT phase is essential to shift the
minimum from 70◦ to 66◦, whereas the formation of the two
competing canted minima is mostly governed by the q-q term
A2. We also note that DM interactions, embedded in coeffi-
cients B1 and B2, are inoperative in the undistorted phase (not
allowed by symmetry), but the breaking of the local symmetry
caused by the JT effect activates the DM channel, which is
mainly responsible for stabilizing of the canted phases. Our
data indicate that besides the standard first-order d-d DM
interaction, an additional second-order DM coupling emerges
involving both q-q and d-o terms. This type of interaction

TABLE I. Collection of spin-spin interactions (in meV) as de-
rived from DFT, FT-HI, and ED approaches for the undistorted Q1 =
0 FM phase and corresponding DFT values for the fully distorted
c-AFM phase. The coefficients are decomposed over their distinct
d-d, d-o, o-o, and q-q characters.

Spin-spin interactions

Undistorted JT-distorted
cFM cAFM

Coefficients FT-HI ED DFT DFT

A1 −0.72 −1.06 −0.66 0.13
d-d 0.84 0.39
q-q −0.03 0.00
d-o −1.32 −1.25
o-o −0.21 −0.20

A2 q-q −0.40 −0.48 −0.69 −0.38
A3 o-o 0.05 0.08 −0.03 −0.08
B1 DM d-d 0 0 0 −0.99
B2 DM q-q, d-o 0 0 0 −0.08

can be classified as multipolar DM interaction, namely an
antisymmetric DM exchange among multipolar tensors.

After clarifying the essential features of the c-AFM ground
state, we move now to the analysis of the competition between
the c-AFM and c-FM phases and how this competition is
controlled by the strength of U and the degree of JT mode Q1.
Being almost degenerate in energy, it is expected that small
perturbations could change the relative stability of these two
phases, providing insights on the mechanism favoring one or
the other spin ordering. To explore this possibility, we have
computed the canting energies for different values of the rel-
ative JT distortion Q̃1 (from the fully distorted structure, here
identified as Q̃1 = 1 to the undistorted Q̃1 = 0 limit) and U
(from 3.4 to 2.4 eV). The results, displayed in Fig. 3, indicate
that both degrees of freedom act on the spin deflection and can
trigger a magnetic transition from the c-AFM to c-FM.

By decreasing U , the c-AFM phase is progressively desta-
bilized in favor of the c-FM phase which becomes the global
minimum. A further decrease of U washes out completely the
AFM canting. Similarly, reducing Q̃1 acts on the canting angle
by inverting the stability of the two canted minima and drives
the systems toward the collinear limits as Q̃1 approaches 0.
In order to explore the combined action of JT effect and elec-
tronic correlation, we have repeated similar calculations and
constructed a complete magnetic phase diagram as a function
of Q̃1 and U , displayed in Fig. 3(c). The phase diagram shows
three different phases characterized by specific value of the
canting angle: (i) a FM phase which is favored in the limit
of vanishing JT distortion and small U , (ii) a c-FM phase
emerges beyond a small critical JT distortion in the whole
considered U regime, and finally (iii) the c-AFM phase, corre-
sponding to the experimentally observed ground state, which
covers the top portion of the phase diagram and is favored by
increasing the JT mode and U . For Q̃1 = 1, the c-AFM phase
represents the ground state for U larger than 3.1 eV.

The interplay between Q̃1 and U affects the exchange
couplings. The transition from one phase to the other can
be rationalized by inspecting the variation of the spin-spin
interactions upon U and Q̃1 shown in Fig. 4. First, we note
that the tendency to move toward a FM-type canting is
mostly triggered by the steep decrease of the d-d interaction
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FIG. 3. Magnetic canting energy as a function of (a) U (relative global minimum set to zero energy) and (b) Q̃1 (Q̃1 = 1 refers to the fully
optimized JT phase). (c) Global magnetic phase diagram showing the dependence of the ground-state magnetic ordering (canting angle) for
different values of U and Q̃1. Decreasing Q̃1 drives the system to a collinear FM state, whereas a reduction of U washes out the c-AFM system
and stabilizes a c-FM configuration.

embedded in the exchange coefficient A1, which changes sign
rather quickly when U or Q̃1 are reduced, thereby driving the
AFM-to-FM transition. We note that coefficients A3 and B2,
besides being relatively small, remain essentially unaffected
by tuning U at the optimized JT distorted structure, imply-
ing that the o-o character is mostly linked to the structural
instabilities. This is confirmed by the observation that A3 is
rapidly diminished with decreasing Q̃1, thus revealing a direct
link between o-o interaction and structural distortion. The
JT distortion is therefore a determinant factor for the onset
of the dipolar and multipolar DM interactions expressed by
the coefficient B1 and B2, respectively. Similar to the mul-
tipolar DM component, the dipolar one (B1), which is zero
by symmetry in the undistorted limit, also rapidly increases
versus Q̃1 and reaches a large value in the fully JT-distorted
phase (B1 = −0.99 meV). Finally, from the trend of A2, we
infer that q-q interactions become stronger with decreasing
Q̃1 and are responsible for the preservation of the two minima
in the undistorted phase. Conversely, reducing U leads to a
linear reduction of A2, which contributes to the disruption of
the large-φ minimum. The above analysis can give insights
on the role of dynamical JT effects in BNOO that should
be manifested by two types of magnetic fluctuations: FM
fluctuations, controlled by the changes in A1, and canted-FM
to canted-AFM fluctuations governed by the variation of B1.

FIG. 4. Evolution of the DFT+U spin-spin exchange coefficients
as a function of (left) U and (right) Q̃1.

III. SUMMARY AND CONCLUSIONS

In conclusion, by combining many-body effective Hamil-
tonians with material-specific DFT-based descriptions, we
have decoded the complex entanglement between structural
frustration and electronic correlation in the spin-orbit cou-
pled and spin-canted double perovskite BNOO. We show
that this exotic magnetic order originates from the anoma-
lous Dzyaloshinskii-Morya interactions generated by JT
distortions and elucidate the direct effect of U and JT on the
spin-spin interactions. This work contributes to recent study
of atypical multipolar orderings in relativistic oxides [52,53]
with a transparent analysis that helps to show the intricate
physics at play in this class of materials.

To study the cross coupling between spin exchange in-
teraction, Jahn-Teller distortions, and electronic correlation,
we have integrated three different schemes: magnetically
constrained noncollinear DFT+U , DMFT in the Hubbard-I
approximation (FT-HI) combined with the magnetic force
theorem, and exact diagonalization. Since the direct compu-
tation of spin exchanges at FT-HI and ED for JT-distorted
structures is at present not possible, we have first verified
the validity of the DFT+U data for the undistorted phase by
comparing the spin exchanges extracted from DFT+U total
energies with those calculated explicitly at FT-HI and ED level
[Fig. 2(b)]. In DFT+U, the spin interactions are estimated by
fitting the total energy curves obtained at different canting
angles (via magnetically constrained calculations) with the
spin Hamiltonian given in Eq. (2) (derived in the SM [27]).
After normalizing the DFT+U data to the FT-HI/ED values
(see SM [27] for further details), we have then addressed the
JT-induced modifications at DFT+U level, by performing a
series of calculation stepwise from the ideal undistorted phase
to the fully distorted real structure [Figs. 3(a) and 3(b)]. In
order to account for the role of electron-electron correlation
and construct the phase diagram displayed in Fig. 3(c), these
calculations have been conducted for different values of U ,
from 2.4 to 3.4 eV.

In studying the JT distortion, we have followed the Van
Vleck notation for the definition of the main JT distortions
Q1, Q2, and Q3. Since the value of Q1 is significantly larger
than the corresponding Q2 and Q3 values (see SM [27]), we
have considered the variation of the the spin interactions as a
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function of the JT parameter Q̃1, defined as the ratio between
Q1 for the interpolated structure and the corresponding value
for the optimal one. Additional details can be found in the SM
[27], which includes Refs. [54–61].
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