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Abstract
Formally ensuring software reliability is challenging due to the growing complexity of
software in terms of its size, used unbounded and inductive data types and supported
workﬂow. As manual code analysis is not a viable solution, automated reasoning approaches are needed for proving software correct. There are several prominent methods
addressing this challenge by (i) translating parts of a system to a logic-based formalism
and (ii) using automated theorem proving to validate certain safety and liveness program
properties.
In this context a vital ingredient in automated reasoning is inductive reasoning, which
can/must be used whenever repetition is present in a software component, e.g. loops
or recursive data structures in computer programs or feedback loops in electric circuits.
The two main branches in the literature are explicit and implicit induction. In this thesis
focus on the former approach which is based broadly on the Noetherian well-founded
induction principle. There is a plethora of research already done in this area with several
automated theorem provers as well as proof assistants are equipped with inductive reasoning techniques. Some of the earliest ones are Nqthm/ACL2, Inka and Oyster/CLAM.
Recently, modern automated theorem provers, such as ZipperPosition, CVC4 and
Vampire, started to incorporate inductive types and reasoning.

The aim of the proposed thesis is to advance the state-of-the art in inductive reasoning
within ﬁrst-order theorem proving, by using automating reasoning with recursive function
deﬁnitions over inductive data types.
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CHAPTER

Introduction
Nowadays, due to explosive amounts of free information, advances in computer technologies and an increasing need for automation in almost every ﬁeld from manufacturing to
research, the dependence of our society on software and hardware systems is indisputable.
There is an ever-emerging need for robustness and reliability in large-scale systems where
downtime and errors can put lives at risk or cause signiﬁcant economical loss.
Complexity of most systems with reliability as a ﬁrst priority is already at a level
that makes checking software correctness or detecting software bugs out of reach for
humans, giving rise to the automation of these tasks. Several prominent methods for
doing this rigorously involve translating parts of a system to a logic-based formalism
[Hoa69, CE82, HKV11] and using automated theorem proving to deduce certain safety
and liveness properties or a lack thereof [DLL62, QS82].
In this context a vital ingredient is inductive reasoning [BM79], which can be used
whenever repetition is present in a component, e.g. loops or recursive data structures
in computer programs or feedback loops in electric circuits. The two main branches
in the literature are explicit and implicit induction. We focus on the former which is
based broadly on the Noetherian well-founded induction principle. There is a plethora
of research already done in this area [Bun01, MW13] with several automated theorem
provers as well as proof assistants are equipped with inductive reasoning techniques.
Some of the earliest ones are Nqthm/ACL2 [BM79, BM88], Inka [BHHW86] and
Oyster/CLAM [BvHHS90]. Recently, modern automated theorem provers using e.g.
superposition started to incorporate inductive types as well [Cru17, RV19]. These include
ZipperPosition [Cru17], CVC4 [BCD+ 11] and Vampire [KV13] to list a few. The
aim of the proposed thesis is to advance the state-of-the-art in inductive reasoning within
ﬁrst-order theorem proving.
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1. Introduction

1.1

Problem statement

A functional program can contain various function deﬁnitions some of which may call
themselves, these are called recursive functions. As a motivating example, consider the
following function:

fun add_even(x ∈ N, y ∈ N) → N :=
if (x mod 2) = (y mod 2) then x + y
else x + y + 1
This function add_even returns the ﬁrst even natural number that is greater than or
equal to the sum of its arguments. Now we may want to prove functional correctness of
this function by stating that for any two natural numbers x and y , the function add_even
indeed returns an even number and this number is at least the sum of the two:

∀x, y.(add_even(x, y) mod 2) = 0 ∧ x + y ≤ add_even(x, y)
This can be proven by induction if we deﬁne natural numbers as an inductive type nat
consisting of the base constructor 0 and recursive constructor s. Then, usually the
recursive function deﬁnitions for + (add) and mod 2 (even) are given by the following
axioms:
∀y.add(0, y) = y

∀x, y.add(s(x), y) = s(add(x, y))
even(0)
¬even(s(0))
∀y.even(s(s(y))) ↔ even(y)
From now on, we may use these function symbols and their recursive deﬁnitions interchangably. Representing recursive functions as ordinary quantiﬁed (and maybe guarded)
equations, however, is not eﬀective in two regards.
First, advanced techniques for selecting a usable induction scheme for a particular subgoal
often need special treatment of the inductive function deﬁnition (example given later).
Second, a function deﬁnition header in a goal to be proven is typically expanded into its
function deﬁnition body during the refutation process. As saturation-based ﬁrst-order
provers perform rewriting according to a speciﬁc term ordering [BG94], this may only
be possible if we select always the "right" inductive deﬁnitions for a function header,
otherwise there could be too many options to choose from leading to a blow-up in the
search space. In the example above, there could be other input axioms e.g.:

∀x.add(s(0), x) = s(x)
or
2

∀x, y.even(add(x, y)) ↔ even(add(s(x), s(y)))

1.1. Problem statement
Although these provide additional information about the deﬁned functions which the
prover could use right away, we should not mix them with the deﬁnitional axioms of the
functions. Coming up with heuristics that select from an input set of axioms the most
general subset of deﬁnitional axioms which subsume the rest is not straightforward. Now
consider the following conjecture:

∀x, y.y + (x + x) = (x + y) + x
To prove this conjecture, we need to create an appropriate induction scheme which will
allow us to prove all base cases and simplify the inductive step cases in a way that the
corresponding induction hypotheses apply to the inductive step consequent. This involves
selecting induction terms, choosing occurrences for these and creating base and step
cases. In the example above, we can select x, y or both and various combinations of
occurrences for both variables as induction terms. For instance, one possible induction
scheme is the following, with selected variable y , inducting on all its occurrences and
using base case 0 and step case z → s(z):




0 + (x + x) = (x + 0) + x ∧
z + (x + x) = (x + z) + x →  → ∀y.y + (x + x) = (x + y) + x
∀x. 
∀z.
s(z) + (x + x) = (x + s(z)) + x
The problem of creating an appropriate induction scheme is equivalent to instantiating
the Noetherian induction scheme with all possible orders and then checking each order for
well-foundedness, which is known to be undecidable [Tur37, G3̈1]; so we can only apply
either all possible induction schemes exhaustively or use heuristics to ﬁnd "good" ones
with a relatively high success rate. There already exist heuristics which address this and
perform relatively well for certain inductive problems – see for example recursion analysis,
which dates back to the earliest version of ACL2 [BM88] or the heuristics of Aubin
[Aub77] and Walther [Wal92, Wal93, Wal94]. Further, the metaheuristics of rippling
generalize these approaches to any mathematical proof [BBHI05]. These metaheuristics
are implemented in e.g. the proof planner of Isabelle called IsaPlanner [DF03] which
provides the basis for proof assistants and automated theorem provers such as Hipster
and HipSpec [LVJ15, CJRS13].
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Problem statement. The thesis focuses on further extending and improving
automated ﬁrst-order theorem proving with inductive reasoning as follows:

G1. Find and compare techniques from the literature to automatically generate
and combine induction formulas for inductive goals. Apply these techniques in
the context of saturation-based ﬁrst-order theorem proving.
G2. Modify the current superposition calculus with inference rules that allow
expansion of inductive function headers into their deﬁnitions, while trying to
maintain refutational completeness.
G3. Extend the standard input syntax of ﬁrst-order provers – and in particular
of the Vampire prover – such that the user can deﬁne recursive functions
as special functions. Explore ideas to preprocess these functions to help the
refutation process of saturation-based ﬁrst-order theorem proving.
G4. Design new techniques to automatically discover relevant function deﬁnitional
information from axioms.

Methodology
We focus our approach on developing methods for saturation-based theorem proving
[KV13, RV01]. For supporting our work, we will use the state-of-the-art superposition
theorem prover Vampire.
In saturation-based theorem proving, we start from the input axioms for a particular
theory together with the negated goal, convert it to clausal normal form and try to
saturate the search space, i.e. derive all possible consequences of the input based on a set
of inference rules – in our case, the superposition calculus [RV01]. If we can derive the
empty clause, the original goal is proven. An inductive type contains at least one base
constructor (a 0-ary function or constant) and recursive constructors (n-ary function
(n > 0) with at least one argument that has the same inductive type). In the previous
examples, the set of natural numbers contains 0 as base and s(x) as recursive constructor.
A recursive function has at least one inductive type as an argument on which it recurses,
that is, it calls itself with a subterm of that argument. It also has base cases where the
recursion stops. This distinction between recursion and a base case is usually dependent
on a condition or on case distinction in the input inductive arguments based on the
inductive type’s constructors. An inductive formula, and in particular an inductive goal
is any formula containing inductive variables or terms and recursive functions.
Addressing our G3, we extend the current input format of ﬁrst-order reasoners to
allow user-deﬁned recursive function deﬁnitions. From the available input formats,
SMT-LIB [BFT16] supports recursive function deﬁnitions with the define-fun-rec and
define-funs-rec keywords. Moreover, as recursive function deﬁnitions require case
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distinctions between the diﬀerent constructors of a recursive type and to ease the problem
speciﬁcation for users and increase readability, we also implement the match framework
of SMT-LIB.
By aiming to solve G2, we note that for the superposition calculus to be complete, a
well-founded term ordering is used so that there can be no inﬁnite derivations. On the
other hand, in order to prove conjectures about arbitrary recursive functions, we must be
able to expand function headers into their deﬁnitions. This, however, may be in conﬂict
with the ordering. E.g. instead of the above deﬁnition for the recursive case of add, we
can create the following with the additional p predecessor destructor function:

∀x, y.x = 0 → add(x, y) = s(add(p(x), y))
This function axiom has a right hand side in its consequent equality containing more
terms than its header, so the superposition calculus may be unable to expand any such
header occurrences into the body, which is often needed to proceed with a proof. In
this thesis, we extend the superposition calculus with exceptions for recursive function
deﬁnitions, such that the necessary function header expansions can be done to complete
a proof.
By targeting G1 and G4, we emphasize that for a particular recursive function, we can
create a set containing the function header, recursive calls and conditions tuples based
on the branching and case distinctions in the function deﬁnition. For the add function,
the set is the following:

(add(0, y),
∅,
∅)
(add(s(x), y), {add(x, y)}, ∅)
This set is called the induction template of the function add. The argument positions
in the function term of a ﬁrst tuple element that are non-variables and diﬀer from the
same argument position in some of the function terms in the corresponding second tuple
element are called the active positions of the function. A term in an inductive goal that
is a recursive function occurrence, which is itself in an active position of another recursive
function occurrence or at a top-level position is a candidate for such analysis and is called
an active occurrence of the term [Aub77, Cru17]. For example, in the conjecture from
earlier ∀x, y.y + (x + x) = (x + y ) + x, both y + (x + x) and (x + y ) + x are top-level
terms, then from the ﬁrst term y is in an active position, from the second (x + y).
By analyzing a particular inductive goal based on the templates for its function occurrences, we can instantiate one or more induction schemes suitable for proving the goal.
As described earlier we can select any number of variable (or term) occurrences based on
some heuristics. Then, an induction scheme can be stored in a compact form similar to
that of the induction template, where we associate the selected variables/terms with the
appropriate substitutions for each base/recursive case of the induction template. For the
running example, one such scheme is:

({x → 0, y → 0},
∅,
∅)
({x → s(z), y → s(w)}, {{x → z, y → w}}, ∅)
5
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which will then result in the following induction formula, where we only replace the active
occurrences of x and y:




0 + (x + x) = (0 + y) + x (1) ∧
w + (x + x) = (z + y) + x →
∀x, y. 
 → ∀z, w.w + (x + x) = (z + y) + x
∀z, w.
(2)
s(w) + (x + x) = (s(z) + y) + x
This induction formula contains a base case indicated by (1) and a recursive case (2)
where the implicant is the induction hypothesis, whereas the implication conclusion is
the inductive step.
Addressing G1, we devise succinct representation and analysis of induction templates and
induction schemes and experiment with these. Heuristics must be also devised to deal
with the selection of induction terms and automatic generation of induction formulas.
These should be able to generalize over multiple variable occurrences or complex terms
in order to solve more complex problems. Also, to this end, a diverse set of inductive
problems must be prepared to conduct experiments upon. We create heuristics to discover
the smallest set of axioms deﬁning functions and predicates, ﬁnd suﬃcient conditions for
their well-foundedness and well-deﬁnedness, moreover orient equalities for using them as
function deﬁnitions, targeting G4.

1.2

Relation to the State-of-the-Art

Automating inductive reasoning had several promising research areas in the recent
decades including deciding when to apply induction and what induction formulas to use
[BBHI05, RV19, CJRS13], restricting the fragment of logic [BM88, RV19, KP13, EP20],
supporting the proof with auxiliary lemmas [CJRS13, Cru17] or circumventing the need
for induction formulas and lemmata [BS10, BIS92]. Inductive reasoning automation
dates back to the 1970s, when the ﬁrst version of interactive theorem prover ACL2
[BM79, BM88] was created which later proved to be very useful in proving many theorems including correctness of microprocessors or Gödel’s Incompleteness Theorem [G3̈1].
Although proving in ACL2 is not fully automated, it incorporated the ﬁrst version of
the so-called "recursion analysis" technique, providing the user with a set of possible
induction schemes for each subgoal.
Other interactive theorem provers (proof-assistants) such as Coq [Tea09], HipSpec/Hipster
[CJRS13, LVJ15] or Isabelle [NPW02] also support induction with diﬀerent levels of
automation, such as rippling, which is a set of guidelines to measure the progress of
induction and how far away is the prover from applying the induction hypotheses in
the inductive step conclusions. Until recently however, the only automated provers that
supported in general structural induction were either incomplete or ineﬃcient in doing
so. Some non-superposition based provers with inductive capabilities include CVC4
[BCD+ 11] – an SMT (Satisﬁability Modulo Theories) solver [RK15] – or Zeno [SDE12] –
which proves recursive Haskell program properties. While the former eﬀectively deals
with certain theories such as natural numbers but fails to extend inductive reasoning to
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more complex data types such as lists or binary trees, the latter extends to arbitrary
data types but fails to scale to problems greater in size.
Most state-of-the-art ﬁrst order theorem provers with equality are using the superposition
calculus. There have been several attempts recently at extending superposition with
induction, see e.g. [KP13, EP20]. Some of the ﬁrst superposition-based provers to
support inductive datatypes and induction were ZipperPosition [Cru17] and Vampire
[KV13]. ZipperPosition performs relatively well for a great set of input problems but
is claimed to be incomplete due to its combination of recursive deﬁnitions as rewrite rules
with superposition. In Vampire, several induction techniques are implemented for both
structural and mathematical induction [RV19], however none of these use the structure
of recursive deﬁnitional axioms to generate better induction formulas. Generalization
over induction variables is now also supported in Vampire [HHK+ 20] which creates lots
of induction formulas that could be discarded in light of the recursive function deﬁnitions
structure. These recent developments in Vampire for inductive reasoning will provide
the basis of this thesis.

1.3

Contributions

The contributions of this thesis are the following:
C1. Extract case distinctions, argument orderings and recursive calls from function
deﬁnitions. When given a formula containing a particular recursive function
symbol, generate induction formulae for this that match the function deﬁnition.
Use argument orderings and other information from the formula to strengthen
induction hypotheses. In case of multiple function symbols in a formula, combine
the extracted information such that a minimum number of induction formulae are
generated, each matching as many function symbols as possible, with the least
amount of intersections. These are described in Chapter 3.
When applied in the context of saturation-based theorem proving, add a new
inference rule called multi-clause induction to be able to induct on formulae more
complex than a single literal as described in Chapter 4.

C2. Extend the superposition calculus with function deﬁnition rewriting with the least
amount of disruption in refutational completeness as described in Chapter 4. That
is, apply demodulation whenever a function deﬁnition orientation cioncides with the
ordering used by the prover, otherwise use a modiﬁed paramodulation that expands
the function header into its deﬁnition.
C3. Implement the keyword define-fun-rec in the theorem prover Vampire in order
to easily and consistently extract the information described in (C1) from input
function deﬁnitions. Also implement the keyword match to allow a more readable
and robust way of deﬁning case distinctions on function deﬁnition arguments. These
are given in more detail in Chapter 5.
7
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C4. Extract function deﬁnition information from input axioms in a way that user-error
can be detected up to a reasonable level, including a well-foundedness and welldeﬁnedness check. Use the information for induction when the suﬃcient conditions
for soundness are given. We present these concepts in detail in Chapter 5.
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CHAPTER

Preliminaries
In this chapter we introduce the necessary underlying concepts needed for this thesis.
First, a basic introduction of multi-sorted ﬁrst-order logic with equality is presented to ﬁx
our notation. This will include some theory reasoning extensions required by induction
and recursive functions. Then, the superposition calculus is shown on a higher level, after
which we describe how saturation-based theorem proving works.

2.1

First-order logic with equality

We base our introduction to ﬁrst-order logic with equality on an assumed basic familiarity
with the topic. For a detailed introduction, see [BM10]. We deﬁne the multi-sorted
signature as a set of function symbols F and a set of predicate symbols P together
with a set of sorts S . Each symbol is associated with an arity and a sort/type and a
function with arity of 0 is called a constant. We also add = to the language as a binary
predicate symbol,
(true) and ⊥ (false) as arity 0 predicate symbols and the unary
function symbol srt mapping each term to its sort. We denote functions with letters f ,
g , h and predicates with letters p, q , r. We use from now on the words sort and type
interchangeably.
Elements of the set of variables V are denoted by x, y , z , possibly with indices. The set
of terms T is deﬁned inductively using function symbols and variables. For terms, we
use the letters s, t, etc. We reserve the notation σ , σ0 , σ1 , etc. for Skolem constants. We
say that a term is ground if it contains no variables. We reserve the notation x and t for
tuples of variables and terms, respectively. Atoms are built inductively from terms and
predicate symbols. We use the unary logical connective ¬ for negation. Atoms and their
negations are called literals. For a literal l, we use the notation l to denote its opposite
sign literal. Moreover, we add binary logical connectives ∨, ∧, → and ↔ for disjunction,
conjunction, implication and equivalence, respectively and the universal quantiﬁer ∀ and
the existential quantiﬁer ∃. We use these connectives to build formulas from atoms. We
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may abbreviate ∀x.srt(x) = α → F as ∀x ∈ α.F .
Additionally, we say that a set of literals is called a clause and treat it as a disjunction of
the contained literals. We treat sets of clauses as conjunctions of the clauses. We reserve
the symbol for the empty clause which is logically equivalent to ⊥. We call every term,
literal, clause or formula an expression. We use the notation s t to denote that s is a
subterm of t and s t if s is a proper subterm of t.

We distinguish special sorts called inductive sorts/types, function symbols for inductive
sorts called term constructors and term destructors (or constructors and destructors
for short). We require that the signature contains at least one constant constructor
symbol for every inductive type. Such a symbol is called a base constructor, while
non-constant ones are called recursive constructors. We call the ground terms built from
the constructor symbols of a sort its term algebra.
Apart from the standard syntax, we introduce function symbols ite, match and let:
• ite is a ternary function symbol with type bool × α × α → α.
• match is an n+1-ary function symbol with type α0 ×pair(α0 , α1 )×...×pair(α0 , α1 ) →
α1 . We also require that α0 is an inductive type, the ﬁrst argument is a known
variable and the set of ﬁrst elements of each pair of arguments 2 ≤ j ≤ n + 1
contains an exhaustive and mutually exclusive list of constructor terms of type α0 .
• let is a binary function symbol with type pair(α0 , α0 ) × α1 → α1 with the ﬁrst
element of the ﬁrst argument is required to be a variable.
We often use the more readable notation if t1 then t2 else t3 instead of ite(t1 , t2 , t3 ),
match x with (s1 → t1 )...(sn → tn ) instead of match(x, (s1 , t1 ), ..., (sn , tn )) and let x =
s in t instead of let((x, s), t).
An interpreted symbol is a function or predicate whose meaning is deﬁned through axioms,
e.g. = is an interpreted symbol in ﬁrst-order logic with equality. All other symbols are
called uninterpreted. In this thesis, we often work with interpreted function or predicate
symbols deﬁned through multiple axioms. In case of a function symbol f, we use the
following notation for convenience:

fun f(x1 , ..., xn ) := body
We abuse this notation for predicate deﬁnitions, noting that strictly speaking these are
not necessarily deﬁned by equational axioms. Such deﬁnition for a predicate symbol p is
as follows with a bool value:

fun p(x1 , ..., xn ) := body
This notation is mainly to distinguish function and predicate deﬁnitions needed for our
purposes from all other axioms that contain the interpreted symbols.
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Example 2.1.1 Some examples for function deﬁnitions are shown below. The identity
function is:
fun id(x : τ ) → τ := x
A recursive function calculating the Fibonacci-numbers for natural numbers:
fun fib(x : nat) → nat :=
if x ≤ s(0) then x
else fib(p(x)) + fib(p(p(x)))
Or an equivalent deﬁnition:
fun fib(x : nat) → nat :=
match x with
(0 → 0)
(s(0) → s(0))
(s(s(z)) → fib(s(z)) + fib(z))
For the semantics, we use an interpretation structure M which incorporates a non-empty
domain or universe D and an interpretation function I for variables, function symbols and
predicate symbols. The interpretation of terms and formulas is then built up inductively
from this. We additionally describe the semantics of our special functions:

• I(ite(s, t1 , t2 )) =

I(t1 )
I(t2 )

if I(s) = true
otherwise

• I (match(x, (s1 , t1 ), ..., (sn , tn ))) = I (ti [x/si ]), where I (x) matches I (si ). This is
well-deﬁned as in the syntax part we require a complete and mutually exclusive list
of terms for s1 , .., sn .
• I(let((x, s), t) = I(t[x/s])
We note here that even though the semantics of match can be simulated by using ite
and let expressions, we still ﬁnd it very useful and compact to write case distinctions on
term algebra terms.
An interpretation M is a model of a formula F denoted by M |= F if F evaluates to
true in M. Moreover, F is satisﬁable if it has a model, otherwise if it has no model, it is
unsatisﬁable. F is valid if all interpretations are models of it, denoted by |= F .

We call a substitution θ a mapping of the form {s1 → t1 , ..., sn → tn } s.t. si = sj for all
1 ≤ i, j ≤ n, i = j . An application of a substitution on an expression E is denoted by
Eθ and corresponds to the expression where all occurrences of si are replaced with ti .
Another notation is E [s] where we mean there is a distinguished occurrence of the term s
11
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in E . E [·] then means this particular occurrence of s is replaced by a hole and E [t] that
the occurrence is changed to a term t. We may use this notation also to denote multiple
occurrences at the same time. A substitution θ is a uniﬁer of two expressions E1 and E2
if E1 θ = E2 θ. A uniﬁer θ is a most general uniﬁer (mgu for short) if for all θ uniﬁers of
the same expressions, there is a θ substitution s.t. θ = θθ .
A position is a ﬁnite sequence of positive integers, a root position is the empty sequence
and is denoted by . We denote the concatenation of two position p and q by pq . We use
positions in case of terms such that if a term f (t1 , ..., tn ) is in position p, then term ti is
in position pi, for 1 ≤ i ≤ n. We denote a subterm of term t in position p by t|p . We
extend positions to literals in the following way: a literal is always in position , moreover
an equality l = r has positions 1 and 2, corresponding to l and r, respectively and a
predicate p(s1 , ..., sm ) has positions 1 to m corresponding to s1 to sm , respectively.
A binary relation R on a set A is the subset of the Cartesian product A × A. We usually
write a R b instead of (a, b) ∈ R to denote that a is related to b w.r.t. R. Given two
binary relations R1 and R2 on the same set A, R2 · R1 denotes the relation s.t. for all
pairs (a, c) ∈ R2 · R1 with a, c ∈ A there is some b ∈ A where (a, b) ∈ R2 and (b, c) ∈ R1 .
An irreﬂexive relation R on A is such that a R b implies a = b for any a, b ∈ A. It holds
for a transitive relation that for any a, b, c ∈ A, a R b and b R c entails a R c. A proper
order (or strict order) is an irreﬂexive and transitive relation. A relation R on a set A is
well-founded if every non-empty subset of A has at least one minimal element w.r.t. R.

A relation R on a set A is a simpliﬁcation ordering if:
• it is stable under substitutions, i.e. a R b implies aθ R bθ for all a, b ∈ A and
substitutions θ
• it is monotonic, i.e. a R b implies s[a] R s[b] for all a, b, s ∈ A
• it has the subterm property, i.e. a

2.1.1

b implies a R b

Term algebras

Semantically, each n-ary constructor c has n corresponding destructors d1 , ..., dn . For
any constructor term c(t1 , ..., tn ) with root symbol c, the following holds:

∀1 ≤ i ≤ n.di (c(t1 , ..., tn )) = ti
Moreover, we axiomatise every term algebra for an inductive type τ with constructors
c1 , ..., cn of arities m1 , ..., mn and corresponding destructors d11 , ..., d1m1 , ..., dn1 , ..., dnmn
as follows:

• The term algebra injectivity axiom states that if two constructor terms with identical
top-level symbols c of arity n are equal, then their arguments are equal pairwise:
∀x1 , ..., xn , y1 , ..., yn .c(x1 , ..., xn ) = c(y1 , ..., yn ) → (x1 = y1 ∧ ... ∧ xn = yn )
12
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• The term algebra distinctness axiom states that any two constructor terms with
diﬀerent top-level constructor symbols c1 of arity n and c2 of arity m are not equal:
∀x1 , ..., xn , y1 , ..., ym .c1 (x1 , ..., xn ) = c2 (y1 , ..., ym )
• The term algebra exhaustiveness axiom states that any term of type τ must equal to
one of the constructors. In its most compact form, it also connects the constructors
to their appropriate destructors:
∀x ∈ τ.x = c1 (d11 (x), ..., d1m1 (x)) ∨ ... ∨ x = cn (dn1 (x), ..., dnmn (x))
• The term algebra acyclicity axiom states that any term of type τ cannot be the
subterm of itself. This can be formalized with the help of a predicate subtermτ .
For each constructor c of arity n, we add the following axioms:
∀x1 , ..., xn .subtermτ (x1 , c(x1 , ..., xn )) ∧ ... ∧ subtermτ (xn , c(x1 , ..., xn ))
∀y, x1 , ..., xn .(subtermτ (y, x1 ) ∨ ... ∨ subtermτ (y, xn )) → subtermτ (y, c(x1 , ..., xn ))
Then, the main axiom for acyclicity is as follows:
∀x.¬subtermτ (x, x)
Example 2.1.2 The natural numbers N can be represented as an inductive type
nat := 0 | s(x)
with base constructor 0, unary recursive constructor s and corresponding destructor p.
Some ground terms for natural numbers are 0 (∼ 0), s(s(0)) (∼ 2), p(s(s(0))) (∼ 1),
etc.

Polymorphic lists of type α (list(α)) can be formulated as
list := nil | cons(x, y)
with nil as base constructor and cons as binary recursive constructor with argument
types α and list, and destructors head and tail. Some ground terms of list(nat)
are nil, cons(0, nil), cons(s(0), cons(0, nil)).

Binary trees containing a value of type α are deﬁned as:
btree := leaf | node(x, y, z)
where the ﬁrst and third arguments of the node constructor are of type btree while
the second is of type α.
From now on, we may use n instead of sn (0) for ground terms of nat and x1 ++ ... ++ xn
instead of cons(x1 , ...cons(xn , nil)) for terms of list to increase readability.
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2.2

The superposition calculus

A theorem prover is provided with a set of axioms corresponding to the theory under
consideration and a conjecture to be proven. Most theorem provers use some kind of
inference system to automate the creation of new formulas or simpliﬁcation of old ones.
An inference is a rule of the form:

F1

...
G

Fn

We say that F1 , ..., Fn are the premises and G is the conclusion of the inference. Inferences
with no premises are called axioms. If we can apply an inference rule because the premises
can be matched with axioms or formulas already derived, then we instantiate the inference
rule with the concrete premises and derive the conclusion, adding it to the set of derived
formulas. A set of inference rules give an inference system.
An inference is a simplifying one if one or more of the premises can be removed from
the set of formulas because they are redundant given the conclusion. We denote such a
simpliﬁcation with a crossed line:

F✚
1
✚

...
G

Fn

An inference rule is sound if its conclusion logically follows from its premises. An inference
system is sound if all of its rule are. An inference system is complete if any valid set of
formulas can be proven true in it.
Most modern ﬁrst-order theorem provers use the superposition calculus (Sup) as their
inference system. It works on sets of clauses, so all input formulas must be converted
to clausal normal form (or CNF) before they can be used with the calculus. For our
purposes, we will treat conversion to CNF as a black box and refer the reader to [RSV16].
We write cnf(F ) to denote the conversion of a formula F to its conjunctive normal form.
Sup is sound and refutationally complete. A refutation is a derivation of ⊥. Refutational
completeness means for any unsatisﬁable formula set, we can derive the empty clause.
Therefore, with superposition we usually negate our input conjecture and try to refute it
which, if successful, means the original conjecture is valid.
For the completeness proof of Sup, an ordering of terms, literals and clauses is necessary.
In particular, we are interested in simpliﬁcation orderings due to the following result
[BN98]:

Theorem 2.2.1 Every simpliﬁcation ordering is well-founded.
Widely-used simpliﬁcation orders include KBO (Knuth-Bendix ordering) [KB70] and
LPO (lexicographic path ordering) [KL80]. A discussion of these can be found in [Der82].
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A ﬁrst-order theorem prover uses a simpliﬁcation term ordering as the basis to order
terms, which is then extended to equalities, literals and clauses [BG94]. An equality
with sides l and r is oriented as l = r if l r. We then use the multiset extension of the
ordering to extend this from terms to literals and from literals to clauses. We will abuse
notation and use the same symbol to denote the original ordering and its extensions.
We now present some of the inference rules necessary for this thesis from Sup:
Superposition rules are
l =r∨C
t[s] = u ∨ D
(Sup)
(t[r] = u ∨ C ∨ D)θ

t[s] = u ∨ D
l =r∨C
(Sup)
(t[r] = u ∨ C ∨ D)θ

l =r∨C
L[s] ∨ D
(Sup)
(L[r] ∨ C ∨ D)θ
where θ is an mgu of l and s, s is not a variable, rθ
equality literal.

lθ, uθ

t[s]θ and L is not an

Binary resolution is
A∨C
¬B ∨ D (Bin)
(C ∨ D)θ
where θ is the mgu of A and B.
Equality resolution is
l =r∨C
(ER)
Cθ
where θ is the mgu of l and r.
Moreover, we add a special case of superposition as a simpliﬁcation rule, called demodulation, which is
✘

l=r
C[lθ]
✘✘∨✘D
✘
(Dem)
C[rθ] ∨ D
where lθ

rθ and C[lθ] ∨ D

lθ = rθ.
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2.3

Saturation-based proof search

Given a set of input formulas C in clausal form, the set of all derivable clauses using
inference rules from Sup with the ordering from the set C is called the closure of F
w.r.t. Sup. If the closure contains , the original set C is unsatisﬁable, otherwise it
is satisﬁable. The process of computing the closure is called saturation. However, this
process often results in using up an unlimited amount of time and memory, rendering it
practically unusable. This is partly due to the undecidability of satisﬁability for ﬁrst-order
theorems [G3̈1] which means sometimes an inﬁnite amount of resources is needed to
prove a theorem. For that matter, in practice more subtle notions are needed to tackle
this problem.
The ﬁrst one is saturation up to redundancy. A clause C is redundant w.r.t a set of clauses
S if some subset of S of clauses smaller than C w.r.t logically imply C . A clause can
become redundant during saturation the moment it is added to the set of clauses or later
when new clauses make it redundant. Clauses that never become redundant in the set of
clauses during saturation are called persistent. Saturation up to redundancy means the
closure is entirely made up of persistent clauses, redundant ones are ideally eliminated
the moment they become redundant (or never added in the ﬁrst place). One way of
removing such clauses is adding deletion rules to the inference system such as tautology
elimination. Redundancy is in general undecidable, so we cannot eliminate all redundant
clauses in practice. We use cheap simpliﬁcation rules instead.
Other methods of controlling the search space and the saturation process are selection
methods which control the order in which the inferences are applied. For a more detailed
discussion on saturation algorithms see [KV13].
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CHAPTER

Induction schemes and proofs
In this chapter we look at why induction proofs are necessary to prove some formulas
and how they are carried out manually. During this, we will note some key steps of
these proofs which are indispensable for a successful automated inductive proof. Then,
we formally introduce the mathematical basis of well-founded induction and show how
this notion is adapted for proving conjectures with inductive types in a saturation-based
theorem prover. Finally, we look at the various technical challenges that arise when
proving more diﬃcult formulas.

3.1

Induction from a mathematician’s perspective

Inductive reasoning proved to be a handy tool in the mathematician’s repertoire throughout the centuries. The technique’s power lies in the fact that it can prove statements
about inﬁnite structures with only a ﬁnite amount of reasoning. This is therefore essential
in all inductive theories. However, a technique so powerful comes with its limitations
and one may wonder: why is it so hard to automate?
A hint of answer may be found in the interconnection between recursion, induction
and well-foundedness. Seen through Gödel’s ﬁrst incompleteness theorem [G3̈1], every
non-trivial inductive theory (such as integer arithmetic) has some formulas that cannot be proven true. From another viewpoint, deciding whether a recursive function is
well-founded, i.e. whether it terminates is equivalent to the Halting Problem and is
undecidable [Tur37]. Therefore, for any such recursive function, we cannot possibly select
a corresponding single well-founded relation, which we will later see is equivalent to
selecting an induction formula.
Consider now the following conjecture – the associativity of addition over natural numbers
– which demonstrates some of the diﬃculties of inductive reasoning:

∀x, y, z.add(add(x, y), z) = add(x, add(y, z))
17
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We also need the deﬁnition of add:
fun add(x : nat, y : nat) → nat :=
match x with
(0 → y)
(s(z) → s(add(z, y)))
The ﬁrst thing a mathematician does is to select an appropriate induction formula, which
needs the selection of an induction term – x, y or z – and selecting a well-founded relation.
The induction formula in this case is the following:




add(add(0, y), z) = add(0, add(y, z))∧
add(add(x0 , y), z) = add(x0 , add(y, z)) → 

∀y, z.
∀x0 .


add(add(s(x0 ), y), z) = add(s(x0 ), add(y, z))
→ ∀x.add(add(x, y), z) = add(x, add(y, z))
Let us now focus on the ﬁrst part of the antecedent, the base case:
add(add(0, y), z) = add(0, add(y, z))
By using the deﬁnition of add, we can reduce this to:
add(y, z) = add(y, z)
This is already a tautology, so we can move on to the next part, the so-called step case:

add(add(x0 , y), z) = add(x0 , add(y, z)) → add(add(s(x0 ), y), z) = add(s(x0 ), add(y, z))
The implication conclusion can be simpliﬁed by the deﬁnition of add, twice on the
left-hand side, once on the right-hand side:

add(add( s ( x0 ) , y), z) = add( s ( x0 ) , add(y, z))
add( s ( add(x0 , y) ) , z) = s ( add(x0 , add(y, z)) )
s ( add(add(x0 , y), z) ) = s ( add(x0 , add(y, z)) )
Notice how the structure changes in each simpliﬁcation stage, in a way that the s parts
"bubble up" and how it ends with an equality which contains inside the s terms exactly
the two sides of the induction hypothesis, that is, the antecedent of the inductive step
case. So after simpliﬁcation, the original implication becomes:

add(add(x0 , y), z) = add(x0 , add(y, z)) → s(add(add(x0 , y), z)) = s(add(x0 , add(y, z)))
This can be proven in several ways. E.g. by invoking the injectivity axiom of the term
algebra constructor s:
∀x, y.s(x) = s(y) → x = y
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After this we get a tautology:
add(add(x0 , y), z) = add(x0 , add(y, z)) → add(add(x0 , y), z) = add(x0 , add(y, z))
Another technique we can use is called equality resolution (which is also called crossfertilization in the literature [BM79]) which is essentially rewriting with the hypothesis
and then throwing it away, which results once again in a tautology.
Since both conjuncts of the implicant in the original induction formula are true, we can
conclude that ∀x, y, z.add(add(x, y ), z ) = add(x, add(y, z )) is also true, which is what we
are trying to prove.

This induction formula succeeded because of the "right" choice of:
1. the induction term (in this case x) which allowed us to use the recursive deﬁnition
of add in a way that we could get rid of the initial s on both sides in the step case
and reduce the base case to a tautology
2. the case distinction which provided us with an easily provable base case and a
step case in which the simpliﬁed implicant could be rewritten using the induction
hypothesis
In general, both choices give a branching point which may cause a blow-up in the search
space. Later, we will address these issues (and some others that did not come up in this
simple example) and develop heuristics that makes the right choices for certain types of
problems.

3.2

Well-founded induction

Let us ﬁrst give the theoretical basis for the structure of the induction formula, that
is, let us introduce well-founded induction. Well-founded orders give the basis of both
terminating recursive functions and valid induction formulas. Now we give the most
general form of induction which is based on well-founded orders.

Deﬁnition 3.2.1 Let A be a set, ≺ a well-founded order over A and P [x] a ﬁrstorder statement with x as a free variable denoting an element of A. We deﬁne the
well-founded (or Noetherian) induction scheme as:
∀u ∈ A. ∀v ∈ A.(v ≺ u → P [v]) → P [u]

→ ∀w ∈ A.P [w]

In words: for all elements u ∈ A, if for all smaller elements v ∈ A (w.r.t. ≺) P [v ] holds
implies that P [u] holds, then P holds for all elements in A.
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Because the minimal elements have no smaller elements w.r.t. ≺, this means that for them
the premise is vacuously true. For our purposes, it is suﬃcient to adapt this deﬁnition
to the term algebra types. We choose simpliﬁcation orderings for single elements of any
term algebra, focusing on the subterm property which is easy to check. We can then
extend these orderings to tuples of elements by taking e.g. the lexicographical extension
of the atomic relations. We discuss exactly what orderings will be used in this thesis
later.
By adjusting how many subterms a certain term is in relation with, we can create
many induction schemes with diﬀerent such well-founded orders and stronger or weaker
induction steps.

Example 3.2.1 Some induction schemes for nat are:
• only considering immediate subterms (i.e. ∀x.x ≺ s(x)):
(P [0] ∧ ∀x. P [x] → P [s(x)] ) → ∀z.P [z]
• considering the immediate subterms of immediate subterms (i.e. ∀x.x ≺ s(s(x))):
(P [0] ∧ P [s(0)] ∧ ∀x. P [x] → P [s(s(x))])) → ∀z.P [z]
• considering every subterm:
(P [0] ∧ ∀x.∀y x.(P [y] → P [x])) → ∀z.P [z]
The last induction scheme in particular corresponds to strong mathematical induction
over the natural numbers.

3.3

Duality between recursion and induction

So what is the connection in the previous example between the correct induction formula
and the formula we want to prove? We can notice the similarity between the case
distinction and recursive calls in the deﬁnition of add and the induction base and
step cases. To make the connection, ﬁrst we simplify things by introducing relational
descriptions based on the notation of Walther [Wal92].

Deﬁnition 3.3.1 A relational description (or r-description for short) for an n-ary
function f is a triple:
(f(t1 , ..., tn ), {f(t1i , ..., tni ) | 1 ≤ i ≤ m}, F )

20

3.3. Duality between recursion and induction
where m ≥ 0 and all tj and tji (1 ≤ j ≤ n and 1 ≤ i ≤ m) are constructor terms
containing only constructor symbols or variables and F is a set of formulas, the side
conditions of the r-description.
An r-description contains the necessary information for induction for a single branch of a
function deﬁnition. We can create r-descriptions for a non-recursive function although
induction on statements with such functions is not really necessary.

Example 3.3.1 For id, the r-descriptions are:
{(id(x), ∅, ∅)}
For fib, these are:
(fib(x),
∅,
{x ≤ s(0)}),
(fib(x), {fib(p(x)), fib(p(p(x)))}, {x > s(0)})
or






(fib(0),
∅,
∅),
(fib(s(0)),
∅,
∅),
(fib(s(s(z))), {fib(s(z)), fib(z)}, ∅) 

depending which deﬁnition we use.
Next, we need to diﬀerentiate between arguments that take part in the case distinction
from the ones that do not.
Deﬁnition 3.3.2 Given a function f of arity n and a corresponding r-description
R = (f(t1 , ..., tn ), {f(t1j , ..., tnj ) | 1 ≤ j ≤ m}, F )
an argument position 1 ≤ i ≤ n is an active argument position of R if there is a
1 ≤ j ≤ m with ti = tij and at least one of ti and tij is a non-variable. We call an
argument position an active argument position of f if it is an active argument
position of some r-description of f. We denote the set of active argument positions of
f with Ifa .
One example for a function with multiple active argument positions is the Ackermannfunction [Ack28] shown in Figure 3.1. The r-descriptions corresponding to this function
are:
(ack(s(z), 0),
{ack(z, s(0))},
∅)
(ack(s(z), s(w)),
{ack(z, ack(s(z), w)), ack(s(z), w)}, ∅)
This function is known to produce numbers of extraordinary size but its termination
is nonetheless easy to show. In fact, any terminating (recursive) function suggests a
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fun ack(x : nat, y : nat) → nat :=
match x with
(0 → s(y))
(s(z) → match y with
(0 → ack(z, s(0)))
(s(w) → ack(z, ack(s(z), w))))
Figure 3.1: The Ackermann-function
well-founded order ≺. We are interested in particular in lexicographic extensions of
well-founded orders:

Deﬁnition 3.3.3 Let ≺1 and ≺2 be two orders deﬁned on sets A1 and A2 . The
lexicographic order of these two orders is denoted by (≺1 , ≺2 )lex and is deﬁned on
the product A1 × A2 as follows: (a1 , a2 )(≺1 , ≺2 )lex (b1 , b2 ) if and only if, (i) a1 ≺1 b1 or
(ii) a1 = b1 and a2 ≺2 b2 .
The following result states the well-foundedness of lexicographic extensions [Mid]:

Theorem 3.3.1 The lexicographic order deﬁned by two well-founded orders is wellfounded.
The deﬁnition and result generalizes to lexicographic orders deﬁned by more than two
orders analogously. We now deﬁne suﬃcient conditions for the termination of recursive
functions based on well-founded lexicographic orders. In particular, we consider only
the set of active argument positions of a function, since other positions do not change
by deﬁnition and therefore cannot contribute to the order. We deﬁne two distinguished
types for these indices with respect to each relation between function headers and their
recursive calls.

Deﬁnition 3.3.4 Given a function header f(t1 , ..., tn ) and a recursive call f(s1 , ..., sn ),
an argument position 1 ≤ i ≤ n is a ﬁxed position if ti = si and a subterm position
if ti si .
Now let us group together sets of indices that can be used together in the lexicographic
order:

Deﬁnition 3.3.5 For an r-description set {(f(ti ), {f(tij ) | 1 ≤ j ≤ m}, Fi ) | 1 ≤
i ≤ n}, an ordered separation of Ifa is a tuple of pairwise distinct, exhaustive and
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non-empty sets of indices (I1 , ..., IN ), i.e. ∀k.∀l = k.Ik ∩ Il = ∅ and ∪k Ik = Ifa .
Each of these sets contain the maximum number of indices such that in any pair
f(ti ) and f(tij ) it holds that there is some 1 ≤ k ≤ N such that all l < k we have
∀l ∈ Il .til = tijl and we have ∀k ∈ Ik .tik tijk .
This makes the creation of a lexicographic order easier as any order inside one of these
sets obeys the lexicographic deﬁnition. We proceed by stating a property of the ordered
separation.

Lemma 3.3.1 If an ordered separation S exists for a function f with r-descriptions
R and a non-empty Ifa , then f is terminating.
Proof. Suppose S exists but f is not terminating. This means that there is an inﬁnite
sequence of n-tuples of ground terms T0 , T1 , ... collecting the arguments of an inﬁnite
recursive call chain of the n-ary f. Since Ifa is non-empty, there is at least one set in
S , let us consider the ﬁrst, I1 . For any i ≥ 0, the elements of Ti+1 at indices of I1 by
construction are either identical to the elements of Ti in the same indices or they are
strict subterms of those. The latter cannot occur inﬁnitely often, so we look at the former
case. This can only happen if there is a second set I2 in S . With the same reasoning
on I2 , we get the same and move on to I3 if it exists. Considering eventually all sets
in S , and since no other indices change in any recursive calls outside of S , we get a
contradiction.
The converse is not necessarily true as we only consider orderings with the subterm
property. Such a separation need not be unique either, e.g. a function with one recursive
branch with recursive calls (s(x), y ) and (x, s(y )) for arguments (s(x), s(y )) has two
ordered separations, ({1}, {2}) and ({2}, {1}).

In case of ack, the well-founded relation is simply:
• (z, s(0)) ≺ack (s(z), 0) due to s(z) z
• (z, ack(s(z), w)) ≺ack (s(z), s(w)) due to s(z) z
• (s(z), w) ≺ack (s(z), s(w)) due to s(z) = s(z) and s(w) w
The above can be extracted from the r-description set as follows:
a = {1, 2}
1. We take the set of active argument positions Iack

2. We then separate these into sets such that they "change together" in all relations
from some terms to one of their subterms, or remain ﬁxed together:
• In the ﬁrst relation between ack(s(z ), 0) and ack(z, s(0)), only the ﬁrst position
is a subterm position, this already separates the two into {{1}, {2}}.
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fun leq(x : nat, y : nat) → bool :=
match x with
(0 → true)
(s(z) → match y with
(0 → false)
(s(w) → leq(z, w)))
Figure 3.2: The recursive function for ≤
• In the second relation between ack(s(z), s(w)) and
ack(z, ack(s(z ), w)), ack(s(z ), w), the ﬁrst position is a subterm. The second
position changes but is not a subterm, so we may separate them the same as
in the previous relation.
• Finally, in the third relation between ack(s(z ), s(w)) and ack(s(z ), w), the
ﬁrst argument position is ﬁxed, the second position is a subterm position, so
it gives the same result as the ﬁrst.
3. According to the ﬁrst and second relations, we can identify position 1 as the ﬁrst in
the order. Based on the third relation, position 2 is the second in the order, since
when it changes position 1 is ﬁxed. Therefore, this separation {{1}, {2}} can be
ordered as ({1}, {2}) or simply (1, 2) to get the well-founded order given above.
Other functions may need diﬀerent kinds of well-founded relations, e.g. the recursive
deﬁnition of ≤ for natural numbers shown in Figure 3.2. The termination of this function
is based on the well-founded relation (x, y ) ≺ (s(x), s(y )) and this can be calculated from
the only relation where leq(s(z ), s(w)) changes to leq(z, w), giving the 1-tuple ordered
separation ({1, 2}).

3.4

Induction schemes

So far we have seen how a particular function gives a set of r-descriptions which deﬁne a
well-founded order over the active argument positions of the function arguments, and
together they give an induction template.

Deﬁnition 3.4.1 An induction template for a function f is a set of r-descriptions
and an ordered separation on their active arguments Ifa .
Now we show how this template can be converted into a so-called induction scheme.
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Deﬁnition 3.4.2 Given two tuples of terms S := (s1 , ..., sm ) and T := (t1 , ..., tm ) with
m > 0, we deﬁne a substitution from S to T as:
θ = {s → t | ∃J ⊆ {1, ..., m}.J = ∅ ∧ ∀j ∈ J.(s = sj ∧ t = tj · mgu({tj | j ∈ J}))}
This substitution – if it exists – essentially collects the identical terms of S and maps
them to the uniﬁcation of terms corresponding to the terms in the same indices in T .
The substitution exists if it is well-deﬁned, that is, if all elements in T corresponding to
the same term from S are uniﬁable.

Deﬁnition 3.4.3 A function term f(s1 , ..., sn ) with a tuple of selected terms (si1 , ..., sim )
s.t. for all 1 ≤ j ≤ m, ij ∈ Ifa and sij sij , and an r-description
(f(t1 , ..., tn ), {f(t1j , ..., tnj ) | 1 ≤ j ≤ m}, F )
together deﬁne an r-description instance
(µ, {µj | 1 ≤ j ≤ m}, F )
where µ and µj are non-empty and well-deﬁned substitutions from (si1 , ..., sim ) to
tuples (ti1 , ..., tim ) and (ti1 j , ..., tim j ), respectively. Furthermore, F := ∪f ∈F f θ where
θ := {ti → si | i ∈ {1, ..., n} \ Ifa }, that is, the substitution of non-active arguments of
the function term into the side conditions.

We call dom(µ) the induction terms of the r-description instance.

Deﬁnition 3.4.4 The set of all r-description instances deﬁned by a function term
f(s1 , ..., sn ) and the r-descriptions given by the induction termplate for f give an
induction scheme for f.
Moreover, we deﬁne the recursive cases of an induction scheme I (denoted by
I rec ) as all r-description instances of I where the second tuple element is non-empty:

I rec := {(µ, {µj | 1 ≤ j ≤ n}, F ) | n > 0} ⊆ I
That is, for a function term we select a subterm in each of its active argument positions and
create a mapping from these to the arguments in the same positions of the r-description
function headers. This is only possible if the substitution is well-deﬁned which is also
ensured by the uniﬁcation of the arguments if two or more of the selected terms are
identical. Notice also that the r-description instance exists only if the main substitution
µ is well-deﬁned. On the other hand, we can manage without µj s from recursive calls
that are not well-deﬁned, since by discarding these we will only lose induction hypotheses,
still getting a valid induction formula.
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We illustrate this with an example. The induction template of leq contains 3 r-description
instances, each corresponding to a branch in the deﬁnition of leq:





(leq(0, y),
∅,
∅),
(leq(s(z), 0),
∅,
∅),
 (leq(s(z), s(w)), {leq(z, w)}, ∅) 

(3.1)

Suppose we have a term leq(x, x). To generate an induction scheme from it, ﬁrst we
create a tuple of selected terms in active argument positions. Without much choice, we
create the tuple (x, x). We look at the r-descriptions and try to create an r-description
instance from each:

• For the ﬁrst, we have to match the selected terms (x, x) with the terms in the
same indices from leq(0, y ) which boils down to substituting 0 and y at the same
time for x. Since y is a variable, they unify to 0 and the r-description instance is
({x → 0}, ∅, ∅).
• In the second, we match (x, x) with both arguments of leq(s(z ), 0). s(z ) and 0 do
not unify, so we have to discard this case.
• For the third r-description, we match the tuple with (s(z ), s(w)). Since the two s
terms unify, we can create the main substitution {x → s(z )}. Next, we have to do
the same with the recursive call terms. That is, we have to match (x, x) with the
arguments of leq(z, w). The r-description instance is ({x → s(z)}, {x → z}, ∅).
The ﬁnal induction scheme is the set of the two generated r-description instances:
({x → 0},
∅,
∅),
({x → s(z)}, {x → z}, ∅)
An inductive goal we want to prove may give rise to many induction schemes. It can be
the case that a term contains subterms in active argument positions that also generate
induction schemes, e.g. add(add(x, y ), z ) has an inner term add(x, y ) which itself gives
an induction scheme. This can be generated using the induction template of add where
the ﬁrst argument position is active:

(add(0, y),
(add(s(x0 ), y),

∅,
∅)
{add(x0 , y)}, ∅)

(3.2)

Then, the induction scheme for add(x, y) is the following:
({x → 0},
({x → s(x0 )},

∅,
∅)
{{x → x0 }}, ∅)

As the inner term gives an induction scheme, we can use this instead of generating one
for the outer term. For a more detailed discussion of selecting induction terms and
occurrences, see Section 3.11.
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We extend the deﬁnition of induction terms to that of an induction scheme by taking
the union of those over the r-description instances of the scheme. We give later a more
detailed description on how to use the ordered separation to get better induction schemes.

3.4.1

Generating an induction formula from an induction scheme

Using induction schemes before actually creating an induction formula is preferable as
all three parts of an r-description instance are easily readable and modiﬁable this way
without the need to parse subformulas. However, eventually we must convert the usable
induction schemes to induction formulas and hand them to a ﬁrst-order theorem prover.
For this, we also need the original inductive goal or any other formula we want to perform
induction upon. Without them, the induction scheme is just a skeleton. Given a formula
P [x1 ]...[xn ] we induct on and an induction scheme with induction terms x1 , ..., xn , we
create a corresponding induction formula as follows:

1. for each substitution µ := {xi → ti | 1 ≤ i ≤ n}, we create a formula Pµ :=
P [t1 ]...[tn ]
2. for each r-description instance R := (µ, {µj | 1 ≤ j ≤ m}, F ) with free variables
y1 , ..., yl from substituted terms in µ and free variables z1 , ..., zk from substituted
terms and formulas in µj and F , we generate the formula:
PR := ∀y1 , ..., yl .(∀z1 , ..., zk .

f∧
f ∈F

1≤j≤m

Pµj ) → Pµ

3. the ﬁnal induction formula for r-description instances R1 , ..., Rn with remaining
free variables u1 , ..., ur of P (excluding x1 , ..., xn ) is then:
∀u1 , ..., ur .
1≤i≤n

PRi → ∀x1 , ..., xn .P [x1 ]...[xn ]

Example 3.4.1 Suppose we have the following conjecture:
∀x, y.leq(x, add(x, y))
a = {1, 2} and selected terms
This will generate the r-description instances based on Ileq
(x, x) using the r-description set 3.1 similar to the previous examples:

R1 := (µ1 := {x → 0},
∅,
∅),
R2 := (µ2 := {x → s(z)}, µ3 := {{x → z}}, ∅)
First, we generate the base formulas Pµ1 , Pµ2 , Pµ3 :
Pµ1 := leq(0, add(0, y))
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Pµ2 := leq(s(z), add(s(z), y))
Pµ3 := leq(z, add(z, y))
Then, we generate the formulas PR1 , PR2 :
PR1 := leq(0, add(0, y))
PR1 := ∀z.leq(z, add(z, y)) → leq(s(z), add(s(z), y))
Finally, we create the induction formula:




leq(0, add(0, y))∧
leq(z, add(z, y)) →  → ∀x.leq(x, add(x, y))
∀y. 
∀z.
leq(s(z), add(s(z), y))

3.5

Correspondence between well-founded orders and
induction schemes

Our induction scheme deﬁnition contains all necessary information to generate induction
formulas, however, there are certain mathematical deﬁnitions that are easier to understand
and work with in terms of well-founded orders. Since on the level of induction schemes
we do not have the ordered separation from the original induction templates, we instead
create a new relation.
To this end, for an induction scheme I := {Ri := (µi , {µij | 1 ≤ j ≤ mi }, Fi ) | 1 ≤ i ≤ n},
we can create a well-founded order ≺I as follows: we ﬁx an order for the elements of
1≤i≤n dom(µi ) for all 1 ≤ i ≤ m, resulting in tuples of the form (t1 , ..., tk ). For every
(µi , µij ) pair, (t1 µij , ..., tk µij ) ≺I (t1 µi , ..., tk µi ) with side conditions Fi is in the relation.
From now on, we abuse the notation and use induction schemes, induction formulas and
well-founded orders interchangably. Let us look at an example.

Example 3.5.1 The previous induction scheme for leq
({x → 0},
∅,
∅),
({x → s(z)}, {{x → z}}, ∅)
with ﬁxed order (x) gives rise to the well-founded order (z) ≺ (s(z)).

3.6

Containment of induction schemes

Depending on the recursive calls a function deﬁnition contains, an induction scheme
stemming from this function deﬁnition can deﬁne a well-founded order that is entirely
contained in another one. Such a well-founded order is in a sense less useful than the other
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because the latter makes the same case distinction and gives more induction hypotheses
for each step case.
For an example, consider the type btree from Example 2.1.2 where we have multiple
recursive substructures for a non-leaf node, namely left and right. One function may
recurse only into one or the other in its recursive call, while others recurse into both
branches. An induction formula

P [leaf]∧
∀x, y, z. (P [x] ∧ P [z]) → P [node(x, y, z)]

→ ∀u.P [u]

(3.3)

can be used whenever another one
P [leaf]∧
∀x, y, z. P [x] → P [node(x, y, z)]

→ ∀u.P [u]

(3.4)

is used. The reason for this is that the formula (3.3) deﬁnes stronger induction hypotheses
(P [x] ∧ P [z ]) than the formula (3.4) (only P [x]) and therefore, since this weakens the
inductive step case and the whole induction formula antecedent, formula (3.3) is weaker
than (3.4), in fact, the ﬁrst is subsumed by the second. This means that even though
both formulas are based on well-founded relations and are valid, the inductive step case in
the second will be false for more properties P and thus these properties cannot possibly
be proven with the second formula.

In terms of well-founded orders, we can formally deﬁne this property:
Deﬁnition 3.6.1 Let ≺1 and ≺2 two well-founded orders over elements of a set A.
≺1 is contained by ≺2 whenever we have x ≺1 y for all x, y , then x ≺2 y . Concisely
written:
≺1 ⊆ ≺ 2
For two well-founded orders ≺1 , ≺2 over a type τ , if ≺1 ⊆ ≺2 , we can safely use ≺2 in an
induction formula instead of ≺1 as it uses the same case distinction as ≺1 and for each
case gives at least as many induction hypotheses as the other and maybe more. From a
diﬀerent viewpoint, ≺2 relates more pairs than ≺1 and with more pairs, the chances are
higher that we can use the left-hand sides of these pairs to prove the right-hand sides.
As a rule of thumb, we want to store as much information in the ﬁnal induction formula
about the functions in "good" positions in the current inductive goal as possible to ensure
that all such functions will match the terms in the induction step. For example, consider
the variant add2 for add shown in Figure 3.3.
The well-founded order ≺add2 on the ﬁrst argument is the same as in the case of add
except that it starts at s(0) instead of 0:

s(0) ≺add2 s(s(0)) ≺add2 ...
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fun add2(x : nat, y : nat) → nat :=
match x with
(0 → y)
(s(0) → s(y))
(s(s(z)) → s(add2(s(z), y)))
Figure 3.3: The function add2
Therefore, we have the relation ≺add2 ⊂≺add as ≺add relates one more pair, namely
0 ≺add s(0). However, if we use the induction formula suggested by add on a formula P
containing add2, that is

(P [0] ∧ ∀x.(P [x] → P [s(x)])) → ∀x.P [x]
the recursive branch of add2 will not match the induction step. This is not a problem
here, since performing a second induction once more based on add on the fresh variable
of the inductive step conclusion gives the proper case distinction with s(0) and s(s(z)).
In other cases however, it may be a problem.
For that matter, our adaption of containment of well-founded orders to r-description
instances and induction schemes is done with the following slightly weaker deﬁnition:

Deﬁnition 3.6.2 An r-description instance (µ, {µj | 1 ≤ j ≤ m}, F ) contains another
r-description instance (ν, {νj | 1 ≤ j ≤ m}, G) if dom(µ) = dom(ν) and:
• for every s ∈ dom(µ), there is a variable substitution (i.e. mapping only variables
to variables) θs s.t. ν(s)θs = µ(s)
• all νj can be mapped to a µk s.t. for all s ∈ dom(νj ), either s ∈
/ dom(µk ) or
νj (s)θs = µk (s)
• F ⊆ Gθ where θ is the application of all θs for s ∈ dom(µ)
Given two induction schemes I1 and I2 , I1 contains I2 if the r-description instances
of I2 are each contained by those of I1 .
This deﬁnition is weaker in the sense that it does not apply to r-description instances
like the recursive case of add2 and add. We chose to use this deﬁnition not to lose more
delicate case distinctions and to only discard trivial cases. For instance, this deﬁnition
can be used to eliminate duplicate instances of the same induction scheme stemming
from diﬀerent function terms. E.g.:

∀x, y, z.add(x, add(y, z)) = add(add(x, y), z)
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gives two induction schemes which both map x to a recursive case of a successor and a
base case of zero:

I1 = I2 = {({x → 0}, ∅, ∅), ({x → s(z)}, {{x → z}}, ∅)}
Both cases in the r-description can be mapped to themselves by the empty substitution
which essentially means that I1 contains I2 and vice versa, thus they are equal trivially and
either I1 or I2 can be discarded. Another example is the induction schemes corresponding
to formulas 3.3 and 3.4. This is also trivial with the empty substitution and only the
scheme with more hypotheses is kept. All other cases will be dealt with by combining
the induction schemes, which we will discuss in Section 3.8. We conclude this section
with the following result.

Lemma 3.6.1 Let I1 and I2 be two induction schemes. If I1 contains I2 , then
≺I2 ⊆≺I1 .
Proof. We have by assumption that each r-description instance (ν, {νj | 1 ≤ j ≤ m}, G)
of I2 is contained by some r-description instance (µ, {µi | 1 ≤ i ≤ n}, F ) of I1 . Since
dom(µ) = dom(ν ), every related pair of tuples of ≺I1 and ≺I2 constructed based on
Section 3.5 have the same arity. Mapping each subrelation in ≺I2 corresponding to a
νj -ν pair to a subrelation in ≺I1 corresponding to a µi -µ pair with some substitution
where also the set of side conditions F is a subset of G after applying the substitution,
hence the second entailing the ﬁrst. Therefore, we get that each such subrelation of ≺I2
is contained in one from ≺I1 and therefore the union of the former subrelations are the
subset of the union of the latter, i.e. ≺I2 ⊆≺I1 .

3.7

Strengthening induction hypotheses

When an argument of an inductive function term is not used as an induction term during
induction, it is essentially not needed for the well-foundedness of the corresponding
relation. Consider the following conjecture:

∀x, y.leq(x, add(x, y))
Here, from the r-descriptions of leq and add from Equation 3.1 and 3.2, we get that both
of leq’s and the ﬁrst of add’s argument positions are active. Thus, the only induction
term can be x as y has no active occurrences. By the recursive deﬁnition of leq, we get
the well-founded relation x ≺ s(x) for the induction formula:




leq(0, add(0, y))∧
leq(z, add(z, y)) →  → ∀x.leq(x, add(x, y))
∀y. 
∀z.
leq(s(z), add(s(z), y))
This is based on the change in the value of x only, which means we can use any value for y
in the induction hypothesis and still get a well-founded relation. This way we strengthen
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the induction hypothesis as instead of a ﬁxed y quantiﬁed over the whole induction step,
we can use a new variable w quantiﬁed only over the induction hypothesis:




leq(0, add(0, y))∧
∀w.leq(z, add(z, w)) →  → ∀x.leq(x, add(x, y))
∀y. 
∀z.
leq(s(z), add(s(z), y))
The ability to choose any value in place of ﬁxed y in the induction hypothesis increases the
chances that the induction will succeed. In light of the previous section, we can say that
the well-founded relation corresponding to the induction formula with the strengthened
hypothesis relates more pairs. If we extend the relation with the otherwise unused y ,
instead of relating (s(x), y ) to only (x, y ), we relate it to (x, p(y )), (x, p(p(y ))), ... and
(x, s(y)), (x, s(s(y))), ... as well.
In terms of r-description instances, we can select any term containing no induction terms
to make the induction hypotheses stronger by replacing them with universally quantiﬁed
variables. Otherwise, we can ﬁx a non-induction term by making it explicit in the
substitution:
({x → s(z), y → w}, {{x → z, y → w}}, ∅)
Here, we substitute a variable w for y in both the main and recursive substitutions to
denote that we cannot strengthen the induction hypothesis this way. This r-description
instance is contained by the one where we do not make restrictions on y:

({x → s(z)}, {{x → z}}, ∅)
Although making such restrictions seems pointless as we weaken the induction hypotheses,
we can use such restrictions when combining induction schemes to get a well-founded
union (see Section 3.8).
To generate induction formulas with stronger induction hypotheses, we need to modify
the rules for generating the induction hypotheses from Section 3.4.1: for each substitution
µ = {xi → ti | 1 ≤ i ≤ n} in an r-description instance corresponding to an induction
hypothesis, given a formula P [x1 ]...[xn ][y1 ]...[yn ] where x1 , ..., xn are the induction term
occurrences and y1 , ..., yn are some occurrences of other terms, we create a formula

Pµ = P [t1 ]...[tn ][w1 ]...[wm ]
where w1 , ..., wm are fresh variables. This ensures that variables in P not used in the
well-founded relation of the induction are strengthened.
We can also strengthen the induction hypotheses based on the ordered separation of the
induction template. This is done by using a reﬁned deﬁnition for r-description instances
instead of Deﬁnition 3.4.2:
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Deﬁnition 3.7.1 A function term f(s1 , ..., sn ) with a tuple of selected terms (si1 , ..., sim )
s.t. for all 1 ≤ j ≤ m, ij ∈ Ifa and sij sij , and an r-description
(f(t1 , ..., tn ), {f(t1j , ..., tnj ) | 1 ≤ j ≤ m}, F )
and ordered separation I := {Ik | 1 ≤ k ≤ N } together deﬁne a strengthened
r-description instance
(µ, {µj | 1 ≤ j ≤ m}, F )
where µ and F are deﬁned as in the Deﬁnition 3.4.2. We create the following helper
set for each µj containing the necessary active argument positions from I:

Kj :=

Ik s.t. Ik ∈ I and ∀i ∈ Ik .ti

tij

Then, we deﬁne µj as:
µj = {s → t | ∃J ⊆ Kj .J = ∅ ∧ ∀i ∈ J.(s = si ∧ t = ti · mgu({ti | i ∈ J}))}
∪{s → x | ∃J ⊆ (Ifa \ Kj ).J = ∅ ∧ ∀i ∈ J.s = si ∧ x is fresh variable}

This deﬁnition essentially says that using the ordered separation, we can ﬁnd the indices
for induction terms which need to be present as ﬁxed terms in the induction hypotheses
in order to get the well-founded order. All other induction terms in later indices in the
ordered separation can be replaced by new variables to strengthen the hypotheses. The
rest of the deﬁnition for a strengthened induction scheme is analogous to the original.
Note that the method used in Section 3.5 to obtain a well-founded order works the same
on strengthened induction schemes.

Example 3.7.1 Consider the function term ack(x, y ). The function ack has an
ordered separation (1, 2) which can be used to get the strengthened induction scheme.
The r-description instances for the base cases stay the same since they contain no
recursive cases to strengthen:
{({x → s(z0 ), y → 0}, ∅, ∅), ({x → z1 , y → s(0)}, ∅, ∅)}
For the two induction hypotheses in the recursive case, we generate the indices k1 = 1
and k2 = 2 since between ack(s(z ), s(w)) and its recursive call ack(z, ack(s(z ), w)),
index 1 is the ﬁrst changing one and between ack(s(z ), s(w)) and its recursive call
ack(s(z ), w), the index 1 is not changing so index 2 is the ﬁrst changing one. The
recursive case main substitution also stays unaltered.
We generate the recursive r-description instance with the new variable z4 strengthening
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the ﬁrst induction hypothesis:
({x → s(z2 ), y → s(z3 )}, {{x → z2 , y → z4 }, {x → s(z2 ), y → z3 }, ∅})

3.8

Combining induction schemes

When an inductive goal has multiple suggested induction schemes, we have the following
possibilities: either all of them has pairwise distinct sets of induction terms or there are
some induction schemes with non-empty intersections of induction terms.
In the former case, generating an induction formula from one of the induction schemes
will only aﬀect the terms which contain the induction terms of this scheme. Therefore,
after simpliﬁcation, any other of the original schemes may still be applicable on the
remaining simpliﬁed induction formula. However, there may be induction schemes which
succeed without the need for a second round of induction. For that matter, we either
need to try all induction schemes in the ﬁrst place, or only use the most promising
ones.

Example 3.8.1 Prove the commutativity of add:
∀x, y.add(x, y) = add(y, x)
If we denote this conjecture with ∀x, y.P [x][y ], the two suggested induction schemes
are:
∀y.((P [0][y] ∧ ∀x0 .(P [x0 ][y] → P [s(x0 )][y])) → ∀x.P [x][y])

and

∀x.((P [x][0] ∧ ∀y0 .(P [x][y0 ] → P [x][s(y0 )])) → ∀y.P [x][y])

The order of these induction schemes are interchangeable, one of them result in two
subgoals y = add(y, 0) and s(add(x0 , y )) = add(y, s(x0 )), on both of them we can
apply the second scheme, likewise if we use the second scheme ﬁrst.
In case of intersecting induction terms, consider the following example, formalizing
transitivity of leq:

∀x, y, z.(leq(x, y) ∧ leq(y, z)) → leq(x, z)
The ﬁrst leq occurrence suggests an induction over x and y , the second on y and z
and the third on x and z . If we induct on only two of these variables, say x and y , the
induction would fail in the inductive step, as we could simplify the ﬁrst leq occurrence
but not the two other and hence the induction hypothesis would only partially match. If
we induct once more with another induction scheme, the problem would be the same as
we could not get rid of all terms at once to match the induction hypothesis.
One solution is to strenghten the induction hypothesis of one of the suggested formulas,
after which we can match up the previously unmatched successor terms to apply the
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hypothesis. Another solution, suggested by the heuristics of ACL2 [BM79, MW13] is to
combine the three schemes, resulting in a successful induction formula. Let us denote
the transitivity conjecture as Q[x][y][z]:

(Q[0][0][0] ∧ ∀x0 , y0 , z0 .(Q[x0 ][y0 ][z0 ] → Q[s(x0 )][s(y0 )][s(z0 )])) → ∀x, y, z.Q[x][y][z]
As described in [Wal92], this method is very successful in practice despite the fact
that it uses the intersection of induction schemes instead of the union which is what
properly contains all original induction schemes. We can use the separated union to
merge induction schemes with identical sets of induction terms which is equivalent to the
union as described in [Wal93]:

Deﬁnition 3.8.1 The separated union for two induction schemes I1 = {(id, {µ1ij |
1 ≤ j ≤ ni }, F1i ) | 1 ≤ i ≤ n} and I2 = {(id, {µ2kl | 1 ≤ l ≤ mk }, F2k ) | 1 ≤ k ≤ m} is
denoted with I1 ⊗ I2 and is the smallest set s.t. for any 1 ≤ i ≤ n and 1 ≤ k ≤ m:
• (id, {µ1ij | 1 ≤ j ≤ ni }, F1i ∪ F2 ) ∈ I1 ⊗ I2
• (id, {µ2kl | 1 ≤ l ≤ mk }, F2k ∪ F1 ) ∈ I1 ⊗ I2
• (id, {µ1ij | 1 ≤ j ≤ ni } ∪ {µ2kl | 1 ≤ l ≤ mk }, F1i ∪ F2k ) ∈ I1 ⊗ I2
where F1 = {¬(∧f ∈F1i f ) | 1 ≤ i ≤ n} and F2 = {¬(∧f ∈F2k f ) | 1 ≤ k ≤ m}
Notice that this deﬁnition applies only to destructor-based deﬁnitions, where the inductive
step substitution is id, that is, we substitute itself for every induction term. This
deﬁnition creates all combinations or the "cross-product" of r-description instances of the
two induction schemes. The ﬁrst two sets of r-description instances are the ones which
correspond to original cases but exclude all other cases from the other scheme. The last
one corresponds to the pairwise intersections of the two schemes.

We now adapt this to constructor-based deﬁnitions without any side conditions with the
help of uniﬁability. This will help to introduce less conditions in the ﬁnal induction
formula which helps to get smaller normal forms in a prover. A constructor-based
r-description instance (µ, {µj | 1 ≤ j ≤ n}, ∅) can be reformulated to have the conditions
on the step formula given by the substitution µ as s∈dom(µ) s = µ(s). Then, two such
r-description instances (µ, {µj | 1 ≤ j ≤ n}, ∅) and (ν, {νj | 1 ≤ j ≤ m}, ∅) apply at the
same time if and only if:
s = µ(s) ∧
s∈dom(µ)

t = ν(t)
t∈dom(ν)

If the two merged r-description instances both contain equations on the same term t,
we can reduce the question of whether these equations hold to whether the terms t
equal to in these equations are uniﬁable. The uniﬁcation of these then gives the main
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substitution of the resulting merged r-description instance. Also, we need to apply the
same uniﬁcation on the recursive substitutions as well. In the end, no new conditions
will be introduced.
Before we can achieve this, we extend most general uniﬁers to substitutions to obtain
shorter deﬁnitions:

Deﬁnition 3.8.2 A most general uniﬁer for two substitutions µ and ν (denoted
by mgu(µ, ν )) is a mapping of elements s ∈ dom(µ) ∪ dom(ν ) to most general uniﬁers
of terms s.t.:
mgu(µ, ν)(s) :=

mgu(µ(s), ν(s)),
∅,

if s ∈ dom(µ) ∩ dom(ν)
otherwise

The application of a most general uniﬁer of two substitution µ and µ to a
substitution ν is the following substitution:

ν · mgu(µ, µ ) := {s → ν(s) · mgu(µ, µ )(s) | s ∈ dom(ν)}
Then, the intersection of two r-description instances is deﬁned as follows:

Deﬁnition 3.8.3 The intersection of two r-description instances R1 := (µ, {µj | 1 ≤
j ≤ n}, ∅) and R2 := (ν, {νj | 1 ≤ j ≤ m}, ∅) is denoted by R1 ∩ R2 and exists if for
each element in s ∈ dom(µ) ∩ dom(ν ), µ(s) and ν (s) are uniﬁable. The intersection is
then:
R1 ∩ R2 := (µ · σ ∪ ν · σ, {µj · σ | 1 ≤ j ≤ n} ∪ {νj · σ | 1 ≤ j ≤ m}, ∅)
where σ := mgu(µ, ν)
Apart from the pairwise intersections between the r-description instances, to get the
full union between two induction schemes, we must also add r-description instances on
their own – that is, by excluding all r-description instances of the other scheme. Given a
second induction scheme with main substitutions {νj | 1 ≤ j ≤ m} from its r-description
instances, instead of adding the conditions given by these positively, we negate these
conditions, resulting in disjunctions for each such νj :

s = µ(s) ∧
s∈dom(µ)

t = ν(t)
1≤j≤m t∈dom(νj )

This formula can be placed as a new condition in the resulting r-description instance,
which in turn can be simpliﬁed by a prover in the ﬁnal induction formula. However,
as already mentioned we would like to burden any inference engine the least amount
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with additional side conditions. In this case it makes even more sense: the negation and
applying distributivity often result in very large formulas.
To avoid this, we deﬁne instead the operation of excluding r-description instances from
one another such that the conditions are "folded back" into the substitutions and hence,
no additional condition is generated. First, we need to know what constructors each
term algebra for the arguments has, so we can generate the combinations of terms that
are still valid after excluding the other r-description instances. We ﬁrst deﬁne how we
can exclude one constructor term from a set of constructor terms:

Deﬁnition 3.8.4 Given an inductive type τ , a set of available terms for τ is
{c1 (x1 ), ..., cn (xn )}
where ci are the constructors of τ of arity mi and xi are tuples of fresh variables of
arity mi of the appropiate sorts.
An inductive type τ has an inﬁnite number of available term sets, given that each contains
diﬀerent variables.

Deﬁnition 3.8.5 Given a set of mutually exclusive (i.e. non-uniﬁable) available
terms {t1 , ..., tn } containing only constructor terms or one variable for an inductive
type τ and a constructor term s of type τ , the exclusion of s from {t1 , ..., tn } is the
smallest set T , s.t. for each 1 ≤ i ≤ n:
• If ti and s are not uniﬁable, then ti ∈ T .
• Otherwise, if ti does not equal to ti · mgu(ti , s) up to variable renaming (i.e. s is
an instance of ti ), we take the set of positions P where for each p ∈ P , ti |p is a
variable and s|p is not.
For each p ∈ P , we exclude s|p of type τ recursively from a newly generated set
of available terms for τ .
The resulting terms {t1 , ..., tk } give rise to a set of substitutions νp = {{ti |p →
t1 }, ..., {ti |p → tk }}. Then, {ti ν | ν ∈ p∈P νp } ⊆ T .

Let us now illustrate this with an example:
Example 3.8.2 We exclude the term node(node(x0 , x1 , x2 ), x3 , leaf) from a set of
available terms {leaf, node(y0 , y1 , y2 )} resulting in the set T as follows:
• leaf and node(node(x0 , x1 , x2 ), x3 , leaf) are not uniﬁable, hence leaf ∈ T .
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• t := node(y0 , y1 , y2 ) and s := node(node(x0 , x1 , x2 ), x3 , leaf) are uniﬁable with
mgu σ = {y0 → node(x0 , x1 , x2 ), y2 → leaf} and tσ is not equal to t up to
variable renaming.
For the set of positions P = {1, 3} we generate sets of constructor terms
{leaf, node(u0 , u1 , u2 )} and {leaf, node(w0 , w1 , w2 )}. We exclude s|1 , i.e.
node(x0 , x1 , x2 ) from the ﬁrst. The result contains only leaf as it is not uniﬁable
with s|1 and node(u0 , u1 , u2 ) is uniﬁable but the application of the uniﬁcation is
equal to s|1 up to variable renaming. We exclude s|3 similarly from the second
constructor term set, which results in {node(w0 , w1 , w2 )}.
The sets of substitutions are then {{t|1 → leaf}} and {{t|3 → node(w0 , w1 , w2 )}}.
Taking the union of these and applying each to t, we get the set

{node(leaf, y1 , y2 ), node(y0 , y1 , node(w0 , w1 , w2 ))}
So the ﬁnal result is:
{leaf, node(leaf, y1 , y2 ), node(y0 , y1 , node(w0 , w1 , w2 ))}
Before deﬁning the exclusion of r-description instances from an r-description instance R,
we show how we maintain a set of mappings from the induction terms to their available
terms in the main substitution of R.

Deﬁnition 3.8.6 An available term mapping T is a mapping from terms to sets of
terms. The available term mapping for an r-description instance R := (µ, {µj |
1 ≤ j ≤ n}, F ) is deﬁned as a mapping:
TR := {s → {µ(s)} | s ∈ dom(µ)}
The available term mapping for a set of inductive terms D is:
TD := {s → {x} | s ∈ D and x is a fresh variable}
The normalization for an available term mapping T is a set of mappings N (T )
from terms to terms deﬁned as:

N (T ) :=

×

{{s → t} | t ∈ T (s)}

s∈dom(T )

Each available term mapping is a diﬀerent case for an r-description instance. The
normalization is the "cross-product" of this case, collecting all available substitution
combinations.
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Deﬁnition 3.8.7 Given an r-description R = (µ, {µj | 1 ≤ j ≤ n}, ∅) and a set of
r-description instances R := {Ri := (νi , N, ∅) | 1 ≤ i ≤ m}, the exclusion of the
set of r-description instances R from r-description instance R is a set of
r-description instances denoted by R \ R.
Let D := dom(µ) ∪
T0 , ..., Tk iteratively:

1≤i≤m dom(νi ).

We deﬁne k + 1 sets of available term mappings

T0 := {TR ∪ TD\dom(µ) }

For each 0 ≤ i < k , s ∈ D and T ∈ Ti , if s ∈ dom(νi ) we deﬁne T ∈ Ti+1 on elements
t ∈ dom(T ) as:

T (t) :=

exclusion of νi (s) from T (s),
T (t),

if s = t
otherwise

Then the exclusion of the set R from R is:
R \ R := {(µσ, {µj σ | 1 ≤ j ≤ n}, ∅) | σ := mgu(µ, ν), ν = ∅, ν ∈ N (T ), T ∈ Tk }
For a combined induction scheme for I1 and I2 , we only create the intersections and
exclusions between the recursive cases, i.e. between elements of I1rec and I2rec . After
computing the intersections and exclusions, we can simply check what combinations
of argument tuples are not covered by this resulting set. Therefore the base cases are
generated by excluding the recursive cases of the combined induction scheme from all
available constructor term combinations for the induction terms:

Deﬁnition 3.8.8 The set of base cases for a set of r-description instances
R := {R1 , ..., Rn } without any conditions and with main substitutions µ1 , ..., µn and
D := ∪1≤i≤n dom(µi ), is denoted by B(R) and deﬁned as follows.
We deﬁne n + 1 sets of available term mappings T0 , ..., Tn iteratively:
T0 := {TD }
For each 0 ≤ i < n, s ∈ D and T ∈ Ti , if s ∈ dom(µi ) we deﬁne T ∈ Ti+1 on elements
t ∈ dom(T ) as:

T (t) :=

exclusion of µi (s) from T (s),
T (t),

if s = t
otherwise

The set of base cases is:
B(R) := {(ν, ∅, ∅) | ν = ∅, ν ∈ N (T ), T ∈ Tn }
Now we can deﬁne what the union of two induction schemes is:
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Deﬁnition 3.8.9 The union of two induction schemes I1 and I2 is denoted by
I1∪2 and consists of the following recursive r-description instances:
rec
I1∪2
:= {Rj \ I2rec , Ql \ I1rec , Rj ∩ Ql | Rj ∈ I1rec , Ql ∈ I2rec }

The union itself is then:

rec
rec
I1∪2 := I1∪2
∪ B(I1∪2
)

This means that for two induction schemes with n and m r-description instances, the
exclusions give at most n + m new r-description instances while the pairwise intersections
give at most n · m new ones. One may wonder why is it not necessary to include every
combination of intersections and exclusions. That is based on the well-deﬁnedness of the
induction schemes (and therefore the original functions). Since each r-description in the
original induction template only matches one argument tuple, the resulting r-description
instances must be mutually exclusive and therefore any other combination would result
in either duplicates or invalid cases.
Let us try to create the union in a simple example:

Example 3.8.3 Given two r-description instances:
R1 = ({x → s(s(z))}, {{x → z}}, ∅)
R2 = ({x → s(w)}, {{x → w}}, ∅)
We start by creating the exclusions of the two r-description instances from one another.
The set of initial available term mappings for R1 is:

T0 = {{x → {s(s(z))}}}
We exclude only R2 , so the ﬁnal set of mappings is:
T1 = {∅}
The reason for this is that the exclusion of s(w) from {s(s(z ))} results in one uniﬁcation
where we do not have any positions where s(s(z )) contains a variable but s(w) does
not. Therefore, this case is empty as the normalization of T1 contains no substitution.

In the exclusion of {R1 } from R2 , we have the initial set:
T0 = {{x → {s(w)}}}
We exclude s(s(z )) from {s(w)}. The position where we have w in one and s(z ) in
the other matches the second condition of the deﬁnition, so we create available terms
{0, s(u)} and exclude s(z ) from these. Here, 0 is not uniﬁable, but s(u) is with s(z )
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and there is no position satisfying the second condition of the deﬁnition. Therefore,
the only available term is 0 in the subresult. We substitute this in for w and we get:

T1 = {{x → {s(0)}}}
We normalize this to get:

N (T1 ) = {{x → s(0)}}

We now apply the only substitution in this on the original r-description instance to get:

R2 \ {R1 } = {({x → s(0)}, {{x → 0}}, ∅)}
Next, we create the intersection. For this, we unify s(s(z)) and s(w) which results in
the mgu {w → s(z )}. We apply this on the original substitutions of R1 and R2 and
take their union:
R1 ∩ R2 := ({x → s(s(z))}, {{x → s(z)}, {x → z}}, ∅)
Lastly, we need to generate the base cases. For this, we generate an available term
mapping with all nat constructors:

T0 = {{x → {0, s(x0 )}}}
We need to ﬁrst exclude all elements of R2 \ {R1 }, that is, s(s(z )). This gives the ﬁrst
iteration:
T1 = {{x → {0, s(0)}}}
Next, we exclude the intersection R1 ∩ R2 , that is s(0) from T1 . This eliminates s(0)
from the possibilities, so we get:

T2 = {{x → {0}}}
Hence, our base case set is:
B(R1 \ {R2 } ∪ {R2 ∩ R1 }) := {({x → 0}, ∅, ∅)}
Finally, the union is:





({x → 0},
∅,
∅),
({x → s(0)},
{{x → 0}},
∅),
 ({x → s(s(z))}, {{x → s(z)}, {x → z}}, ∅) 
In the previous example, the exclusions seemed a bit overcomplicated since it only
contained one induction term and the resulting sets had only one substitution each.
To illustrate how multiple induction terms can give more r-description instances in
the exclusion steps, let us look at a more complicated example with two induction
terms:
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Example 3.8.4 We are given two r-description instances:
R1 = {x → node(z0 , z1 , z2 )}, {{x → z0 }}, ∅
x → node(node(w0 , w1 , w2 ), w3 , w4 ),
,
y → s(v)

R2 =

x → w4 ,
y→v

,∅

The set of available term mappings for R1 is the following with y0 fresh variable:
T0 = {{x → {node(z0 , z1 , z2 )}, y → {y0 }}}
We ﬁrst exclude R2 from R1 :
• First exclude node(node(w0 , w1 , w2 ), w3 , w4 ) from {node(z0 , z1 , z2 )}. After uniﬁcation of the only available term with the term we want to exclude, we ﬁnd that
there is a position containing a variable z0 which needs a case distinction. We
generate for this position the available terms {leaf, node(z3 , z4 , z5 )}. leaf is not
uniﬁable with node(w0 , w1 , w2 ) therefore it is in the result, but node(z3 , z4 , z5 )
is uniﬁable and there is no position we can make a case-distinction on. So only
leaf is the term we can substitute in node(z0 , z1 , z2 ) for z0 . This results in:
{{x → {node(leaf, z1 , z2 )}, y → {y0 }}}
• Next exclude s(v ) from {y0 }. This expands the set ﬁrst to {0, s(y1 )}. s(v ) and
s(y1 ) are uniﬁable, and position 1 in s(y1 ) cannot be further expanded. Therefore,
our resulting set is:
{{x → {node(z0 , z1 , z2 )}, y → {0}}}
Therefore, we get:
T1 =

{x → {node(leaf, z1 , z2 )}, y → {y0 }},
{x → {node(z0 , z1 , z2 )},
y → {0}}

We normalize the two available term mappings and apply the resulting substitutions
to get the two r-description instances of R1 \ {R2 }:

R1 \ {R2 } =
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({x → node(leaf, z1 , z2 ), y → y0 }, {{x → leaf}}, ∅),
({x → node(z0 , z1 , z2 ), y → 0},
{{x → z0 }},
∅)

(3.5)

3.8. Combining induction schemes
Next we do the exclusion of {R1 } from R2 . In R2 the set of available term mappings is:

T0 := {{x → {node(node(w0 , w1 , w2 ), w3 , w4 )}, y → {s(v)}}}
Then we do the following steps:
• We exclude node(z0 , z1 , z2 ) from {node(node(w0 , w1 , w2 ), w3 , w4 )}. Here the
result is the empty set of substitutions as after the uniﬁcation we do not have
any positions in node(node(w0 , w1 , w2 ), w3 , w4 ) that contains a variable while in
node(z0 , z1 , z2 ) it does not. Hence the result is the following:
{{x → ∅, y → {s(v)}}}
• Since y is not in the domain of R1 ’s main substitution, we create no new available
term mapping. This makes sense as if we think about the missing y in R2 as an
implicit variable, the exclusion would also result in the empty set.
After normalization of the only available term mapping, we get empty substitutions –
this is because it contains an empty available term set. As empty substitutions are not
used in the result, the result is empty:

R2 \ {R1 } = ∅
We now create the intersection of R1 and R2 by unifying node(z0 , z1 , z2 ) with
node(node(w0 , w1 , w2 ), w3 , w4 ) resulting in the most general uniﬁers:
x → {z0 → node(w0 , w1 , w2 ), z1 → w3 , z2 → w4 },
y→∅
We then apply these substitutions on the main and recursive call substitutions and the
conditions of both R1 and R2 to get the intersection:


R1 ∩R2 = 



 x → node(w0 , w1 , w2 ), ,

x → node(node(w0 , w1 , w2 ), w3 , w4 ),
,
y → s(v)


y → s(v)
{x → w4 }





, ∅

In the end, we generate the base cases from the three r-description instances we got
from the intersection and exclusions. The initial available term mapping for this is:

T0 = {{x → {x0 }, y → {y1 }}}
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Given the ﬁrst r-description instance of Equation 3.5, we exclude node(leaf, z1 , z2 ) from
{x0 } and y0 from {y1 }. The former results in the expansion of x0 as {leaf, node(v0 , v1 , v2 )}
from which we exclude node(leaf, z1 , z2 ). The latter results in the empty set. We get:

T1 =

{x → {leaf, node(node(x1 , x2 , x3 ), v1 , v2 )}, y → {y1 }},
{x → {x0 }, y → ∅}

We then exclude the second r-description instance of Equation 3.5 from T1 . First we
exclude node(z1 , z2 , z3 ) which leaves only leaf in the corresponding sets. We get the
partial result:
{x → {leaf}, y → {y1 }},
{x → {leaf},
y → ∅}

After this, we exclude 0 resulting in the other part:
{x → {leaf, node(node(x1 , x2 , x3 ), v1 , v2 )}, y → {s(y2 )}}
{x → {x0 },
y → ∅}
Altogether, the result of this step is:




{x → {leaf},
y → {y1 }},

{x → {leaf},
y → ∅}, 
T2 =
{x → {leaf, node(node(x1 , x2 , x3 ), v1 , v2 )}, y → {s(y2 )}}

{x → {x0 },
y → ∅} 
Finally, we exclude the intersection from T2 , excluding node(node(w0 , w1 , w2 ), w3 , w4 )
and s(v). The ﬁrst gives:




{x → {leaf},
y → {y1 }},

{x → {leaf},
y → ∅}, 
{x → {leaf},
y → {s(y2 )}}

{x → {leaf, node(leaf, x1 , x2 )},
y → ∅} 
The second is:




{x → {leaf},
y → {0}},

{x → {leaf},
y → ∅}, 
{x → {leaf, node(node(x1 , x2 , x3 ), v1 , v2 )},
y → ∅}

{x → {x0 },
y → ∅} 
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The sets that contain empty available term sets do not give any cross-product. Putting
together the two sets to get T3 and normalizing them gives:





{x → leaf, y → y1 }, 
{x → leaf, y → s(y2 )}
 {x → leaf,
y → 0} 
In the end we get the following set of base cases:





({x → x0 , y → 0}, ∅, ∅), 
({x → leaf, y → 0}, ∅, ∅),
B((R1 \ {R2 }) ∪ {R1 ∩ R2 }) =
({x → leaf, y → s(v )}, ∅, ∅)
3
This contains duplicates, so we can discard either the ﬁrst or the last two to get a
well-deﬁned case distinction.
Returning to the example from Section 3.6 with add and add2, we can merge the two to
get a scheme which essentially matches all cases of add2 yet has the same well-founded
order as add:


({x → 0},
∅,
∅),

({x → s(0)},
{{x → 0}},
∅),
 ({x → s(s(z))}, {{x → s(z)}}, ∅) 

Despite the fact that the union of well-founded induction schemes is a better candidate
for a successful induction since the order corresponding to it contains the composing
well-founded orders, this order is not necessarily well-founded. For instance the relations
≺1 and ≺2 deﬁned by (s(x), y ) ≺1 (x, s(y )) and (x, s(y )) ≺2 (s(x), y ), respectively, are
clearly well-founded taken separately, since at least one tuple element is getting smaller.
Taking every possible combination of the nat term algebra into account, their union ≺1∪2
contains the relations:
• (s(0), y) ≺1∪2 (0, s(y))
• (x, s(0)) ≺1∪2 (s(x), 0)
• (s(s(x)), y) ≺1∪2 (s(x), s(y))
• (x, s(s(y))) ≺1∪2 (s(x), s(y))
A counterexample for the well-foundedness of ≺1∪2 is then the inﬁnite chain:
... ≺1∪2 (s(0), 0) ≺1∪2 (0, s(0)) ≺1∪2 (s(0), 0) ≺1∪2 ...
So before using the union and discarding the composing schemes, we have to check it for
well-foundedness. As all induction templates we create admit a lexicographic order with
the subterm suborder already discussed in Section 3.3, we now adapt this to induction
schemes to be able to check well-foundedness of the union.
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Deﬁnition 3.8.10 A set of r-description instances R := {(µi , Mi , Fi ) | 1 ≤ i ≤ n} is
well-founded if (1) for all 1 ≤ i ≤ n, Mi = ∅, or (2) there is a s ∈ ∪1≤i≤n dom(µi ) such
that for all 1 ≤ i ≤ n and all µ ∈ Mi , we have s ∈ dom(µ) ∩ dom(µi ) and µ(s) µi (s),
moreover
{(νi , Ni , Fi ) | 1 ≤ i ≤ n}
is well-founded where
νi := {t → µi (t) | t ∈ dom(µi ) \ {s}}
and
Ni := {ν | ν := {t → µ(t) | t ∈ dom(µ) \ {s}, µi (s) = µ(s) and µ ∈ Mi }}
In practice, this essentially a check we can perform after the union has been generated.
Let us ﬁrst look at an example where the union is not well-founded.

Example 3.8.5 Let us look at the commutativity of add once again from Example
3.8.1. It gives the two induction schemes with distinct induction term sets {x} and
{y}:
({x → s(x0 )}, {{x → x0 }}, ∅),
I1 :=
({x → 0},
∅,
∅)
I2 :=

({y → s(y0 )}, {{y → y0 }}, ∅),
({y → 0},
∅,
∅)

Their union is the induction scheme:


I1∪2



({x → s(x0 ), y → 0},
{{x → x0 }},
∅),

({x → 0, y → s(y0 )},
{{y → y0 }},
∅),
:=
({x → s(x0 ), y → s(y0 )}, {{x → x0 }, {y → y0 }}, ∅),

({x → 0, y → 0},
∅,
∅) 

To check well-foundedness, we can apply the deﬁnitions by selecting either x or y ,
removing them from the substitutions and removing the relations where their mapped
terms are related via the strict subterm relation. Notice that the ﬁrst two recursive
substitutions do not contain these values at all so the deﬁnition does not apply, as in
fact, the union is not well-founded.
This can be mitigated by ﬁxing either x in the recursive case of I2 or y in the recursive
case of I1 , weakening the induction hypothesis. We choose x and get I3 :

I3 :=

46

({x → x1 , y → s(y0 )}, {{x → x1 , y → y0 }}, ∅),
({y → 0},
∅,
∅)

3.8. Combining induction schemes
Then, the new union is the following:




I1∪3

({x → s(x0 ), y → 0},
{{x → x0 }},
∅),

({x → 0, y → s(y0 )},
{{x → 0, y → y0 }},
∅),
:=
({x → s(x0 ), y → s(y0 )}, {{x → x0 }, {x → s(x0 ), y → y0 }}, ∅),

({x → 0, y → 0},
∅,
∅) 

Now, we show well-foundedness of this by ﬁrst removing x and the relations where its
mapped values change from superterm to strict subterm. After removing duplicates,
we have exactly I2 :

({y → 0},
∅,
∅),
({y → s(y0 )}, {{y → y0 }}, ∅),
Even in cases where the induction terms of two induction schemes are identical, we may
get a union that is not well-founded. As discussed earlier, having distinct induction
terms can be a sign that the two induction schemes can be applied one after the other
without "losing" anything. Also, the calculation of unions may consume a large amount
of resources, not to mention the size of the induction schemes it gives when we have lots
of schemes to begin with. Therefore, we only try to calculate the union of two induction
schemes when their induction term sets have a non-empty intersection. We propose two
heuristics for doing so. The ﬁrst is a less aggressive heuristic:

Heuristic 3.8.1 (Union heuristic 1.) Given two induction schemes with induction
term sets T1 and T2 , we calculate their union if T1 ⊆ T2 .
The second calculates the union if they have any intersection:
Heuristic 3.8.2 (Union heuristic 2.) Given two induction schemes with induction
term sets T1 and T2 , we calculate their union if T1 ∩ T2 = ∅.
In general, as though multiple induction schemes with an intersecting set of induction
terms may succeed separately, if we can merge them, the relation corresponding to the
merged induction scheme subsumes all the original relations by construction, therefore
we can always apply them and get at least as many matched hypothesis-conclusion pairs.
Nonetheless, the question of whether merging schemes helps in terms of proof size or
whether we can always obtain a well-founded union by weakening induction hypothesis
as in the previous example lies outside of the scope of this thesis.
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3.9

Constructor and destructor style induction

While using inductive types, one usually has to deal with constructing complex terms
from simpler ones and destructing complex terms into simpler terms. Lots of recursive
functions recurse into the arguments of certain inductive constructor terms such as add
or leq for the type nat, app for list, while others may construct more complex terms
and recurse on them. In particular, we are dealing with recursive function deﬁnitions
where at least one argument is always changing to one of its subterms in any recursive
call.
We can reference a complex term based on its subterms using constructor terms, e.g. the
successor of x with s(x) or the binary tree containing two subtrees u and w and a value
at the root v with node(u, v, w). Most of the recursive functions we have introduced so
far contain constructor terms. However, we can also use destructor terms to reference
the elements of a complex term. For instance, we can use equivalently instead of the
pair x and s(x), the pair p(y ) and y , where p is the predecessor function. Here we
have an additional requirement that y cannot be 0 by mutual exclusion of term algebra
constructors.
Converting terms from one style to another is always possible, from constructor to destructor terms we need to add conditions imposed by the mutual exclusiveness of term algebra
constructors and from destructor to constructor terms we need to add new variables for
not yet referenced arguments of the newly created constructor term.

Example 3.9.1 The following formula states that the ﬁrst element of a non-empty
list is in the list:
∀x, y.in_set(x, cons(x, y))
To convert this to destructor style, we replace cons(x, y ) with a new variable z , all its
subterms by appropriate destructor terms and add the side condition stating that z is
not nil:
∀z.z = nil → in_set(head(z), z)
The next formula states that the left subtree of a binary tree ﬂattened to a list (via
the function fltn) is the preﬁx of the whole ﬂattened tree:

∀u.u = leaf → prefix(fltn(left(u)), fltn(u))
We can convert this to constructor style similarly by replacing every occurrence of u
with a new term node(u0 , u1 , u2 ) with fresh variables u0 , u1 and u2 and also, left(u)
with u0 . The side condition becomes trivially true and can be removed:

∀u0 , u1 , u2 .prefix(fltn(u0 ), fltn(node(u0 , u1 , u2 )))
Both formats have their advantages and disadvantages: while the destructor style format
contains less variables when we have constructors with greater arities and irrelevant
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arguments, it creates bigger formulas due to the side conditions. We prefer to use
constructor style deﬁnitions as they ﬁt the superposition calculus better (although this
has to be veriﬁed empirically) and we also ﬁnd it easier to admit the well-foundedness
criterion with constructors. For more details, see [KRV16].

3.10

Other techniques for combining induction schemes

We will now give a short survey of other techniques used in inductive theorem provers
that combine induction schemes. One prominent example of a theorem prover using more
advanced techniques for inductive reasoning is ACL2 [BM79, BM88]. Essentially, lots
of the techniques used nowadays were implemented ﬁrst in this theorem prover such as
recursion analysis which is one of the main sources of motivation for our induction formula
generation. We will now discuss in particular subsumption and merging of induction
schemes as implemented in ACL2, moreover ﬂawed and unﬂawed induction schemes.

There are some diﬀerences between the methods described earlier and the ones used by
ACL2. One is that ACL2 uses only destructor style function deﬁnitions which prevents
us from directly comparing our aforementioned techniques to the ones in ACL2. Another
one is that all formulas in ACL2 are implicitly universally quantiﬁed which does not allow
universal quantiﬁcation inside the formulas, thus preventing strengthening of induction
hypotheses.
Subsumption of induction schemes, in broad terms, checks whether every recursive case in
the case distinction of an induction scheme can be injectively mapped to that of another
scheme [MW13]. The mapping is done by comparing the side condition sets of two cases
ﬁrst and checking for subset containment, then checking whether the induction terms in
the (destructor style) induction hypotheses can be injectively mapped by mapping one
induction hypothesis to another if its a subterm of the other. E.g. consider these two
recursive cases inducting on the variable x:

x = 0 → (P (p(x)) → P (x))
(x = 0 ∧ p(x) = 0) → (P (p(p(x))) → P (x))
Here, the ﬁrst one is subsumed by the second as the condition set {x = 0} is the subset
of {x = 0, p(x) = 0} and p(x) is a subterm of p(p(x)). This means a case is subsumed by
the other if the conditions of the latter imply that of the former and moreover, they "peel
oﬀ" the same values from the inductive variables, the latter possibly more. Converting
this idea to constructor style, we ﬁnd that the cases correspond to these:

P (x) → P (s(x))
P (x) → P (s(s(x)))
One "steps forward" one successor at a time, the other two. The reason this works well
in ACL2 is probably partly due to the type system: with no arbitrary types and no
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types with more than one non-base constructor, we can only recurse according to the
only non-base constructor for any inductive type meaning any function that matches the
innermost constructor will probably match the outer constructor terms as well. In the
above example, the function that suggested to induct according to s(x) will also match
s(s(x)) by applying the function twice. This subsumption gives the same results as
simply checking containment in some cases but in others it also ﬁnds schemes subsumed
by one another where containment in the sense of relations does not hold. As described in
by Walther [Wal92], the side condition check has no theoretical basis as the implication
is the other way around because x = 0 ∧ p(x) = 0 implies x = 0 and not vice versa. The
subterm check in his analysis is simply checking whether one relation is in the transitive
closure.
Induction scheme merging in ACL2 works by taking only the intersection of the induction
schemes as described through an example of transitivity of leq in Section 3.8. As already
mentioned, the intersection is contained by the composing schemes and therefore its use
is theoretically not well-established. We once again refer to the analysis of Walther which
describes the intersection as a necessary heuristic in ACL2 to compensate for the lack
of universal quantiﬁcation inside the induction formula. Otherwise, with strengthened
induction hypotheses one can instantiate variables to the appropriate terms that are not
present in the selected induction scheme.
Finally, we mention how induction schemes are categorized into ﬂawed and unﬂawed
ones by ACL2. A ﬂawed induction scheme is not subsumed by others nor can be merged
into others but has a non-empty intersection of induction terms with other schemes.
Those schemes are disregarded and not used. This is partly done to solve the problems
described above, thus disallowing any induction which would fail due to weak induction
hypotheses. From the unﬂawed induction schemes, ACL2 selects the best according to
some measurement and uses only that selected one. In saturation-based theorem proving,
it makes no sense to only induct according to one scheme, instead of prioritizing them,
we add all to the search space, as will be described in Chapter 4.

3.11

Selecting induction terms

Although each recursive function term in a formula suggests an induction scheme, in
general not all such suggestions are good candidates for induction. For example, the term
add(x, add(y, z )) contains two add function terms but only one suggests a good induction
formula. This is because if we induct on say, y from the term add(y, z ), the induction step
will contain a term add(x, add(s(w), z )), which can be simpliﬁed to add(x, s(add(w, z )))
which does not match the term add(x, add(w, z)) in the induction hypothesis.
In order to use induction schemes only from "good" positions, we extend active argument
positions used in function deﬁnitions to arbitrary complex terms and atomic formulas in
the following way.
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Deﬁnition 3.11.1 Given a term t in position p, we deﬁne its active term positions
inductively based on its structure. If p is not an active term position, none of t’s
subterms are in active term positions. Otherwise, we distinguish these cases:
• if t is of the form f(s1 , ..., sn ) for some recursive function f, pq for all q ∈ Ifa are
active term positions
• if t is of the form c(s1 , ..., sm ) for some constructor c of inductive type τ , all pr
s.t. sr is of type τ , for 1 ≤ r ≤ m are active term positions
• if t is of the form g (s1 , ..., sl ) where g is some non-recursive (or uninterpreted)
function term, all its argument positions p1, ..., pl are active term positions.
Moreover, both top level positions (1 and 2) of an equality l = r are active term
positions and a literal q(t1 , ..., tn ) has active term positions Iqa if q is a recursive
predicate deﬁnition, otherwise all positions 1, ..., n are active term positions.
An uninterpreted or non-recursive function may have no case distinction at all, so it is
not necessarily simpliﬁed. We therefore cannot hope for this term to disappear and since
we potentially do not know anything about its structure, we end up better trying all
its positions as active ones. These rules of course do not guarantee that a successful
induction will be performed and there may be subterms which can be simpliﬁed to get
more promising terms for induction. We leave the handling of simpliﬁcation during
induction to the prover implementation without further investigating this issue here. For
more details, see Chapter 4.
Each of the function terms in active term positions suggests induction schemes if we
can select one active subterm in all of their active argument positions (see Deﬁnition
3.4.3). For each active argument position, there may be multiple possibilities including
non-variable terms. In principle, any such term can be selected for induction. It might
be the case that such terms contain each other or they may be in distinct positions.
The ﬁrst case will be dealt with in the next section. For the second case, consider the
following example:

Example 3.11.1 Given the function deﬁnition ﬂattening a binary tree into a list:
fun fltn(x : btree) → list :=
match x with
(leaf → nil)
(node(u, v, w) → app(fltn(u), cons(v, fltn(w)))
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We would like to prove the conjecture:
∀x, y, z, u, v.fltn(node(x, y, node(z, u, v))) = fltn(node(node(x, y, z), u, v))
This conjecture has multiple variables in active term positions, namely all occurrences
of x, z and v and we may induct on any subset of these. Here, we do not know whether
any of these combinations will succeed without looking into the function deﬁnition or
actually simplifying the conjecture. After simpliﬁcation, the conjecture becomes:

∀x, y, z, u, v.app(fltn(x), cons(y, app(fltn(z), cons(u, fltn(v))))) =
app(app(fltn(x), cons(y, fltn(z))), cons(u, fltn(v)))
At this point, the set of variables in active term positions reduces to only x.
For cases like these, where simpliﬁcation is possible or there is more than one term that
we can select for an active argument position of a function, we are tempted not to create
any induction schemes and leave the simpliﬁcation to the prover. In most cases, this helps
as we reduce the number of inductions while still keeping the necessary ones, however,
for some exampes it is still beneﬁcial to try to induct on non-simpliﬁed formulas (see
Chapter 6)
Another issue arises when we have multiple occurrences of a term but not all of them are
in active term positions. Consider the conjecture:

∀x.add(x, add(x, x)) = add(add(x, x), x)
Inducting on all occurrences of x will result in a step case like:
∀z.add(z, add(z, z)) = add(add(z, z), z) →
add(s(z), add(s(z), s(z))) = add(add(s(z), s(z)), s(z))
Simpliﬁcation results in the formula:
∀z.add(z, add(z, z)) = add(add(z, z), z) →
s(add(z, s(add(z, s(z))))) = s(add(add(z, s(z)), s(z)))
At this point we are obviously stuck as the induction hypothesis does not match the
conclusion.
This issue can be solved by generalizing over the occurrences of x. Generalization means
that we create a more general conjecture instead of the original and try to prove that.
We can replace any number of occurrences of the original variables with fresh variables
as long as we do not use the same fresh variables to replace diﬀerent original variables.
In our example, instead of selecting all occurrences of x, we select only the ones in
active term positions and generalize over those with fresh variables, which results in the
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fun dup(x : nat) → nat :=
match x with
(0 → 0)
(s(z) → s(s(dup(z)))
Figure 3.4: The function dup
following induction formula:




add(0, add(x, x)) = add(add(0, x), x)∧
add(z, add(x, x)) = add(add(z, x), x) → 

∀x.
∀z.


add(s(z), add(x, x)) = add(add(s(z), x), x)
→ ∀w.add(w, add(x, x)) = add(add(w, x), x)
If the generalized conjecture can be proven, the original is also proven since it is a special
case of the generalized one. If we cannot prove the generalized, it might be that we
overgeneralized our conjecture, rendering it a non-theorem.
Other cases, like the commutativity of add suggests selecting only the active positions is
not always a good idea, since it generalizes to a non-theorem e.g. by replacing only the
active occurrences of x with a new variable z:

∀x, y, z.add(z, y) = add(y, x)
This formula is obviously false so we cannot hope to prove it. The heuristic described in
[Cru17] selects all occurrences of a term if only one active or one non-active occurrence
is present. This solves also problems like the following with the deﬁnition for dup shown
in Figure 3.4:
∀x.dup(x) = add(x, x)
Selecting only the active occurrences – the ﬁrst and second – results in a non-theorem
so it is necessary to select the third one too. However, this heuristic does not work with
theorems like this:
∀x.leq(x, add(x, x))
In the end, we ﬁnd that a relatively simple heuristic comes at the price of working on a
certain type of problems but not on others. We propose to use two heuristics. The ﬁrst
heuristic is the following:

Heuristic 3.11.1 (Generalized induction term occurrence selection 1.) From
each literal we select only the active occurrences of an induction term for generalization
if the number of active occurrences is at least two. Otherwise we select all occurrences.
And the second:
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Heuristic 3.11.2 (Generalized induction term occurrence selection 2.) From
each literal we select only the active occurrences of an induction term for generalization
if the number of active occurrences is at least two and the number of non-active
occurrences is at least two. Otherwise we select all occurrences.
We will later look at how to use both heuristics incorporated into diﬀerent strategies to
be able to solve more problems.

3.12

Complex terms as induction terms

As described in Section 3.11, not only variables can be selected as induction terms while
creating induction schemes. In fact, we can induct on any term and get a valid induction
formula. This is also a kind of generalization – a very powerful one –, where we get rid
of some speciﬁc subterm structure of a conjecture which we suspect is irrelevant to our
proof, thus getting a more general conjecture by replacing a number of occurrences of
this subterm with variables in the induction formula.

For instance, consider the following conjecture:
∀x, y, z, u, v, w.add(add(x, add(y, add(z, u))), add(v, w)) =
add(add(add(x, add(y, add(z, u))), v), w)
This can be proven by ﬁrst inducting on x, then after simplifying the subformulas,
inducting on y , etc. Otherwise we can notice that both sides contain the subterm
add(x, add(y, add(z, u))) which we can throw away and replace with a fresh variable x0
to get the more general and still provable conjecture:

∀x0 , v, w.add(x0 , add(v, w)) = add(add(x0 , v), w)
We note here that the only subterm of the generalized subterm that can be inducted
on (at least by our methods described so far) is x since none of the other subterms are
in active term positions. So to avoid overgeneralizing a conjecture, we must utilize all
possible induction terms and try all corresponding induction formulas simultaneously.
This can signiﬁcantly increase the size of the search space. Therefore, we have to be
careful how we select the complex terms for induction. First of all, only complex terms
in active term positions can be selected. This helps in some cases, while in others it still
means all terms are selected. One idea is to induct on a complex term if it has more
than one occurrence. Another one is to only induct on a complex term t if none of its
subterms show up outside of the occurrences of t.

Example 3.12.1 Consider the following conjecture:
∀x, y.app(fltn(x), y) = fltn2 (x, y)
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fun fltn2 (x : btree, y : list) → list :=
match x with
(leaf → y)
(node(x1 , x2 , x3 ) → (fltn2 (x1 , cons(x2 , fltn2 (x3 , y)))))
Figure 3.5: The function fltn2
fltn2 is the fold alternative deﬁnition for fltn shown in Figure 3.5. First, we induct
on x with the following induction formula with strengthened hypotheses:




app(fltn(leaf), y) = fltn2 (leaf, y)∧


∀y0 .app(fltn(x0 ), y0 ) = fltn2 (x0 , y0 )∧
→
∀y1 .app(fltn(x2 ), y1 ) = fltn2 (x2 , y1 )
∀y. ∀x0 , x1 , x2 . 



app(fltn(node(x0 , x1 , x2 )), y) = fltn2 (node(x0 , x1 , x2 ), y)
→ ∀w.app(fltn(w), y) = fltn2 (w, y)
The base case can be easily solved by just applying the deﬁnitions of the three functions.
The recursive case consequent can be simpliﬁed to get:

fltn2 (x0 , cons(x1 , fltn2 (x2 , y))) = app(app(fltn(x0 ), cons(x1 , fltn(x2 ))), y)
Now we can apply the strengthened induction hypotheses twice to get rid of fltn2
completely:

app(fltn(x0 ), cons(x1 , app(fltn(x2 ), y))) = app(app(fltn(x0 ), cons(x1 , fltn(x2 ))), y)
We get an equality with noticeably similar structure on both sides. However, we get
stuck here as no more simpliﬁcation can be done and if we induct once again, now on
x0 , we get an even greater equality with the same problems. To resolve this issue, we
need to induct on fltn(x0 ). Notice that this term has only two occurrences – both in
active term positions – and its only proper subterm x0 has no occurrence outside this
term. These conditions make fltn(x0 ) a very good candidate for induction. We omit
the whole induction formula for readability. The base case can be proven by applying
simpliﬁcations:

app(nil, cons(x1 , app(fltn(x2 ), y))) = app(app(nil, cons(x1 , fltn(x2 ))), y)
Next is the recursive case consequent:
app(cons(u0 , u1 ), cons(x1 , app(fltn(x2 ), y))) =
app(app(cons(u0 , u1 ), cons(x1 , fltn(x2 ))), y)
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fun mul(x : nat, y : nat) → nat :=
match x with
(0 → 0)
(s(x0 ) → add(mul(x0 , y), y))
Figure 3.6: The function mul
Simpliﬁcation applied on this results in the equality:
cons(u0 , app(u1 , cons(x1 , app(fltn(x2 ), y)))) =
cons(u0 , app(app(u1 , cons(x1 , fltn(x2 ))), y))
This reduces to just the second arguments of the cons terms by term algebra injectivity:

app(u1 , cons(x1 , app(fltn(x2 ), y))) = app(app(u1 , cons(x1 , fltn(x2 ))), y)
Finally, as this equality is exactly the induction hypothesis, we are done. Notice that
in the second induction on fltn(x0 ), we eﬀectively got rid of all active occurrences of
the fltn symbol and we solved a special case of app associativity where the rest of
fltn symbols had no active role.
Only selecting complex terms when none of its variables can be found outside this
particular term is however, in some cases too restrictive. Consider the following example:

Example 3.12.2 Given the function deﬁnition for multiplication in Figure 3.6, prove
its associativity:
∀x, y, z.mul(mul(x, y), z) = mul(x, mul(y, z))
First, we induct on x with the following induction formula:




mul(mul(0, y), z) = mul(0, mul(y, z))∧
mul(mul(x0 , y), z) = mul(x0 , mul(y, z)) → 

∀y, z.
∀x0 .


mul(mul(s(x0 ), y), z) = mul(s(x0 ), mul(y, z))
→ ∀x.mul(mul(x, y), z) = mul(x, mul(y, z))
The base case is trivial. Simplifying the step case consequent, we get:
mul(add(mul(x0 , y), y), z) = add(mul(x0 , mul(y, z)), mul(y, z))
We cannot simplify it further and there are no complex terms shared by the two sides
to induct on but we can rewrite the ﬁrst argument of the add term on the right-hand

56

3.13. The induction heuristic
side with the induction hypothesis:
mul(add(mul(x0 , y), y), z) = add(mul(mul(x0 , y), z), mul(y, z))
Here, inducting on simply x0 leads to a dead-end where we get an even more complex
structure. Instead, we notice that mul(x0 , y ) is present on both sides. This is promising,
as inducting on this will result in a simpler generalized subgoal but y also appears
outside of mul(x0 , y ). This is no problem as the two remaining y s can be paired up on
the two sides of the equality and are not aﬀected by the generalization.
We omit the full proof as it contains one more induction and solving a commutativity
subgoal for add.
In summary, the complex term induction heuristic we use is the following:

Heuristic 3.12.1 (Generalized complex induction term occurrence selection)
We induct on complex terms in active term positions that have at least one other
occurrence in the same inductive goal. We select occurrences based on the term
occurrence selection heuristic used for variables.

3.13

The induction heuristic

We conclude this chapter by presenting a general algorithmic approach – a heuristic – to
tackle inductive problems. Given a formula F and a set of induction templates, the steps
are the following:

1. Find all atomic subformulas (literals) in F .
2. Look for function terms in active term positions and non-equality predicate terms
in these literals that have an induction template based on Section 3.11.
3. For each of these terms with function f, collect all possible selected term tuples in
positions Ifa in active subterm positions (Section 3.11).
4. Instantiate induction schemes from the selected term tuples with their corresponding
induction template and function/predicate terms (Deﬁnition 3.4.2).
5. Discard induction schemes with complex terms based on the complex term heuristic
3.12.1.
6. Check containment of induction schemes based on Section 3.6. If an induction
scheme is contained by another, discard it.
7. Calculate the union of the rest of the schemes if suggested by the current union
heuristic based on Section 3.8. If the union is well-founded, add it to the set of
induction schemes and discard the original ones. Do this until nothing changes.
57

3. Induction schemes and proofs
8. Instantiate induction formulas from F based on the set of induction schemes (Section
3.4.1). While doing so, replace induction term occurrences in the instantiated
formulas according to the current induction term occurrence heuristic, see Section
3.11. Strengthen induction hypotheses with fresh variables if needed (Section 3.7).
9. Simplify the new formulas and repeat on each from step 1.
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CHAPTER

Induction in proof search
So far we described induction in a general setting. In this chapter, ﬁrst we show how
induction is applied in a saturation-based theorem prover, then using our results from
the previous chapter, we describe additional methods and address some of the diﬃculties
in this new setting.

4.1

Induction inference

In saturation-based proof search, a universally quantiﬁed inductive goal ∀x.L[x] with one
variable x and one literal L is negated and Skolemized resulting in the ground formula
¬L[σ ]. To prove this goal inductively, an induction formula is generated for this goal –
which is just any valid formula of the form:

f ormula → ∀x.L[x]
This is then clausiﬁed resulting in clauses that contain the consequent ∀x.L[x] of the
induction formula positively. Each such clause can be directly binary resolved with the
negated goal. This idea is captured in the following inference rule which is a more general
form using any clause L[σ1 ]...[σn ] ∨ C as the main premise [RV19]:

L[σ1 ]...[σn ] ∨ C
f ormula → ∀x1 , ..., xn .L[x1 ]...[xn ]
(Ind)
cnf(¬f ormula ∨ C)
where L[σ1 ]...[σn ] is a ground literal and f ormula → ∀x1 , ..., xn .L[x1 ]...[xn ] is a valid
induction formula.
In saturation-based proof search it would also make sense to just add the clausiﬁed
induction formula to the search space and let the prover resolve it against the goals it
applies to but then it would take much more time or perhaps it would not even happen
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before resource exhaustion. Therefore, we choose this more goal-oriented approach and
force binary resolution during the application of the inference.

Theorem 4.1.1 The inference rule Ind is sound.
Proof. Since the left premise of the rule is a valid induction formula and since binary
resolution is sound, we just need to check whether the conditions apply to be able
to resolve the two premises. By construction, the main consequent of the induction
formula ∀x1 , ..., xn .L[x1 ]...[xn ] only contains the fresh variables xi where there is a Skolem
constant σi in the right premise and as the right premise is ground, we can apply binary
resolution with the substitution θ = {xi → σi | 1 ≤ i ≤ n}, so the consequence of the
rule follows from the premises.
The inference rule Ind is sound as long as the generated induction formula is valid, meaning
the order deﬁned by the relations between the induction hypotheses and consequents are
well-founded and the remaining base cases complete the case distinction for the induction
terms, as described in the previous chapter.
The induction heuristic and the techniques we presented in Chapter 3 diﬀer in a few points.
One diﬀerence is that we do not have any variables in the subgoal we are considering,
since it is ground – we have to select Skolem constants or other (possibly complex) ground
terms as induction terms. Another diﬀerence is that we have to generate the induction
formula based on the opposite sign literal to get the right resolving before achieving the
result. Hence, we also have to consider disequalities the same way when looking for active
term positions. Let us look at an example:

Example 4.1.1 Consider the append and preﬁx functions for type list described by
the following function deﬁnitions:
fun app(x : list, y : list) → list :=
match x with
(nil → y)
(cons(x0 , z) → cons(x0 , app(z, y)))
fun pref(x : list, y : list) → bool :=
match x with
(nil → true)
(cons(x0 , z) → match x with
(nil → false)
(cons(y0 , u) → x0 = y0 ∧ pref(z, u)))
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and the following conjecture:
∀x, y.pref(x, app(x, y))
This conjecture is refuted by ﬁrst negating and Skolemizing it to get:
¬pref(σ0 , app(σ0 , σ1 ))
We use the techniques from Chapter 3, speciﬁcally, apply the induction heuristic step
by step presented in Section 3.13. Using the induction templates of pref and app, we
create induction schemes based on the function terms in active positions. In particular,
the induction term σ0 in active term positions (i.e. both positions) give two identical
schemes. After discarding one of them, we can generate an induction formula from the
one scheme and get the following:




pref(nil, app(nil, σ1 )) ∧
pref(z, app(z, σ1 )) →

 → ∀x.pref(x, app(x, σ1 ))
∀x0 , z.
pref(cons(x0 , z), app(cons(x0 , z), σ1 ))
As we can see, the induction formula contains the original goal, i.e. the negation of
the literal we selected. The result is then clausiﬁed with all clauses resolved with the
negated goal if possible:

{¬pref(nil, app(nil, σ1 )),
pref(x, app(x, σ1 ))},
{¬pref(nil, app(nil, σ1 )), ¬pref(cons(x0 , x), app(cons(x0 , x), σ1 ))}
Note that we use this rule as the basis for our inferences as it ﬁts our purposes best, a
discussion on this and other induction inferences rules can be found in [RV19, HHK+ 20].

4.2

Rewriting with function deﬁnitions

When an input function deﬁnition of the form fun f(x1 , ..., xn ) := body is given to a
saturation-based theorem prover, besides using the function deﬁnition for generating
induction formulae, it needs to be used also by the superposition calculus inference rules.
This is usually done by folding out the deﬁnition in a preprocessing step to m branches
of the function given by match and ite blocks to get formulas of the form

F1 → f(x1 , ..., xn ) = t1
...
Fm → f(x1 , ..., xn ) = tm
where F1 , ..., Fm are side conditions corresponding to the branches with body terms
t1 , ..., tm . Then, each formula is converted to clausal form. A special case comes with
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functions of type bool as these are converted to equivalences:
f(x1 , ..., xn ) ↔ (F1 → G1 )
...
f(x1 , ..., xn ) ↔ (Fm → Gm )
with G1 , ..., Gm corresponding to the bool terms each of these branches contain.
While one essential ingredient during induction is being able to identify the active term
positions of a function where we can place constructor terms that match one of the
branches of that function, in order to use any of the branches for rewriting, we have
to expand the function headers into their deﬁnitions. While this seems like given in a
manual proof, in a superposition theorem prover one can only apply any inferences if the
side conditions for the accompanying simpliﬁcation ordering are satisﬁed.

In particular, a clause deﬁning a single branch for a function f containing an equality
f(x1 , ..., xn ) = t ∨ C
cannot be used to rewrite any occurrence of f if the term t is heavier in the ordering than
f(x1 , ..., xn ) or the literal f(x1 , ..., xn ) = t is not selected in the clause. The choices we
have here is either not being able to simplify induction formulas or losing completeness –
this latter can cause e.g. looping.
One solution is to choose an ordering that orients all function deﬁnitions according
to their intended usage. Although this task is in general undecidable [H+ 78], such an
ordering can be found e.g. for KBO in polynomial time if it exists [DKM05, KV03].
However, even if we can ﬁnd one before starting the proof search, there may be newly
inferred clauses during the proof based on the initial set of function deﬁnitions that may
be also used as function deﬁnitions. For example, using the recursive axiom for add and
the term algebra exhaustiveness for nat, we can infer the following:

∀x.x = 0 ∨ x = s(p(x))
∀x, y.add(s(x), y) = s(add(x, y))
(Sup)
∀x, y.x = 0 ∨ add(x, y) = s(add(p(x), y))
The conclusion is actually the destructor-style deﬁnition of the recursive case of add, so
intuitively one would use this also as a function deﬁnition. The orientation of any such
inferred equality however might be diﬀerent from the intended one in the current term
ordering. This could be mitigated by adjusting the ordering during proof search which
is not practically achievable. Otherwise, conﬂicting orientations of two variants for the
same function deﬁnition can cause an inﬁnite chain of rewriting.
Another solution is to allow rewriting according to the original function deﬁnition
orientation (which might be diﬀerent from the one given by the ordering) and at the
same time disallow any inferences that would rewrite the function deﬁnitions themselves,
creating new variants. Despite losing completeness in this case, depending on factors like
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whether we use constructor- or destructor-style function deﬁnitions, it can actually help
discard inferences which we would not be used anyways, e.g. any instantiated variant for
a function deﬁnition just creates redundancy in the search space.
Our proposed solution is the following: we mark equalities stemming from function
deﬁnitions. When we encounter a clause containing such a marked equality during saturation, we disallow any inferences with it except for rewriting with two special inference
rules: one is a modiﬁed paramodulation, the other is a special case of demodulation.
Paramodulation is a special case of superposition which only rewrites instances of the
rewriting equality left-hand side:

l =r∨C
L[lθ] ∨ D
(Par)
L[rθ] ∨ Cθ ∨ D
where θ is the mgu of l and r, moreover lθ rθ, lθ = rθ C and L[lθ] D. Paramodulation is mostly omitted from inference systems as it is entirely subsumed by superposition.
We modify these two rules as follows: ﬁrst, we let demodulation happen only if the
function deﬁnition is a unit clause and it has an orientation which is simplifying w.r.t.
the ordering.
✭
✭

C[f(x)θ]
∨D
f(x) = t
✭✭✭✭
✭
(DemF)
C[tθ] ∨ D
where f(x) = t is a function deﬁnition, moreover f(x)θ
tθ.

tθ and C [f(x)θ] ∨ D

f(x) θ =

Second, all other non-simplifying rewriting with function deﬁnitions is done with the
modiﬁed paramodulation rule:

L[f(x)θ] ∨ D
f(x) = t ∨ C
(ParF)
L[tθ] ∨ Cθ ∨ D
where f(x) = t is a function deﬁnition. Therefore we allow rewriting with function
deﬁnitions that disregard the ordering or the literal selection so we can rewrite any part
of a clause. This will help expand function headers when needed but at the same time
we lose properties such as fairness or completeness.
Note that we only use clauses for such rewriting that contain exactly one equality literal
marked as a function deﬁnition. One might deﬁne e.g. non-determinism with clauses
containing more than one equality:

f(x) = t1 ∨ f(x) = t2
We avoid handling such clauses in this manner as it is unclear how the other literal should
be used in the resulting clause when we paramodulate with one of them.
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Example 4.2.1 In Example 3.12.1, the two functions fltn and fltn2 give the four
deﬁnitional axioms:
fltn(leaf) = nil
∀x, y, z.fltn(node(x, y, z)) = app(fltn(x), cons(y, fltn(z)))
∀y.fltn2 (leaf, y) = y
∀x, y, z, u.fltn2 (node(x, y, z), u) = fltn2 (x, cons(y, fltn2 (z, u)))
The base cases for the two functions can be easily oriented the "right way", i.e. to
rewrite any terms such as fltn(leaf) into nil or fltn2 (leaf, y ) into y , the ﬁrst by
making fltn or leaf greater than nil in the precedence accompanying the ordering,
the second by applying the subterm property of a simpliﬁcation ordering. The recursive
cases, however, cannot be oriented in such a way easily, so e.g. the refutational variant
of the induction step consequent from Example 3.12.1

app(fltn(node(σ0 , σ1 , σ2 )), σ3 ) = fltn2 (node(σ0 , σ1 , σ2 ), σ3 )
would not be rewritten normally and the induction gets stuck. Instead, applying the
rule (ParF) with the recursive axioms, we match the terms fltn(node(σ0 , σ1 , σ2 ) with
fltn(node(x, y, z )) and fltn2 (node(σ0 , σ1 , σ2 ), σ3 ) with fltn2 (node(x, y, z ), u) with
substitution {x → σ0 , y → σ1 , z → σ2 , u → σ3 }.

4.3

Simpliﬁcation and induction

Most saturation algorithms ﬁrst apply simpliﬁcation or even deletion rules to any clause
to reduce the search space as much as possible, then if there is no more simpliﬁcation
to be done, start using generating inference rules to explore other parts of the search
space. In this context, induction is a rule which generates a lot of clauses, therefore its
application is usually at the very end of the saturation loop body.
This means that any clause that cannot be simpliﬁed but can be used in e.g. superposition
with some function deﬁnition will be inducted on multiple times, once with the original
clause and later with the generated new clauses. This only makes sense if induction
and rewriting are not conﬂuent, e.g. the order of their applications matter and result in
diﬀerent clause sets. On the other hand, it mostly just introduces redundancy in the set
of clauses. Therefore, in one variant of our induction rule, we add a check not to induct
on any literal that can be simpliﬁed or rewritten by some function deﬁnition. This is
only preferred if we use the function deﬁnition rewriting rules from the previous section,
otherwise we may not rewrite anything in the literal because the ordering prohibits it.
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4.4

Multi-clause induction

The inference rule Ind works well for atomic goals, like Example 4.1.1. By generating an
induction formula and resolving it with the goal, we essentially expand the goal into a
term algebra case distinction based on some of its terms. This, however, does not work
on more complex problems. Consider the following conjecture:

∀x, y.(even(x) ∧ even(y)) → even(add(x, y))
Now, negating this conjecture results in three clauses:
{{even(σ0 )}, {even(σ1 )}, {¬even(add(σ0 , σ1 ))}}
We can induct on e.g. the consequent of the original implication, using the induction
scheme suggested by even:

even(add(0, σ1 )) ∧ even(add(s(0), σ1 ))∧
∀x.even(add(x, σ1 )) → even(add(s(s(x)), σ1 ))

→ ∀z.even(add(z, σ1 ))

After using this with the inference Ind, we get the following:
cnf ¬

even(add(0, σ1 )) ∧ even(add(s(0), σ1 ))∧
∀x. even(add(x, σ1 )) → even(add(s(s(x)), σ1 ))

The clausiﬁcation results in the following two clauses:
{¬even(add(0, σ1 )), ¬even(add(s(0), σ1 )),
even(add(σ2 , σ1 ))},
{¬even(add(0, σ1 )), ¬even(add(s(0), σ1 )), ¬even(add(s(s(σ2 )), σ1 ))}
We use the principle of most saturation algorithms to simplify clauses eagerly, generate
new clauses lazily, so we ﬁrst simplify the clauses as much as we can using the deﬁnitions
of even and add:
{¬even(σ1 ), ¬even(s(σ1 )), even(add(σ2 , σ1 ))},
{¬even(σ1 ), ¬even(s(σ1 )), ¬even(add(σ2 , σ1 ))}
Now, after all simpliﬁcations has been performed on this set of clauses, we can move on
and generate new clauses. First, we can binary resolve both clauses with {even(σ1 )}:

{¬even(s(σ1 )), even(add(σ2 , σ1 ))},
{¬even(s(σ1 )), ¬even(add(σ2 , σ1 ))}
Then we can resolve the two clauses, matching the remains of the inductive step consequent
with the induction hypothesis, resulting in this single clause:

{¬even(s(σ1 )), ¬even(s(σ1 ))}
65

4. Induction in proof search
After duplicate literal removal, we are stuck since we cannot get rid of this remaining
literal:
{¬even(s(σ1 ))}
To understand what happened, let us look at the original conjecture as if we were
performing the induction on it manually. To be more speciﬁc, in the case which we could
not remove in the end we substituted s(0) for σ0 , which translates to substituting the
same for x in the original conjecture:

∀y.(even(s(0)) ∧ even(y)) → even(add(s(0), y))
This case can be proven very easily thanks to the false antecedent, since even(s(0)) is
false. But the antecedents were not present in our induction, at least not in this form.
Notice also how the translation of the induction cases to a clausal form replace the old
Skolem constant σ0 with a new one σ2 in the induction step case, making it impossible
to match any of the old clauses containing σ0 with the new ones.
So the problem here is that although we need to make a case distinction on even(σ0 ) as
well since it also contains the induction term σ0 in an active term position, we cannot do
this exactly with the current inference rule Ind. To solve this, we propose a more general
induction inference rule, called multi-clause induction that allows us to induct on more
than one clause at once:

f ormula → ∀x1 , ..., xn .F [x1 ]...[xn ]
L1 [σ1 ]...[σn ] ∨ C1
...
cnf(¬f ormula ∨ C1 ∨ ... ∨ Cm )

Lm [σ1 ]...[σn ] ∨ Cm

(IndMC)

where L1 [σ1 ]...[σn ], ..., Lm [σ1 ]...[σn ] are ground literals, F := L1 [σ1 ]...[σn ]∨...∨Lm [σ1 ]...[σn ],
f ormula → ∀x1 , ..., xn .F [x1 ]...[xn ] is a valid induction formula on n induction terms. So
the proper way to ﬁnd a proof for our previous example would be as follows:

1. Analysing the subgoal ¬even(add(σ0 , σ1 )), we ﬁnd that the even term suggests an
induction scheme with induction term σ0 .
2. We look for other clauses that have the same σ0 induction term for some induction
scheme and we ﬁnd even(σ0 ).
3. The two induction schemes are combined, an induction formula is generated where
each case contains the opposite sign literals for ¬even(add(σ0 , σ1 )) and even(σ0 )
disjuncted, then this induction formula is resolved with the two original clauses.
The induction formula we get is the following:
(¬even(0) ∨ even(add(0, σ1 ))) ∧ (¬even(s(0)) ∨ even(add(s(0), σ1 )))∧
∀x.((¬even(x) ∨ even(add(x, σ1 ))) → (¬even(s(s(x))) ∨ even(add(s(s(x)), σ1 ))))
→ ∀z.(¬even(z) ∨ even(add(z, σ1 )))
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This gives after binary resolution with the two clauses and clausiﬁcation, a large set of
clauses from which only the following three is enough to get a refutation:





{¬even(add(0, σ1 )),
even(s(s(σ2 ))),
even(s(0))},

{¬even(add(0, σ1 )), ¬even(add(s(s(σ2 )), σ1 )), even(s(0))},
 {¬even(add(0, σ )),
even(add(σ2 , σ1 )),
even(s(0)), ¬even(σ2 )}
1
After applying simpliﬁcations exhaustively, we get this new set:





{¬even(σ1 ),
even(σ2 )},

{¬even(σ1 ), ¬even(add(σ2 , σ1 ))},
 {¬even(σ ),
even(add(σ2 , σ1 )), ¬even(σ2 )}
1
Each clause can be binary resolved with even(σ1 ):
even(σ2 ) , ¬even(add(σ2 , σ1 )) , even(add(σ2 , σ1 )), ¬even(σ2 )
In the end the three clauses can be binary resolved with each other pairwise and we get
the empty clause.
Interestingly, this example can be proven without multi-clause induction using a diﬀerent
induction scheme that we get from combining the schemes suggested by add and even
with strengthened induction hypotheses:




even(add(0, σ1 ))∧
(∀x0 .even(add(0, x0 )) → even(add(s(0), σ1 )))∧
→ ∀z.even(add(z, σ1 ))

(even(add(x, x1 )) ∧ even(add(s(x), x2 ))) → 
(∀x, x1 , x2 .)
even(add(s(s(x)), σ1 ))
We hypothesize that one of the strengths of multi-clause induction is that when a
conjecture can be only proven with multiple applications of induction – partly because
the induction hypotheses cannot match the induction step consequent at ﬁrst and using
this rule, – all still usable induction hypotheses can be carried on for later use with the same
set of Skolem constants. We demonstrate this with the following example:

Example 4.4.1 Prove the following conjecture:
∀x.rev(rev(x)) = x
where rev is the recursive function deﬁnition reversing a list argument:
fun rev(x : list) → list :=
match x with
(nil → nil)
(cons(y, z) → app(rev(z), cons(y, nil)))
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First, negate and Skolemize the conjecture:
rev(rev(σ0 )) = σ0
The ﬁrst induction is rather straightforward since we can only induct on σ0 . We get
the following set of clauses:

{ rev(rev(nil)) = nil,
{ rev(rev(nil)) = nil,

rev(rev(σ2 )) = σ2
},
rev(rev(cons(σ1 , σ2 ))) = cons(σ1 , σ2 ) }

After simpliﬁcation, the base case can be removed as it is nil = nil and we get:
{{rev(rev(σ2 )) = σ2 }, {rev(app(rev(σ2 ), cons(σ1 , nil)) = cons(σ1 , σ2 ))}}
Unfortunately, the induction hypothesis cannot be used: there is no rev(rev(σ2 ))
subterm in the inequality and no simpliﬁcation ordering allows us to rewrite σ2 into
rev(rev(σ2 )) either. Another option would be to induct on σ2 but then the new
induction step case would be unprovable (as it is no longer true). We instead use
multi-clause induction, inducting on rev(σ2 ) from both clauses. This is possible if we
extend Heuristic 3.12.1 to also count occurrences of complex terms in other premises.
We get thus the following induction formula:




(rev(nil) = σ2 ∨ rev(app(nil, cons(σ1 , nil)) = cons(σ1 , σ2 )))∧
(rev(z) = σ2 ∨ rev(app(z, cons(σ1 , nil)) = cons(σ1 , σ2 ))) →


(∀y, z.)
(rev(cons(y, z)) = σ2 ∨ rev(app(cons(y, z), cons(σ1 , nil)) = cons(σ1 , σ2 )))
→ ∀x.(rev(x) = σ2 ∨ rev(app(x, cons(σ1 , nil)) = cons(σ1 , σ2 )))
After clausiﬁcation, we only need 3 of the resulting 6 clauses to get a refutation:

{



cons(σ1 , σ2 ) = rev(app(cons(σ3 , σ4 ), cons(σ1 , nil))),
rev(nil) = σ2 },
{
σ1 = rev(cons(σ3 , σ4 )),
rev(nil) = σ2 },
{ rev(σ ) = σ , cons(σ , σ ) = rev(app(σ , cons(σ , nil))), rev(nil) = σ } 
4
1
1 2
4
1
2
After simpliﬁcation and an equality resolution in the last clause, we get:

{ cons(σ1 , σ2 ) = app(rev(app(σ4 , cons(σ1 , nil))), cons(σ3 , nil)),

{

{

σ1 = app(rev(σ4 ), cons(σ3 , nil)),
cons(σ1 , rev(σ4 )) = rev(app(σ4 , cons(σ1 , nil))),



nil = σ2 },
nil = σ2 },
nil = σ2 } 

Now the ﬁrst literal in the ﬁrst clause can be rewritten with the ﬁrst equality from the
last clause via superposition:

{ cons(σ1 , σ2 ) = app(cons(σ1 , rev(σ4 )), cons(σ3 , nil)), nil = σ2 },
{
σ1 = app(rev(σ4 ), cons(σ3 , nil)),
nil = σ2 }
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Simplifying this, we get:
{ cons(σ1 , σ2 ) = cons(σ1 , app(rev(σ4 ), cons(σ3 , nil))), nil = σ2 },
{
σ1 = app(rev(σ4 ), cons(σ3 , nil)),
nil = σ2 }
Using the term algebras injectivity, the ﬁrst inequality can be expanded into two
inequalities:

{ σ1 = σ1 , σ2 = app(rev(σ4 ), cons(σ3 , nil)), nil = σ2 },
{
σ1 = app(rev(σ4 ), cons(σ3 , nil)),
nil = σ2 }
After a trivial inequality removal in the ﬁrst clause, we can binary resolve the two to
get simply {{nil = σ2 }} which can be superposed {rev(app(rev(σ2 ), cons(σ1 , nil)) =
cons(σ1 , σ2 ))} from the result clauses of the ﬁrst induction to get the empty clause.
Using strengthening of induction hypothesis makes the application of the multi-clause
induction rule harder, since some of the induction hypotheses will be non-ground. Nevertheless, we ﬁnd both of these techniques very useful. We conclude this section by proving
soundness of IndMC:

Theorem 4.4.1 The inference rule IndMC is sound.
Proof. We use the same assumptions as in the soundness proof of Ind, that is, we have
a valid induction formula as a left premise. After clausiﬁcation, there may be clauses
that do not contain any literals from the induction main conclusion – this can be a result
of added deﬁnitions during clausiﬁcation, however if one contains any literal from the
main conclusion, it contains all literals unmodiﬁed since the conclusion was not negated.
After the ﬁrst binary resolution of any such clause with one of the premises, we get a
substitution bounding some of the variables in the resulting clause. We have a bijective
correspondence between these variables and the induction terms by construction, hence
all subsequent binary resolutions can be performed with all other premises. From the
soundness of binary resolution, this means that the resolvents are correctly derived and
the inference rule is sound.

4.5

Clause selection for multi-clause induction

As opposed to other inference rules such as superposition or binary resolution, multiclause induction has an arbitrary number of premises – it is essential therefore to properly
reduce the number of clauses we want to use together as premises. We will now develop
a heuristic to do so.
First, as with single-clause induction, we usually select a negative literal from a clause
as an inductive goal stemming from the original goal which we would like to refute, the
clause of this literal is the main premise of the inference. Then, we add a number of
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side premises which we suspect can be relevant to the proof of the main premise. We
cannot just add any side premise since that would blow up the search space, so we select
clauses that contain literals which are structurally similar. Speciﬁcally, as we are dealing
with ground literals from the main premises, we can just select other literals with the
same Skolem constants and function/predicate symbols. Note that given a clause, we
may induct on several of its literals separately and use other non-unit clauses as side
premises in the same manner.
What we are aiming at is that eventually we can use these side premises to simplify
or get rid of the main premise. This can happen in several ways: for example, if the
main premise is a disequality, after simplifying the inductive step conclusion or base case
corresponding to it, we can rewrite it or binary resolve it with an equality. If it is a
non-equality literal, we also have the chance to rewrite it with an equality and eventually
binary resolve it with a positive literal. In either case, we use positive literals for a
negative subgoal.

Another good reduction would be to only include side premises that have similar terms
as the main premise, e.g. with function symbols and constants more or less in the same
positions. This "more or less" is unfortunately very vague and the problem of matching
subterms in general is NP-hard. Therefore, we only use cheap heuristics without having
to analyze the structural nuances of the literals: we select literals that have any subset of
Skolem constants that of the main premise. If a side premise contains a Skolem constant
that the main premise does not, they probably will not match later due to this constant,
therefore it is often useless to induct on them together. On the other hand, if this
constant pops up in the main premise later because of some rewriting or the side premise
is simpliﬁed and the constant is removed, after that we still have the chance to use them
together in induction. Our ﬁnal heuristic is the following:
Heuristic 4.5.1 (Side premise selection for IndMC) For a negative literal with set
of Skolem constants S , we select all positive literals with sets of Skolem constants
T ⊆ S.
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CHAPTER

Implementation
We have implemented the techniques for inductive reasoning in the state-of-the-art
theorem prover Vampire [KV13]. Our implementation and extensions in Vampire
required ∼3800 lines of code. In this chapter we look at how this was done in detail.

5.1

Parsing

There are currently 3 main input formats supported by theorem provers/SMT solvers:
TPTP [Sut17], and SMT-LIB version 1 and 2 [BFT16]. Of the three formats, only version
2 of SMT-LIB supports function deﬁnitions and the match keyword. First, we look at how
these are parsed and processed, then we show some methods to detect the same function
deﬁnition structures when we are dealing with an input without these new keywords.
Before converting a formula to a ﬁrst-order normal form, it is allowed to contain special
terms, such as bool expressions in equalities, ite or let expressions and so on. We
introduced a special symbol for match which contains a variable as its ﬁrst argument and
then 2n arguments for the n pairs containing the constructs (si , ti ) described in Section 2.1.
As per the SMT-LIB standard, we allow only new variables in the matched expressions
si . Also, exhaustiveness and mutual exclusiveness are checked with an addition that the
last matched expression can be a single variable matching all remaining expressions (i.e.
an else branch).
We also added the not-yet-implemented define-fun-rec keyword. This is very similar
to the already existing define-fun implementation, except that in the latter one cannot
use terms with the function that is deﬁned. Furthermore, recursive functions as well as
non-recursive ones are marked as a function deﬁnitions.
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5.2

Preprocessing

In ﬁrst-order theorem proving and in Vampire in particular, there are multiple stages of
preprocessing after the input has been parsed and before the saturation begins. These
include eliminating the special expressions like ite, let and match expressions, converting
the formulas to negation normal form and so on. We introduced an additional step
to get extra information used by the induction inference and its heuristics before the
preprocessing is done on these expressions, that is, when the information is not yet
scattered into multiple formulas or mixed with other axioms making it harder to collect.

5.2.1

Conversion to normal form

Vampire has a preprocessing pipeline consisting of many diﬀerent steps based on the
options supported to the prover. We only deal with the part that eliminates special
symbols and converts formulas to clausal normal forms. There are two main methods for
that, one is called FOOL2FOL [KKV15], the other VCNF [RSV16, KKSV16].
We ﬁrst extend the FOOL2FOL conversion with the new keyword match as follows. This
algorithm maintains a set of unprocessed formulas that cannot be directly converted
to normal form yet. It also introduces new symbols if it ﬁnds some complex term that
needs to be eliminated. In any unprocessed formula, all such terms are eliminated in a
single round. For each expression match(x, s1 , t1 , ..., sn , tn ) with free variables y1 , ..., ym
in one such unprocessed formula, if the expression has a non-bool sort, we add a new
function symbol g of arity m, otherwise a new predicate symbol q of arity m. Then, for
each 1 ≤ i ≤ n we add the following formula to the set of unprocessed formulas in case
of a non-bool sort:
x = si → g(y1 , ..., ym ) = ti

For a bool result sort, we add this formula instead:
x = si → q(y1 , ..., ym ) ↔ ti
In the end, we replace the original occurrence of the match expression with g (y1 , ..., ym )
or q (y1 , ..., ym ), respectively. We do this for other terms that need to be eliminated from
the original formula, convert it to clausal normal form and proceed with the remaining
unprocessed formulas.
The other method VCNF covers slightly diﬀerent stages of the preprocessing pipeline but
it nevertheless also eliminates complex terms such as ite and let expressions, so we
extended this algorithm as well. In a nutshell, the VCNF conversion processes a set of
sets of formulas until they all contain only literals and therefore the result is in clausal
normal form. During this process, when we encounter occurrences of a match expression
in the current formula F in a set, i.e.

{..., {..., F [match(x, s1 , t1 , ..., sn , tn )], ...}, ...}
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we replace this set with n duplicates:
{..., {..., x = s1 , F [t1 ], ...}, ..., {..., x = sn , F [tn ], ...}, ...}
The VCNF method allows us to easily pass the information that an equality is marked
a function deﬁnition from the original formula to the resulting clauses, as opposed to
FOOL2FOL where the newly introduced symbols make it hard to mark the original f(x) = t
since it might be in the form f(x) = g (y ) ∨ C and g (y ) = t ∨ D, present in two clauses
separately. Although this can be done by using e.g. symbol elimination, we omitted such
additional steps and used only VCNF for function deﬁnition rewriting.

5.2.2

Processing function deﬁnitions

We implemented a preprocessor which processes all input formulas before they are converted to normal forms. When it encounters the result of a define-fun or define-fun-rec
block, i.e. a formula marked as function deﬁnition, it creates the r-descriptions the block
contains and adds a corresponding induction template to the set of templates. It also
maintains a set of partial induction templates based on guessing whether an axiom not
marked as a function deﬁnition contains a function deﬁnition or not. When such possible
function deﬁnitions are found, it tries to discover recursive calls in them. In the end, all
induction templates are checked for well-foundedness by ﬁnding an ordered separation if
it exists. If this check fails, the induction template is discarded as it may produce invalid
induction formulas, rendering the induction inference rules unsound.
The algorithm in Figure 5.1 describes how the r-descriptions of a function deﬁnition
are collected. It parses the branching given by ite and match expressions, making
substitutions where possible then processes each branch term with processCase (Figure
5.2). The helper function processCase adds any recursive calls found in the current
branch to the set of recursive calls. When a marked function deﬁnition f (args) = body is
found, the call processBody(body, f (args), ∅) results in the r-descriptions of that function
deﬁnition.

5.2.3

Function deﬁnition discovery

Any other axioms from the input not marked as function deﬁnitions are processed as
possible function deﬁnitional axioms by looking at speciﬁc patterns shown in Figure
5.3. We only look at certain formulas here, because otherwise we would have too many
possibilities e.g. in a disjunction with n disjuncts, where we would have at least 2n
possibilities to look at, not even counting complex subformulas. Existential formulas
are also excluded and for negations, only the direct subformula is considered, i.e. bool
function base cases with false values.
The isHeader function (Figure 5.4) takes only function headers with constructor terms
or variables as arguments. It may be the case that a recursive call cannot be discovered
directly because it is hidden inside another function deﬁnition, for instance we only
discover the equality f (t1 , ..., tn ) = g (t1 , ..., tn ) and there is another equality g (s1 , ..., sn ) =
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Algorithm 5.1: processBody
Input: t ∈ T , f (args) ∈ T function header, c set of conditions
1
2
3
4

if t is variable then
return (h, ∅, c);
else if t is match(s, s1 , t1 , ..., sn , tn ) then
res ← ∅;

6

for 1 ≤ i ≤ n do
res ← res∪ processBody(ti , f (args)[s/si ], c);

7

end

8

return res;

5

9
10

11
12

else if t is ite(p, t1 , t2 ) then
return processBody(t1 , f (args), c ∪ {p}) ∪
processBody(t2 , f (args), c ∪ {¬p});
else if t is let(x1 , t1 , ..., xn , tn , t) then
return processBody(t[x1 /t1 ]...[xn /tn ], f (args), c)

14

else
return (f (args), processCase(t, f ), c)

15

end

13

Figure 5.1: Algorithm processBody
f (s1 , ..., sn ) with the recursive call. Although we may have to go down arbitrarily deep
into these deﬁnitions, the lack of a recursive call does not make an induction formula
invalid, the only issue is that a probably necessary induction hypothesis will be missing.
Therefore, we choose not to check such indirect recursive calls.
Expressions of the form t1 = t2 and F1 ↔ F2 must be checked both directions and even
then, we may not be able to tell which direction is the intended. For example, an equality
f (s(x), y ) = f (x, s(y )) is surely a recursive deﬁnition but by itself, no orientation can
be deduced. Another example is f (nil, y ) = g (y ), where both sides of the equality are
potential function headers. To ﬁnd out which orientation is the best, we maintain a set
of sets of possible induction templates. When we have such an ambiguous equality, we
duplicate each set of induction templates in the maintained set and add one orientation
to the ﬁrst subset, the other to the second. This way, in the end we get all possible
induction template combinations that we could detect.
After processing all input formulas, we can look at the possible induction template
conﬁgurations and ﬁnd out which ones are not well-suited for our purposes. In particular,
we ﬁrst do a well-foundedness and well-deﬁnedness check on each induction template in a
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Algorithm 5.2: processCase
Input: t ∈ T , f ∈ F
1

res ← ∅;

2

if t is f (t1 , ..., tn ) then
res ← res ∪ t;

3

5

for 1 ≤ i ≤ n do
res ← res∪processCase(ti , f );

6

end

4

7
8
9

else if t is g(t1 , ..., tm ) ∧ f = g then
for 1 ≤ i ≤ m do
res ← res∪processCase(ti , f );

10

end

11

return res
Figure 5.2: Algorithm processCase

set. As it might be that there is no set which contains only well-founded and well-deﬁned
templates, we have to select which one is the best. For each set containing k templates
that are not well-founded and l that are not well-deﬁned, we calculate a score as follows:

score = l + 5k
We prefer well-founded relations over well-deﬁned ones, therefore the violation of the
former is penalized more. We then select the set with the least score. If the selected set
has score greater than 0, we have to "ﬁx" it. If a template does not give a well-founded
order on its active arguments, we simply discard it as it may give rise to unsound
induction inferences. The template can also be over-deﬁned or under-deﬁned, i.e. some
of the cases in its case distinction of arguments are matched by multiple function headers
or are not matched by any function header, respectively. We make however a distinction
here: while over-deﬁnedness can lead to e.g. non-conﬂuent rewriting, it does not lead to
unsoundness. On the other hand, generating induction schemes from a template that has
incomplete case distinction can do so and we ﬁx it by adding the missing cases. This is
in fact done the same way as generating the base cases during combining two induction
schemes. In the end, we mark all equalities to be used as function deﬁnitions by function
deﬁnition rewriting and ﬁx their orientation. After this, we can start the saturation. We
demonstrate this with an example.
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Algorithm 5.3: ﬁndFunctionDeﬁnitions
Input: F formula, c set of formulas
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

if F is t1 = t2 then
if isHeader(t1 ) then
r1 ← processBody(t2 , t1 , c);
if isHeader(t2 ) then
r2 ← processBody(t1 , t2 , c);
if isWellFounded(r1 ) ∧ isWellFounded(r2 ) then
def s[f ] ← (def s[f ] × r1 ) ∪ (def s[f ] × r2 );
else if isWellFounded(r1 ) then
def s[f ] ← def s[f ] × r1 ;
else if isWellFounded(r2 ) then
def s[f ] ← def s[f ] × r2 ;
else if F is F is F1 ↔ F2 then
if F1 is p(args) ∧ isHeader(F1 ) then
r1 ← processBody(F2 , F1 , c)
if F2 is p(args) ∧ isHeader(F2 ) then
r2 ← processBody(F1 , F2 , c)
if isWellFounded(r1 ) ∧ isWellFounded(r2 ) then
def s[p] ← (def s[p] × r1 ) ∪ (def s[p] × r2 )
else if isWellFounded(r1 ) then
def s[p] ← def s[p] × r1
else if isWellFounded(r2 ) then
def s[p] ← def s[p] × r2
else if F is p(args) ∨ F is ¬p(args) then
def s[p] ← def s[p] × (p(args), ∅, c)
else if F is F1 ∧ ... ∧ Fn then
for 1 ≤ i ≤ n do
findFunctionDefinitions(Fi , c)
end
else if F is F1 → F2 then
findFunctionDefinitions(F2 , c ∪ F1 )
Figure 5.3: Algorithm findFunctionDefinitions
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Example 5.2.1 Given a set of equalities on functions f and g


f(cons(x, y), z) = f(y, cons(x, z)),


f(nil, x) = x,
g(x) = f(x, nil)



determine the orientation for each equality and ﬁnd well-founded (and possibly welldeﬁned) induction templates for f and g.
The second equality can be easily oriented, but the ﬁrst and third can be oriented
either ways. This gives us four possible scenarios for the two induction templates:

1.

(f(cons(x, y), z), {f(y, cons(x, z))}, ∅),
(f(nil, x), ∅, ∅), (f(x, nil), ∅, ∅)

for f and ∅ for g

2.

(f(y, cons(x, z)), {f(cons(x, y), z)}, ∅),
(f(nil, x), ∅, ∅), (f(x, nil), ∅, ∅)

for f and ∅ for g

3.

(f(cons(x, y), z), {f(y, cons(x, z))}, ∅),
(f(nil, x), ∅, ∅)

for f and {(g(x), ∅, ∅)} for g

4.

(f(y, cons(x, z)), {f(cons(x, y), z)}, ∅),
(f(nil, x), ∅, ∅)

for f and {(g(x), ∅, ∅)} for g

All four templates of f give a well-founded order but while the ﬁrst and second are
over-deﬁned because the second argument is matched by both nil and a variable, the
fourth is under-deﬁned because it does not match a cons term in the ﬁrst argument.
Therefore the scores are 1, 1, 0 and 1, respectively, so we select the third which gives
the same orientation as in the beginning of the example. We mark the ﬁrst two
equalities as function deﬁnitions of f and the last as function deﬁnition for g and ﬁx
their orientation.

5.2.4

Checking for well-foundedness

We now turn our attention to the well-foundedness check. For this, we need all active
argument positions and all possible function header - recursive call pairs. The algorithm
checkWellFoundedness (Figure 5.5) has two high-level parts: the ﬁrst one calls the
helper function separateIntoSets which maintains a set initially containing the set
of all active argument position indices and separates this into non-empty sets which
"change together" in all given recursive calls and thus candidates for being the ﬁrst in the
currently created lexicographic order.
The second part takes all the created sets of indices and tries to recursively extend them
to a complete lexicographic order on the remaining indices with the remaining recursive
calls, i.e. the ones in which none of the selected indices are changing – these correspond
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Algorithm 5.4: isHeader
Input: t ∈ T
1
2
3
4

if t is f (t1 , ..., tn ) then
for 1 ≤ i ≤ n do
if not isTermAlgebraCons(ti ) then
return false;

5

end

6

return true;

7

return false;

Algorithm 5.5: isTermAlgebraCons
Input: t ∈ T
1
2
3
4
5
6

if t is variable then
return true;
else if t is c(t1 , ..., tn ) then
for 1 ≤ i ≤ n do
if not isTermAlgebraCons(ti ) then
return false;

7

end

8

return true;

9

return false;
Figure 5.4: Algorithms isHeader and isTermAlgebraCons

to cases we still need to create a lexicographic order for. The base of the recursion is
when either we are out of recursive calls or out of indices. The result ordered separation
is expanded with a new set of indices s by calling addToOrderedSeparation(s) whenever
the recursive call returns true on line 9 of checkWellFoundedness.
Notice that we can select a set of indices which do not change in any of the recursive
calls. This means that the we recurse on all pairs from R but this is not a problem since
these indices then vacuously satisfy the condition in the lexicographic order deﬁnition.
We also implemented a similar well-foundedness check for induction schemes. This is
invoked after a scheme is generated from a template and after two schemes are combined.
While the ﬁrst one detects implementation errors as all induction schemes at that point
should be well-founded, the second is necessary to detect non-well-founded unions to
discard them.
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Algorithm 5.6: checkWellFoundedness
Input: I active argument position set, R recursive call - header pairs
1

if R is ∅ then return true;

2

if I is ∅ then return f alse;

3

S ←separateIntoSets(I, R);

4

for s ∈ S do
R ← ∅;

5

7

for (f (s1 , ..., sn ), f (t1 , ..., tn )) ∈ R do
if for any i ∈ s, si is not ti then R ← s;

8

end

9

if checkWellFoundedness(I \ s, R ) then
addToOrderedSeparation(s);

6

10

return true;

11
12

end

13

return f alse;

Algorithm 5.7: separateIntoSets
Input: I active argument position set, R recursive call - header pairs
1

S ← {R};

2

for (f (s1 , ..., sn ), f (t1 , ..., tn )) ∈ R do
f ixed ← ∅;

3
4

subterm ← ∅;

5

for 1 ≤ i ≤ n do
if si is ti then f ixed ← f ixed ∪ {i};

6

else if si is subterm of ti then subterm ← subterm ∪ {i};

7
8

end

9

S ← ∅;

10
11

for s ∈ S do
if s ∩ f ixed is not ∅ then S ← S ∪ {s ∩ f ixed};
if s ∩ subterm is not ∅ then S ← S ∪ {s ∩ subterm};

12
13

end

14

S←S;

15

end

16

return S;
Figure 5.5: Algorithms checkWellFoundedness and separateIntoSets
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5.2.5

Checking for well-deﬁnedness

The well-deﬁnedness check is very similar to the generation of base cases from Section 3.8.
We maintain a set of available term mappings corresponding to all possible argument
tuples for a function, from which we exclude the cases of the corresponding induction
template. In the end the function is under-deﬁned if the normalizations of the available
term mappings are not empty.
For the over-deﬁnedness, we check that for each argument in each r-description, some
value is excluded from one of the available term mappings. If no value is excluded, then
it is a clear sign that some argument tuples are covered by more than one function
branches. Also, since we cannot properly exclude an r-description if it has side conditions
(that would require checking formula subsumption and validity which is not practically
achievable for arbitrary nested formulas), for branches with side conditions we do not
report non-well-deﬁnedness.

5.2.6

Generating and maintaining induction schemes

We mainly use the deﬁnitions for generating induction schemes from induction templates
and function terms, however we would like to highlight some of the diﬀerences in the
implementation. The ﬁrst is that (as already mentioned) a single position in a function
term can give multiple induction terms. This can be because we are inducting on complex
terms or because the subterms themselves have multiple active positions. We use all such
possible selected term tuples from a single induction term to generate induction schemes.
Another aspect worth mentioning is that during the generation of induction formulas,
the number of resulting clauses and the size of those clauses are highly dependant on the
induction schemes. For instance, after combining two induction schemes, each intersection
can contain duplicate recursive call substitutions or ones that contain one another. We
therefore discard those at the end of intersection creation in the following way: depending
on whether we create strengthened induction hypotheses or not, given two recursive
substitution {σ0 → x, σ1 → y} and {σ0 → x}, the ﬁrst can contain the second or vice
versa. This is because although in general the relation corresponding to the second
always contains the ﬁrst, this is only true if we can strengthen with the unused term σ1
in the second. Otherwise, there will be a σ1 in the induction hypothesis that cannot be
matched with anything from the conclusion (since σ1 is replaced in the conclusion with
some variable and then Skolemized).
After cleaning up the recursive cases, we check for containment between the recursive
r-description instances themselves and discard the ones that are contained by some other
in the scheme. Moreover, we maintain a mutually exclusive set of r-description instances
during the generation of base cases, since in principle there can be duplicates among
those as well.
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5.3

Inference rules

Most saturation algorithms maintain a set of active clauses from which they select the
next clause to saturate (the given clause) and after applying appropriate inferences
exhaustively on it, they remove it from the active clauses. This execution order means
after saturating the given clause, it can no longer participate in any inference, so it has
to be tried in all possible positions as a premise in all inference rules so that no inference
with it is "missed". In particular, when using asymmetric inference rules with multiple
premises, e.g. with superposition, we have to try the given clause as a rewriting clause
as well as the rewritten clause. The former is usually called the backward direction, the
latter the forward direction of the inference rule.
Another issue is to select other premises for an inference with a given clause. Naively
searching through all active clauses would be a bottleneck, so saturation-based theorem
provers usually use some kind of term/literal indexing structure to look up other clauses
with certain structural parameters. Diﬀerent inference rules require diﬀerent special
indices such as ones for complementary literals for binary resolution or terms that unify
with an equality left-hand side for superposition. For a more detailed discussion on term
indexing, see [RV01]. We now take a look at the inference rules we introduced in Chapter
4 with these issues in mind.

5.3.1

Multi-clause induction

In Chapter 4, we have already elaborated on how to use the inference rule IndMC in
practice. We implemented a "forward" and a "backward" direction of IndMC, that is, one
where the given clause is the main premise and one where it is the side premise. These
cases do not overlap as we only select negative literals for main premises and positive
literals for side premises. The index we used for the lookup is a demodulation subterm
index, as it can be queried for certain subterms on both sides of equalities. We can simply
query this index for instances of the induction terms which means exact subterms since
all premises are ground.
The forward direction is rather straightforward: we have a negative main premise, for
which we select all possible positive side premises. Unfortunately, the other direction
is a bit more problematic: to each side premise corresponds a set of main premises. To
imitate the forward direction, we have to select more side premises based on the main
premise, not on the side premise. This, however, would mean that as we saturate side
premises corresponding to a particular main premise, in each turn we try to prove the
main premise with a diﬀerent set of side premises. This can really aﬀect the proof search
in a negative way. Another possibility would be to track which sets of side premises were
inducted on with which main premises in diﬀerent timepoints of the saturation. This
would waste a lot of resources, so we refrain from doing so.
Instead, for each side premise we only select main premises. Even though inducting on
all such main premises with the side premise in a single induction formula is valid and
can be successful, due to the disjunctions in negations, the resulting clauses will be much
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bigger without gaining anything. Although multiple side premises may be necessary for
a successful induction on a single main premise in the forward direction, multiple main
premises do not help in proving each other with a single side premise, hence it makes
sense to induct on all those side-main premise pairs separately in the backward direction.
Summarizing the above, if we ﬁnd a negative literal during saturation, we select all
positive literals with Skolem constants also present in the negative literal and induct on
all of them in a single inference. Otherwise, we select all negative literals that contain a
superset of Skolem constants that of the current literal and induct on them one-by-one
with the current literal as side premise.

5.3.2

Function deﬁnition rewriting

We talked about two inference rules for expanding function headers into their deﬁnitions in
Chapter 4: one is the demodulation rule where the ordering and the function orientation
coincides, the other is a paramodulation where the function orientation diﬀers from the
one given by the ordering.
The former case is relatively simple to implement: we only have to change how the
demodulation LHS index, the index which stores the left-hand sides of unit equalities,
handles the unit function deﬁnitions. When we provide this index with a new clause
containing a single function deﬁnition equality literal, we check whether the left-hand side
of the equality w.r.t. the ordering is the same as the function header – if that happens,
the function header is added to the index, otherwise it is not. This index is then used in
forward demodulation where we simplify the given clause with other active unit clauses.
For backward demodulation where we simplify other clauses with the given clause, we
have to modify the inference rule itself such that only those function deﬁnitions are used
where the ordering coincides with the orientation.
For the latter case, we implemented a new inference rule and a new index. The inference
rule has a backward and a forward direction but the two directions never overlap.
Speciﬁcally, any function deﬁnition as given clause is used to rewrite other clauses
(backward direction) but it is not rewritten by other clauses – we prohibited such
inferences. On the other hand, a non-function deﬁnition as given clause is only rewritten
by other active function deﬁnitional clauses (forward direction) and they do not rewrite
anything themselves in this rule. For the forward direction, an index was added which
stores only function deﬁnition headers – one per each clause containing a function
deﬁnition –, so we can query what subterms of the given clause can be rewritten by
these – in fact, we query generalizations of any subterm from the index (as opposed to
uniﬁcations when using superposition). The forward direction uses the demodulation
subterm index as described also for IndMC and instances of any function header are
queried from this index.
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Results
We now turn our attention to experimenting with the techniques we have described so
far. First we look at what new options has been added to Vampire to enable the new
features, then we take a look at the benchmarks, what combinations of techniques were
used to solve these and the analysis of the results.

6.1

Options

After implementing the techniques described in Chapters 3–4 in Vampire, we also added
a set of ﬂags that enable these when needed. There were previously three variants
named one, two and three for structural induction that can be enabled with the ﬂag
−−structural_induction_kind (or −sik for short). Even though the induction
formula generation we described in Chapter 3 is similar to one, we would like to measure
them separately, therefore we added a new variant four.
The Vampire options hierarchy allows us to add dependencies to each ﬂag. We divided
the features into three main sets: one contains all features closely related to induction,
depending on structural induction kind four, the second contains only the function
deﬁnition rewriting and the third contains the function deﬁnition discovery and analysis
features, since these are somewhat unrelated things. Also, some induction features that
are "cheap" to use and at the same time particularly useful during proof search are
enabled directly with the variant four. These include the induction scheme subsumption
and merging and induction term occurrence generalization.

The following ﬂags are dependent on the variant four:
• −−induction_multiclause (or −indmc) enables multi-clause induction.
• −−induction_strengthen (or −indstr) enables strengthening the induction
hypotheses.
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• −−induction_term_occurrence_selection_heuristic (or −indtosh) chooses
the heuristic to select the term occurrences described in Section 3.11 with values
one and two, respectively.
• −−simplify_before_induction (or −inds) only allows induction on a literal if
it contains no subterms simpliﬁable by any function deﬁnition.
There are ﬂags that we reused since they are already implemented in some other induction
variants:

• −−induction_unit_only (or −indu) disallows inducting on literals in non-unit
clauses. We extended this to multi-clause induction where it disallows selecting
non-unit side-clauses.
• −−induction_neg_only (or −indn) disallows inducting on positive literals.
• −−induction_on_complex_terms (or −indoct) enables inducting on complex
terms.
We also added one ﬂag for enabling function deﬁnition rewriting, namely
−−function_definition_rewriting (or −fnrw).

6.2

Benchmarks and experimental setup

Since the success of induction depends heavily on having the correct function deﬁnitions,
ﬁrst we wanted to exclude any errors stemming from function deﬁnition discovery and
use only function deﬁnition blocks and the define-fun-rec keyword.
Unfortunately, the SMT-LIB community still uses benchmarks almost exclusively without
this keyword and other, relatively outdated and non-oﬃcial benchmarks such as the TIP
library [SJC15] use non-standard keywords that we cannot parse. Therefore, we used the
benchmarks from [HHK+ 20] denoted by VIB from now on (which stands for Vampire
Inductive Bencmarks). This set contains more than 3000 problems of increasing diﬃculty
mostly for integer and list problems and also some for binary trees. We also extended the
VIB set with some problems presented in this thesis. We categorized the benchmarks of
VIB into sets, with some categories that are bigger and containing incrementally larger
problems. Every problem except for the ones with even contain a single universally
quantiﬁed literal. E.g. the add problems are categorized as follows:

• add assoc: associativity problems with 1 variable and occurrences of this variable
ranging from 6 to 20.
• add mix: problems combining associativity and commutativity with number of
variables ranging from 2 to 5 and overall occurrences of these ranging from 6 to 14.
84

6.3. An overview
• add comm: only commutativity with 2 variables and 2 occurrences.
• add s 0 mix: problems combining associativity and commutativity with multiple
variables and 0s possibly inside s constructor terms, with occurrences ranging from
6 to 60.
After this, we looked at some of the inductive problem sets of SMT-COMP such as
UFDTLIA that contain some well-known hard problems of inductive reasoning which
required function deﬁnition discovery as well.
The experiments were conducted with the help of BenchExec which is especially suited
for running theorem provers parallel on large sets of problems [BLW19, Bey16]. Each
Vampire instance was provided one processor core, 16 GB of memory and a time limit
of 300 seconds (enforced by both the Vampire ﬂag −t 300 and BenchExec). We used
four versions of Vampire:

1. The ﬁrst (denoted by Vampire) is from the master branch of Vampire as of
January 2021 with options found working best described in [HHK+ 20], namely
−ind struct −indgen on −indoct on.
2. The second (denoted by Vampire∗ ) is from the feature branch containing the
implementation of this thesis, where we manually disabled structural induction
kind four, so that we can compare the master branch to this branch and we are
also able to evaluate function deﬁnition rewriting independently. This runs with
the same set of options as for Vampire if not stated otherwise.
3. The third (denoted by Vampire∗∗ ) is from the feature branch of our implementation
with default options −ind struct −sik four.
4. The fourth version (denoted by Vampire† ) is a special one since it uses a combination of techniques via portfolio mode, see Section 6.6.

6.3

An overview

Before diving into the overall analysis of results given by the four Vampire variants on
the benchmark sets, we take a quick look at what main problem types there are that are
unsolvable for the original Vampire (at least with these options and within the given
resource limits). These were speciﬁcally targeted by our thesis (some given as examples
for the corresponding techniques they require) and were eventually proven by the most
successful variant Vampire† . We also included some problems that are solvable with the
original variant but cannot be solved with the new techniques – mainly due to a lack
of proper generalizations over induction term occurrences. The comparison is shown in
Figure 6.1 with add and mul shortened to + and ·, respectively for clarity.
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†

Problem
∀x, y.(y + (x + x)) + (x + y) = (x + (y + x)) + (x + y)
∀x, y.(y + x) + (((y + y) + x) + x) = x + (y + (((y + y) + x) + x))
∀x.rev(rev(x)) = x
∀x, y.(even(x) ∧ even(y)) → even(x + y)
∀x, y, z.fltn(node(node(x, y, x), z, x)) = fltn(node(x, y, node(x, z, x)))
∀x.x · (x · x) = (x · x) · x
∀x, y, z.x · (y + z) = (x · y) + (x · z)

e
e
pir mpir
m
Va Va

Figure 6.1: Selected problems

6.4

Experiments with induction formula generation
techniques

Our ﬁrst set of benchmarks tested Vampire against Vampire∗∗ with and without other
options that depend on the fourth variant, namely induction hypothesis strengthening
(−indstr on), complex term induction (−indoct on) and multi-clause induction (−indmc
on). The results are shown in Figure 6.2. The ﬁrst table just lists the number of solved
problems for each category in VIB and for UFDTLIA, color coded by the ratio between
the number of solved problems and all problems in each category, so a darker blue shade
is better.
This table shows that in case of VIB benchmarks Vampire∗∗ in itself is a great improvement over the previous version Vampire which mostly utilizes naive enumeration of
generalizations over (complex) induction terms. We note however that while the VIB set
contains some really large benchmarks which requires scaling of any proof search method,
it lacks variety in terms of the recursive functions used, therefore, our induction term
selection heuristics may be biased towards this set, while not particularly well-suited for
other variations of recursive functions. This is reﬂected in the UFDTLIA benchmarks,
where the diﬀerence between the two methods is only marginal.
Turning our attention to the other options, we can notice that all runs with diﬀerent
options enabled using Vampire∗∗ solved more or less the same number of problems. We
can spot some clear diﬀerences between the categories, such as the two solved problems
for even (which can be solved by these two options as discussed in Chapter 4), but in
general it is hard to tell which one is better. To be able to diﬀerentiate between problems
that are uniquely solved in a run among all runs shown in Figure 6.2, we created a second
table, which shows exactly this number for each run.
The second table uncovers several interesting things: we can see for example that complex
term induction solved the most problems uniquely, mostly in categories where we expect
bad scaling due to a large number of variables, subterms and commutations between these.
Also, induction hypothesis strengthening also turned out to be really well-suited for these

86

6.4. Experiments with induction formula generation techniques

Vampire

Vampire∗∗

Problems

Count
313
696
4
312
830
2
486
6
2
4
696
1
3
1
327
3683

72
94
2
81
103
2
81
0
0
2
117
0
0
1
144
699

Problems

Count
313
696
4
312
830
2
486
6
2
4
696
1
3
1
327
3683

Uniquely
0
1
0
0
0
0
0
2
4
6
0
0
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
9
0
13
10

app
pref
rev
add assoc
add mix
add comm
add s 0 mix
nat
mul
even
equal
leq
dup
btree
fltn
nat +list
add +app
UFDTLIA
All
list

app
pref
rev
add assoc
add mix
add comm
add s 0 mix
nat
mul
even
equal
leq
dup
btree
fltn
nat +list
add +app
UFDTLIA
All
list

Solved problems
238
252
243
687
642
693
2
2
2
261
252
275
263
337
230
2
2
2
124
131
130
0
0
0
0
0
1
3
2
3
696
680
696
0
0
0
0
0
1
1
1
1
149
149
166
2426 2450 2443

Options
−indoct on
−indstr on
−indmc on
232
688
2
245
248
2
121
0
1
3
696
0
0
1
151
2390

solved problems
21
1
2
0
0
0
0
0
0
11
7
0
64
11
2
0
0
0
5
7
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
0
0
0
0
0
19
2
101
46
7

Figure 6.2: Induction formula generation options compared

87

6. Results
problems and also for some in the UFDTLIA set. Finally, the original implementation
Vampire solved some problems uniquely, which shows the strengths of its generalization
method over our simple heuristics. These diﬀerences between the measured techniques
suggest that combining them would give even better results which we will do in the next
sections.

6.5

Experiments with diﬀerent preprocessing methods and
function deﬁnition rewriting

As function deﬁnition rewriting is mostly independent of the induction formula generation,
we wanted separate treatment for it in the experiments. Since this technique also depends
on the method VCNF as described in Chapter 5, we needed to compare the new version
to the old versions where this preprocessing method is used without function deﬁnition
rewriting. Another diﬃculty was to see if the master branch and the feature branch
containing the implementation of this thesis give the same results when run with the old
method, hence we introduced the variant Vampire∗ .
The results are shown in Figure 6.3. This has the same structure as Figure 6.2, one table
collecting the overall solved problems and one for uniquely solved problems. The ﬁrst two
columns compare Vampire and Vampire∗ with their default options. There are slight
diﬀerences in number of solved problems for some categories and slightly less problems
solved for Vampire∗ . The cause for this may stem from diﬀerences in the benchmarking
(which is discussed in detail in [Bey16] and [BLW19]), a reduction in eﬃciency due to
our implementation or other unknown factors.
Then, we enabled the method VCNF to see how this compares to the default method
FOOL2FOL. Here we can see an increase in the number of solved problems in favor of VCNF
which can be the result of directly deﬁning the functions as opposed to FOOL2FOL where
most functions are indirectly connected to their deﬁnitions through newly introduced
function symbols as detailed in Chapter 5.
Looking at columns 3 and 4, we can compare Vampire∗ with and without function
deﬁnition rewriting. Note that most of the recursive functions in the VIB set have
intended orientations which coincide with most simpliﬁcation orderings used by the
superposition calculus. Some exceptions are the functions mul or fltn. So in theory,
using paramodulation and disallowing inferences rewriting function deﬁnitions are to
be blamed for most of the diﬀerences between these two variants of Vampire∗ . We can
conclude that in this case losing refutational completeness this way really has a negative
eﬀect, as mostly just less problems are solved with function deﬁnition rewriting enabled.
Finally, the last column shows the results of function deﬁnition rewriting applied in
case of Vampire∗∗ . Looking back at Figure 6.2, we can clearly see an increase in the
number of solved problems overall and in the VIB set when function deﬁnition rewriting is
enabled. However, UFDTLIA benchmarks show a more signiﬁcant loss of solved problems.
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Figure 6.3: Preprocessing methods and function deﬁnition rewriting compared
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We attribute this once again to the lack of variations in the VIB set which shows an
improvement in almost all categories even though we use an incomplete approach.

6.6

Combining the techniques

First, we would like to emphasize that most of the techniques showed a tendency to
uniquely solve problems in the experiments. Due to the relatively large number of
introduced options we refrain from doing any experiments with more options enabled.
Instead, we show how sets of options can be combined to solve more problems. For this,
we use the portfolio mode of Vampire with a custom schedule. This mode essentially
slices up the time limit given and in each a newly spawned Vampire instance is run
with the next set of options given by the schedule. We created a schedule which runs
Vampire∗∗ with all combinations of the most prominent options, namely −indoct,
−indstr, −indmc, −inds, −indtosh and −fnrw on top of the default options −sik
four and −newcnf on, each with a time limit of 6 seconds. This schedule gives us 64
sets of options that already take up more than 300 seconds so it is somewhat useless to
include any other options. We denote this version of Vampire with Vampire† .
We ran experiments with other solvers as well, in particular with CVC4 and ZipperPosition, both of which gave promising results in the paper [HHK+ 20]. We used
ZipperPosition version 2.1 with default ﬂags and CVC4 version 1.8 with options
−−quant−ind and −−conjecture−gen apart from the ones for setting the time limit
and input/output formats. ZipperPosition does not support the SMT-LIB input
format, so we could only use it to for experimenting with the VIB set which provides zf
problem deﬁnitions with function deﬁnition blocks which is the most well-suited for this
prover. We set the same limits for memory and time in these solvers, although a memory
limit cannot be directly set in CVC4 (it was only enforced by BenchExec). Finally,
we included an original Vampire and a Vampire∗∗ run with only default options for
baseline. The resulting two tables can be found in Figure 6.4.
The tables show that in the VIB benchmark set, Vampire† and ZipperPosition gave
the best results, with both solving a large number of problems uniquely. Although
the overall number of solved problems is not comparable between the two solvers as
ZipperPosition has no results in the UFDTLIA set, the diﬀerence within the VIB set
is 365 in favor of Vampire† which is more than 10%.
In the UFDTLIA set, CVC4 is the clear winner with Vampire† in the second place
only marginally increasing the best score within Vampire runs in this set (which was
induction hypothesis strengthening in Figure 6.2).
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Figure 6.4: Vampire with and without portfolio mode and other solvers compared
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CHAPTER

Conclusion
In this thesis, we have collected some of the most prominent techniques for explicit
induction on inductive datatypes using recursive function deﬁnitions. These include
recursion analysis techniques for checking well-foundedness (i.e. termination) of recursive
function deﬁnitions with a lexicographic extension of subterm ordering, identifying active
function arguments that participate in the recursion, identifying recursive calls and
branches of each such function, then using this information to create induction formulas,
strengthen induction hypotheses, combine or discard induction formulas when multiple
choices are available. Using heuristics for selecting induction term occurrences and
complex induction terms, we are able to prove a large set of problems.
Then, we have looked at speciﬁcally saturation-based theorem proving and how to adapt
induction in this context: we added a new inference rule called multi-clause induction
to be able to induct on more than one literal at a time and devised inference rules for
function deﬁnition rewriting that align as much as possible with the properties of the
superposition calculus to partially preserve completeness while allowing the prover to
expand function headers in induction formulas into their deﬁnitions.
We implemented these techniques in the saturation-based ﬁrst-order theorem prover
Vampire. We also extended the prover’s input format in order to parse recursive function
deﬁnition blocks and implemented some limited heuristics to spot function deﬁnitions
when given in an axiomatic way. Then, we performed experiments on a large set of
inductive benchmarks including ones from SMT-LIB. We compared in these experiments
the standard version of Vampire with various conﬁgurations of the new Vampire and
also other ﬁrst-order theorem provers and SMT solvers which showed how the techniques
themselves are good starting points and – when properly combined through the portfolio
mode of Vampire – give very good results compared to state-of-the-art theorem provers.
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7

7. Conclusion

7.1

Future work

Most of the techniques listed in Chapter 3 are more from a heuristic approach than
rigorously deﬁned algorithms that work well on some problems but cannot tackle more
complicated ones. By more complicated, we do not necessarily mean the size of the
problem, rather the structural interconnectedness of the recursive function terms present
in it. For example, the two induction term occurrence heuristics cover a large number of
problems but fail in general. By more careful inspection of each function deﬁnition, one
could determine exactly which occurrences are needed for the induction. The same goes
even more when inducting on complex terms, where sophisticated methods can give better
results because the work invested in ﬁnding only the most appropriate generalizations
shows a return when the search space grows in a more controlled way.
It is also not clear how the induction schemes suggested by a term relate precisely to the
ones suggested by its subterms, especially in the case when multiple induction schemes
stem from one subterm. Here, techniques such as rippling can be helpful in deciding how
to use those schemes.
Another open problem is ﬁnding the relation between induction hypotheses and their
corresponding conclusions: even though the case distinction based on the function
deﬁnition branching and discarding/combining induction schemes is correct w.r.t. the
present function deﬁnitions, there is no guarantee that any of the induction hypotheses
will actually be useful to prove the conclusions. A good example is the function mul, where
the recursive case mul(s(x), y ) = add(mul(x, y ), y ) creates an additional add term upon
expansion, therefore the induction hypotheses are often no use and only an additional
induction step leads to a solution. Detecting such problems and adjusting (or discarding)
the induction hypotheses accordingly in advance could reduce the search space greatly.
We have emphasized throughout the thesis that we handle a speciﬁc subset of problems
where the functions do not contain side conditions for any branch or these can be
folded into the function header and the well-foundedness of these functions admit some
lexicographic order where each atomic ordering is the subterm order. As such, these
require less work to show their well-deﬁnedness and well-foundedness. Upon extending
the set of solvable problems to other problems, we will have to consider other techniques.
For instance the quasi-commutation test devised by Walther is to show well-foundedness
of arbitrary functions [Wal93, BD86].
Other issues arise when we consider the saturation-based approach. One is that the
speciﬁc structure of the induction formulas converts to clausal forms where each case
can be present in many of the result clauses, thus they are proven multiple times using a
naive approach. AVATAR [Vor14] helps a lot in this matter but its splitting decisions
do not necessarily coincide with the case distinction of an induction formula. Perhaps
a more induction oriented splitting could reduce the number of proof steps. Another
issue that is inherent in saturation-based theorem provers is not being able to rewrite the
induction steps with the induction hypotheses as needed because the ordering prohibits
it – as noted in Chapter 4 when introducing multi-clause induction. Unfortunately, using
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the hypotheses as rewrite rules is not as straightforward as it was in the case of function
deﬁnitions, since a priori we do not know which orientation will be required, not to
mention that some hypotheses must be used multiple times during a single induction.
Here, careful inspection of the problem at hand can also lead to more successful inductions.
The implementations we created in Vampire are far from eﬃcient and it would be
beneﬁcial to take a fresh look at them in the future. Fortunately, induction is used seldom
compared to other inference rules and is not considered a bottleneck, however, with an
improved implementation maybe harder problems could be tackled. One would be to
somehow precompute the induction schemes, e.g. by creating a special index that stores
the suggested induction schemes with each subterm it contains – this would be useful
mostly with multi-clause induction.
We conclude with a remark on the portfolio mode of Vampire. This mode allowed
us to improve the results by trying multiple combinations of options in shorter time
slices instead of just using one ﬁxed set of options throughout a whole run. Although
the improvement is far from substantial even with this naive enumeration of all option
combinations, we emphasize that it can probably be improved when properly trained
with special software to ﬁnd the most suitable combinations for certain input problem
sets.
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