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Bernhard L. A. Pichler a
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ABSTRACT
Falling Weight Deflectometry (FWD) tests are performed around the centres of two rectangular concrete
plates, with geophones measuring vertical deflections in eight directions. Experimental results allow for
quantifying asymmetries regarding the structural behaviour. Significant asymmetries are found for a 22-
year-old plate scheduled for replacement. A new plate, tested a few weeks after production, is found to
behave in a virtually double-symmetric fashion. Structural analysis of the new plate is based on Kirchhoff–
Love plate theory, using free-edge boundary conditions. The support of the plate is provided by a Winkler
foundation. Performing a static analysis, the uniform modulus of subgrade reaction is optimised to
reproduce the measured deflections. The result is not convincing. The model is extended towards
consideration of a second optimisation variable: a uniform auxiliary surface load. This allows for
reproducing the measured deflections. The auxiliary load is superimposed with the pressure resulting
from the Winkler foundation. This yields a realistic distribution of subgrade pressure. Dividing it by the
deflections results in the distribution of the effective modulus of subgrade reaction. Finally, the
analysis is extended towards the consideration of inertia forces. They increase the effective moduli of
subgrade reaction determined by means of static analysis by less than 3.5%.
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1. Introduction

Falling Weight Deflectometry (FWD) allows for quantifying
and evaluating the state of concrete roads and of the subgrade
beneath them. A FWD test consists of dropping a standardised
mass (= ‘falling weight’) from a defined height onto a load plate
placed on top of the pavement’s surface. During the impact,
displacement sensors (= ‘geophones’) capture the deflection
history of several points at the surface of the pavement,
along one specific radial direction, typically the driving direc-
tion. The measured deflections are the basis for back-calculat-
ing stiffness properties of the pavement plate and of the layers
of the subgrade underneath. The present paper is focused on
centric FWD tests on pavement plates made of concrete.

The evaluation of an FWD test is an inverse problem. Prop-
erties of the subgrade are back-calculated such as to obtain
deflections agreeing with the ones by the displacement sensors.
Back-calculationmay be performed in a dynamic (Khazanovich
2000; Sawant 2009) or quasi-static context. The evaluation of
centric FWD tests is typically performed under the assumption
that the deflection of the pavement is radially symmetric with
respect to the centre of the impact. Several types of structural
models are used, including plates resting on elastic foundations
(Winkler 1867; Biot 1937; Vesić 1961), multi-layered plates on
top of a Winkler foundation (Girija Vallabhan et al. 1991) and
continuum mechanics of multi-layered solids (Kausel and
Roësset 1981; Pan 1989a, 1989b; Rahim and George 2003;

Abd El-Raof et al. 2018). In the latter context, the modulus of
elasticity and/or the thickness of each individual layer of the
subgrade is back-calculated. A variety of methods are used for
the simulation of the structural problem, including axisym-
metric Finite Element models accounting for either elastic (Loi-
zos and Scarpas 2005; Wang and Li 2016) or viscoelastic (Li
et al. 2017) material behaviour, artificial neural networks and
genetic algorithms, again accounting either for elastic (Sharma
and Das 2008; Li and Wang 2019) or viscoelastic (Varma et al.
2013) material behaviour, hybrid neural network structures
(Han et al. 2021) and other methods (Goktepe et al. 2006;
Levenberg 2013). Despite their wide use, it has been noted
(Mehta and Roque 2003) that the inverse problem ismathemat-
ically ‘ill-posed’, because different structures consisting of layers
with different combinations of modulus of elasticity and thick-
ness result under the same loading in the same deflection field.
This underlines that the inverse problem has multiple solutions
rather than a unique one. Thus expert knowledge, experience
and care are needed when using back-calculation procedures.

The present study is inspired by inverse calculations per-
formed in the New Austrian Tunnelling method (Rabcewicz
1965), where cylindrical shotcrete tunnel shells are monitored
by means of measuring three-dimensional displacement vec-
tors of ‘measurement points’ in ‘measurement cross-sections’
(Schubert and Lauffer 2012). Back-calculations are aimed at
computing the stresses in the lining and comparing them
with the current strength of the material (Hellmich et al.
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2001) as well as computing the spatial distributions of ground
pressure and shear exerted from the ground mass onto the
inaccessible outer surface of the shotcrete shell (Ullah et al.
2013). Following these lines, a multi-directional mode of cen-
tric FWD tests is proposed in the present paper. The deflec-
tions captured by the displacement sensors are used to
compute the distribution of (i) the pressure exerted from the
subgrade onto the inaccessible bottom surface of the pavement
plate and (ii) the effective modulus of subgrade reaction. The
tool for structural analysis is a Kirchhoff–Love plate resting
on a Winkler foundation. Herein, a series solution derived in
the framework of the Principle of Virtual Power (Germain
1972) is used, see the amendment by Höller et al. of Vlasov’s
approach (Vlasov 1966; Höller et al. 2019).

A Winkler foundation summarises the properties of the
whole subgrade by one value: the modulus of subgrade reac-
tion (Winkler 1867). The influence of different absolute values
of the modulus of subgrade reaction on the stresses and deflec-
tions of short-panelled concrete plates subjected to traffic loads
was studied by means of the Finite Element method by Gupta
(2021). The modulus of subgrade reaction, however, is a struc-
tural rather than a material property (Aristorenas and Gómez
2014), and the assumption of a spatially uniform modulus of
subgrade reaction may lead to unrealistic results (Smith
1970; Eisenberger 1990; Daloglu and Vallabhan 2000; Larkela
et al. 2013). As a remedy, non-uniform distributions of the
modulus of subgrade reaction were introduced, e.g. in the con-
text of the analysis of concrete slabs (Roesler et al. 2016) and of
vibrations of thin circular plates (Foyouzat et al. 2016). In the
present paper, a method is developed which allows for the
determination of a realistic distribution of the modulus of sub-
grade reaction for centric FWD tests on concrete pavements.
The method is essentially based on the quantification of a rea-
listic distribution of the pressure exerted from the subgrade
onto the inaccessible bottom surface of the pavement plate.
Such a pressure distribution is realistic, provided that (i) it is
in equilibrium with the dead load of the plate and the falling
weight, (ii) the deflections of the plate agree well with the
measurements from multi-directional FWD testing and (iii)
the field equation of Kirchhoff–Love theory as well as the
boundary conditions of the plate are satisfied.

In this study, centric FWD tests are performed along eight
different radial directions (Section 2). Such a novel multi-direc-
tional testing scheme provides insight into possible asymme-
tries of the structural behaviour of the characterised plate and
its subgrade. The proposed test protocol is applied to two plates:
a new one that had never been exposed to regular traffic loads
and an old plate already scheduled for replacement. The new
plate had been installed only a few weeks before testing. Merely
site traffic had potentially passed over it. The old plate had been
in service for 22 years. The leftmost 1.05 mwere part of the first
lane; the rest was part of the emergency lane. Thus service loads
were runningmainly along the left edge of the plate, resulting is
localised degradation of the subgrade. Based on the results of
multi-directional FWD testing, an index value is proposed,
which quantifies the level of asymmetry of the structural behav-
iour. As for the virtually double-symmetric behaviour of the
new plate, structural analysis is performed with the aim to
quantify a realistic distribution of the pressure exerted by the

subgrade onto the plate (Section 3). At first, it is confirmed
that a spatially uniformmodulus of subgrade reaction is unsui-
table to explain the multi-directional deflection measurements.
Therefore, the structural model is extended towards consider-
ation of an auxiliary surface load. The extended model is
capable of reproducing the multi-directional deflection
measurements. It allows for computing a realistic distribution
of the subgrade pressure and of the modulus of subgrade reac-
tion, with and without accounting for inertia forces resulting
from the dynamic nature of FWD testing. The present paper
ends with conclusion drawn from the results of the presented
study (Section 4).

2. Multi-directional FWD testing

FWD tests were performed on two concrete plates of the Aus-
trian highway ‘A1’, near the junction ‘Steinhäusl’, in Lower
Austria. The geometric dimensions of the tested plates
amounted to 5.5m× 4.2m× 0.22m, the maximum force
produced by the falling weight to 199 kN and the measurement
frequency of the geophones to 10 kHz, see Table 1.

Both tested plates were located at the right side of the high-
way. The rightmost 2.90m were part of the emergency lane,
the leftmost 1.05m were part of the first lane, with the traffic
line of 0.25m in between. Along three edges, the tested plates
were connected by means of steel bars to their neighbours: the
left edge (tie bars) and the two edges orthogonal to the driving
direction (dowels). The right lateral surfaces of the plates were
free edges.

2.1. Test protocol

Multi-directional FWD testing was carried out in eight direc-
tions described by a local cardinal directional system, with N
referring to the driving direction (Figure 1). Because of struc-
tural constraints of the FWD machine, the angles between
neighbouring directions amounted to either 38◦ or 52◦

(Figure 1), rather than to 45◦, see also Table 2. FWD testing
started in the N direction and continued clockwise: NE, E,
SE, S, SW, W and NW. As for every specific direction, three
tests were carried out, one right after the other, in order to cap-
ture data that allow for assessing the quality of test repeatabil-
ity. After three tests in each of the eight directions, another set
of three tests was carried out in the N direction. In other
words, the first three tests and the last three tests referred to
the driving direction. These in total six tests allow for checking
whether or not the same results are obtained at the start and at
the end of multi-directional FWD testing.

Table 1. Properties of the plates and of the equipment used.

Property Value

Length of plate, a 5.50 m
Width of plate, b 4.20 m
Thickness of plate, h 0.22 m
Flexural stiffness of plate, K 49.5 MNm
Maximum impact force 199 kN
Measurement frequency of geophones 10 kHz
Modulus of elasticity of concrete, E 36.5 GPa
Poisson’s ratio of concrete, ν 0.2
Mass density of concrete, ρ 2452 kg/m3
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Nine geophones recorded the deflection histories during
every single FWD test (Figure 2). Geophone 1 was always
located at the centre of the falling weight experiments. The
other eight geophones were fixed to a bar, ensuring that the
radial distances between them were always the same. As for
the tests in the N, NE, E, S, W and NW directions, the distance
of the geophone-bar to the centre of the falling weight was

equal to the default value of the used machine (Table 3). As
for the tests in the SE and SW directions, the geophone-bar
had to be positioned 15 cm further away from the centre
(Table 3), again because of structural constraints of the
FWD machine. When testing in the W direction, the outer-
most geophone was located at the neighbouring plate. The
respective data are excluded from the present analysis, because
explicit consideration of the interaction of neighbouring plates
is beyond the scope of this work.

2.2. Experimental data from the new plate

The first test location referred to a concrete pavement plate at
the kilometre 33.360 of the highway ‘A1’. The tested plate was
only a few weeks old at the time of testing. Before that, only site
traffic had potentially passed over the plate.

The deflections recorded by the geophones are bell-shaped
functions of time, see Figure 3. The duration of the dynamic
behaviour of the plate amounted to some 30 ms. This period
of time is resolved by some 300 readings of the geophones,

Table 2. Polar angle wd as a function of the measurement direction.

Test direction

N NE E SE S SW W NW
d=1 d=2 d=3 d=4 d=5 d=6 d=7 d=8

Polar angle 0◦ 38◦ 90◦ 142◦ 180◦ 218◦ 270◦ 322◦

Figure 1. Novel multi-directional arrangement of the FWD measurements
described by a local cardinal directional system, with N referring to the driving
direction.

Figure 2. Multi-directional FWD testing: (a) experiment with geophones positioned in the SE direction and (b) load plate through which the falling weight was trans-
ferred to the pavement.

Table 3. Radial distances rd,g [m] of nine geophones from the axis of impact, as a function of the measurement direction: d=1 (N), d=2 (NE), d=3 (E), d=4 (SE), d=5 (S),
d=6 (SW), d=7 (W), d=8 (NW).

Geophone

Test directions g=1 g=2 g=3 g=4 g=5 g=6 g=7 g=8 g=9

d [ [1, 2, 3, 5, 7, 8] 0.00 0.30 0.45 0.60 0.90 1.20 1.50 1.80 2.10
d [ [4, 6] 0.00 0.45 0.60 0.75 1.05 1.35 1.65 1.95 2.25

Figure 3. Results from the first out of 27 FWD tests of the new plate: deflections
measured as a function of time by the nine geophones along the N direction.
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noting the measurement frequency of 10 kHz. A total of 27
individual FWD tests were carried out within 45 min, given
that three tests were performed in every direction and that
the N direction was measured twice. A total of 240 individual
displacement histories were recorded, since 9 geophones docu-
mented every single test, except for theW direction where only
8 geophones were positioned on the plate of interest, see above.
The corresponding 240 displacement maxima (Table A1 in
Appendix 1) are illustrated in Figure 4.

The circle and star symbols in Figure 4 refer to the
described 240 displacement maxima. Because the three to six
measurements at every location resulted in virtually the same
results, the corresponding three to six symbols are hardly dis-
tinguishable. The solid lines in Figure 4 are splines interpolat-
ing between the average deflection maxima measured at each
location. Using index d for measurement directions, with
d = 1 ⇔ N, d = 2 ⇔ NE, …, d = 8 ⇔ NW, index g for the
geophones and index i for the ith test in direction d, the aver-
age values are computed as

wd,g = 1
nd

∑nd
i=1

max
t

wd,g,i(t), (1)

where nd stands for the number of tests performed in direction
d. As for Figure 4, results from all six tests in the N direction
are included, resulting in n1 = 6. For the other seven measure-
ment directions, nd = 3. Test repeatability is studied statisti-
cally based on coefficients of variation (= mean values
divided by standard deviations):

CVd,g =
sd,g

wd,g
. (2)

The standard deviations read as

sd,g =
������������������������������������

1
nd − 1

∑nd
i=1

max
t

wd,g,i(t)− wd,g

[ ]2√
. (3)

In order to quantify the quality of repeatability regarding all
sets of three nominally identical tests, carried out immediately
one after the other in the same direction, Equations (1)–(3) are
evaluated for all of the nine sets of three tests, and for each one
of the nine geophones (except for the W direction, where only
eight geophones were positioned at the plate of interest), see
Table A2. The obtained 80 coefficients of variation are smaller
than 5%. This indicates a satisfactory level of test repeatability.

In order to quantify the quality of repeatability regarding
the first set of three tests in the N direction, performed at
the start of multi-directional testing, and the second set of
three tests in the same direction, performed at the end of
multi-directional testing, these six tests are evaluated as one
statistical sample (nd = 6). The obtained coefficients of vari-
ation are smaller than 2%, see Table 4. This indicates a very sat-
isfactory level of test repeatability.

2.3. Experimental data from the old plate

The second test location referred to a concrete pavement plate
at the kilometre 33.354 of the highway ‘A1’. The tested plate
was 22 years old at the time of testing. It was scheduled to
be replaced shortly after the multi-directional FWD testing.
The traffic had mainly passed along the Western edge of the
plate, because the leftmost 1.05m of the width of the plate
were part of the first lane.

The deflections recorded by the geophones are bell-shaped
functions of time, see Figure 5. The dynamic behaviour of the

Figure 4. Results from multi-directional FWD testing on the new plate: 240 deflection maxima measured by the geophones along the (a) N, S, E and W directions, as
well as (b) the diagonal directions; the lines refer to splines interpolating between the average deflections measured at each location, see Equation (1).
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plate lasted for some 30 ms, resolved by some 300 readings of
the geophones. 27 individual FWD tests were carried out
within 45 min, leading to a total of 240 individual displace-
ment histories. The corresponding 240 displacement maxima
(Table A4 in Appendix 2) are illustrated in Figure 6.

The circle and star symbols in Figure 6 refer to the
described 240 displacement maxima. Because the three to six
measurements at every location resulted in virtually the same
results, the corresponding three to six symbols are hardly dis-
tinguishable. The solid lines in Figure 4 are splines

interpolating between the average deflection maxima
measured at each location, computed based on Equation (1)
with n1 = 6 and nd = 3 otherwise.

In order to quantify the quality of repeatability regarding all
sets of three nominally identical tests, carried out immediately
one after the other in the same direction, Equations (1)–(3) are
evaluated for all of the nine sets of three tests, and for each one
of the nine geophones (except for the W direction, where only
eight geophones were positioned at the plate of interest), see
Table A5. The obtained 80 coefficients of variation are
smaller than 3%. This indicates a satisfactory level of test
repeatability.

In order to quantify the quality of repeatability regarding
the initial set of three tests and the final set of three tests in
the N direction, these six tests are evaluated as one statistical
sample (nd = 6). The obtained coefficients of variation are
smaller than 6%, see Table 5. This indicates an acceptable
level of test repeatability.

2.4. Asymmetries of the structural behaviour of the
tested plates

Results from multi-directional FWD experiments (Figures 4
and 6) are used to assess asymmetries of the structural behav-
iour of the tested plates. As regards the new plate, asymmetries
may result from the dowels and tie bars connecting it to its

Table 4. Coefficients of variation, CVN,g , of the maximum deflections measured by each geophone in the N-direction of the new plate, calculated according to
Equations (1)–(3), based on the results of the first and the last three tests (nd = 6), see also Table A1.

Geophone

g=1 g=2 g=3 g=4 g=5 g=6 g=7 g=8 g=9
0.58% 0.59% 0.89% 1.25% 0.89% 0.47% 0.38% 1.42% 1.91%

Figure 5. Results from the first out of 27 FWD tests of the old plate: deflections
measured as a function of time by the nine geophones along the N direction.

Figure 6. Results frommulti-directional FWD testing on the old plate: 240 deflection maxima measured by the geophones along the (a) N, S, E and W directions, as well
as (b) the diagonal directions; the lines refer to splines interpolating between the average deflections measured at each location, see Equation (1).
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neighbours in the N, S and W directions. As for the old plate,
asymmetries may also result from long-term service loads
from traffic running mainly along the Western edge.

The development of a suitable index for the quantification
of the asymmetry of the structural behaviour is based on the
discussion of possible symmetries of the new plate.

. If the dowels and tie bars influenced the structural behav-
iour of the new plate, its deflections could be expected to
be virtually symmetric with respect to the E–W axis run-
ning through the centre of the plate. The deflections
would be virtually symmetric in the N and S, the NE and
SE as well as the SW and NW directions.

. If the dowels and tie bars had no significant influence on the
structural behaviour of the new plate, its deflections could
be expected to be virtually double-symmetric with respect
to the E–W and N–S axes running through the centre of
the plate. Not only the deflections discussed after the first
bullet point would be virtually the same but also those in
the E and W, the NE and NW, the SW and SE, the NE
and SW as well as the NW and SE directions.

The described symmetries are checked based on the deflec-
tions illustrated in Figures 4 and 6. The spline in d direction is
referred to as wd(r), where r ≥ 0 denotes the radial coordinate.
The level of asymmetry of the deflections in the d and δ direc-
tions is quantified based on the squared differences of the
related splines, normalised with respect to their maximum
values at the centre of the impact (r=0):

Ad,d =
����������������������������������
1

2.1m

∫2.1m
r=0

wd(r)
wd(0)

− wd(r)
wd(0)

[ ]2
dr

√
. (4)

If the deflections in the d and δ directions are identical, Ad,d is
equal to zero. Thus the larger Ad,d, the larger is the asymmetry
of the deflections in the d and δ directions. The asymmetry
indicatorsAN,S, ANE,SE,ASW,NW ,AE,W , ANE,NW and ASW,SE, eval-
uated both for the new and old plates, are listed in Table 6.

As for the new plate, the eight asymmetry indicators are on
average equal to 3.00%. The mean value of the first three asym-
metry indicators is slightly smaller than that of the last five
indicators, see Table 6. This underlines that the plate behaved
virtually in a double symmetric fashion and that the dowels
and tie bars connecting the new plate to its neighbours in
the N, S and W directions had no significant influence on
the structural behaviour during FWD testing at the centre of
the plate. Consequently, a structural analysis of the FWD
tests on the new plate can be based on free-edge boundary con-
ditions, see Section 3.

As for the old plate, the eight asymmetry indicators are on
average equal to 7.12%. Thus the asymmetry of the old plate is
by a factor of 2.37 larger than that of the new plate. The largest
values of the asymmetry indicators of the old plate are ≥12%
and refer to the E–W and NE–SE axes. From these results, it
is concluded that the old plate behaved in a significantly asym-
metric fashion, because of its long-term service with traffic
running mainly along its Western edge. If the plate had not
already been scheduled for replacement, the asymmetry indi-
cators evaluated herein would suggest such a necessity for
repair.

The index defined in Equation (4) is appealing, because it
allows for direct comparison of FWD tests in which deflections
were measured at different distances from the centre of the fall-
ing weight. In order to corroborate the expressiveness of the
index, hypothesis testing is used.

2.5. Revisiting symmetry of the plate behaviour based
on hypothesis testing

Statistical hypothesis testing (Lehmann and Romano 2006) is
based on the comparison of deflection maxima measured at
the same distances to the centre of the falling weight, but in
different directions, see Table 3. As regards the symmetry
with respect to the E–W axis, the comparison regards deflec-
tions measured along the N and S directions. As regards the
symmetry with respect to the N–S axis, the comparison
regards deflections measured along the E and W directions,
the NE and NW directions as well as the SE and SW
directions.

Inspired by the approach of Abd El-Raof et al. (2018), mean
values of deflection maxima measured in one direction are
plotted over corresponding mean values referring to the
other direction, see, e.g. Figure 7. If the structure behaved in
an asymmetric fashion, see Figure 7(b), then the individual
points lie in a considerable distance to the identity line. How-
ever, if the structure behaved in a virtually symmetric fashion,
see Figure 7(a), then the individual points fall very close to the
identity line. The latter passes through the origin of the graph
and has a slope which is equal to 1. This is the motivation to fit
the data points by the best linear regression function which

Table 5. Coefficients of variation, CVN,g, of the maximum deflections measured by each geophone in the N-direction of the old plate, calculated according to Equations
(1)–(3), based on the results of the first and the last three tests (nd = 6), see also Table A4.

Geophone

g=1 g=2 g=3 g=4 g=5 g=6 g=7 g=8 g=9

2.18% 2.01% 2.50% 2.62% 2.51% 3.24% 3.55% 5.60% 4.90%

Table 6. Asymmetry indicators for both plates, computed according to Equation
(4).

New plate Old plate

AN,S = 3.98% AN,S = 4.94%
ANE,SE = 3.09% ANE,SE = 4.98%
ASW,NW = 2.79% ASW,NW = 5.05%
........... .........

mean value = 3.29% mean value = 4.99%
AE,W = 3.49% AE,W = 12.00%
ANE,NW = 2.55% ANE,NW = 7.47%
ASW,SE = 2.43% ASW,SE = 7.34%
ANE,SW = 4.44% ANE,SW = 3.01%
ANW,SE = 1.24% ANW,SE = 12.19%
........... .........
mean value = 2.83% mean˜value = 8.40%
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passes through the origin. Accordingly, the following null
hypotheses are written:

. The slope of the linear regression function is one:

Hd,d
0,1 :

dy
dx

= 1, (5)

where d and δ refer to the two compared directions.
. The mean difference between the measurements in both

directions is equal to zero (paired difference test following
a Student’s t-distribution):

Hd,d
0,2 : D = 1

ng

∑ng
g=1

(wd,g − wd,g) = 0, (6)

where ng is the number of geophones.

Statistical significance is assumed if the observed measure-
ments lie outside of a 99% confidence interval, i.e. the hypoth-
eses are rejected if p<0.01. This value ensures a small
probability of so-called Type I errors referred to as ‘false posi-
tives’ (Lehmann and Romano 2006). The rejection of any one
of the two hypotheses suggests that the structure behaved
asymmetrically with respect to the investigated axis.

As for the new plate, the hypotheses of symmetric structural
behaviour cannot be rejected, as indicated by values of p which

are larger than 0.01 in all cases, see Table 7. The assumption of
symmetric behaviour has survived eight serious attempts of
falsification. According to Popper (1962), this corroborates
that the new plate indeed behaved in a virtually double-sym-
metric fashion.

As for the old plate, the hypotheses of symmetric structural
behaviour with respect to the E–W axis cannot be rejected, see
the values of p for HN,S

0,1 and HN,S
0,2 in Table 8. The hypotheses of

symmetric structural behaviour with respect to the N–S axis,
however, are rejected, see the values of p for HE,W

0,1 , HE,W
0,2 ,

HNE,NW
0,1 , HNE,NW

0,2 , HSE,SW
0,1 and HSE,SW

0,2 in Table 8. These results
emphasise that the old plate behaved in an asymmetric fashion
with respect to the N–S axis.

In order to assess the expressiveness of the proposed
symmetry index, see Equation (4), values of the index
listed in Table 6 are compared with results from statistical
hypothesis testing, see Tables 7 and 8. All pairs of
measurement directions, which were qualified by statistical
hypothesis testing as to refer to symmetric structural
behaviour, have values of the index smaller 5%. Vice
versa, all pairs of measurement directions, which were
qualified by statistical hypothesis testing as to refer to
asymmetric structural behaviour, have values of the index
larger than 7%. It is concluded that statistical hypothesis
testing has corroborated the expressiveness of the sym-
metry index of Equation (4).

Figure 7. Comparison between the mean of the deflection maxima measured at each geophone (a) on the new plate along the SE direction (wSE,g) and the SW direc-
tion (wSW,g), see also Table 7, and (b) on the old plate along the E direction (wE,g) and the W direction (wW,g), see also Table 8.

Table 7. Results obtained from testing whether or not the new plate behaved in a symmetric fashion, based on the hypotheses (5) and (6); the p-values indicate
virtually symmetric behaviour in all investigated directions.

Test R2 Hypothesis Coefficient Standard error t-stat p

wN,g ⇔ wS,g 0.9808 HN,S
0,1 0.9739 0.0142 −1.8406 0.1029

HN,S
0,2 – – – 0.0142

wE,g ⇔ wW,g 0.9872 HE,W
0,1 1.0261 0.0141 +1.8469 0.1021

HE,W
0,2 – – – 0.2658

wNE,g ⇔ wNW,g 0.9939 HNE,NW
0,1 1.0253 0.0091 +2.7701 0.2420

HNE,NW
0,2 – – – 0.0549

wSE,g ⇔ wSW,g 0.9908 HSE,SW
0,1 1.0075 0.0118 +0.6351 0.5411

HSE,SW
0,2 – – – 0.9686
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3. Structural analysis of the new plate

The virtually double-symmetric behaviour of the new plate is
studied based on Kirchhoff–Love linear theory of thin plates.
A Cartesian coordinate system is used, with the x-axis oriented
in the driving direction, see Figure 1.

The boundary value problem consists of one field equation
and boundary conditions. The field equation reads as (Vlasov
1966)

K
∂4w(x, y)

∂x4
+ 2

∂4w(x, y)
∂x2∂y2

+ ∂4w(x, y)
∂y4

( )
+ rh

∂2w(x, y)
∂t2

+ kw(x, y) = p(x, y),

(7)

where K = Eh3/[12(1− n2)] denotes the flexural stiffness of
the plate, E the modulus of elasticity of concrete, ν its Poisson’s
ratio and ρ its mass density, see Table 1. Furthermore, w(x, y)
denotes the deflection of the plate, p(x, y) its external vertical
load per area and k the modulus of subgrade reaction. As for
the boundary conditions, all four lateral edges of the rectangu-
lar plate are stress-free boundaries (= ‘free edges’). Denoting
components of Cauchy’s stress tensor as sij with
{i, j} = {x, y, z}, the boundary conditions at x = +a/2 read
as (Vlasov 1966; Höller et al. 2019)

sxx = 0 ⇒ mxx =
∫+h/2

−h/2
sxxz dz = −K

∂2w
∂x2

+ n
∂2w
∂y2

[ ]
= 0, (8)

sxy = 0 ⇒ mxy =
∫+h/2

−h/2
sxyz dz = −K(1− n)

∂2w(x, y)
∂x∂y

= 0, (9)

sxz = 0 ⇒ qx =
∫+h/2

−h/2
sxz dz

= −K
∂3w(x, y)

∂x3
+ ∂3w(x, y)

∂y2∂x

[ ]
= 0, (10)

and at y = +b/2 as (Vlasov 1966; Höller et al. 2019)

syx = 0 ⇒ myx =
∫+h/2

−h/2
syxz dz

= −K(1− n)
∂2w(x, y)
∂x∂y

= 0, (11)

syy = 0 ⇒ myy =
∫+h/2

−h/2
syyz dz = −K

∂2w
∂y2

+ n
∂2w
∂x2

[ ]
= 0, (12)

syz = 0 ⇒ qy =
∫+h/2

−h/2
syz dz

= −K
∂3w(x, y)
∂x2 ∂y

+ ∂3w(x, y)
∂y3

[ ]
= 0, (13)

where mxx and myy stand for bending moments per length,
mxy = myx for twisting moments per length and qx and qy
for shear forces per length.

The deflection field w(x, y) is computed based on the
amendment by Höller et al. (2019) of Vlasov’s approach (Vla-
sov 1966). In more detail: based on the Principle of Virtual
Power (Germain 1972), a series solution is obtained from the
following weak formulation of the field equation (7) and the
boundary conditions (8)–(13):∫+a/2

−a/2

∫+b/2

−b/2
K

∂4w
∂x4

+ 2
∂4w

∂x2∂y2
+ ∂4w

∂y4

( )
+ rh

∂2w
∂t2

+ kw− p

[ ]
˙̌w dy dx

−
∫+b/2

−b/2
mxx

∂ ˙̌w
∂x

+mxy
∂ ˙̌w
∂y

− qx ˙̌w

[ ]∣∣∣∣x=+a/2

x=−a/2

dy

−
∫+a/2

−a/2
myx

∂ ˙̌w
∂x

+myy
∂ ˙̌w
∂y

− qy ˙̌w

[ ]∣∣∣∣∣
y=+b/2

y=−b/2

dx = 0.

(14)

where ˙̌w stands for the virtual velocities. As for the deflections
w(x, y), an ansatz is made. It consists of a Fourier series of
double-symmetric deflection modes:

w(x, y) =
∑N
m=0

∑N
n=0

Cm,n cos
mpx
a

cos
npy
b

,

m 0, 1, 3, 5, . . . , N,
n 0, 1, 3, 5, . . . , N.

{ (15)

Table 8. Results obtained from testing whether or not the old plate behaved in a symmetric fashion, based on the hypotheses (5) and (6); the p-values indicate virtually
symmetric behaviour in the N–S direction, and asymmetric behaviour in the E–W, NE–NW and SE–SW directions.

Test R2 Hypothesis Coefficient Standard error t-stat p

wN,g ⇔ wS,g 0.9851 HN,S
0,1 1.0109 0.0144 +0.7584 0.4687

HN,S
0,2 – – – 0.1135

wE,g ⇔ wW,g 0.9330 HE,W
0,1 0.8444 0.0257 −6.0494 <0.0001

HE,W
0,2 – – – 0.0001

wNE,g ⇔ wNW,g 0.9680 HNE,NW
0,1 0.8895 0.0182 −6.0766 <0.0001

HNE,NW
0,2 – – – <0.0001

wSE,g ⇔ wSW,g 0.9693 HSE,SW
0,1 0.8957 0.0174 −5.9851 0.0003

HSE,SW
0,2 – – – <0.0001
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The number of unknown Fourier coefficients Cm,n is equal to
the number of deflection modes and amounts to
[(N + 3)/2]2 for N ≥ 1. A system of algebraic equations for
these coefficients is obtained by choosing an approach similar
to Equation (15) also for the virtual velocities, see (Höller et al.
2019) for details. In the sequel, N in Equation (15) is set equal
to 33, resulting in 324 Fourier coefficients. This yields a well-
converged solution in terms of displacements, see the related
convergence analysis in Appendix 3.

The structural analysis is focused on the time instant at
which the falling weight produces the maximum force. The
corresponding external loading of the plate reads as

p(x, y) =
199kN
r2cp

. . .
��������
x2 + y2

√ ≤ rc,

0 . . . . . . . . .
��������
x2 + y2

√
. rc,

{
(16)

with rc = 0.15m denoting the radius of the load plate through
which the dynamic force was introduced into the pavement,
see Figure 2(b).

The term rh ∂2w/∂t2 in Equations (7) and (14) denotes
inertia forces per area. Their importance will be quantified
in Section 3.4. Before that, static structural analyses are per-
formed, i.e. the inertia forces are set equal to zero.

3.1. Static structural analysis: identification of the
modulus of subgrade reaction

The modulus of subgrade reaction k is optimised in the inter-
val [ 0.05; 0.60]MPa/mm, in order to reproduce the measured
deflections in the best possible fashion. The residual differ-
ences between measured deflections and corresponding simu-
lation results are quantified based on the following square-root

of sum of squared errors:

SRSSE =
����������������������������������
1
71

∑8
d=1

∑md

g=1

[�wd,g − w(xd,g , yd,g)]
2

√√√√ , (17)

withm7 = 8 andmd = 9 otherwise. The Cartesian coordinates
of the positions of the geophones follow from their radial dis-
tances rd,g and polar angles wd as xd,g = rd,g coswd and
yd,g = rd,g sinwd, see Tables 2 and 3.

k = 0.20MPa/mm yields the best reproduction of the
measured deflections, see Figure 8. The residual error according
to Equation (17) amounts to 52mm. The agreement between the
computed and measured deflections is not convincing, see
Figure 9. It is concluded that a uniform modulus of subgrade
reaction cannot explain the measured deflections in a satisfactory
fashion. This calls for an extension of the structural model.

Figure 9. Static structural analysis of the new plate: results of the optimisation of the value of the modulus of subgrade reaction: measured deflections (points) and
corresponding simulations results (lines) obtained with the optimal value of k amounting to 0.20MPa/mm.

Figure 8. Static structural analysis of the new plate: results of the optimisation of
the value of the modulus of subgrade reaction: square-root of sum of squared
errors between measured deflections and corresponding simulation results,
quantified according to Equation (17).
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3.2. Static structural analysis: extension towards
consideration of an auxiliary surface load

In order to increase the quality of reproducing the measured
deflections, a uniform auxiliary load is introduced at the top
surface of the plate. Thus Equation (16) is replaced by

p(x, y) = paux + 199 kN
r2cp

. . .
��������
x2 + y2

√ ≤ rc,

paux . . . . . . . . . . . .
��������
x2 + y2

√
. rc.

{
(18)

The values of the modulus of subgrade reaction and of the
auxiliary load are optimised within the intervals

k [ [0.05; 0.75]MPa/mm and paux [ [− 0.02; + 0.13]
MPa. The values k = 0.65MPa/mm and paux = 0.067MPa
allow for reproducing the measured deflections in the best-poss-
ible fashion, see Figure 10. The residual error according to
Equation (17) amounts to 12mm. The agreement between the
computed and measured deflections is both qualitatively and
quantitatively satisfactory, see Figure 11. It is concluded that
the consideration of a uniform auxiliary surface load, together
with a uniform modulus of subgrade reaction, does allow for
explaining the measured deflections in a satisfactory fashion.

It remains to be shown that the auxiliary load results in an
effective modulus of subgrade reaction which is spatially dis-
tributed rather than being uniform. To this end, the plate is
conceptually cut free from the Winkler foundation. In this
configuration, three types of compressive normal stresses are
acting on the horizontal surfaces of the plate.

. The pressure from the falling weight acts onto the top-sur-
face of the plate, as described by Equation (16).

. The pressure resulting from the springs of the Winkler
foundation acts onto the bottom-surface of the plate. It
reads as: kw(x, y).

. The auxiliary pressure paux was introduced at the top-sur-
face. This is unrealistic.

However, a pressure acting onto the top-surface of a plate is
equivalent to tensile loading with the same absolute value, act-
ing onto the bottom-surface of the plate. This way, the auxiliary
loading is conceptually moved from the top to the bottom of
the plate. There, it is superimposed with the stresses resulting
from the springs of the Winkler foundation, see the second
bullet point. The resulting pressure distribution at the bottom
surface reads as kw(x, y)− paux. This is a realistic distribution

Figure 10. Static structural analysis of the new plate: results of the optimisation
of the values of the uniform modulus of subgrade reaction and of the auxiliary
surface load: square-root of sum of squared errors between measured deflections
and corresponding simulation results, quantified according to Equation (17).

Figure 11. Static structural analysis of the new plate: results of the optimisation of the values of the uniform modulus of subgrade reaction and of the auxiliary surface
load: measured deflections (points) and corresponding simulations results (lines) obtained with k = 0.65MPa/mm and paux = 0.067MPa, see also Equation (15) and
Table A6.
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of the pressure exerted from the subgrade onto the bottom-
surface of the plate, because it is in equilibrium with the falling
weight, and the corresponding deflection field w(x, y) satisfies
the plate’s field equation and boundary conditions, while
reproducing the measurements in an accurate fashion.

3.3. Static structural analysis: effective modulus of
subgrade reaction

The effective modulus of subgrade reaction is equal to the
effective pressure szz,eff (x, y) at the bottom of the plate, divided
by the effective deflection field weff (x, y):

keff (x, y) =
szz,eff (x, y)

weff (x, y)
. (19)

The load-case superposition principle applies to both the sub-
grade pressure and to the deflections, see the numerator and
the denominator on the right-hand-side of Equation (19),
but not to the effective modulus of subgrade reaction, because
keff is inversely proportional to weff . Thus Equation (19) must
be evaluated for the total load case consisting of the dead load
of the plate and the falling weight.

The dead load represents a uniform external vertical load
amounting to rgh = 5.29 kPa, where g = 9.81m/s2 denotes
the gravitational acceleration. The corresponding subgrade
pressure is equally large, in order to balance the external load-
ing. The deflection resulting from the dead load, wrgh is equal
to the subgrade pressure divided by the modulus of subgrade
reaction, i.e. wrgh = rgh/k. Since the value of the modulus of

subgrade reaction is uncertain, a sensitivity analysis is per-
formed in the interval k [ [ 0.20 ; 0.30 ]MPa/mm, see
Table 9. The chosen interval was defined in accordance with
existing studies (Nielson et al. 1969; Murthy 2011; Ping and
Sheng 2011; Putri et al. 2012; Martin et al. 2016).

Superimposing the load cases ‘dead load’ and ‘falling
weight’, both in terms of the effective pressure at the bottom
of the plate and in terms of the deflections, yields, after inser-
tion into Equation (19):

keff (x, y) = rgh+ kw(x, y)− paux
wrgh + w(x, y)

. (20)

The realistic distribution of the effective modulus of subgrade
reaction according to Equation (20) is illustrated in Figure 12.
The uncertainty regarding the deflection of the plate resulting
from its dead load does not have a significant influence on the
distribution of the effective modulus of subgrade reaction. Still,
the distribution is markedly non-linear. It is reminiscent of a
bell-shaped function.

The corresponding distribution of the pressure exerted by
the subgrade onto the inaccessible bottom surface of the
plate reads as: rgh+ kw(x, y)− paux, see Figure 13. Because
the width of the plate differs from its length, the subgrade
stresses are double-symmetric with respect to the N–S and
E–W axes running through the centre of the plate, rather
than radial symmetric. The maximum pressure amounts to
0.115MPa.

3.4. Dynamic structural analysis: effective modulus of
subgrade reaction

It is of interest to quantify the influence of inertia forces
rh ∂2w/∂t2 on the effective modulus of subgrade reaction.
The accelerations ∂2w/∂t2 are quantified based on the readings
of the geophones, see, e.g. Figures 3 and 5. To this end, every
single deflection history captured by a geophone (see the

Table 9. Sensitivity analysis regarding the deflection resulting from the dead
load.

rgh (MPa), k (MPa/mm) wrgh (mm)

0.00529 0.2 0.026
0.00529 0.3 0.018

(a) (b)

Figure 12. Results of static structural analysis of the new plate: effective modulus of subgrade reaction, in [MPa/mm], computed according to Equation (20) with (a)
wrgh = 0.026mm and (b) wrgh = 0.018mm, see Table 9.
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points in Figure 14) is approximated, in the temporal vicinity
of the maximum deflection, by means of a best-fitting poly-
nomial, see the line in Figure 14. Differentiating the poly-
nomial twice with respect to time, and evaluating the result
at the time instant of the maximum deflection delivers the
sought acceleration. The acceleration is quantified for all of
the 240 recordings of the geophones (Table A3 in Appendix
1). 240 values of the inertia forces per unit area are computed
by multiplying the acceleration values with the mass density of
concrete and the thickness of the plate, see the points in Figure

15. These data are approximated by means of the following
bell-shaped function so that a smooth and continuous descrip-
tion of the inertia forces is obtained:

pdyn(x, y) = a exp − x
b

( )2

− y
g

( )2
[ ]

, (21)

where α, β and γ are optimisation variables. The optimal values
read as a = −3.077 kPa, b = 1857mm and g = 1581mm, see
also the lines in Figure 15. Finally, the expression for the effec-
tive modulus of subgrade reaction according to Equation (20)
is extended towards consideration of the described field of
inertia forces:

keff (x, y) =
rgh+ kw(x, y)− paux − pdyn(x, y)

wrgh + w(x, y)
, (22)

Figure 14. Deflection history recorded by a geophone located at the centre of
the plate (points) and its approximation based on a polynomial (line), used to
quantify the acceleration at the time instant of the maximum deflection.

Figure 13. Results of static structural analysis of the new plate: distribution of
pressure exerted from the subgrade onto the bottom-surface of the plate:
rgh+ k w(x, y)− paux , in (MPa).

Figure 15. Inertia forces per area of the new plate, referring to the time instants of the maximum deflections, as quantified based on the readings of the geophones,
see the points, and approximation based on Equation (21), see the lines.
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see also Figure 16. A comparison between the distribution of
the modulus of subgrade reaction with and without account-
ing for inertia forces, compare Figures 16 and 12, shows that
the consideration of inertia forces increases the effective
modulus of subgrade reaction by less than 3.5%. Thus if
high precision is requested, the consideration of inertia
forces is recommended.

The corresponding distribution of the pressure exerted by
the subgrade onto the inaccessible bottom surface of the
plate is again double-symmetric and reads as:
rgh+ kw(x, y)− paux − pdyn(x, y), see Figure 17. The maxi-
mum pressure amounts to 0.118MPa. This is by 2.6% larger
than the corresponding result of the static analysis, see above.

4. Conclusion

Based on the results from novel multi-directional FWD testing
on two concrete plates, the following conclusions are drawn:

. Multi-directional FWD testing allows for a more detailed
assessment of the state of a plate and of its directional
behaviour, as compared to traditional FWD tests which
are limited to the driving direction.

. Insight into the non-uniform degradation of the subgrade is
particularly interesting for plates subjected to long-term
non-symmetric loading.

. The developed index for quantifying the asymmetry of the
structural behaviour, see Equation (4) and Table 6, enriches
the pool of measures available for decision-making regard-
ing the repair of pavement plates.

. Statistical hypothesis testing corroborated the expressive-
ness of the index. Values of the index smaller than 5%
refer to virtually symmetric behaviour, values larger than
7% to asymmetric behaviour.

The new plate showed a virtually double-symmetric struc-
tural behaviour, although it was connected by means of dowels
and tie bars to its neighbours along its Northern, Southern and
Western edges, while the Eastern edge was a free boundary.
The following conclusions are drawn:

. As for multi-directional FWD tests carried out at the centre
of a plate, values of the asymmetry index amounting to less
than 5% refer to virtually double-symmetric structural
behaviour.

. Neither the dowels and tie bars nor potential plate-to-plate
interaction had a significant influence on the FWD tests on
the new plate.

Figure 17. Results of dynamic structural analysis of the new plate: distribution of
pressure exerted from the subgrade onto the bottom-surface of the plate:
rgh+ k w(x, y)− paux − pdyn(x, y), in (MPa).

(a) (b)

Figure 16. Results of dynamic structural analysis of the new plate: effective modulus of subgrade reaction, in [MPa/mm], computed according to Equation (22) with (a)
wrgh = 0.026mm and (b) wrgh = 0.018mm, see Table 9.

INTERNATIONAL JOURNAL OF PAVEMENT ENGINEERING 13



. Structural analysis of such FWD tests may be carried out
based on the assumption that all four edges are free
boundaries.

The old plate showed significantly larger deflections than
the new plate. Moreover, significant asymmetries were
found. The following conclusions are drawn:

. The largest values of the asymmetry index amount to≥12%.
This emphasises that the old plate presents an asymmetric
behaviour. If the old plate had not already been scheduled
for replacement, the largest asymmetry indicators evaluated
herein would suggest such a necessity for repair.

. The largest directional asymmetries were found along the
E–Wand NW–SE axes. These asymmetries underline direc-
tional degradation of the subgrade of the plate resulting
from long-term exposure to traffic running mainly along
the Western edge of the plate.

Based on structural analysis of the new plate, using
Kirchhoff–Love plate theory and the amendment by Höller
et al. of Vlasov’s approach, the following conclusions are
drawn:

. The assumption of a uniform modulus of subgrade reaction
is not realistic enough for reproducing deflections measured
during FWD testing, see Figures 8 and 9. Thus it was
confirmed that a multi-layered subgrade behaves in a
more complex fashion than described by a Winkler
foundation.

. Virtually double-symmetric deflections measured during
multi-directional FWD testing were reproduced based on
a uniform modulus of subgrade reaction and a uniform
auxiliary surface load, see Figures 10 and 11. Thus a struc-
tural model based on a Winkler foundation is useful, pro-
vided that it is extended towards consideration of the
auxiliary surface load.

. The inclusion of the auxiliary surface load allows for quan-
tifying a realistic spatial distribution of the modulus of sub-
grade reaction because the subgrade pressure is in
equilibrium with the dead load of the plate and the falling
weight, the plate’s field equation and free-edge boundary
conditions are fulfilled, and the deflections obtained from
multi-directional FWD testing are reproduced accurately.

. The extension of the presented mode of structural analysis
towards consideration of inertia forces resulting from the
dynamic nature of an FWD test was shown to be straight-
forward. The necessary accelerations can be computed
simply from the measurements of the geophones.

. The dynamic analysis can be focused on inertia forces
occurring at the same time as the deflection maxima. A
transient mode of simulation is dispensable.

. Consideration of inertia forces has led to effective moduli of
subgrade reaction which are by some 3.5% larger compared
to those derived from static analysis. Thus if high precision is
requested, consideration of inertia forces is recommended.

. The method for quantification of double-symmetric distri-
butions of the subgrade pressure and of the modulus of sub-
grade reaction is not limited to multi-directional FWD

testing. It is also applicable to the evaluation of centric
uni-directional FWD tests, under the assumption of a vir-
tually double-symmetric structural behaviour.

Finally, the following limitations of the study are
mentioned:

. Multi-directional FWD testing requires more efforts than
standard FWD tests. During standard FWD tests, operators
usually stay inside their vehicle. Multi-directional FWD
testing, in turn, requires hands-on work of the operators
in order to position the geophone-bar in specific directions
around the falling weight. Thus also safety precautions
associated with multi-directional FWD testing must be
more elaborate than in the case of standard testing.

. Structural analysis was limited to the concrete plate. This
allow for quantifying stresses inside the plate and at the
interface between the plate and its subgrade. If properties
of the individual layers underneath the plate are of interest,
a multi-layered analysis is indispensable, such as the ones
carried out, e.g.by Pan (1989a, 1989b), Kausel and Roësset
(1981), Rahim and George (2003) and Abd El-Raof et al.
(2018).
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Appendix 1. Results of multi-directional FWD testing on the new plate

Table A1. Maximum deflections measured during all FWD tests on the new plate (mm).

Test direction Test number Geophone

g=1 g=2 g=3 g=4 g=5 g=6 g=7 g=8 g=9

d=1 (N) i=1 0.257 0.228 0.219 0.202 0.176 0.152 0.129 0.112 0.093
d=1 (N) i=2 0.259 0.229 0.221 0.203 0.178 0.153 0.129 0.112 0.093
d=1 (N) i=3 0.256 0.227 0.219 0.201 0.175 0.152 0.129 0.110 0.090
d=2 (NE) i=1 0.264 0.219 0.208 0.184 0.163 0.140 0.119 0.102 0.088
d=2 (NE) i=2 0.260 0.216 0.206 0.189 0.162 0.138 0.118 0.097 0.082
d=2 (NE) i=3 0.261 0.216 0.206 0.190 0.161 0.138 0.117 0.097 0.082
d=3 (E) i=1 0.266 0.222 0.209 0.191 0.153 0.136 0.113 0.096 0.079
d=3 (E) i=2 0.259 0.214 0.204 0.185 0.156 0.132 0.110 0.094 0.080
d=3 (E) i=3 0.261 0.217 0.203 0.186 0.156 0.132 0.109 0.092 0.076
d=4 (SE) i=1 0.258 0.206 0.203 0.182 0.152 0.126 0.100 0.093 0.078
d=4 (SE) i=2 0.256 0.211 0.201 0.181 0.151 0.125 0.102 0.092 0.080
d=4 (SE) i=3 0.256 0.213 0.198 0.179 0.151 0.126 0.102 0.093 0.085
d=5 (S) i=1 0.261 0.231 0.218 0.198 0.165 0.142 0.118 0.096 0.086
d=5 (S) i=2 0.259 0.229 0.214 0.197 0.166 0.141 0.117 0.096 0.085
d=5 (S) i=3 0.261 0.230 0.215 0.197 0.169 0.141 0.117 0.097 0.085
d=6 (SW) i=1 0.262 0.217 0.198 0.192 0.151 0.123 0.104 0.087 0.074
d=6 (SW) i=2 0.260 0.216 0.195 0.190 0.149 0.121 0.105 0.085 0.073
d=6 (SW) i=3 0.260 0.216 0.198 0.189 0.150 0.122 0.105 0.086 0.073
d=7 (W) i=1 0.259 0.230 0.219 0.199 0.162 0.132 0.108 0.090
d=7 (W) i=2 0.260 0.231 0.220 0.200 0.163 0.133 0.104 0.091
d=7 (W) i=3 0.259 0.229 0.218 0.198 0.162 0.133 0.106 0.091
d=8 (NW) i=1 0.260 0.229 0.215 0.199 0.161 0.142 0.117 0.098 0.082
d=8 (NW) i=2 0.259 0.228 0.217 0.198 0.168 0.142 0.118 0.099 0.082
d=8 (NW) i=3 0.260 0.227 0.214 0.199 0.169 0.143 0.118 0.100 0.085
d=1 (N) i=4 0.258 0.231 0.216 0.196 0.174 0.152 0.130 0.112 0.096
d=1 (N) i=5 0.260 0.229 0.218 0.200 0.175 0.151 0.130 0.109 0.093
d=1 (N) i=6 0.259 0.229 0.217 0.200 0.174 0.151 0.130 0.109 0.094

Table A2. Coefficients of variation, CVd,g, of the maximum deflections measured by each geophone on the new plate, during three subsequent tests in the same
direction (nd = 3), calculated according to Equations (1)–(3), see also Table A1.

Test direction Geophone

g=1 g=2 g=3 g=4 g=5 g=6 g=7 g=8 g=9

d=1 (N) 0.62% 0.51% 0.55% 0.56% 0.77% 0.42% 0.15% 0.73% 1.97%
d=2 (NE) 0.98% 0.95% 0.44% 1.73% 0.56% 0.78% 0.53% 2.98% 4.19%
d=3 (E) 1.48% 1.77% 1.69% 1.67% 1.00% 1.69% 1.52% 1.76% 2.62%
d=4 (SE) 0.44% 1.56% 1.13% 1.00% 0.35% 0.68% 1.25% 0.87% 4.33%
d=5 (S) 0.34% 0.30% 0.95% 0.35% 1.14% 0.40% 0.32% 0.74% 0.41%
d=6 (SW) 0.43% 0.18% 0.77% 1.00% 0.65% 0.53% 0.31% 0.90% 0.55%
d=7 (W) 0.31% 0.61% 0.46% 0.46% 0.46% 0.40% 2.09% 0.51%
d=8 (NW) 0.16% 0.40% 0.70% 0.31% 2.76% 0.28% 0.38% 0.72% 1.73%
d=1 (N) 0.24% 0.34% 0.44% 1.21% 0.40% 0.34% 0.36% 1.92% 1.51%
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Appendix 2. Results of multi-directional FWD testing on the old plate

Table A3. Accelerations at the time instant when the maximum deflections occurred during all FWD tests on the new plate (m/s2).

Test direction Test number Geophone

g=1 g=2 g=3 g=4 g=5 g=6 g=7 g=8 g=9

d=1 (N) i=1 −5.53 −5.10 −4.65 −4.09 −3.49 −3.02 −2.57 −2.12 −1.77
d=1 (N) i=2 −5.63 −5.19 −4.81 −4.18 −3.66 −3.13 −2.66 −2.21 −1.83
d=1 (N) i=3 −5.47 −5.09 −4.74 −4.15 −3.56 −3.08 −2.62 −2.17 −1.82
d=2 (NE) i=1 −5.49 −4.78 −4.45 −3.83 −3.21 −2.72 −2.27 −1.95 −1.68
d=2 (NE) i=2 −5.36 −4.74 −4.36 −3.84 −3.18 −2.66 −2.24 −1.91 −1.59
d=2 (NE) i=3 −5.27 −4.73 −4.40 −3.83 −3.15 −2.65 −2.22 −1.82 −1.61
d=3 (E) i=1 −5.63 −4.85 −4.46 −3.78 −2.61 −2.54 −2.09 −1.85 −1.52
d=3 (E) i=2 −5.12 −4.50 −4.17 −3.51 −1.97 −2.44 −2.06 −1.76 −1.52
d=3 (E) i=3 −5.12 −4.51 −4.15 −3.56 −2.13 −2.40 −2.09 −1.73 −1.56
d=4 (SE) i=1 −5.56 −4.71 −4.35 −3.59 −2.92 −2.31 −1.85 −1.68 −1.51
d=4 (SE) i=2 −5.23 −4.61 −4.21 −3.45 −2.84 −2.32 −2.07 −1.68 −1.59
d=4 (SE) i=3 −5.21 −4.57 −4.16 −3.53 −2.87 −2.30 −1.86 −1.69 −1.55
d=5 (S) i=1 −5.44 −5.22 −4.82 −4.26 −2.43 −2.72 −2.12 −1.88 −1.63
d=5 (S) i=2 −5.37 −5.07 −4.73 −4.20 −3.61 −2.71 −2.24 −1.82 −1.63
d=5 (S) i=3 −5.38 −5.20 −4.84 −4.31 −3.34 −2.73 −2.26 −1.89 −1.69
d=6 (SW) i=1 −5.35 −4.78 −4.33 −3.94 −2.88 −2.26 −1.79 −1.67 −1.38
d=6 (SW) i=2 −5.25 −4.73 −4.16 −4.62 −2.90 −2.31 −1.89 −1.81 −1.37
d=6 (SW) i=3 −5.15 −4.65 −4.13 −4.40 −2.90 −2.30 −1.83 −1.81 −1.37
d=7 (W) i=1 −5.13 −5.05 −4.74 −4.11 −3.08 −2.32 −3.02 −1.60
d=7 (W) i=2 −5.31 −5.15 −4.86 −4.16 −3.15 −2.35 −1.91 −1.62
d=7 (W) i=3 −5.32 −5.12 −4.79 −4.11 −3.07 −2.32 −1.82 −1.74
d=8 (NW) i=1 −5.64 −5.33 −4.91 −4.24 −3.45 −2.80 −2.25 −1.88 −1.50
d=8 (NW) i=2 −5.13 −5.07 −4.71 −4.14 −3.43 −2.74 −2.21 −1.82 −1.52
d=8 (NW) i=3 −5.21 −5.17 −4.84 −4.21 −3.48 −2.78 −2.22 −1.82 −1.47
d=1 (N) i=4 −5.22 −4.85 −4.57 −3.93 −3.47 −3.03 −2.58 −2.12 −1.84
d=1 (N) i=5 −5.04 −4.75 −4.45 −3.87 −3.45 −2.99 −2.54 −2.11 −1.80
d=1 (N) i=6 −5.09 −4.82 −4.49 −3.93 −3.46 −2.99 −2.56 −2.22 −1.82

Table A4. Maximum deflections measured during all FWD tests on the old plate (mm).

Test direction Test number Geophone

g=1 g=2 g=3 g=4 g=5 g=6 g=7 g=8 g=9

d=1 (N) i=1 0.346 0.313 0.304 0.281 0.240 0.201 0.164 0.136 0.104
d=1 (N) i=2 0.334 0.307 0.296 0.273 0.234 0.196 0.159 0.134 0.102
d=1 (N) i=3 0.333 0.305 0.295 0.272 0.233 0.195 0.159 0.131 0.102
d=2 (NE) i=1 0.342 0.311 0.302 0.283 0.247 0.209 0.171 0.138 0.105
d=2 (NE) i=2 0.339 0.310 0.305 0.284 0.246 0.209 0.169 0.136 0.104
d=2 (NE) i=3 0.336 0.310 0.304 0.284 0.247 0.209 0.170 0.137 0.105
d=3 (E) i=1 0.339 0.318 0.311 0.291 0.258 0.217 0.172 0.135 0.104
d=3 (E) i=2 0.339 0.316 0.310 0.290 0.257 0.216 0.171 0.134 0.104
d=3 (E) i=3 0.337 0.315 0.309 0.289 0.256 0.215 0.171 0.133 0.104
d=4 (SE) i=1 0.334 0.301 0.296 0.273 0.241 0.206 0.171 0.138 0.106
d=4 (SE) i=2 0.335 0.303 0.296 0.274 0.243 0.208 0.171 0.139 0.105
d=4 (SE) i=3 0.335 0.303 0.296 0.277 0.246 0.209 0.173 0.139 0.106
d=5 (S) i=1 0.329 0.303 0.296 0.275 0.245 0.212 0.177 0.145 0.114
d=5 (S) i=2 0.329 0.304 0.296 0.277 0.246 0.212 0.176 0.145 0.114
d=5 (S) i=3 0.330 0.304 0.295 0.277 0.246 0.212 0.177 0.145 0.114
d=6 (SW) i=1 0.329 0.278 0.267 0.245 0.209 0.175 0.142 0.114 0.091
d=6 (SW) i=2 0.325 0.266 0.265 0.244 0.207 0.173 0.140 0.113 0.088
d=6 (SW) i=3 0.327 0.271 0.266 0.244 0.208 0.174 0.142 0.113 0.089
d=7 (W) i=1 0.327 0.275 0.263 0.237 0.196 0.160 0.130 0.110
d=7 (W) i=2 0.325 0.275 0.266 0.237 0.196 0.160 0.130 0.108
d=7 (W) i=3 0.325 0.274 0.262 0.236 0.194 0.159 0.128 0.106
d=8 (NW) i=1 0.329 0.286 0.270 0.247 0.207 0.171 0.139 0.115 0.091
d=8 (NW) i=2 0.328 0.284 0.270 0.246 0.206 0.171 0.138 0.115 0.093
d=8 (NW) i=3 0.328 0.283 0.270 0.245 0.206 0.170 0.138 0.114 0.093
d=1 (N) i=4 0.329 0.302 0.288 0.266 0.228 0.188 0.151 0.120 0.093
d=1 (N) i=5 0.326 0.298 0.285 0.262 0.225 0.185 0.150 0.120 0.094
d=1 (N) i=6 0.328 0.298 0.286 0.263 0.226 0.187 0.152 0.123 0.095

INTERNATIONAL JOURNAL OF PAVEMENT ENGINEERING 17



Appendix 3. Convergence analysis

A convergence analysis is performed for the structural simulation presented in Section 3.2. The structural analysis is repeatedly performed, whereby the
number of deflections modes included in the ansatz (15) is progressively increased. The convergence is assessed based on the deflection referring to the
centre of the plate, w(0, 0), see Figure A1. The deflections can be treated as being virtually converged, if ≥256 deflection modes are used. This is equiv-
alent to N ≥ 29 in Equation (15).

Table A5. Coefficients of variation, CVd,g, of the maximum deflections measured by each geophone on the old plate, during three subsequent tests in the same
direction (nd = 3), calculated according to Equations (1)–(3), see also Table A4.

Test direction Geophone

g=1 g=2 g=3 g=4 g=5 g=6 g=7 g=8 g=9

d=1 (N) 2.20% 1.39% 1.67% 1.61% 1.61% 1.55% 1.73% 1.90% 1.18%
d=2 (NE) 0.81% 0.20% 0.49% 0.22% 0.08% 0.12% 0.45% 0.77% 0.83%
d=3 (E) 0.41% 0.56% 0.34% 0.38% 0.41% 0.49% 0.41% 0.73% 0.48%
d=4 (SE) 0.18% 0.35% 0.14% 0.68% 1.01% 0.64% 0.50% 0.52% 0.66%
d=5 (S) 0.22% 0.05% 0.22% 0.39% 0.15% 0.09% 0.21% 0.14% 0.43%
d=6 (SW) 0.58% 2.31% 0.34% 0.14% 0.51% 0.69% 0.68% 0.49% 1.54%
d=7 (W) 0.23% 0.20% 0.85% 0.32% 0.44% 0.44% 0.59% 1.92%
d=8 (NW) 0.21% 0.54% 0.10% 0.39% 0.39% 0.38% 0.30% 0.53% 1.16%
d=1 (N) 0.38% 0.87% 0.58% 0.84% 0.80% 0.65% 0.53% 1.05% 1.05%

Figure A1. Convergence study: computed deflection at the centre of the plate, normalised with the thickness of the plate, as a function of the deflection modes
included into the Fourier ansatz (15).
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Appendix 4. Fourier coefficients of the deflection ansatz of Equation (15), N=33

Table A6. 324 Fourier coefficients Cm,n describing the deflections illustrated in Figure 11.

Cm,n n=0 n=1 n=3 n=5 n=7 n=9

m=0 −3.66969E−02 +2.01762E−02 −2.40193E−03 +3.21488E−04 −6.86965E−05 +2.48118E−05
m=1 +1.55044E−02 +1.62908E−01 +3.00778E−02 +4.65923E−03 +1.36693E−03 +4.67249E−04
m=3 +1.26480E−04 +5.28008E−02 +1.47846E−02 +3.51084E−03 +1.09683E−03 +4.41272E−04
m=5 +1.21552E−03 +1.15046E−02 +5.91387E−03 +1.99126E−03 +8.27392E−04 +3.45888E−04
m=7 −1.58940E−04 +3.76943E−03 +2.23134E−03 +1.14852E−03 +5.33703E−04 +2.75073E−04
m=9 +6.32795E−05 +1.33193E−03 +1.05261E−03 +6.12921E−04 +3.56264E−04 +1.95949E−04
m=11 −2.55222E−05 +6.62428E−04 +5.00935E−04 +3.62395E−04 +2.25538E−04 +1.43446E−04
m=13 +1.34167E−05 +3.12863E−04 +2.89791E−04 +2.10117E−04 +1.51503E−04 +1.00226E−04
m=15 −6.73579E−06 +1.95272E−04 +1.61171E−04 +1.35790E−04 +9.94418E−05 +7.31001E−05
m=17 +4.65242E−06 +1.07148E−04 +1.06927E−04 +8.55991E−05 +6.97484E−05 +5.19295E−05
m=19 −2.36385E−06 +7.64778E−05 +6.56069E−05 +5.97772E−05 +4.79862E−05 +3.87151E−05
m=21 +2.13592E−06 +4.57650E−05 +4.78282E−05 +4.01979E−05 +3.52443E−05 +2.82695E−05
m=23 −9.44815E−07 +3.57163E−05 +3.13013E−05 +2.98228E−05 +2.53043E−05 +2.16763E−05
m=25 +1.18571E−06 +2.25612E−05 +2.44414E−05 +2.10463E−05 +1.93526E−05 +1.62793E−05
m=27 −3.82607E−07 +1.87842E−05 +1.67200E−05 +1.63669E−05 +1.43974E−05 +1.28278E−05
m=29 +7.54034E−07 +1.22894E−05 +1.37616E−05 +1.19776E−05 +1.13908E−05 +9.88162E−06
m=31 −1.30748E−07 +1.07559E−05 +9.71531E−06 +9.66867E−06 +8.72420E−06 +7.97905E−06
m=33 +5.28695E−07 +7.20019E−06 +8.33963E−06 +7.27497E−06 +7.09974E−06 +6.28296E−06

n=11 n=13 n=15 n=17 n=19 n=21
m=0 −9.06898E−06 +5.97057E−06 −1.96800E−06 +2.44791E−06 −3.76701E−07 +1.35437E−06
m=1 +2.29148E−04 +1.06848E−04 +6.63279E−05 +3.58742E−05 +2.54799E−05 +1.49550E−05
m=3 +2.03322E−04 +1.08816E−04 +6.12888E−05 +3.84115E−05 +2.43539E−05 +1.68463E−05
m=5 +1.82667E−04 +9.34661E−05 +5.86418E−05 +3.39301E−05 +2.38882E−05 +1.49161E−05
m=7 +1.44073E−04 +8.48179E−05 +5.01921E−05 +3.29411E−05 +2.13016E−05 +1.51369E−05
m=9 +1.16466E−04 +6.89467E−05 +4.44435E−05 +2.84654E−05 +1.97350E−05 +1.34570E−05
m=11 +8.81700E−05 +5.74266E−05 +3.71003E−05 +2.55287E−05 +1.74323E−05 +1.26426E−05
m=13 +6.82444E−05 +4.51886E−05 +3.13812E−05 +2.15223E−05 +1.55319E−05 +1.10841E−05
m=15 +5.09524E−05 +3.64978E−05 +2.55874E−05 +1.86407E−05 +1.34229E−05 +1.00680E−05
m=17 +3.92267E−05 +2.84262E−05 +2.11976E−05 +1.54682E−05 +1.16895E−05 +8.70552E−06
m=19 +2.95180E−05 +2.28144E−05 +1.71331E−05 +1.31725E−05 +9.96422E−06 +7.75119E−06
m=21 +2.29974E−05 +1.78365E−05 +1.41190E−05 +1.08622E−05 +8.57647E−06 +6.64265E−06
m=23 +1.76009E−05 +1.44016E−05 +1.14266E−05 +9.19774E−06 +7.26584E−06 +5.84979E−06
m=25 +1.39629E−05 +1.13806E−05 +9.44933E−06 +7.58890E−06 +6.22830E−06 +4.99302E−06
m=27 +1.08948E−05 +9.29490E−06 +7.70021E−06 +6.43306E−06 +5.27306E−06 +4.37592E−06
m=29 +8.81044E−06 +7.44370E−06 +6.41846E−06 +5.33293E−06 +4.52371E−06 +3.73402E−06
m=31 +7.00505E−06 +6.16098E−06 +5.28036E−06 +4.54289E−06 +3.84094E−06 +3.27027E−06
m=33 +5.76925E−06 +5.00212E−06 +4.44497E−06 +3.79215E−06 +3.30752E−06 +2.79699E−06

n=23 n=25 n=27 n=29 n=31 n=33
m=0 +8.58793E−08 +8.85184E−07 +2.23834E−07 +6.32718E−07 +2.50531E−07 +4.74701E−07
m=1 +1.16041E−05 +7.14584E−06 +5.91349E−06 +3.74688E−06 +3.26329E−06 +2.10117E−06
m=3 +1.15454E−05 +8.53966E−06 +6.18407E−06 +4.79900E−06 +3.62090E−06 +2.91193E−06
m=5 +1.13984E−05 +7.47574E−06 +6.07875E−06 +4.11862E−06 +3.51958E−06 +2.43704E−06
m=7 +1.04283E−05 +7.85967E−06 +5.67144E−06 +4.47056E−06 +3.34021E−06 +2.72709E−06
m=9 +9.88135E−06 +7.06729E−06 +5.42743E−06 +4.02639E−06 +3.20407E−06 +2.44578E−06
m=11 +9.05298E−06 +6.86111E−06 +5.10577E−06 +4.01078E−06 +3.07836E−06 +2.48976E−06
m=13 +8.31185E−06 +6.14700E−06 +4.76717E−06 +3.63332E−06 +2.89903E−06 +2.26556E−06
m=15 +7.47564E−06 +5.77736E−06 +4.41429E−06 +3.50503E−06 +2.74585E−06 +2.23204E−06
m=17 +6.72447E−06 +5.12684E−06 +4.05253E−06 +3.16003E−06 +2.55227E−06 +2.03088E−06
m=19 +5.96155E−06 +4.72085E−06 +3.70116E−06 +2.98679E−06 +2.38595E−06 +1.96025E−06
m=21 +5.29366E−06 +4.15496E−06 +3.35770E−06 +2.67629E−06 +2.19577E−06 +1.77719E−06
m=23 +4.65031E−06 +3.77582E−06 +3.03560E−06 +2.49429E−06 +2.03151E−06 +1.69082E−06
m=25 +4.09957E−06 +3.30536E−06 +2.73220E−06 +2.22374E−06 +1.85587E−06 +1.52697E−06
m=27 +3.15042E−06 +2.97999E−06 +2.45362E−06 +2.05284E−06 +1.70397E−06 +1.43777E−06
m=29 +2.75094E−06 +2.60184E−06 +2.19804E−06 +1.82404E−06 +1.54876E−06 +1.29436E−06
m=31 +2.41763E−06 +2.33607E−06 +1.96642E−06 +1.67352E−06 +1.41458E−06 +1.20982E−06
m=33 +2.11326E−06 +2.03883E−06 +1.75773E−06 +1.48447E−06 +1.28170E−06 +1.08686E−06
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